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Contact time (or link duration) is a fundamental factor that affects performance in Mobile
Ad Hoc Networks. Previous research on theoretical analysis of contact time distribution for
random walk models (RW) assume that the contact events can be modeled as either con-
secutive random walks or direct traversals, which are two extreme cases of random walk,
thus with two different conclusions. In this paper we conduct a comprehensive research on
this topic in the hope of bridging the gap between the two extremes. The conclusions from
the two extreme cases will result in a power-law or exponential tail in the contact time dis-
tribution, respectively. However, we show that the actual distribution will vary between
the two extremes: a power-law-sub-exponential dichotomy, whose transition point
depends on the average flight duration. Through simulation results we show that such con-
clusion also applies to random waypoint.
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1. Introduction

Due to the lack of real deployments of Mobile Ad Hoc
Networks (MANETSs), current research on this topic is still
largely based on simulation. Therefore the behavior of
mobility models greatly affects simulation performance
[1]. Among numerous mobility models, Random Walk
(RW) and Random Waypoint (RWP) are the most widely
used ones [2,3] due to their simplicity, even though many
researchers have pointed out that they have many draw-
backs [4-6], and proposed several new ones [7-10,5].
However, even for the simple models like RW and RWP,
the relationship between their input parameters (speed,
pause, flight length, flight directions, etc.) and the corre-
sponding impact on network performance is not yet quan-
titatively understood.

For dense MANETSs with dynamic routing protocols, net-
work performance depends on both the mobility and the
protocols. In [1] the authors proposed several protocol
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independent metrics including the link change rate and
link duration, allowing the impact of mobility models to
be evaluated through those metrics without reference to
any specific protocol. For MANETs with sparser nodes,
e.g., Pocket Switched Networks (PSN) [11], there are also
such protocol independent metrics like the inter-contact
time and the contact time [12].

In both scenarios the contact time (or alternatively, link
duration, link lifetime, link expiration time, etc.!) has been
an important performance metric in evaluating the impact
of mobility. In this paper we focus on the distribution of con-
tact times of RW and RWP. Several papers studying this dis-
tribution have been published [13-21]. These works can be
divided into three categories:

1. Study using simulation or empirical data [15,19].

2. Theoretical analysis that models contact events as sin-
gle direct traverses [14,16-18].

3. Theoretical analysis that models contact events as sums
of multiple i.i.d. random walks [13,20,21].

1 All these terms refer to the same metric. In this paper the term contact

time is used.
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Studies based on empirical analysis have the advantage
of being accurate. In [15] the authors examined the PDFs of
contact time through simulation and concluded that the
PDFs are significantly different among different models.
Among them the PDF of RW exhibits a single peak. The
authors of [19] fit the PDF of contact time from RWP traces
against several common distributions. The results showed
that the lognormal distribution is the best fit for their
traces.

Since it is very hard for the empirical analysis to go
through all parameter spaces, theoretical derivation is nec-
essary to better understand the underlying dynamics be-
tween the model parameters and the contact time, even
though such derivation usually imposes simplifying
assumptions. In RW and RWP, nodal movements are con-
secutive flights along straight lines. When the communica-
tion range is small in comparison to the flight length, it is
reasonable to assume nodes do not stop or change direc-
tions during contact events. Thus the contact events are
modeled as direct traversals [14,16-18]. In an early work
[14] using this model, the duration distribution of two-
hop paths with static sender and receiver was studied. In
[16], the authors derived the contact time distribution of
RW using the direct traversal model, assuming all nodes
move at the same speed. In their later work [17] they ex-
tended the results with heterogeneous nodal speed. Both
papers did not derive any closed form and all results were
obtained numerically. In [18], the authors did a similar
analysis as in [16] but derived a closed form for homoge-
neous speeds. They also obtained the contact time distri-
bution numerically for two nodes with different fixed
speeds.

On the other hand, when the communication range is
large in comparison to the flight length, nodes often stop
or change directions multiple times during contact events.
Thus the contact events should then be modeled as the
sum of consecutive random walks inside the nodes’ commu-
nication range (usually modeled as circles) [13,20,21]. In
an early work [13] using this model, the authors derived
the probability of link availability with different initial con-
ditions. In [20] the authors proposed a two-state Markov-
ian framework that can be used to approximate the
contact time distribution of any mobility model. They also
stated that the “direct traversal” model is a special case in
their framework. A comprehensive analysis of contact
times using this model was done in [21], where the authors
concluded that the contact time distribution can be
approximated as exponential. In [21] the communication
range is a random variable and the mobility model was a
“smoothed” variation of RW [9]. As a special case, their
conclusion also applies to ordinary RW with constant com-
munication range.

However, both assumptions, direct traversal and con-
secutive random walk, are essentially two extremes in
regarding the ratio of communication range and flight
length. In general, the actual behavior of RW models lies
in between the two extremes. In this paper we conduct a
comprehensive analysis that bridge these two extreme
assumptions in previous works. Especially, we investigate
their difference in tail behavior. We first show that when
flight lengths are infinite, which is equivalent to the direct

traversal assumption, the PDF of contact time has a power-
law tail with both homogeneous and uniform speed distri-
bution. Moreover, when flight lengths are no longer infinite,
the contact time distribution shows a power-law-sub-
exponential dichotomy, with the transition point being a
function of the flight time distribution. As the average
flight length becomes shorter, the transition takes place
earlier. When, finally, the flight length is short enough in
comparison to the communication range, which is equiva-
lent to the consecutive random walk assumption, the
dichotomy degenerates into a single exponential tail,
which conforms to the conclusion in [21].

The rest of the paper is organized as follows: in Section
2 the main theoretical analysis is performed. The results
are validated in Section 3. Section 4 concludes the paper.

2. Model analysis

In this section the mathematical analysis of the contact
time distribution is presented. In Section 2.1 we present
the basic settings and assumptions. In Section 2.2 we re-
view the general derivation of contact time distribution
in [16-18] for a simplified model assuming infinite flight
lengths. In Section 2.3 the power-law tail behavior is inves-
tigated assuming both homogeneous and uniform speed
distribution. In Section 2.4 we consider the impact of finite
flight length and reach the conclusion of the power-law-
sub-exponential dichotomy.

2.1. Model settings and assumptions

2.1.1. Random walk

In the RW model all nodes take consecutive random
walks along straight line segments. These walks are called
“flights”. For each flight a node travels in a direction ¢ at
speed v for some distance u. Afterwards it pauses for some
time t,, and starts the next flight.

Flight parameters ¢, v, u, and t, are random variables
selected independently for each flight. Also movements
of different nodes are independent of each other. For most
RW models, the direction ¢ is uniformly distributed over
[0, 27], and the speed v is uniformly distributed over [ v,
Umax] (Umin > 0 as to obtain a stationary speed distribution
[4]). The flight length u and pause time t, can be fixed, or
follow any common distributions like uniform, exponential
or even power-law [5,22].

Throughout the analysis in this paper, all these assump-
tions for common RW models are used, except the pause
time ¢, is always ignored (fixed to zero). In addition, the
nodal movements are confined to a taurus, which provides
uniform node density and edge wrapping.

2.1.2. Random waypoint

RWP differs from RW in that for each flight every node
selects a waypoint in a confined area instead of selecting
the direction and the distance. Then the node travels to
the waypoint through a straight line. Thus in RWP usually
the node density is not uniform [23], the travel directions
are not uniformly distributed, and the flight length distri-
bution is determined by the shape of the confined area
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Fig. 1. A direct traverse contact event: N; and N; are moving at velocity 7;
and 7; respectively. Both nodes have contact range r. From N;'s perspec-
tive, N; is traversing N;’s communication range at the relative velocity 7.
The traversing trajectory is the thick solid chord s.

[24]. In addition, directions and distances of consecutive
flights of the same node are not independent either. There-
fore RWP is far more difficult to analyze than RW.

All analysis in this paper is based on the RW models, but
the conclusions will also be validated against RWP through
simulation in Section 3. The simulation results show that
the conclusions obtained from RW hold sufficiently well
for RWP.

2.1.3. Contact event

Every node is assumed to have the same symmetric
communication range r, which is reasonable under most
circumstances. Under such assumption when the distance
between two arbitrary nodes N; and N; is smaller than r,
the two nodes are considered to be able to communicate
with each other, and vice versa. If during the time interval
[to, £1] the nodes N; and N; are able to communicate with
each other, while at the time instants t; and t; they are
not, then the time interval [to, t;] is referred to as a contact
event, and its duration t; — tg is defined as the contact time.

2.2. Random walk with infinite flight length

We start with the assumption that all flights have infi-
nite flight lengths so that the contact events are modeled
as direct traversals as in [16-18]. More accurately, this is
the limit case as the nodal flight lengths approach infinity.?
Fig. 1 shows such a contact event. Nodes N; and N; are mov-
ing at velocity #; and 7;, respectively. From N;'s point of
view, N; is moving at the relative velocity:

by = B - By, (1)

When N; traverses N;’s communication range (the
dashed circle in Fig. 1), a contact event is generated. The
duration is:

S S

f=— ="
Ur Z/ij7

(2)

2 There is subtle difference between infinite and “approaching infinite”
flight lengths. With strict infinite flight lengths, nodes never change their
speeds so (11) does not hold. Since we are more interested in finding the
limit when flight lengths approach infinity, we obtain the results here and
in Section 2.3 assuming (11) holds.

where s is the traversing distance, which is the length of
the chord, and v, is the traversing speed during a contact
event, which equals to the relative speed z; (but with dif-
ferent distributions, which will be explained in detail in
Section 2.2.2), and ¢; is the contact time assuming infinite
flight lengths.

The derivation of the distribution t; requires the distri-
bution of both s and #.. We also show that s and v, are
independent.

2.2.1. Distribution of s

Assume that node N; is the reference frame. From N;'s
point of view, all other nodes N; are moving at velocity
7 = v; — ;. All nodes with the same 7; are uniformly dis-
tributed on the plane and traversing N;’s contact region
with the same velocity 7, = 7. Thus, these traversing
nodes we present here have their apothems h (Fig. 1) uni-
formly distributed over [0, r]. The chord s can be written as
a function of apothem h:

s=2\r2 —h* =ggh). (3)

The pdf of h is (for pdf and cdf we use capitalized letters
for subscripts):

fH<h>—{6 DetsT (@)

Therefore the distribution of s given 7, can be derived
from (3) and (4) as follows:

fool01) = e 59| TE | 9
S
Tavar s ©)

The distribution of the chord s given u, fsv,(s|v.), is
independent of v, hence, s and u; are independent. Thus
the pdf of s is:

S
fs(s) = m (7)

2.2.2. Distribution of v,
With two arbitrary nodes N; and N;, from (1) their rela-
tive speed vj is:

vy = Byl = 8 — Bl = [0} + v - 2viw;co8(¢y — §), (8)

where v, v, ¢;, and ¢; are corresponding speeds and direc-
tions of #; and 7. For ease of computation we define the
angle A¢ € [0, r] so that cos (A¢) = cos(¢p; — ¢;):

A¢ = cos™[cos(¢; — ¢;)]- 9)
Thus
vy = \/v,-z + 02 — 20;0; cos(Ad). (10)

When v, v, and A¢ are mutually independent, the PDF
of v, denoted by fy, (vy), can be derived from the distribu-
tion of v, v, and A¢; through multivariate transformation.
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It is easy to prove that the angle A¢ is uniformly distrib-
uted on [0, ]. However, to derive the distribution of v
and y is not trivial.

In RW or RWP the speed distribution can be defined in
two different ways: the speed distribution that nodes use
when choosing speeds at the beginning of each flight (uni-
form distribution for most RW models), or the speed distri-
bution that would be obtained by randomly drawing node
samples from the model. There are subtle differences be-
tween these two definitions. In [4,25] the authors pointed
out that it takes some time for the model to reach a steady
state (sometimes the model never reaches the steady
state) so that the latter can be measured. We denote the
former with g(v) and the latter with fi(v). As long as speed
is independent of flight length, the two distributions have
the following relationship (see Appendix A.1 for
derivation):
+8v(v)

fv(v) :W.

Since z; and v;in (10) are the speeds of arbitrarily drawn
nodes, they have the distribution of fi(#) as shown in (11).
Thus, the distribution of the relative speed v; is obtained
through trivariate transformation:

(11)

foy(0) = // Fouv, v, (01, 03, vy)dwidu;, (12)
fv(vi)fv(v;) |0AP
where fy, y v (vi, ), vy) = W 50| (13)

The integral intervals # and vy of ; are determined to-
gether by vmin, Umax %, and ;.

Usually there is no closed form solution for (12). Even
numerical results are not easy to obtain directly through
(12). Alternatively, there is a more intuitive way to derive
the PDF fy,(v;) through polar coordinates (See Appendix
A.2 for details).

Here v is defined as the relative speed between two
randomly chosen nodes and u; is the relative speed be-
tween the two nodes during a contact event. The distri-
bution of z; and z may not necessarily be the same
because during a given period, there are more nodes
with higher relative speeds traversing a node’s contact
area than nodes with lower speeds. From an arbitrary
node Nj’s perspective, if the plane is filled with nodes
with the same relative velocity 7; (Fig. 2), the number
of nodes traversing N;'s contact area during any given
period is proportional to the relative speed v; There-
fore, the PDF of the relative speed v, during contact
events is:

fv.(vr) = Uiy, (vr)

Jo'™ vify, (vy)dvy
2.2.3. Distribution of t;

Given (7) and (14) and the fact that they are indepen-
dent, the PDF of the contact time assuming infinite flight

length t; can be derived through a random variable
transformation:

(14)

e = [ " b (vt o1 do, (15)

«0 <«O0 <«0 <«0O0 <0 <«0O0 <«0 =0

N
/7
«d <O <0 TO <0 <O <0 <O
I N,o | « -7
<3 <O <O 7—0 <0 <O <0 <O
\
/

N
«0 w0 _ 20 <O <0 <0 <0 =<0

«0 <«O0 <«0 <«0O0 <«0 <«0O0 <«0 =0

Fig. 2. From N;’s perspective, when the plane is filled with nodes
traversing at velocity 7, the number of nodes traversed Nj's contact
area (the dashed circle) during a given period of time is proportional with
the speed ;.

2.3. Tail behavior of contact time distribution

Generally the PDF of contact time in RW can only be
obtained numerically through (15). However, most implemen-
tation of RW models assume homogeneous speeds or uniform
speeds, thus when given infinite flight length the contact time
distribution can be shown to have a power-law tail.

2.3.1. Random walk with homogeneous speeds

We start with a simplifying assumption that every node
is moving at the same speed 7p. With this assumption a
closed form of the contact time distribution has been de-
rived in [18]. Here we briefly obtain the same result using
the formulas in Section 2.2.

With the homogeneous speed assumption the relative
speed v; in (10) can be rewritten as:

vjj :Zvosin%:gv(Aqﬁ). (16)

The angle A¢ is uniformly distributed over [0, 7]. With
a random variable transformation the PDF of the relative
speed v is:

foy(v) = folgy' (v

:#_ (18)

T\ /4v3 — 12

Substituting (18) into (14), the PDF of the relative speed
during contact events is:

1 R

o™ vfy,(v)dv 20y, /402 — 2

Substituting (19), (7) into (15) the PDF of contact time
can be derived:

(19)

2y,
fr () = /0 fo()fs(vt)vdv

1 1 to t0+t[ 1 20
4<t0+ >log|t0t1 ~5 (20)

r
where ty=—.
Vo
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The corresponding CDF of ¢ is:

t t t t 1
Fr,(t) = /le (‘ to)log oth too Q1)

[to — ti]
The PDF (20) has a maximum at ty. Then asymptotically
(20) will follow a power-law distribution:

_1 1 ¢t ti+ to 1

fTI(tI)Z(%+E)logtl—to_2_ﬁ
11 o to 2 [t 1
_4(f0+t2) (2t1+3<t1) >2t1
2t

o 38 when t; > t. (22)
I

2.3.2. Random walk with uniform speed selection

For most common RW models nodes choose their
speeds according to a uniform distribution on [ #yin, ¥max]
at the beginning of their flights. Under such a condition
from (11) the nodal speed distribution is:

1
gy(v) = P (23)
fu(v) = 1 where H = /m (24)
v vlogH’ Vmin

From (10) the partial derivatives in (13) can be
determined:

v -2
Ap=cos ' L I (25)
21/1'2)]'
0A$ 2v; (26)
vy \/ v - v4+21/2112+21/2112+21/22/2

Substituting (24) and (26) into (13) and (12), the PDF of
the relative speed v; can be written as:

Ymax [ VH 2vudv,dv]
1! y'f
Ummin nv,v]log H
1
4 2,2 2,2 2,2
\/fv;‘f vt — U+ 20707 + 207 0F + 2070}

(27)

The integral limits #; and uy in (27) are determined by

not only o, and umax, but also the triangle law among
vy Uy and oy

Vi + U = Uy,
vi+ vy = v, (28)
Vi + v = V.

The shape of the integral region varies as the value of
v; varies. If only the asymptotic behavior of the contact
time distribution is of interest, only the cases, where ;
is small need to be considered, which simplifies the deri-
vation. A typical such integral region is shown as the gray
hexagon in Fig. 3 assuming »;; < min (“m;*m | ). Since
it is easier to do integral over a parallelogram than a
hexagon, the upper and lower bound of fy,(v;) are ob-

Vi _
vj—vi-i-v,.j
Vmax ‘
vﬁ \ e
T1TIT
NN
| 4P
/ — —
ai < _VJ-—V,- vij
Pna;
L1
Vg,‘T S
vmin S
/
Vi Re—Z Vi=ViTVi
Z =
0 vij vmin vmax v,‘

Fig. 3. An illustration of a typical integral interval for v; and v in (27)
assuming v < Umin. When j; is given, v; and v have to satisfy (28) so the
integral interval is the grey hexagon. Alternatively, the upper and lower
bound of fy,(v;) can be obtained by integration over the horizonally
hatched area and vertically hatched area, respectively.

tained by taking integrals over the vertically hatched par-
allelogram and the horizontally hatched parallelogram in
Fig. 3, respectively:

Umax VJ+VU
fvy () < / / fviv,v;(vi, vy, vy)doidy;
v, vj—

‘min i~ Vij

lg Vi " —2logH

) : (29)
21/,-jlog H

Vmax—Vjj Vj+v;
fVl-j(yij) > / / fV ViV Z/h v, Uu)dvldv]
v, v;

'min T Vij ”1]

Umax —Vjj
Umin+ Vi

max -2 Vij Umax
+2 Vjj Umin

log —2log-—=—1

mln

(30)
2v;log’H

Applying the Taylor series:

G
fry(vg) < — =5 =%+ 0(2}), (31)

(e ) 2 )

min max min max + 0 ). 32
2log’H (@) G2)

Substituting (31) and (32) into (14) the corresponding

upper and lower bound for speed distribution during con-
tact events fy, (v,) are:

fv.(vr) <Ky Z)f + O(Z/f.l)7 (33)
fu.(vr) > K12 — K02 +0(v), (34)

where K; and K, are constants. As v, — 0, the distribution
of u. approaches:

fu.(vr) 2 K102 +0(23). (35)

Substituting (35) and (7) into (15) the asymptotic distri-
bution of traverse time t; as t; —» oo is:
K
) =2—, 36
fri(t) a (36)

where K is a constant.



C. Zhao, M.L. Sichitiu/Ad Hoc Networks 9 (2011) 152-163 157

From (36) the contact time t; follows a power-law of t;*
with uniform speed selection, rather than the power-law of
t;3 in (22) with homogeneous speed. Simulation results in
Section 3.1 will show that the actual PDF tail of t; will first
follow a power-law of t;2 as in (22), then switch to t;* at
some point. The larger the vax/?min ratio is, the sooner
the transition takes place. The t;3 part will not be distin-
guishable when vax/ Umin is large.

2.4. Random walk with finite flight length

The analysis in previous sections is based on the
assumption that nodal flight distances approach infinity
such that contact events can be modeled as “direct tra-
verses”. However, for most realistic scenarios and practical
RW and RWP implementations, nodes will have finite flight
lengths. For example, RWP in an m x m plane will have
flight length distribution [24]:

3 3
e u<m,
du (cin~1 m in—1 Vizom?
fu(u) — m2 (Sln u sSin T
ViZ_m?2 2
—142 umm_zlrln2> mgug\me,

(37)

where u is the flight length. Typical RW models may have
flight lengths following some standard distributions, like
fixed length, uniform, exponential, power-law, etc. Recent
studies [22,5] suggest that in the real world, human move-
ments can be approximated by truncated levy walks.

Regardless of how flight lengths are distributed, the fi-
nite flight length will affect the contact time. Some of the
traversing events will be interrupted because at least one
of the two nodes finishes its flight and changes direction
during the traversal. Intuitively, the longer a traversing
event is, the more likely it would be interrupted. Once such
interruption has reached a certain extent, the “direct tra-
verse” assumption no longer holds and the contact time
has to be modeled differently, e.g., as the sum of i.i.d ran-
dom walks.

2.4.1. Traversal survival rate

To quantify the influence of finite flight length on the
contact time, we first define the “survival rate” of direct
traversing events. Given a direct traversing event, assume
its duration is t; if nodes have infinite flight length (i.e.,
when the event is not interrupted), then when the flight
length u is no longer infinite, the probability a(t;) that
the event not be interrupted is a function of t;. This proba-
bility is defined as the survival rate.

At the time of the start of a traversing event of duration
t;, both nodes are at some place during their own flights.
The traversing event will survive only if t; is no greater
than any of the two residual flight times, where by residual
flight time we refer to the remaining time in the current
flight. As shown in Fig. 4, the traversal between N; and
N, has a duration smaller than the residual flight time of
Nj, and thus it survives from N’ s perspective (not necessar-
ily from Njs perspective), while the one between N; and N3
fails from N;s perspective. For convenience, we denote the
survival rate from any single node’s perspective with p(t;).

“Survived” from
N|'s perspective
N (A Voly

N,o i

Interrupted from
N|'s perspective

Fig. 4. Two traversing events: one between N, and N; and the other
between N; and N;. When flight length is infinite, both events have
duration t;. When the flight length u of N; becomes finite, the event
between N3 and N; is interrupted because N; stops before the traversal
ends.

Since nodes are move independently of each other, survival
from different nodes’ perspectives are independent; we
have:

a(t) = 12(t). (38)

Given the PDF of flight length u, fy(u), the distribution
used in selecting the flight speed v, gy (v) (which has the
same meaning as the gy(v) in (11)), and the fact that u
and v are independent, the PDF of the flight time ty can
be derived through a random variable transformation:

* Umax

fr(tw) = / g (0fu(vty)vdo. (39)

Umin

Consider the flight of node N; in Fig. 4 with flight time
tu, a traversing event with uninterrupted duration t; occurs
on this flight. Assume the occurrence probability of this
event is uniformly distributed throughout the whole flight
duration.® Thus the probability that this traversing event
“survives” from N;s perspective is:

f-th <ty
tlty) =4 ’ 40
H(tiltu) {0 _— (40)

Further, we assume that the occurrence density of tra-
versing events (of the same t;) along all flights is the same
regardless of flight times or flight speeds.* We denote this
density with #(t;), and #(t;) is proportional to the PDF of
in (15) ((15) is in fact the normalized form of #(t;)). There-
fore from (40) the expected numbers of “survived” events
and total events of t; along that particular flight are:

Miotal = n(t1)tu, (41)
ty)(ty — ¢ ) < ty,
Msurvive = {g( I)( Y I) ti > :U- (42)

3 This assumption is true for most RW models, which have a uniform
node density, but not strictly true for RWP, which has higher density in the
center[23,25]. However simulation results show that this assumption holds
sufficiently well for RWP.

4 This assumption is true for RW models with homogeneous speed. For
those with heterogeneous speed, this assumption may not be accurate.
However the results obtained here are shown to be good enough for
heterogeneous speed case in simulation.
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From (41) and (42) the survival rate (from a single
node’s perspective) u(t;) can be derived as the ratio be-
tween all the survived events with duration t; and all
events with the same duration t;:

[Umax _ d
ity = tun(tl)(tu £)fr, (tu) dty
ftulz:x n(t)tufr, (tu)dty
Jme (ty = ), (t0)diy
- E(tu)

From (38) and (43) the total survival rate for events
with uninterrupted duration ¢; is:

tUmax t —t] TUt dt 2
o(n)—uZ(m_(-f] Wﬁ_(fjf)‘ (tv) U).

(43)

(44)

It is hard to directly verify (44) through simulation.
Practically (44) can be verified more accurately through
the duration distribution of the “survived” traversing
events, which is denoted with ts:

Jrs(ts)Crg = fr, (E5) 0 (ts), (45)
Cry = /tumxfn(ts}a(fs}df& (46)
JO

where Cr is a normalization factor.

2.4.2. Dichotomy in tail

Obviously (44) is a monotonically decreasing function:
the longer a traversing event is, the more likely it is inter-
rupted. When the survival rate o(t;) falls below a certain
threshold 7, the power-law tail of the contact time distri-
bution no longer holds. The critical point that ¢ (t;) falls be-
low 7y is denoted with tc:

a(te) = 7. (47)

Specifically, for RW with homogeneous speed 7, when
flight lengths are fixed as ug,

fepy = (-7 (48)

Vo
When flight lengths are uniformly distributed over |[O,
ZUO],
ZUO

Leunif = 1/_0(1 - W) (49)

When flight lengths are exponentially distributed with
mean o,

u
teep = —2—;’0 log . (50)

From simulations we found that the power-law-expo-
nential transition takes place around y = 50% for most RW
and RWP models.

For contact events with duration longer than tc, most of
them will be interrupted and their actual duration may fol-
low other distributions. Some of their actual duration may
be less than tc such that the power-law distribution for
contact times smaller than t: may also be distorted. How-
ever, since the tail is fast dropping (> or t™), the total
number of events with duration larger than tc is small en-

ough compared to the number of shorter events so that
this distortion can be neglected. Therefore, the tail behav-
ior of contact time distribution for times smaller than tc
can still be considered as a power-law. Thus, the tail
behavior of contact times will actually show a dichotomy:
power-law before t¢, and something else thereafter.

In [26] the authors used a finite time renewing process
to obtain the upper bound of inter-contact time distribu-
tion. The same technique can also be used here to obtain
the upper bound of the contact time distribution. Assume
nodes are moving on a finitely bounded surface with aver-
age flight length E[ty]. Consider a node N; at the position
X1(to) at time to. After a period tg > E[ty], it is reasonable
to conclude that N}s position X;(to + T) is independent of
X;1(to). From the stationary nodal distribution the probabil-
ity that two nodes are within the contact range of one an-
other is p.. Thus the probability that two nodes N; and N,
kept contact with each other for time T is:

P(t; > T) < pl/x, (51)

which follows an exponential distribution. The parameter tg
is determined by both the boundary of the surface and the
average flight time E[ty]. The probability p. is determined
by both the average flight time E[ty] and the contact ranger.

Thus, we conclude here that the contact time distribu-
tion for RW with finite flight lengths will exhibit a
power-law-exponential dichotomy in their tail behavior,
which is shown through simulations in Section 3.2.

Qualitatively, as average flight length E[ty] gets smaller,
the power-law-exponential transition takes place earlier.
When the average flight length become so small (usually
smaller than the average contact range) that the power-
law part is no longer distinguishable, the power-law-expo-
nential dichotomy degenerates to a single exponential tail.
In this case most contact events can be modeled as the sum
of consecutive i.i.d. random walks, and a more accurate
distribution is obtained in [21], where the PDF of contact
times follow the exponential distribution:

fri(t) = e, (52)
where
A= g (53)

E[v] is the average nodal speed, and r is the contact range.

3. Validation

In this section the results in Section 2 are validated
through simulation. In Section 3.1 we validate the conclu-
sion of power-law tail assuming infinite flight lengths, and
in Section 3.2 we validate the conclusion of dichotomy.

3.1. Infinite flight length without pause

The results derived in Sections 2.2 and 2.3 are in fact the
limits as flight lengths approach infinity. Therefore, it is not
appropriate to validate them against RW models with
“true” infinite flight lengths, as in that case nodes never
change their speeds or directions so (11) no longer holds.
Since infinite flight length essentially equivalents to the
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assumption that all traversing events are not interrupted,
the results in Sections 2.2 and 2.3 should be better verified
with the contact times collected by dividing the traversing
lengths s by the speeds ¢; during the same contact events
from an RW or RWP model with finite flight lengths.

3.1.1. Closed forms for homogeneous speed

The closed forms (7), (19) and (21) for the homoge-
neous speed case are validated here ((7) applies to hetero-
geneous speed case, too.). Both an RW and an RWP model
have been implemented with homogeneous speed and
without pause. Both models used 100 nodes moving at
v=1m/s with a contact range r=1m for 10 h. The RW
model was on a taurus (implemented as a 10 x 10 m
square with border wrapping) such that node density is
uniform in all positions, and with the constant flight length

159

As with homogeneous speed, contact times were col-
lected assuming infinite flight lengths by dividing travers-
ing distances s by traversing speeds 7, from the same
contact events. The CCDFs of contact times are shown in
Fig. 6 on logarithmic scale.

The distribution of contact times in (36) can be validated
in Fig. 6 as the distribution asymptotically approaches to
t~* rather than ¢t for the homogeneous speed case. As H
becomes larger, the distribution approaches t* earlier.

3.2. Finite flight lengths without pause

The same models are used as in the previous section to
validate the dichotomy conclusion in Section 2.4. Since the

10°
of 50 m. The RWP model was on a 10 x 10 m square. Tra- a 3
versing lengths s and speeds u; are collected for each tra- 10
versing event, and the direct traversing time ¢t; is 10
calculated from s and .. Their CDFs or CCDFs are plotted L 407
against the results from (7), (19) and (21) in Fig. 5. 8 10
In Fig. 5 the simulation results from both RW and RWP N ——
models (continuous and dashed lines) almost overlap with 10 Tohs2e )
the theoretical values (dotted lines), as expected. 102 2100 ogensous H
=1 0 1 2 3
3.1.2. Tail behavior with heterogeneou; speed * 10Traversir1: Time t|(1s()) !
For heterogeneous speeds, theoretical results can only be
obtained numerically. The tail behavior for RW models with 100
uniform speed selection derived in (36) is verified here. b gy
Simulations similar to those for homogeneous speed 10
with infinite flight length were implemented but a uniform 10°
speed was selected at the beginning of each flight. Simula- TR
tions were run with a constant average speed denoted by 8 45
vavg and different speed ranges H defined as follows: o =
---H=20
- -H=50
gv(U) = ;7 (54) f0* ww::1%8(Homogeneous)
Umax — Umin
Vimax 10" 10° 10' 10 10°
H= ma (55) Traversing Time t (s)
fo(v) =— 38v(v) _ 1 7 (56) Fig. 6. Distribution of & with heterogeneous speed and without pause,
fv’"_""‘ lvgv(z})dy viogH with flight lengths approaching infinity (i.e., no interruptions in travers-
o ing events). Nodes select their speed at the beginning of each flight
Vavg = / va(v)dy _ Umax — Umin (57) acc?rdmg toa umfor.m speed distribution. Different runs have the same
Vo logH average speed but different speed ranges. (a) Results based on the RW
model and (b) results based on RWP.
CDF of Traversing Distance (r = 1m) CDF of Traversing Speed (v0=1m/s) CCDF of Traversing Time
a '’ . Theoretical Value b ! - Theoretical Value C ! -+ Theoretical Value
0.9 H- - -RWP Simulation 0.9 lf- - -RWP Simulation 0.9 - - -RWP Simulation
0.8 RW Simulation 0.8 |L=—RW Simulation 08 —— RW Simulation
0.7 } 0.7 0.7
W 0.6 w 0.6 E 0.6
g os} 8 os 8 0.5
04 | 0.4 0.4
0.3 | 0.3 0.3
0.2 | 0.2 0.2
0.1 | 0.1 0.1
’ 0 02 04 06 08 1 12 14 16 18 2 ’ 0.2 04 06 0.8 12 14 16 18 2 00 1 2 3 4 5 6 7 8 9 10

Traversing Distance s (m)

Traversing Speed \2 (m/s)

Traversing Time t (s)

Fig. 5. Simulation results compared with theoretical results from (7), (19) and (21) (with homogeneous speed and no pause). (a) CDF of traversing length s,
(b) CDF of traversing speed ¢, and (c) CCDF of traversing time t; assuming no interruptions.
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flight lengths are finite, we no longer calculate the tra-
versal duration t;, but instead directly measure the contact

times t. We also diversify the random walk model by

implementing different flight lengths: one RW model with
uniform flight lengths on [0, 2u], denoted with RWA; and
one with exponential flight lengths with mean u, denoted

with RWB. For the RWP model, we diversify
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Fig. 9. CCDF of contact times for models with heterogeneous speeds (H = 10) on logarithm plots (a)-(c) and semi logarithm plots (d)—(f). The vertical lines
are the critical points tc, where the survival rate g(tc) = 50%. Mobility models: (a) and (d) RWP, (b) and (e) RWA, (c) and (f) RWB.

logarithmic scale in Fig. 7 together with the theoretical
results. It is shown that for all RW models with homoge-
neous speeds, the simulation results are very close to the
theoretical predictions; but for RW with heterogeneous
speeds or RWP models, there are slight differences between
the theoretical and simulation results. That is due to the
simplifying assumptions do not strictly hold true for RWP
or heterogeneous speeds as discussed in Section 2.4. How-
ever, from the results shown, (44) still holds sufficiently
well to reach the conclusion of dichotomy even with
RWP or heterogeneous speed.

3.2.2. Dichotomy in the tail

The CCDFs of the contact time are plotted in Figs. 8 and
9 for models with different speed parameter H, contact
range r and flight length u in both logarithmic scale and
semi logarithmic scale. The critical points tc where the sur-
vival rate o(tc)=50% are also plotted as the vertical lines.
From the logarithm plots the dichotomy is clearly shown
in the tail of the CCDFs. When the same plots are shown
on semi logarithm plots, the straight lines in the tail sug-
gest the sub-exponential half of the dichotomy may be
very close to exponential.

4. Conclusion and future work

In this paper we conducted a mathematical analysis of
contact time distribution in random walk models, in the
hope of bridging the gap between two existing approaches:
the direct traversal model and the consecutive random
walk model. We show that with uniform speed distribu-
tion under the direct traversal model the PDF of contact
times has a power-law tail, while previous works show

an exponential tail under the consecutive random walk
model. We conclude that for general random walks with
uniform speed distribution, the PDF of contact times has
a tail that is actually between the two extremes: a
power-law-sub-exponential dichotomy, which degener-
ates into the extremes as the flight lengths vary. This con-
clusion is also validated against RWP models.

Since the parameters for the sub-exponential half of the
dichotomy are still not quantitatively clear, a more com-
prehensive analysis for that part should be done in the fu-
ture. Future work should also take the pause time into
consideration, since it is one of the standard components
of RW and RWP models. Also, the implication of such tail
behavior of contact time distribution to MANET or DTN
performance is also to be studied.
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Appendix A
A.1. Two definitions of speed distribution

Here we derive (11), the relationship between the two
definitions of speed distribution. To facilitate the deriva-
tion, we start from a discrete speed distribution with M
values, that is, ve (&4, &, ..., &y). For simplicity assume
there is only one node in the model, and the node has gone
through N flights. We denote the length of the nth flight
with s, and the speed driving that flight with z,. We de-
note the probability that the node selects &, as its speed
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at the beginning of each flight with Py(&,,), and the proba-
bility that at any given time the node is traveling at the
speed &, with P{(&p).

For each ¢, we define the set of flight indices that the
flight is driven at the speed ¢&,,:

Emn={ilie{1,....N} and v;=¢n}, (38)
such that the probability that the node is traveling at speed
Em st

ZlE—.mN i

Pf( ) = lim Zie:mN i/ Vi — lim
NHOO Zk 1g Z]€~kN j

N S 1Sn/ n

lZiEEm_NSi .
im X tsm)
: M :
N=o0 s 1 Doz >k 3 Pe()
K= Z:Lls"

where from the definition of Pg(¢m):

Py(ém) = lim izt
N=oo Zn 15n
Thus, at the limit the discrete (59) transforms to the
continuous (11):
lgv(”)

fv(v) :m

(60)

A.2. Alternative method to derive speed distribution

Here we present an alternative method to derive the
relative speed distribution in (12) through polar coordi-
nates, which is more intuitive and easier to calculate
numerically.

It is intuitive to present the probability density of veloc-
ity f7(?) on the polar coordinate as shown in Fig. 10, espe-
cially when directions are assumed to be independent of
speed, and uniformly distributed over [0, 27| (as usually
does in RW models). We denote the speed distribution
with fi(»). The probability density of velocity 2 of an arbi-
trary node N as shown in Fig. 10 is:

fo(B) = 52

21y

When two of such plots, corresponding to two arbitrary
nodes N; and Nj, are placed side by side as shown in Fig. 11,
an arbitrary point A in the overlapping area will form a vec-
tor triangle with the two origins N; and N;, where NA is 7;,
N;A is 75, and N;N; is the relative velocity 7 = 7; — 7;. Thus,
if the distance between the two origins N; and N; is set to
their relative speed vy, the PDF of v; will be proportional
to the integral of the joint probability density of 7; and 7;
over the overlapping area (the double hashed area in
Fig. 11):

foy(v5) = Cv

— fy(v) where v=|7 (61)

fy, (NiA)fy, (N:AYdA, (62)
.Q/(Z/,'j)
where .<7(vj;) is the overlapping area, which is determined
by v;. Cy is a normalization factor.
With (61) and (62) the PDF of the relative speed z; can
be written in terms of the nodal speed distribution fi(v):

Fig. 10. Probability density of 2 plotted on polar coordinate. The distance
represents the speed, and the angle represents the direction. Darker
shadow means higher probability density. Speed and direction are
assumed to be independent of each other. Here speed is uniformly distrib-
uted over [ ¥min, Umax), and direction is uniformly distributed over [0, 27].

o = [ Mpas (63
/(vy) 471? v;v;
where v; = \NA| and v; = \NA\

For most cases it is more intuitive and easier to obtain
numerical results from (63) than directly through (12).
For some special nodal speed distributions fi{v) even a
closed form can be easily derived through (63). For exam-
ple, one of those special speed distributions is the linear
distribution:

2v

fo(v) = —— where 0 <
max

Substituting (64) into (63), the closed form of fv, (vy) is
derived:

¥V < Unmax- (64)

Cy
foy(vy) = dA, (65)
ity zvﬁmx o (vjj)
G 2 1Y
2 (21/max cos T
2
—v\| V2 4 . (66)
y max 4

Further, through (14) the PDF of v, is:

20, 4 v V2
folv) =08 (2 Ui O  Vr Ven 4r>'

(67)

Fig. 11. Two plots from Fig 10 with origin N; and N; are shown such that
their shadows partially overlap (double hatched area). A is an arbitrary
point in the overlapping area. Then N;A, N;A, and N;N; will form a vector
triangle, representing 7;, 7;, and 7y, respectively.



C. Zhao, M.L. Sichitiu/Ad Hoc Networks 9 (2011) 152-163 163

References

[1] F. Bai, N. Sadagopan, A. Helmy, Important: a framework to
systematically analyze the impact of mobility on performance of
routing protocols for ad hoc networks, in: Proceedings of IEEE
INFOCOM'’03, San Francisco, CA, 2003.

[2] T. Camp, J. Boleng, V. Davies, A survey of mobility models for ad hoc
network research, Wireless Communications and Mobile Computing
2 (2002) 483-502.

[3] F. Bai, A. Helmy, Wireless Ad Hoc and Sensor Networks, Kluwer
Academic Publishers, Norwell, MA, 2004 (Chapter 1).

[4] ]. Yoon, M. Liu, B. Noble, Random waypoint considered harmful, in:
Proceedings of IEEE INFOCOM’03, San Francisco, CA, 2003.

[5] L. Rhee, M. Shin, S. Hong, K. Lee, S. Chong, On the levy-walk nature of
human mobility, in: Proceedings of IEEE INFOCOM'08, Phoenix, AZ,
2008.

[6] J. Yoon, M. Liu, B. Noble, Sound mobility models, in: Proceedings of
ACM MOBICOM’03, San Diego, CA, 2003.

[7] M. Kim, D. Kotz, S. Kim, Extract a mobility model from real user
traces, in: Proceedings of IEEE INFOCOM'06, Barcelona, Spain, 2006.

[8] M. Musolesi, C. Mascolo, Designing mobility models based on social
network theory, Mobile Computing and Communications Review 11
(2007) 59-70.

[9] M. Zhao, W. Wang, A novel semi-Markov smooth mobility model for
mobile ad hoc networks, in: Proceedings of IEEE GLOBECOM'06, San
Francisco, CA, 2006.

[10] J. Yoon, B.D. Noble, M. Liu, M. Kim, Building realistic mobility models
from coarse-grained traces, in: Proceedings of ACM MOBISYS'06,
Uppsala, Sweden, 2006.

[11] P. Hui, A. Chaintreau, J. Scott, R. Gass, J. Crowcroft, C. Diot, Pocket
switched networks and human mobility in conference
environments, in: WDTN '05: Proceedings of ACM SIGCOMM 2005
Workshop on Delay-Tolerant Networking, Philadelphia, PA, 2005.

[12] A. Chaintreau, P. Hui, J. Crowcroft, C. Diot, R. Gass, ]. Scott, Impact of
human mobility on opportunistic forwarding algorithms, IEEE
Transactions on Mobile Computing 6 (2007) 606-620.

[13] A.B. McDonald, T. Znati, Link availability model for wireless ad-hoc
networks. Technical report TR 99-07, University of Pittsburgh,
Pittsburgh, PA, May 1999.

[14] 1. Gruber, H. Li, Link expiration times in mobile ad hoc networks, in:
Proceedings of IEEE LCN’02, Los Alamitos, CA, 2002.

[15] N.Sadagopan, F. Bai, B. Krishnamachari, A. Helmy, PATHS: analysis of
path duration statistics and their impact on reactive MANET routing
protocols, in: Proceedings of IEEE MOBIHOC'03, Annapolis, MD, 2003.

[16] P. Samar, S.B. Wicker, On the behavior of communication links of a
node in a multi-hop mobile environment, in: Proceedings of IEEE
MOBIHOC'04, Roppongi, Japan, 2004.

[17] P. Samar, S.B. Wicker, Link dynamics and protocol design in a
multihop mobile environment, IEEE Transactions on Mobile
Computing 5 (2006) 1156-1172.

[18] C.-L. Tsao, Y.-T. Wu, W. Liao, J.-C. Kuo, Link duration of the random
way point model in mobile ad hoc networks, in: Proceedings of IEEE
WCNC'06, Las Vegas, NV, 2006.

[19] A. Trivifio-Cabrera, J. Garcia-de-la-Nava, E. Casilari, F.J. Gonzélez-
Cafiete, An analytical model to estimate path duration in MANETS,
in: Proceedings of ACM MSWiM’'06, Torremolinos, Malaga, Spain,
2006.

[20] X. Wu, H.R. Sadjadpour, J. Garcia-Luna-Aceves, From link dynamics
to path lifetime and packet-length optimization in MANETs,
Wireless Networks.

[21] W. Wang, M. Zhao, Joint effects of radio channels and node mobility
on link dynamics in wireless networks, in: Proceedings of IEEE
INFOCOM’08, Phoenix, AZ, 2008.

[22] M.C. Gonzélez, C.A. Hidalgo, A.-L. Barabasi, Understanding individual
human mobility patterns, Nature 453 (2008) 779-782.

[23] C. Bettstetter, G. Resta, P. Santi, The node distribution of the random
waypoint mobility model for wireless ad hoc networks, Mobile
Computing and Communications Review 2 (2003) 257-269.

[24] C. Bettstetter, H. Hartenstein, X. Pérez-Costa, Stochastic properties of
the random waypoint mobility model, Wireless Networks 10 (2004)
555-567.

[25] W. Navidi, T. Camp, Stationary distributions for the random
waypoint mobility model, IEEE Transactions on Mobile Computing
3 (2004) 99-108.

[26] H. Cai, D.Y. Eun, Crossing over the bounded domain: from
exponential to power-law inter-meeting time in MANET, in:
Proceedings of ACM MOBICOM’07, Montréal, Canada, 2007.

Chen Zhao was born in Suchow, China. He
received a B.S. in Electrical Engineering with a
minor in International Business from Shang-
hai Jiaotong University in 2006. He is cur-
rently a Ph.D. candidate in the Department of
Electrical and Computer Engineering at North
Carolina State University under the supervi-
sion of Dr Mihail Sichitiu. His research focuses
on mobility models for wireless ad hoc
networks.

Mihail L. Sichitiu was born in Bucharest,
Romania. He received a B.E. and an M.S. in
Electrical Engineering from the Polytechnic
University of Bucharest in 1995 and 1996
respectively. In May 2001, he received a Ph.D.
degree in Electrical Engineering from the
University of Notre Dame. He is currently
employed as an associate professor in the
Department of Electrical and Computer Engi-
neering at North Carolina State University. His
primary research interest is in Wireless Net-
working with emphasis on ad hoc networking
and wireless local area networks.



