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Abstract

The subject of controlling an integrator via a communi-
cation network �nds many applications in modern con-
trol systems such as ATM network VBR control, load
balancing in computer networks, etc. Stability condi-
tions in closed form are derived for the arising feedback
system, which consists of multiple controllers, an inte-
grator and time-variant links between integrator and
controllers. It will be shown, that these derived sta-
bility conditions are computationally feasible, even for
systems with long delays. In order to draw from a
recent result on time-variant discrete system stability,
FIR controllers are assumed.

1 Introduction

In this paper we will provide simple suÆcient condi-
tions to test asymptotic stability of feedback systems,
which connect controllers and plant with communica-
tion links. The links are modeled by a time-variant
delay.

Necessary and suÆcient stability conditions [1, 2] for
such a system exist in form of NP-hard tests [3]. There-
fore, these tests are unsuitable for large delay uncer-
tainties as they occur for example in communication
networks.

At �rst we will provide a simple model for the feed-
back system in di�erence equation form. For the sake
of simplicity, only FIR controllers will be considered.
All models will be represented in discrete time. The
resulting characteristic equation will be derived. In
the second step, the problem of asymptotic stability
will be tackled. We will concentrate on the special case
of an integrator plant, since this particular situation

1This work was in part supported by the Alexander von Hum-

boldt Foundation and by NSF grants ANI 9726253, ANI 9726247

is of great importance in congestion control of ATM
networks [4, 5] and many other areas where bu�ers or
queues are a part of the feedback loop. In order to
tackle the stability problem, a recent result on time-
variant �lters will be used [6].

2 Problem De�nition and an Initial Model

Figure 1 shows m di�erent controllers connected to an
integrator plant via two time-variant delay links. Fig-
ure 1 depicts the zero input system model that is stud-
ied in the �rst step of this paper.

FIR1

......

...

FIRm

FIR2

τ11(n) τ12(n) τ1mτ2mτ22(n)τ21(n)

e (n)

e (n)

z (n)

z (n)

z (n)

x(n) y(n)

22

mm

(n)(n)

11 e (n)

Figure 1: Linear system model

Integrator:

The dynamic behavior of the integrator is described by
the linear time-invariant di�erence equation with real
coeÆcient b0, b0 6= 0:

y(n) = y(n� 1) + b0x(n): (1)

Controller:

For simplicity, we assume an FIR controllers with real
coeÆcients of the form:
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z�(n) =

kX
i=0

ci�e�(n� i); � = 1; : : : ;m: (2)

We assume all FIR �lters have the same order k which
is not a restriction considering that we may have zero
coeÆcients. Also we do not consider the trivial case
where all coeÆcients of an FIR �lter are zero.

Delay 1:

The integer delays �1�(n) describes the sum of all delays
the signal y(n) ( plant output ) encounters before it
arrives at each input of the FIR �lters:

e�(n) = y(n� �1�(n)); � = 1; : : : ;m (3)

or generally:

e�(n� i) = y(n� i� �1�(n� i))

with i = 0; : : : ; k and � = 1; : : : ;m . We also assume
boundedness of the delay, i.e.

0 � �1min
� �1�(n) � �1max

� = 1; : : : ;m (4)

Delay 2:

The integer delay �2(n) describes the sum of all de-
lays the signals z�(n) ( controller outputs ) encounters
before they arrive at the plant input.

x(n) =

mX
�=1

z�(n� �2�(n)) (5)

Similarly as in the case of the �rst delays, boundedness
of the delays is assumed:

0 � �2min
� �2�(n) � �2max

� = 1; : : : ;m (6)

Although there are some restrictions on how the two
delays can change if y and z are sent via a data com-
munication network, in this work, we make no fur-
ther assumptions on �1;2(n). Furthermore the case of
�1min

= 0 and �2min
= 0 is not allowed, since it would

create a delay free loop.

The resulting di�erence equation:

With (1-3) and (5) we obtain for the characteristic
equation of the overall system:

y(n) = y(n� 1) +

+ b0

mX
�=1

kX
i=0

ci�y(n� Ti�(n)) (7)

where Ti�(n) = �2�(n) + �1�(n � i � �2�(n)) + i with
i = 0; : : : ; k and � = 1; : : : ;m.

The problem we will tackle in this paper is to �nd ex-
plicit closed form conditions, which ensure asymptotic
stability of equation (7).

3 Stability of the Idealized Time Variant

model

There are a number of results in the literature [1]-[3]
which could be applied to the problem at hand, after
it is translated into a state space representation. The
resulting tests, however, are of prohibitively high com-
plexity, especially if the delay interval is large. In this
paper, we pursue another avenue. We will derive a suf-
�cient condition for global asymptotic stability of (7),
which can easily be tested and is not very conservative.

Theorem 1:

The system (7) is globally asymptotically stable if the
following three conditions are all satis�ed:

(a) b0ci� � 0 8 i = 0; : : : ; k ; 8 � = 1; : : : ;m

(b) The transfer function

H�(z) =
1

1�z�1+�z�2+:::+�z�L
= Zfh�(n)g,

L = k + �1max
+ �2max

is stable for

� = jb0j
Pm

�=1

Pk

i=0 jcij with � > 0 and L � 3

(c)
P1

n=0 jh�(n)j� <
1

L�2

Proof:

Considering equations (4) and (6) Ti� de�ned in equa-
tion (7) satis�es the inequality:

�1min
+ �2min

+ i � Ti�(n) � �1max
+ �2max

+ i

8 i = 0; : : : ; k and 8 � = 1; : : : ;m. De�ne L = �1max
+

�2max
+ k.

Now consider the following time-variant system with
uncertain, time variant parameters �ai(n) ; i =
2; : : : ; L, L � 3:
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y(n) = y(n� 1) � (�+�a2(n))y(n� 2)

� (�+�a3(n))y(n� 3)

� : : :

� (�+�aL(n))y(n� L) (8)

In what follows, we will formulate conditions on � and
�ai(n) such that the set of systems described by (8)
contains the system of equation (7), i.e. the time vari-
ant system (7) is an element of the set of uncertain time
variant systems (8).

At �rst we choose:

� = �

mX
�=1

kX
i=0

b0ci� (9)

Imposing the condition

LX
i=2

�ai = �(L� 2)� (10)

on the uncertainties and letting

�� � �ai � 0 ; i = 2 : : : L (11)

ensures that system (7) can be represented by (8). No-
tice that this guarantees that each coeÆcient �(� +
�ai(n)) 2 [�� ; 0] ; 8 i = 2 : : : L and that the sum of

these coeÆcients is exactly �� =
Pm

�=1

Pk

i=0 b0ci� .

From (10) and (11) we have:

LX
i=2

j�aij = (L� 2)� (12)

From Theorem 1 in [6] it is known that the system (8)
is asymptotically stable if

1X
n=0

jh�(n)j � 
 < 1 (13)


 >

LX
i=2

j�ai(n)j (14)

Since by equation (12), in our case we have


 = (L� 2)�+ � (15)

with � arbitrarily small and positive real. From (13),
(14) we obtain for stability:

1X
n=0

jh�(n)j � [(L� 2)�+ �] < 1

and hence

1X
n=0

jh�(n)j� <
1

L� 2

which is condition (c) in the theorem. Hence condition
(c) together with (a) and (b) guarantees global asymp-
totic stability of the system.

Comments:

� Since
P1

n=0 jh�(n)j > 1, an upper bound for the
values of � which satisfy condition (c) is � < 1

L�2 ,
i.e. � will have to decrease with increasing maxi-
mum delays �1max

; �2max
.

� Since b0 is usually �xed and known, the theo-
rem provides important guidelines for controller
design by providing bounds on

Pm

�=1

Pk

i=0 jci� j.

� The condition (c) in the theorem is close to being
necessary since for

P1

n=0 jh�(n)j� =
1

L�1 , insta-
bility can be shown.

� The results derived can be directly applied to
variable bit-rate control if we have a constant de-
lay �2 i.e. �2(n) = �2. If �2(n) is non-constant,
equation (6) needs to be modi�ed.

Now assume that � is suÆciently small such that
h�(n) � 0 for all n � 0.

In this case

1X
n=0

jh�(n)j =
1X
n=0

h�(n) = H�(z)jz=1 =
1

(L� 1)�

and condition (c) is satis�ed. The existence of such an
� is guaranteed by the following lemma:

Lemma:

There exists �0 > 0 such that 8 0 < � < �0 the impulse
response of the system with the following Z-transform:
H�(z) =

1
1�z�1+�z�2+:::+�z�L

= Zfh�(n)g
is strictly positive.
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Proof:

Denote P�(z) = zL� zL�1+ �zL�2+ �zL�3+ : : : �z+ �,
with zi i = 1; : : : ; L denoting the roots of P�(z) ordered
such that jzij � jzi+1j 8i = 1; : : : ; L� 1

P0(z) = zL�1(z � 1) with z1 = 1 and zi = 0 8i =
2; : : : ; L.

Assume P�(z) has multiple roots and let � be such
a multiple root. Then � will also be a root of the
derivative P 0�(z) and the two equations P�(�) = 0 and
P 0�(�) = 0 can be rewritten as:

2�L � (L+ 1)�+ L� 1 = 0 (16)

� =
(1� �)2�L�1

1� �L�1
(17)

From equation (16) it is apparent that there can only
be L distinct locations of these multiple roots and these
correspond through equation (17) to at most L real pos-
itive values of �. Denote with �1 the smallest of these
values. Note that equation (16) is having exactly one
root in the interval (0; 1) ( which can be proved through
the �rst derivative ) and for this value the correspond-
ing epsilon is between (0; 1), thus the existence of �1
being ensured.

For � < �1 we have:

h(n) =
1

2�j

I
H�(z)z

n�1dz

=
LX
i=1

Res(H(z) zn�1; zi)

=

LX
i=1

zL+n�1iQL

k=1;k 6=i(zi � zk)

=

LX
i=1

Ciz
n
i

= zn1

 
C1 +

LX
i=2

Ci

�
zi

z1

�n
!

(18)

where

Ci =
zL�1iQL

k=1;k 6=i(zi � zk)

=
zL�1i

P 0�(zi)
i = 1; : : : ; L (19)

and by Res(f(z); zi) we denote the residue of the func-
tion f(z) at zi.

C1 is a continuous function of z1 which is a continuous
function of � and C1j�=0 = 1. Therefore there exists
�2 > 0 such that

C1 >
L� 1

L
8 0 < � < �2 (20)

From equation (18 )it follows that:

h(n) � zn1

 
C1 �

�����
LX
i=2

Ci

�
zi

z1

�n
�����
!

� zn1

 
C1 �

LX
i=2

jCij

���� ziz1
����
n
!

(21)

Also from the continuity of the roots of P�(z) and equa-
tion (19) there exists �3 such that if 0 < � < �3 we have

jCij <
1

L
8 i = 2; : : : ; L (22)

�0 = minf�1 ; �2 ; �3g (23)

From equations (20-22) the lemma is proved with �0
de�ned as in equation (23).

Notice that if � > 0 small enough the root z1 moves
inside the unit circle ( which can be shown by writing

the polynomial P (z) =
QL

i=1(z � zi) and evaluating
P (z) at z = 1 ) thus resulting in a stable H�(z) system.

Therefore, given the upper bounds of the delay inter-
vals �1max

; �2max
, there always exists an � suÆciently

small and positive real, such that condition (c) in the
theorem is satis�ed and H� in (b) is stable.

A stronger result which is yet to be proved is that the
impulse response h�(n) is strictly positive for all � such
that 0 < � < �0 where �0 is given by equation (17)
where we replace � by the unique solution of equation
(16) that lies in the interval (0; 1).

4 Stability of the Generalized Nonlinear Model

Figure 2 shows the improved model for the control sys-
tem considered. It includes treatment of the bu�er sat-
uration nonlinearity and it allows FIR controllers to be
switched on or o�. However at least one controller has
to remain in the loop.
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Figure 2: Generalized system model

De�ning s�(n) as binary signal, we have

s�(n) 2 f0; 1g; � = 1; : : : ;m

Furthermore we restrict all s�(n) by:

mX
�=1

s�(n) 6= 0 8n � 0

i.e. at least one controller has to be connected.

Also de�ne:

satq[x] =

8<
:

qmax if x > qmax

x if qmin � x � qmax

qmin if x < qmin

with qmax > 0 and qmin < 0.

By following steps similar to the ones in section 2, the
resulting model is given by:

y(n) = satq(y(n� 1) +

+ b0

mX
�=1

s�

kX
i=0

ci�y(n� Ti�(n))): (24)

Using a sector description for the saturation nonlinear-
ity provides:

satq(x) = �x; � 2 (0; 1] (25)

We assume that condition (a) in theorem 1 is satis�ed.
The maximum argument in the saturation function of
(24) is then given by:

max

(
y(n� 1) + b0

mX
�=1

s�

kX
i=0

ci�y(n� Ti�(n))

)
=

= qmax + b0

mX
�=1

kX
i=0

ci�qmin

= qmax + jqminj

mX
�=1

kX
i=0

jb0jjci� j

Similarly, the minimum argument in the saturation
function of (24) is given by:

min

(
y(n� 1) + b0

mX
�=1

s�

kX
i=0

ci�y(n� Ti�(n))

)
=

= qmin + b0

mX
�=1

kX
i=0

ci�qmax

= �jqminj � qmax

mX
�=1

kX
i=0

jb0jjci� j

Hence the lower sector bound can be re�ned:

min

(
qmax

qmax + jqminj
Pm

�=1

Pk

i=0 jb0jjci� j
;

jqminj

jqminj+ qmax

Pm

�=1

Pk

i=0 jb0jjci� j

)
= � (26)

For the case where qmax = �qmin we have:

� =
1

1 +
Pm

�=1

Pk

i=0 jb0jjci� j
=

1

1 + �
;

Therefore

satq(x) = �x; � 2 [�; 1]:

Theorem 2:

The system (24) is globally asymptotically stable if the
following three conditions are all satis�ed:

(a) b0ci� � 0 8 i = 0; : : : ; k ; 8 � = 1; : : : ;m

(b) The transfer function
H�(z) =

1
1��z�1+�z�2+:::+�z�L = Zfh�(n)g,

L = k + �1max
+ �2max

is stable for
� = jb0j

Pm

�=1

Pk

i=0 jcij

with � > 0 and L � 3
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(c)
P1

n=0 jh�(n)j <
1

(L�1)�+(1��)�Æ

with Æ = min�
Pk

i=0 jci� jjb0j.

Proof:

Equation (24) now becomes with (25) and (26):

y(n) = �y(n� 1) + b0

mX
�=1

s�

kX
i=0

� ci�y(n� Ti�(n)))

with � 2 [�; 1]

For the new nominal system, we choose:

y(n) = �y(n� 1)� �y(n� 2)� : : :� �y(n� L)

with � de�ned as in equation (9). The uncertainty size
is now:


 > (1� �) + (L� 1)��min
�

kX
i=0

jci� jjb0j

Denote Æ = min�
Pk

i=0 jci� jjb0j. The stability condition
of Theorem 1 in [6] becomes:

1X
n=0

jh�(n)j [(L� 1)�+ (1� �)� Æ] < 1

or equivalently:

1X
n=0

jh�(n)j <
1

(L� 1)�+ (1� �)� Æ
(27)

which is satis�ed as condition (c) in the hypothesis.
The theorem is therefore proved.

If � is suÆciently small such that h�(n) � 0 for all
n � 0, then

1X
n=0

jh�(n)j =

1X
n=0

h�(n) =
1

1� �+ (L� 1)�
:

We then satisfy (27) in all cases.

5 Conclusion

This paper provides a system model for an integrator
plant that is controlled through a communication net-
work by a number of controllers, which are distributed
across the network. The system model allows the num-
ber of loops that are closed over the network to vary ar-
bitrarily over time. It also models saturation e�ects in
the integrator (bu�er). Furthermore, the time-variant
delay nature of the communication links is captured by
the model. Stability conditions for such a networked
control system are obtained, without any assumptions
on the delay variations or the number of controllers
connected.
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