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Recent advances in wireless communication, low power sensors and microcontrollers en-
able the deployment of large-scale wireless sensor networks. Localization is a fundamental
service required by many wireless sensor network applications. We consider a distributed,
probabilistic approach, suitable for outdoor systems with inaccurate range measurements.
The approach restricts the possible locations of the nodes by using a combination of posi-
tive and negative constraints. We reduce the computational complexity of the algorithm by
using two-dimensional fast Fourier transforms (FFTs). We evaluated the proposed prob-
abilistic approach through simulations based on real-world measurements; the results are
compared with two other localization schemes and the Cramer-Rao lower bound (CRLB).
The results show that, for inaccurate range measurements, the proposed probabilistic ap-
proach outperforms existing methods and approaches the CRLB.

I. Introduction

Recent advances in wireless communications, low
power sensors and microcontrollers enable a new wide
area monitoring paradigm commonly known as wire-
less sensor networking [1]. Wireless sensor networks
(WSNs) allow for inexpensive, high quality monitor-
ing of large geographical areas. WSNs are usually im-
plemented as a (potentially large) number of wireless
sensor nodes that communicate over multiple hops to
one or more base stations.

Many WSN applications either require or benefit
from a localization service that provides the position
of each sensor node. Simply knowingwhere an event
occurs is a requirement for many of these applications.
Tracking, which is a classical WSN application, re-
quires good localization (and synchronization).

Perhaps the simplest method of providing localiza-
tion is to equip every sensor node with a GPS receiver
(assuming that the sensor nodes are deployed outdoors
with a clear view of the sky). However, a GPS re-
ceiver is expensive in terms of money (target prices
for sensor nodes are around $1), size and energy. An-
other alternative is hand-placing each sensor and man-
ually recording its position. This is a tedious and error
prone approach unsuitable for large sensor networks
and many of the proposed WSN applications.

The most common alternative for localizing the
nodes involves using a limited number of nodes (per-
haps the base stations) equipped with GPS receivers
(calledbeacon or anchor nodes) to localize all of the
other nodes (commonly calledunknown nodes).

Two large classes of localization systems have been
proposed:

• Range-free (or proximity-based) approaches in-
fer constraints on the proximity to beacon nodes.
Attractively simple, these approaches do not re-
quire any additional hardware, and most require
only simple operations; however, they have in-
herently limited precision.

• Range-based approaches rely on range measure-
ments to compute the position of the unknown
nodes. Most existing approaches assume exact
(or almost exact) range measurements and are
shown to perform very well when this assump-
tion is satisfied.

However, accurate range measurements currently
require specialized (often expensive) hardware. In
contrast, received signal strength (RSS) information
is always available in practically all transceivers suit-
able for wireless networks. The main drawback of
RSS-based measurements is their relatively large in-
accuracy compared with other methods.

In this paper we propose a localization method
suitable for outdoor systems with inaccurate range
measurements (such as those from RSS measure-
ments); the method performs significantly better than
proximity-based approaches, while allowing for inex-
pensive implementations. Furthermore, we lower the
computational complexity significantly for the prob-
abilistic approach by using the FFT algorithm. We
show that, for inaccurate range measurements, the
proposed probabilistic approach performs better than



existing approaches and very close to the optimum
(obtained from the Cramer-Rao bound).

The rest of the paper is organized as follows: in
Section II we present a brief review of related work.
The proposed algorithm is detailed in Section III and
its implementation is described in Section IV. Sec-
tion V presents the simulation results. Section VI con-
cludes the paper.

II. Related Work

There has been a significant research activity in the
area of localization. In this section, we provide a brief
literature review.

Range-based schemes:
RADAR [2] is a range-based indoor localization

system that measures RSS at all positions in the entire
building and records the RSS into a database during
the calibration phase. In the localization phase, the
location and orientation of a user are determined by
finding the best match of a set of RSS measurements
in the database. Several other approaches for indoor
localization (including commercial engines) are based
on calibration using RSS measurements [3–5]. An in-
teresting approach proposes to use simplified models
of indoor propagation to completely bypass the cal-
ibration (fingerprinting, or profiling) phase [6]. The
Cricket indoor localization support system [7] utilizes
a combination of RF and ultrasound measurements to
provide location information to users. In APS [8],
a range-free (the DV-hop) and two range-based (the
DV-distance and Euclidean) methods are used to ob-
tain distance estimates between unknown nodes and
beacons; the distances are then used to locate the un-
known nodes by trilateration. Multilateration [9] (an
iterative least square scheme), can also be used to de-
termine the positions of the unknown nodes given (po-
tentially incompatible) distance measurements to sev-
eral beacons. In [10], network connectivity is used for
the initial position estimates, and triangulation is used
to refine the estimation. An approach for finding the
relative position of the nodes in the absence of GPS
assistance is presented in [11]. Another relative lo-
calization method is proposed in [12]: robust quadri-
laterals are used to reduce the effect of flip ambigui-
ties caused by inaccurate distance measurements. A
scheme tolerant to anisotropic network scenarios [13]
uses multidimensional scaling (MDS) to calculate the
relative positions of the unknown nodes; the abso-
lute positions are determined using coordinate align-
ment techniques. With the assistance of a moving tar-
get, a deterministic constraint-based localization ap-

proach is proposed in [14] using bounding rectangles
and negative information. In [15] and [16] we demon-
strated the feasibility of RSS-based probabilistic lo-
calization on a small outdoor testbed with iPAQs and
802.11 wireless cards. A directionality-based scheme
using the angle of arrival (AOA) between neighbor
nodes is proposed in [17].

Range-free schemes:
The active badge system [18] is an indoor range-

free system using infrared (IR) for signaling between
sensors and badges worn by personnel. The location
of a badge can be found given the positions of the sen-
sors. In [19], a node localizes itself at the centroid of
the overlapped transmission coverage regions of the
beacon nodes. A set of connectivity constraints is
built in [20], and used to discover the location by con-
vex optimization. In [21], an area-based, range-free
localization scheme is presented; the position uncer-
tainty of an unknown is reduced by using the triangles
formed by all of the beacons that can be heard by that
unknown.

The proposed localization approaches belong to the
class of range-based schemes. The main difference
from existing localization schemes is that the pro-
posed approach assumes inaccurate range measure-
ments. The inaccuracies are characterized by mod-
eling the range measurements as a set of probability
density functions. These functions are used to com-
pute probabilistic constraints that reduce the uncer-
tainties of the nodes’ positions. Probabilistic negative
constraints are introduced in this paper to further im-
prove estimation accuracy and precision. To the best
of our knowledge, probabilistic negative information
has not been proposed in literature. The proposed ap-
proach is developed for two-dimensional spaces, but
can be easily extended to three dimensions.

III. A Probabilistic Localization Ap-
proach

The inherent randomness and unpredictability prop-
erties of the wireless channel [22] lead to inaccurate
range measurements. Compared to other RSS-based
localization schemes that rely on accurate measure-
ments, the proposed approach specifically assumes
inaccurate measurements. In addition, the approach
is collaborative and fully distributed. Each unknown
calculates its own position relying on position infor-
mation from both beacons (either neighbor or multiple
hops away) and neighbor unknowns. We separate the
localization in three distinct phases in the following
subsections.



III.A. Phase I. Calibration and Statisti-
cal Processing

In general, the goal of the calibration phase is to pro-
duce a mapping between the RSS of a packet and the
distance between the receiver and the sender of that
packet. In other words, we use the RSS as a method
of ranging. However, in contrast to other ranging
techniques (e.g., time-of-arrival of ultrasound waves),
RSS is a very unreliable method of estimating the
range from a transmitter, therefore, we will not seek
a mapping from RSS to distance, but rather a map-
ping from RSS to a pdf of the corresponding distance.
In an outdoor environment, the propagation is suffi-
ciently predictable such that such a mapping is rea-
sonably accurate. In this section we describe how we
obtain this mapping.

The calibration procedure is conceptually very sim-
ple: a transmitter and a receiver are placed at sev-
eral (ideally many) known distances from each other
and the RSS is measured (and logged) at the re-
ceiver for many packets. To make sure that several
sources of errors are taken into account, several trans-
mitter/receiver pairs should be used (to account for
changes in the transmission power and receiver sen-
sitivity), and during the calibration, the orientation of
the pair should be changed to account for non-ideal
radiation patterns of the antennas. For each distance a
range or RSS measurements will be obtained.

For calibration we used Compaq 3870 iPAQs with
Lucent Orinoco cards [15]. Received Signal Strength
Indicator (RSSI) data is measured every 2.5m up to
50m. For each distance we sent 1600 packets at dif-
ferent orientations of the sender and receiver and for
each of these packets the receiver recorded the re-
ceived signal strength in a database. We measured
the signal strength by capturing each packet using the
packet capture library (libpcap) and reading the data
from the raw Orinoco header. RSSI is an arbitrary in-
teger value corresponding to the power strength of the
received packets measured by the wireless card. The
mean and three times the standard deviation of the cal-
ibrated RSSI at each distance are shown in Fig. 1. The
data shown in Fig. 1 corresponds to an environment
free of any major obstacles (in the grass). We repeated
the experiment in a heavily wooded area of our cam-
pus, and to our surprise, the results are very similar to
the case of the environment free of obstacles.

The data presented in Fig. 1could be directly
converted into histograms of distances correspond-
ing to each RSS. One such normalized histogram
(for RSSI=83) is shown in Fig. 2. However, storing
and performing computations using the resulting his-
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Figure 1: Statistical mean and three times the standard
deviation of the calibrated data together with a log-
normal fit.

tograms could be resource intensive. Therefore we
use theoretical models to parameterize the results.
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Figure 2: Log-normal distribution of distances for
packets with RSSI=83.

In general, the RSSP (in dB) at any fixed dis-
tanced is normally distributed, and the varianceσP(d)
does not vary significantly with the distance [22]. Let
σP(d) ≈ σP, ∀d, then

P[dB] = P(d)[dB]+XσP [dB], (1)

with

P(d)[dB] = P0[dB]−10n lg(
d
d0

), (2)

wheren is the path loss exponent, and the random
variable XσP models shadowing effects and has a
Gaussian distribution with zero mean and standard de-
viationσP. Bothn andσP are dependent on the physi-
cal environment and can be determined from the cali-
bration data;d0 is the close-in reference distance, and
P0 is the RSS atd0. Without loss of generality [22],
we assumed0 = 1m.

In Fig. 1, a log-normal shadowing model curve with
n = 2.94 is also plotted to fit the calibration data. The
exponentn is computed using logarithmic least square
fitting. The RSS mean does not follow the fitting
curve exactly, and the variance fluctuates as a func-
tion of the distance.

Based on the log-normal model in equation (1),
given a fixed RSSp, the distanceD is log-normally



distributed. Thereby, each RSS can be mapped
uniquely to a pdf ofD:

p → lgD ∼ N(µD(p),σD(p)). (3)

Both µD(p) andσD(p) can be determined from the
calibration data as functions of the RSSp. Our out-
door calibration data shows that, given any RSS mea-
surement, the pdf ofD can be mapped log-normally as
in equation (3). The meanµD(p) can be determined
by considering the different probabilities of all the dis-
tances where RSS was equal top: µD(p) = E(lgd|p).
Similarly, the standard deviation can be computed as
σD(p) =

√
Var(lgd|p).

In Fig. 2 a log-normal mapping curve with mean
µD(RSSI = 83) and standard deviationσD(RSSI = 83)
fits well the experimental data, which indicates that
the distance for RSSI=83 has indeed a log-normal dis-
tribution as predicted by the theoretical model.
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Figure 3: The pdfs of distances for different RSSIs.

In Fig. 3, the log-normal fitting curves for mappings
from RSSI=70 to 90 are plotted. During the localiza-
tion phase, these fitting curves are used to impose con-
straints on the position estimations of unknown nodes.

III.B. Phase II. Localization with Posi-
tive Constraints

In this phase, each unknown estimates its position pdf,
utilizing the log-normal mappings obtained in the first
phase. Initially, each unknown sets its initial estima-
tion to a uniform distribution over the entire network
area, fX ,Y (x,y) = 1

A whereA is the total area of the
network. Nodes with position information, including
both beacons and unknowns with updated pdf esti-
mations, send out beacon packets to their neighbors.
Upon receiving a beacon packet, an unknown executes
the following algorithm:

• it measures the RSS of the received beacon
packet;

• it maps the RSS to a one-dimensional pdf ob-
tained in phase I and generates a pdf constraint

ΨXC,YC(x,y), which is a function of the coordi-
nate random variable(XC,YC);

• it updates the old pdf estimation by intersecting
it with the generated constraint; and

• finally, the unknown with the updated pdf esti-
mation will broadcast to of all its neighbors.

Assume an unknownj is within another nodei’s
transmission range and received a beacon packet with
RSS pi, j dB. Unknown j maps pi, j to a pdf of the
distance with meanµD(pi, j) and standard deviation
σD(pi, j) as shown in equation (3); bothµD(pi, j) and
σD(pi, j) are calculated during the first phase. The un-
known j then calculates a pdf constraint as:

ΨXC,YC(x,y|pi, j) =
ϕ(x,y)∫ ymax

ymin

∫ xmax
xmin

ϕ(x,y)dxdy
, (4)

ϕ(x,y) =
∫ ymax

ymin

∫ xmax

xmin

φ(x,y,xi,yi) fXi,Yi(xi,yi)dxidyi,

(5)

φ(x,y,xi,yi) =
1√

2πσ2
D(pi, j)d2

i, j

e
− (lgdi, j−µD(pi, j))

2

2σ2
D(pi, j) , (6)

and

di, j =
√

(x− xi)2 +(y− yi)2. (7)

where the constantsxmin,xmax,ymin and ymax are the
bounding coordinates of the network. Nodei can be
either a beacon or an unknown. FunctionfXi,Yi(xi,yi)
is i’s position pdf estimate, which is a function of the
coordinate variable(Xi,Yi). Variable di, j is the dis-
tance between nodesi and j. Specifically, if nodei
is a beacon and placed at(xb,yb) (here we assume
the position of the beacon is accurate, although the
scheme may take into account any inaccuracies of the
beacon’s position), the pdf estimate of beaconi can be
represented as a two-dimensional Dirac’s delta func-
tion,

fXi,Yi(xi,yi) = δ 2(xi − xb,yi − yb). (8)

Assume the original pdf estimation for unknown
j is f old

X j,Y j
(x,y), and random variables(X j,Yj) and

(XC,YC) are mutually independent; a new pdf estima-
tion for unknown j can be calculated by intersecting
the pdf constraint described above, either from a bea-
con or an unknown, with the original estimation.

fX j,Y j(x,y) =
f old
X j,Y j

(x,y)ΨXC,YC(x,y|p)
∫ ymax

ymin

∫ xmax
xmin

f old
X j,Y j

(x,y)ΨXC,YC(x,y|p)dxdy
.

(9)
For example, Figure 4 depicts a network with three

beacons (b1,b2,b3) and two unknowns (u1,u2). First,
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Figure 5: Localization evolution for the network topology in Fig. 4; (a) pdf estimation ofu1 using beacon packets
from b1 andb2; (b) pdf estimation ofu2 using beacon packet fromb3; (c) pdf constraint onu1 calculated by using
u2’s beacon packet; (d) Final position estimate ofu1; (e) pdf constraint onu2 calculated by usingu1’s beacon
packet; (f) Final position estimate ofu2.
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Figure 4: An example of a network topology with
three beacons (b1,b2,b3) and two unknowns (u1,u2).

unknownu1 intersects its initial uniform pdf with two
pdf constraints, which are obtained by using packets
received fromb1 and b2. The newly computed pdf
estimate is shown in Fig. 5(a). Similarly, unknown
u2 generates a new pdf estimate using beacon packet
from b3 as shown in Fig. 5(b). Consequently, both
u1 andu2 send out beacon packets to their neighbors.
When receiving the beacon packet fromu2, u1 calcu-
lates a pdf constraint as shown in Fig. 5(c); and it in-
tersects this pdf constraint with its old pdf estimate in
Fig. 5(a) to obtain its final position estimate as shown
in Fig. 5(d). Unknownu2, at the same time, carries the
same sequence usingu1’s beacon packet. Its newly
computed pdf constraint and the final intersection are
shown in Figs. 5(e) and 5(f).

Intersection between the current position pdf esti-
mation and the new constraint is only possible un-
der the assumption of two vector random variables
(X j,Yj) and (XC,YC) being mutually independent.

We will discuss how to combine the probabilities
when dependencies occur (the realistic case) in Sec-
tion IV.B.

Therefore, the probability estimation of an un-
known j being located at the coordinate(x j,y j) is:

Prob(x j,y j) ≈
∫ y j+∆y

y j−∆y

∫ x j+∆x

x j−∆x
fX j,Y j(x,y)dxdy. (10)

The probabilityProb(x j,y j) = Prob(X = x j,Y =
y j). Both ∆x and∆y are arbitrarily small values. The
higher the probabilityProb(x j,y j), the more likely
that the unknown node is located at(x j,y j). The posi-
tion of the unknown is thus determined at

(x∗j ,y
∗
j) = argmax

x j,y j
Prob(x j,y j), (11)

wherexmin ≤ x j ≤ xmax andymin ≤ y j ≤ ymax.
In the above example, while the probability estima-

tion for u1 has only one peak, which is at the true po-
sition ofu1. The probability estimation foru2 has two
peaks, with the true position on the lower peak. To
improve estimation accuracy and reduce uncertainty,
negative constraints are introduced in the next section.

III.C. Phase III. Localization with Nega-
tive Constraints

In this phase, we consider probabilistic negative con-
straints. In this enhancement, each unknown refines



its probability estimation using negative constraints.
The negative constraint is defined as a functionρ(x,y)
representing a constraint on an unknown when it can-
not receive any packet from a given beacon. In other
words, it is the information inferred bynot hearing
from a beacon.

Assume for the moment there is no shadowing ef-
fect and the minimum acceptable RSS isPmin (i.e.,
packets with RSS smaller thanPmin will not be re-
ceived); if a beaconb is at (xb,yb), an unknown j
that is aware of beaconb’s position but unable to
receive any of its packets computes a negative con-
straint which constrains itself outside the transmission
range of beaconb; However, considering the shadow-
ing effects (realistic case), the negative constraint can
be calculated from calibration measurements. Recall
that the RSS (in dB) at each distance is normally dis-
tributed as shown in equation (1). The negative con-
straint is then:

ρ(x,y) =
∫ Pmin

−∞

1√
2πσP(db, j)

e
− (p−P(db, j))

2

2σ2
P(db, j) d p. (12)

Thus, the probability estimate of unknownj is repre-
sented by the following probability:

P̃rob(x,y) =
Prob(x,y)ρ(x,y)

∑xmax
xmin ∑ymax

ymin
Prob(x,y)ρ(x,y)

. (13)

For example, using the same network topology in
Fig. 4, nodeu2 can neither hear directly fromb1 nor
b2. The intersection ofb1’s and b2’s negative con-
straints is shown in Fig. 6(a). The final probability
estimation foru2 after intersecting the old one with
the negative constraint is shown in Fig. 6(b). Foru2’s
estimation, only one peak at the true position remains.
In this case, the negative constraint refinement clearly
helps to reduce the estimation uncertainty and im-
prove the estimation accuracy compared to Fig. 5(f).
We will evaluate the usefulness of negative constraints
for more general settings in Section V.

(a) (b)

Figure 6: Refinement using negative constraints. (a)
The intersection ofb1’s andb2’s negative constraints;
(b) Final pdf estimation ofu2.

III.D. Reducing the Computational
Complexity

In order to implement the proposed approach, there
are a number of ways to store and calculate the posi-
tion estimates. In this paper, we use a uniform rectan-
gular grid. The pdf estimations in the last section are
replaced by probability mass functions (pmfs) estima-
tion as the probability for an unknown being located in
each square of the grid. Equations (4) and (5) become

ΨXC,YC(x,y|pi, j) =
ϕ(x,y)

∑ymax
ymin ∑xmax

xmin
ϕ(x,y)dxdy

, (14)

and

ϕ(x,y) =
ymax

∑
ymin

xmax

∑
xmin

φ(x,y,xi,yi) fXi,Yi(xi,yi)dxidyi, (15)

where bothdxdy anddxi dyi approximate the area of
a grid square.

Both (XC,YC) and(Xi,Yi) are now discrete coordi-
nate random variables. Equations (14) and (15) indi-
cate that the proposed probabilistic approach can be
computationally expensive. Wireless sensors usually
have limited computational resources: a mica2 mote
can compute and intersect two constraints in 15 sec-
onds for a 100×100 grid [16]. It can be expected that
the entire localization approach will take a few min-
utes; for most applications expecting months to years
of service from the sensor network, this is a relatively
small price to pay for accurate localization informa-
tion.

When approximating pdfs using rectangular grids
there is a clear tradeoff between the precision and
computational complexity: the finer the grid, the
higher the precision and computational demands. If
we assume the network deployment area is square and
it is divided into anN ×N uniform grid, the calcula-
tion for the pmf estimate for each unknown requires
O(N4) multiplication per operation.

In order to reduce the computational complexity,
we propose to use the Fast Fourier Transform (FFT),
which is commonly used in digital signal processing.
The variableφ(x,y,xi,yi) in equation (15) is a function
of (x− xi,y− yi); therefore, the calculation ofϕ(x,y)
is a two-dimensional discrete convolution:

ϕ(x,y) = φ(x,y)⊗ fXi,Yi(x,y). (16)

Therefore,ϕ(x,y) can be calculated using the two-
dimensional FFT:

ϕ(x,y) = IFFT{FFT{φ(x,y)}×FFT{ fXi,Yi(x,y)}}.
(17)



In this way, the number of multiplications required is
reduced toO(N2 log2 N).

The processing time can be further reduced if
each node only computes constraints for the locations
where its current position estimate is not zero - a very
simple enhancement that can substantially reduce the
computing time.

IV. Algorithm Design and Implemen-
tation

In this section, we will provide the details regarding
the design of the algorithm that implements the ideas
in Section III.

IV.A. Packet and Log Format

The only nodes providing accurate position informa-
tion are beacons, and all unknowns estimate their po-
sition based on this information. In the proposed al-
gorithm, each unknown stores a log as shown in Ta-
ble 1. All entries start with a beacon identifier (IDbi)
and the coordinates of the beacon(xbi,ybi). Each en-
try represents a transmission path from the beacon to
the unknown node storing the log.IDus are the IDs of
the intermediate unknowns. A beacon can start multi-
ple entries, as the first two entries shown in the table,
since all of the neighboring unknowns of the beacon
relay its position information. Similarly, a single un-
known can appear in multiple entries. Upon the re-
ceipt of a log entry from a neighbor node (beacon or
unknown), each unknown appends its node ID to the
log entry and records the RSS of the received packet.
Beacon packets from an unknown contain one or more
entries from that unknown’s log. Packets from beacon
nodes follow the same format (having only the beacon
information).

Table 1: Beacon packet format.

Length IDb1 xb1 yb1 IDu11 RSS11 IDu12 RSS12 · · ·
Length IDb1 xb1 yb1 IDu21 RSS21 IDu22 RSS22 · · ·
Length IDb2 xb2 yb2 IDu31 RSS31 IDu32 RSS32 · · ·

.
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IV.B. Dependency Elimination

The log processing involves eliminating dependencies
among different log file entries. Recall that when vec-
tor random variables(X j,Yj) and(XC,YC) are depen-
dent, simple intersection between the pdf estimations

and the constraints cannot be performed. We classify
the dependencies in two categories:
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Figure 7: Network topologies with dependencies
(node b is a beacon, all the others are unknowns): (a)
i to i dependency case 1 (b)i to i dependency case 2
(c) commoni constraint dependency.

IV.B.1. i to i dependency

Two typical cases ofi to i dependency are shown in
Figs. 7(a) and (b).

In Fig. 7(a), after computing its pdf estimation
fXi,Yi(x,y) using packets fromb, nodei sends a bea-
con packet to unknownj. Unknown j, upon receiving
the beacon packet, will recalculate its pdf estimate and
broadcast the updates back toi. The new constraint
calculated byi using the beacon packet sent byj is
ΨXC,YC(x,y|p j,i), wherep j,i is the RSS ati. It can be
shown that(XC,YC) is dependent on(Xi,Yi).

Fig. 7(b) shows another case with the same un-
derlying dependency. Assume several unknowns
(m1,m2, ...,mk) are on a path between unknownsi and
j. Assume that nodei propagates a beacon packet on
the pathi → m1 → m2 → . . . → mk → j → i. Eventu-
ally, i will use the beacon packet fromj to calculate
constraintΨXC,YC(x,y|p j,i). Just like in the case of in
Fig. 7(a),(Xi,Yi) and(XC,YC) are dependent.

In summary, thei to i dependency occurs in a path
(log entry) where one unknown occurs more than
once.

IV.B.2. Common i constraint dependency

Fig. 7(c) shows a commoni constraint dependency
scenario. Bothm andn update their pdfs using beacon
packets from unknowni and broadcast their updates to
unknown j. Assume the beacon packet fromm arrives
first, j updates its pdf tofX j,Y j(x,y). Next j will use the
beacon packet fromn to calculate the pdf constraint
ΨXC,YC(x,y|pn, j). Nevertheless,(Xm,Ym) and(Xn,Yn)
are dependent, which results in the dependency be-
tween(X j,Yj) and(XC,YC).

In the commoni constraint dependency scenario,
two or more paths share one or more intermediate un-
knowns.



From the discussion above, if each node appears
only once in a single row of the log file, noi to i depen-
dency exists. Therefore, the first kind of dependency
can be eliminated by deleting all the rows, in each of
which a node has been recorded multiple times.

The commoni dependency is eliminated by search-
ing for all rows that contain the same intermediate un-
known with different descendent unknowns. Among
all these rows, the longer paths (in terms of hops)
are deleted first. Among all remaining shortest paths,
only one (randomly chosen) for every intermediate
unknown is kept, others are discarded. This way the
dependencies are eliminated.

The estimation algorithm is repeated distributively
at every unknown and, eventually, data from all bea-
con nodes will reach all the unknown nodes and the
algorithm will stop. Alternatively, to reduce the num-
ber of messages, we can impose a lower threshold on
the difference that has to occur in the position of an
unknown for that node to forward a beacon packet:
information from beacons after it travels many hops is
often too diluted (i.e., the constraints, do not constrain
too much) to make any difference in the position of
a node. Therefore, the compute procedure at an un-
known will stop after a relatively stable estimation is
achieved.

V. Simulation Results

Meaningful evaluation of the proposed approach is not
trivial. We showed the practical feasibility of other
(single hop and not considering negative information)
probabilistic approaches [15, 16]. However, a practi-
cal experiment is limited with respect to the number
of nodes and scenarios that can be considered.

Therefore, we decided to evaluate the performance
of our approach through simulations while using real
world measurements for signal propagation models.
Since standard networking issues (e.g., the routing al-
gorithm, the transport layer, MAC fairness, etc.) do
not affect the performance of our algorithm, we did
not model the MAC, routing and transport layer. In-
stead we used Matlab to determine the signal strength
between neighboring nodes (at the physical layer) and
compute the constraints and position estimates (at the
application layer).

The results consider the precision (i.e., the uncer-
tainty in the position estimates) and the accuracy (i.e.,
the difference between the real position of the nodes
and the position determined by the localization algo-
rithm) of the proposed approach. We compare the
results with other well-known range-based localiza-

tion approaches (DV-distance [8] and multilateration
[9, 23]). The precision of our approach is also com-
pared with the Cramer-Rao lower bound (CRLB).

V.A. Cramer-Rao Lower Bound

The CRLB is a lower bound which can be used to
evaluate the variance of any unbiased estimator [24].
Assuming that there areM beacons andN unknowns
in the network, letθ = [x1,x2, . . . ,xN ,y1,y2, . . . ,yN ] be
the coordinate variables to be estimated. The likeli-
hood function is:

f (lgd;θ) =
M+N

∏
j=1

∏
i∈H( j)
i< j

e
− (lgdi, j−lgdi, j)

2

2σ2
D

√
2πσD

, (18)

wherei ∈ H( j) means nodei is within j’s transmis-
sion range. The CRLB can be calculated based on
2N × 2N Fisher Information matrixI(θ) as shown
in [25]. Therefore, variance of each estimated param-
eter is bounded from below:

σ2
θi
≥ [I−1(θ)]i,i. (19)

V.B. Performance Evaluation

For the simulation we considered 50 unknowns and
6 beacons randomly placed in a square area (of vari-
able size depending on the desired density). We used
a rectangular grid with squares of 1m2 and imposed a
threshold on the difference in position of 1m (i.e., un-
less the current estimated position is different by more
than 1m from the previous position, the node does not
rebroadcast the new information). The transmission
radius was restricted to 13.5m (corresponding to an
RSSI measurement of 78). We evaluated the effect of
the variation of several parameters (number of hops
the information is allowed to travel, density, number
of unknowns, fraction of beacons and measurement
inaccuracy), on the accuracy and the precision of the
proposed approach. Unless otherwise specified, we
used a node density of 0.03 nodes/m2 and a standard
deviation for the RSS of 2.5 dB (corresponding to the
value obtained from calibration measurements). For
every graph we present the average of 20 simulations
with different network topologies. All the results are
normalized with respect to the transmission range.

V.B.1. The Effect of the Number of Hops
between Beacons and Unknowns

To evaluate the number of hops after which a beacon
information becomes irrelevant we simulated the net-
work and varied the number of hops that the beacon



1 2 3 4 5 6 7 8 9 10
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Number of hops n

N
or

m
al

iz
ed

 a
ve

ra
ge

 e
rr

or

0.01
0.015
0.02
0.025
0.03
0.04
0.05

1 2 3 4 5 6
40

50

60

70

80

90

100

Number of hops n

P
er

ce
nt

ag
e 

of
 n

od
es

 a
t m

os
t n

 h
op

s 
fr

om
 a

 b
ea

co
n

0.01
0.015
0.02
0.025
0.03
0.04
0.05

2 3 4 5 6 7 8 9 10
0.5

1

1.5

2

2.5

3

3.5

4

Number of hops n

A
ve

ra
ge

 b
ea

co
n 

pa
ck

et
s 

se
nt

 p
er

 n
od

e

0.01
0.015
0.02
0.025
0.03
0.04
0.05

(a) (b) (c)

Figure 8: The Effect of the maximum number of hops between beacons andunknowns: (a) accuracy of the
proposed approach as a function of the maximum number of hops from the beacons to the unknown nodes for
different node densities; (b) the percentage of nodes reachable by at least one beacon inn hops as a function of the
maximum number of hops from the beacons to the unknown nodes for different node densities; (c) the average
number of packets sent by unknown nodes as a function of the maximum number of hops from the beacons to
the unknown nodes for different node densities.

packets are allowed to travel from the beacon nodes
(similar to the time-to-live (TTL) field in IP). To elim-
inate the influence of measurement noise, we just ig-
nored it in this simulation (but included it in all other
simulations). The accuracy of the proposed approach
as a function of the number of hops that beacon in-
formation is allowed to travel is shown in Fig. 8(a).
Different lines correspond to different network densi-
ties.

For sparse networks, many unknown nodes are un-
able to hear directly from the beacons, and, hence,
have to rely on information propagated through multi-
ple hops. Figure 8(a) shows that, regardless of the net-
work density, information does not have to travel for
many hops before the proposed approach converges:
information from distant beacons cannot significantly
improve the accuracy of the proposed approach. Thus,
in the proposed approach unknown nodes only need
local (a few hops away) information to localize them-
selves.

Figure 8(b) shows the percentage of nodes that are
within n hops range of at least one beacon for the same
densities in Fig. 8(a).

Figure 8(c) depicts the average number of pack-
ets sent by every unknown node for different network
densities. Since each unknown broadcasts a beacon
packet only after it has a considerable position im-
provement (larger than the threshold we set as 1m),
the number of beacon packets required does not in-
crease linearly with the limit on the number of hops.
From the figure, we have two observations. First,
more beacon packets are sent in high density networks
when the allowed number of hops is small: more un-
knowns can hear directly from the beacons and for-
ward the information. Second, for dense networks,

beacon packets with small TTL are enough for local-
ization (as also shown in Fig. 8(a)); however, for low
density networks, beacon packets from far away bea-
cons may still affect the position estimate of an un-
known. Therefore, more beacon packets are required
to broadcast the change in the position estimates when
the allowed number of hops is large.

In what follows, all approaches are evaluated
through two aspects: the accuracy (average estimation
error) and the precision (standard deviation of the lo-
cation estimate). For the proposed approach, results,
both before and after the negative constraint refine-
ment are shown in all the figures in order to highlight
the influence of the negative constraints on the perfor-
mance of the proposed system.

V.B.2. The Effect of the Network Density

In this simulation we studied the effect of the network
density on the accuracy of the proposed approach. To
change the density we changed the deployment area
and kept the number of beacons and unknowns con-
stant. The accuracy and the precision results are pre-
sented in Figs. 9 and 10 respectively.

Both the accuracy and the precision improve with
the increase of the network density. This is not sur-
prising as the CRLB is rather sensitive to the number
of neighbors of a node. Similarly, in the proposed ap-
proach, the more neighbors, the more constraints will
be placed on the unknowns. Another reason for the
poor performance at lower densities is that (as shown
in Fig. 8(b)) the unknowns are relatively too far from
the beacon nodes to obtain any estimation improve-
ments. The negative constraints improve the effective-
ness of the proposed approach considerably: the per-



formance is very close to the optimum (the CRLB).
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Figure 9: The effect of network density on localiza-
tion accuracy.
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Figure 10: The effect of network density on localiza-
tion precision.

V.B.3. The Effect of The Number of Nodes

In this scenario, we varied the number of beacons and
unknowns in three different ways.

First, we varied the number of unknowns from 10
to 100 while maintaining the number of beacons and
network density constant. The average errors and
the standard deviation of the estimation are shown in
Figs. 11(a) and 11(d) respectively. The standard de-
viation for all methods increase as the number of un-
knowns increases, while the CRLB is almost constant.
The intuition behind this result is that only the beacon
nodes are aware of their positions and introduce infor-
mation into the system: the unknown nodes will es-
timate their positions based on the information from
the beacons. As the number of unknowns increases,
the numbers of hops from beacons to most of the un-
knowns increase as well (recall that the node density is
kept constant), thus the information from the beacons
will be diluted by going through multiple hops. The
constant number of neighbors and beacons account for
the almost constant CRLB.

Second, we varied the number of the total nodes in
the network from 30 to 100 while keeping the fraction
of the beacons in the network as 10% and constant
density. As can be seen from Figs. 11(b) and 11(e),
the performances for the three phase probabilistic ap-
proach do not vary much along with the network scale,
which obeys the tendency of the CRLB.

Finally, to evaluate the effect of the beacon density
on the proposed approach we varied the percentage of
the beacons from 6% to 20%. The results are shown
in Figs. 11(c) and 11(f). The CRLB indicates that the
localization precision does not increase significantly
with the increase of the beacon percentage. How-
ever, the precision of all approaches decreases for low
beacon densities: at low beacon densities the packets
from a beacon will take several hops to reach an un-
known. In all algorithms, the estimation error is accu-
mulated and propagated in each hop, which causes the
relative poor performances for low beacon densities.

V.B.4. The Effect of the Range Measure-
ment Inaccuracy
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Figure 12: The effect of range inaccuracy on localiza-
tion accuracy.
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Figure 13: The effect of range inaccuracy on localiza-
tion precision.

Finally, we studied the effect of the inaccurate mea-
surements on the accuracy and the precision of the
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Figure 11: The Effect of The Number of nodes (a) The effect of the number of unknowns on localization accuracy
(beacon number is constant) (b) The effect of the network scale on localization accuracy (beacon percentage
is 10%) (c) The effect of beacon density on localization accuracy (d) The effect of the number of unknowns
on localization precision (beacon number is constant) (e) The effect of the network scale on localization on
localization precision (beacon percentage is 10%) (f) The effect of beacon density on localization precision.

proposed approach, by increasing the standard devia-
tion of the RSS (σP). We variedσP between 0.5dB to
5dB (recall that the averageσP from calibration mea-
surements is approximately 2.5dB). The results are
shown in Figs. 12 and 13. The CRLB increases pro-
portionally toσP. The performance of all algorithms
follows this increasing tendency, worsening their per-
formance as the measurements become more inaccu-
rate.

VI. Conclusion

In this paper, we presented a distributed, RSS-based
probabilistic localization approach for outdoor wire-
less sensor networks. The approach accounts for inac-
curate range measurements by using probability func-
tions for range measurements. Both positive and neg-
ative constraints originating at the beacons reduce the
uncertainties of the positions of the unknown nodes.
In order to reduce the computation complexity for
fine estimation and large-scale networks, we also pre-
sented an extended probabilistic grid approach based
on Fast Fourier Transform (FFT). The probabilistic
approach is shown to outperform existing range-based
localization approaches and approach the Cramer-Rao
lower bound.
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