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Abstract— Awareness of the physical location for each node
is required by many wireless sensor network applications. The
discovery of the position can be realized utilizing range measure-
ments including received signal strength, time of arrival, time
difference of arrival and angle of arrival. In this paper, we focus
on localization techniques based on angle of arrival information
between neighbor nodes. We propose a new localization and
orientation scheme that considers beacon information multiple
hops away. The scheme is derived under the assumption of
noisy angle measurements. We show that the proposed method
achieves very good accuracy and precision despite inaccurate
angle measurements and a small number of beacons.

I. I NTRODUCTION

The emergence of Wireless Sensor Networks (WSNs) has
facilitated our interaction with the physical environment. A
WSN consists of a large number of distributed sensor nodes,
which are generally inexpensive and resource constrained.
The network is often con�gured such that the communication
between the sensor nodes and the base stations requires
multiple hops. Such a network topology can be traced back
to the ancient defensive systems. Instead of using electronic
sensors, in the past, beacon towers would send signals (e.g.,
beacon �res, �ags, smoke and drums) upon the observation
of enemy activity. The signals usually passed through several
towers before reaching the command center. In contrast to this
ancient system, modern WSNs require no or minimal human
attendance.

In many WSN applications, including monitoring and track-
ing, the data collected is meaningless without the positions
of the corresponding sensor nodes. The positions can be
discovered either by equipping each sensor nodes with a global
positioning system (GPS) or by hand-placing the sensors.
However, both are impractical for many WSN applications
due to the expense in terms of cost and human effort.

Another technique is to use a limited number of nodes that
are aware of their positions (either from GPS or by being
hand-placed). These nodes are referred to asbeacons. The
rest of the nodes are referred to asunknownsand utilize
beacons' positions to localize themselves. Depending on the
mechanisms used, localization schemes can be classi�ed into
two categories:

� Range-free or proximity-based.
� Range-based.

While proximity-based schemes infer constraints on the prox-
imity to the beacon nodes, range-based schemes rely on the
range measurements (received signal strength (RSS), time of
arrival (TOA), time difference of arrival (TDOA) and angle
of arrival (AOA)) among the nodes. Most of the existing
approaches fall into the second category. In [1]–[3], the RSS,
which is the easiest to obtain for the current sensors, is utilized.
The other types of measurements, although require specialized
hardware, can provide much better accuracy. Localization
methods using time difference are discussed in [4], [5], while
angle measurements are exploited in [6]–[8].

In this paper, assuming that all beacon nodes have omnidi-
rectional antennas (which cannot estimate AOA) and unknown
nodes are capable of detecting the angles of incoming signals,
we propose a new scheme that discovers both the position and
the orientation by exploiting the angle measurements among
neighboring nodes. We show that, even with inaccurate mea-
surements and a small number of beacons, the proposed angle-
based approach can achieve better accuracy and precision than
[6]. We also show that, for the same network con�gurations
(density, number of beacons, number of unknowns, etc), the
proposed approach allows more unknowns to be localized (and
oriented).

The rest of the paper is organized as follows: the next
section discusses the basic angle-based localization techniques.
Section III presents our proposed approach and the corre-
sponding implementation issues. In section IV we present the
simulation results and their analysis. Section V concludesthe
paper.

II. OVERVIEW OF LOCALIZATION USING ANGLE OF

ARRIVAL

AOA is de�ned as the angle between the propagation
direction of an incident wave and some reference direction,
which is known as orientation.Orientation, de�ned as a �xed
direction against which the AOAs are measured, is represented
in degrees in a clockwise direction from the North. When
the orientation is 0� or pointing to the North, the AOA is
absolute, otherwise, relative. One common approach to obtain
AOA measurements is to use an antenna array on each sensor
node. Other techniques to detect the angles between nodes are
discussed in [6] and [7]. We assume that the beacons have



no information about their orientations and the unknowns can
detect the AOA information between neighbor nodes by using
one of the above methods.
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Fig. 1. Triangulation in AOA localization: (a) Localization with orientation
information; (b) Localization without orientation information

The orientations of the unknowns may or may not be known
at the time of deployment. Localizations under both scenarios
can be solved using triangulation. We �rst consider the case
when the orientations of the unknowns are known. In Fig.
1(a), anglesq1 and q2, which are measured at unknownu,
are the relative AOAs of the signals sent from beaconsb1
andb2, respectively. Assuming the orientation of the unknown
is Dq, the absolute AOAs fromb1 and b2 can be calculated
as (qi + Dq)(mod 2p); i = f 1;2g. Each absolute AOA mea-
surement corresponding to a beacon restricts the location of
the unknown along a ray starting at the beacon. The location
of the unknownu is located at the intersection of all rays
when two or more non-collinear beacons are available. When
the orientations of the unknowns are not available, in other
words, when the absolute AOAs cannot be obtained, the AOA
differences can be used instead. In Fig. 1(b), angles\ b1ub2,
\ b1ub3 and\ b2ub3 can be computed using the knowledge of
the relative AOAs. All angles subtended by the same chord
are equal. Thus, given two points and the chord joining them,
a third point from which the chord subtends a �xed angle
is constrained to an arc of a circle. For example, the angle
\ b1ub2 and the chordb1b2 restrict u's position on the arc
passing throughb1, u and b2. Since each chord determines
one arc, the location of an unknown is at the intersection of all
arcs when three or more non-collinear beacons are available.

In summary, at least two non-collinear neighbor beacons
are required to discover the location when the orientationsare
known, and at least three to discover both the location and the
orientation.

Similar to localization using other measurements, AOA
localization is also susceptible to measurement noise and
additional problems if unknowns cannot hear directly from a
suf�cient number of beacons. In [6], the AOA measurements
are exchanged between neighbor nodes, and the relative AOA
with respect to each beacon (even multiple hops away) can be
calculated based on geometry relations among the nodes. This
enables the use of triangulation for localization. In [8], the
problems were solved by using a semide�nite programming
relaxation based method.

The proposed probabilistic localization scheme solves both
challenges. In contrast to the existing schemes, the proposed
scheme is derived under the assumption of AOA measurement
inaccuracies. The measurement noise is modeled probabilis-
tically and the algorithm utilizes the model to localize the
unknowns. The position information of the beacons and the
AOA information at each unknown are �ooded within a limited
number of hops. Therefore, even without a suf�cient number
of neighborbeacons, the position information of the beacons
can be utilized indirectly by unknowns several hops away.

III. PROBABILISTIC LOCALIZATION

Without loss of generality, the following assumptions are
made throughout the rest of the paper:

� All of the angle related variables are in the range of
[0;2p).

� The transmission between nodes are bounded by a maxi-
mum transmission rangedmax. Any packets received from
a node outside of the transmission range is considered too
weak to contribute.

� There are no major obstructions between the transmission
of any two nodes. Therefore, the AOA measurements can
be assumed to have certain distribution centered around
the direction of the line-of-sight (LOS).

Each sensor node uses both the position of the beacons
and the AOA measurements to estimate its position. Simi-
lar to the approach of probabilistic localization using RSS
measurements [9], the position of each sensor node is esti-
mated through a probability distribution function of the two-
dimensional coordinate random variable(X;Y) in a collabo-
rative and distributive manner.

A. Distribution of AOA measurements

AOA measurement inaccuracies can be caused by the wire-
less communication channel, the measuring device/method,
or both. The spatial properties of the wireless channel have
signi�cant impact on the detection of AOA [10]. A consid-
erable effort has been dedicated to �nding good models to
characterize these properties. Existing statistical models for the
distribution of the AOA received at a wireless node include:
Laplacian [11], von Mises [12] and Gaussian AOA distribution
[13]. The measuring device and method also play important
roles in the accuracy of the AOA measurements [14], [15].

Since the distribution of the AOA measurements highly
depends on the communication environment and the AOA
detection device/method, it is very dif�cult and outside the
scope of this paper to �nd a single model that can be applied
to all situations. Although the proposed localization approach
is suitable for all AOA distributions mentioned above, for
analytical convenience, we used the Gaussian distributionto
characterize the AOA measurements combining the errors
caused by both the channel and the device/method. Given that
the direction of the LOS isqLOS, the AOA measurements can
be described by a Gaussian distribution with mean ofqLOS and
standard deviation ofsq , which is used to describe the spread
of the AOA measurements and varies with the environment.



Conversely, given a measured AOA ofqAOA, the distribution
of the LOS direction is:

qLOS � N(qAOA;sq ): (1)

A Gaussian noise model for the AOA measurement is also
considered in [6], [8].

B. Probabilistic Localization with Orientation Information

We refer to our approach asprobabilistic because the
positions (and later the orientations) are estimated through
probability distribution functions. In this section, we assume
that the orientation of each sensor node isa priori known. The
absolute AOA can be calculated using both the orientation
information and the relative AOA as depicted in Fig. 1(a).
Recall that for an unknown with known orientation, the
minimum number of neighbor beacons required to estimate the
position is two. However, since the nodes are usually assumed
to be (very) sparse, most of the nodes can only hear directly
from one or no beacon, thus making localizations for them
impossible. In the proposed approach, the position information
of beacons multiple hops away is used, such that the estimation
can be performed at each node.

We de�ne, apseudo-beacon, as an unknown with an esti-
mated position probability density function (pdf). To propagate
the position information of the beacons, both beacons and
pseudo-beacons send out beacon packets to their one-hop
neighbors. Initially, each unknown initiates its positionto
be uniformly distributed over the entire network deployment
area. An unknown nodej receiving a beacon packet from a
beacon/pseudo-beacon nodei executes the following steps:

� Measures the relative AOAs of the received packets and
calculates the absolute AOAs;

� Updates its position distribution and pdf using both the
position information of beacons/pseudo-beacons and the
computed absolute AOAs;

� All unknowns with updated pdfs become pseudo-beacons
and send out their updated pdfs to their one-hop neigh-
bors.

Assume the angleeqi j is j 's measured absolute AOA ofi's
beacon packet, according to (1), the distribution ofi's LOS
direction `seen' atj is:

fQi j (q) =
1

p
2psq

e
�

(q � eqi j )2

2s 2
q : (2)

�
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Fig. 2. An in�nitesimal sector for a given angle ofq j .

Variable Qi j in (2) can be considered as the angular coor-
dinate in the polar coordinate system. In addition, we de�ne
distance random variableDi j , which represents the distance
from nodei to j. VariablesQi j and Di j are independent. In

order to �nd the joint pdf fQi j ;Di j (q;d), the pdf of Di j has
to be determined. As we use only angle measurement, the
only information about the distance between nodesi and j
is that Di j � dmax. Recall that in calculus, a sector with an
in�nitesimal angle Dq is used in integration to approximate
an angleQi j within [q;q + Dq] as in Fig. 2. If the radius of
this sector isdmax, since nodej can be anywhere in the sector,
the probability thatDi j � d is the same as the probability that
node j falls in the gray area:

P(Di j � d) = F(d) =
d2

d2
max

; (3)

where F(d) is the cumulative distribution function (cdf) for
variableDi j . The pdf of the distance coordinate can be found
simply by taking the �rst order derivative of (3):

fDi j (d) =
2d

d2
max

: (4)

Thus j's joint pdf for the polar coordinate random variables
Qi j and Di j is the product of (2) and (4). For convenience,
this joint pdf is transformed into the joint pdf for the Cartesian
coordinate random variablesXi j andYi j by using theJacobian
of the transformation

fXj ;Yj (x j ;y j ) =
1

jd j j
fD j ;Q j (d j ;q j )

�
�
�
�
�
�
�

d j =
q

x2
j + y2

j

q j = J (x j ;y j )

=

p
2

p
psqd2

max
e

�
(J (x;y)� eqi j )2

2s 2
q : (5)

whereJ (x;y) is the polar angular function ofx andy:

J (x;y) =

8
<

:

p
2 � tan� 1 y

x; x � 0;

3p
2 � tan� 1 y

x (mod 2p); x < 0:
(6)

Assume the position pdf of the beacon/pseudo-beaconi is
fXi ;Yi (x;y), the position pdf for unknownj can be calculated
by:

fXj ;Yj (x;y) = fXi ;Yi (x;y) � � fXi j ;Yi j (x;y); (7)

where�� is the two-dimensional convolution.
After computing fXj ;Yj (x;y) using i's information, nodej

calculates its probability distribution of the positionPj (x;y) =
Pj (Xj = x;Yj = y), which represents the probability of un-
known j being placed at coordinates(x;y), by:

Pj (x;y) =
Z y

y� Dy

Z x

x� Dx
fXj ;Yj (x j ;y j )dxjdyj ; (8)

with xmin � x � xmax and ymin � y � ymax. The constants
xmin;xmax;ymin and ymax are the bounding coordinates of the
network. BothDx andDy are arbitrarily small numbers.

If unknown j's original probability distribution estimation
is P(x;y) = P(X = x;Y = y) (either the initial uniform distri-
bution or an updated one), assuming that(X;Y) and (Xj ;Yj )



are independent, unknownj's probability distribution of the
position can be updated by intersecting the newly computed
and the original probability distribution:

P(x;y) = P(x;y)Pj (x;y): (9)

Consequently, Nodej locates itself at:

(x� ;y� ) = argmax
x;y

P(x;y); (10)

and updates its normalized position pdf as:

fX;Y(x;y) =
P(x;y)

å ymax
ymin å xmax

xmin
P(x;y)

�
1

DxDy
; (11)

which is broadcasted toj 's neighbors. If there are other
neighbors of unknownj (in addition to i) that send beacon
packets toj, for each neighbor, one probability distribution
constraint is computed and intersected with the currentP(x;y)
as in (9). The intersection combining the original and new
probability distribution information is possible only when all
coordination random variables are mutually independent. To
assure independence, an approach to eliminate the dependency
among the above random variables is discussed in [9].

Example

Fig. 3. Network topology with two beacons (b1;b2) and two unknowns
(u1;u2).

Assume that the beacons (b1 and b2) and unknowns (u1
and u2) are deployed as depicted in Fig. 3. Upon the receipt
of the beacon packets from the beacons, nodesu1 and u2
update their position probability distributions as shown in Figs.
4(a) and (d). Both unknowns become pseudo-beacons and
broadcast their updated pdfs. After receiving fromu2, node
u1 computes a new distribution constraint as shown in Fig.
4(b) and intersects it with the one in Fig. 4(a) to obtain the
�nal estimation in Fig. 4(c). Unknownu2 usesu1's pdf to
calculate a new distribution as shown in Fig. 4(e) and obtain
the �nal estimation in Fig. 4(f).

C. Log Format and Dependency Elimination

The position information of the beacons and the updated
pdfs of the unknowns are transmitted in the network. Since the
pdf estimation of each unknown is different from the others
and too complicated to be expressed analytically, to record
such pdfs, each unknown maintains a log, in which only a
cascade of measured AOAs are stored as shown in Fig. 5.

Each entry in a log starts with the length of that entry. Since
the only nodes providing accurate position information are
beacons, and all unknowns estimate their positions based on

L1 IDb1 xb1 yb1 IDu1 qb1u1 qu2u1 IDu2 qu1u2 � � �

L2 IDb1 xb1 yb1 IDu4 qb1u4 qu5u4 IDu5 qu4u5 � � �

L3 IDb2 xb2 yb2 IDu4 qb2u4 qu5u4 IDu5 qu4u5 � � �
...

...
...

...
...

...
...

...
...

...

Fig. 5. Beacon packet format

this information, the �rst node appearing in an entry is a bea-
con. Beacon identi�er (IDbi) and the coordinates of the beacon
(xbi;ybi) occupy the second to fourth columns. Each entry
represents a transmission path from the beacon to the unknown
node storing the log.IDuis are the IDs of the intermediate
unknowns. A beacon can be in multiple entries, as the �rst
two entries shown in the table, since all neighbor unknowns
of the beacon relay its position information. Similarly, a single
unknown can appear in multiple entries. Upon the receipt
of a beacon packet from a neighbor node, an intermediate
unknown appends its node ID to the packet entry and records
two AOAs: one is the measured AOA of the incident packet
from the ancestor node; the other is the measured AOA of the
next node along the path. If the orientations are known, the
recorded AOAs are absolute, otherwise, relative.

Beacon packets from an unknown contain one to several
entries from that unknown's log. Packets from beacon nodes
follow the same format (but having only the beacon informa-
tion).

Each destination unknown appends its ID and the measured
AOA from its ancestor to the packet, and stores the new
packet in its log. The log is then processed using the method
introduced in [9] to eliminate the dependencies among entries.
The processed log has the following properties to ensure the
information in the log is independent [9]:

� A node can appear only once in an entry.
� If an intermediate unknown appears in more than one

entry and occupies columnCi in ith entry, then (Li � Ci)
should be the same for all entries where the unknown
appears. In other words, in all entries where the interme-
diate unknown appears, the number of hops between the
intermediate unknown and the node storing the log (i.e.,
the node that estimates its position) must be the same.

� If there is more than one entry containing a path starting
from an intermediate unknowni to another intermediate
unknown j, the nodes betweeni and j must be same.

The processed log is then used at each unknown to estimate
its position based on the approach introduced in section III-B
when its orientation is known. When unknowns are not aware
of their orientations, the processed logs are used to �nd both
orientation and position.

D. Probabilistic Localization without orientation information

In some scenarios, orientation information is not available
to the sensor nodes. For example, the sensor nodes may be
dropped from a helicopter or an Unmanned Aerial Vehicle
(UAV) without embedding a compass in each sensor. For
such situation, only relative AOAs can be obtained and the



(a) (b) (c)

(d) (e) (f)

Fig. 4. Localization evolution for the network topology in Fig. 3: (a) position distribution estimation ofu1 using the beacon packet fromb1; (b) position
distribution estimation ofu1 calculated by usingu2's beacon packet; (c) Final position distribution estimate of u1 computed by intersecting the distributions
in (a) and (b); (d) position distribution estimation ofu2 using the beacon packet fromb2; (e) position distribution estimation ofu2 calculated by usingu1's
beacon packet; (f) Final position distribution estimate ofu2 computed by intersecting the distributions in (d) and (e).

localization scheme discussed above does not apply. In section
II, we showed that at least three neighbor beacons are required
to determine both location and orientation as in Fig 1(b).
However, when this requirement is not satis�ed, one possible
scheme to solve the localization problem is to utilize the angle
difference between AOAs from two different neighbors (either
beacons or pseudo-beacons). Assume nodej receives packets
from two neighborsi and k with AOAs Qi j � N( eqi j ;sq )
andQk j � N( eqk j;sq ), respectively. The angle difference\ i jk,
which is de�ned by variableQi jk = Qi j � Qk j, has a pdf of:

fQi jk (q) =
1

2
p

psq
e

�
(q � ( eqi j � eqk j ))

2

4s 2
q (12)

Variable Qi jk is a function of both(Xi j ;Yi j ) and (Xk j;Yk j),
which are the random variables for the distribution constraints
calculated usingi's and k's information, respectively. Recall
that in (5), whenQi j is a function of (Xi j ;Yi j ), the two-
dimensional convolution in (7) requires double integral onboth
Xi andYi to obtain the position pdf for nodej. Similarly, using
the pdf ofQi jk to calculatej 's position pdf, a 4th-order integral
on Xj , Yj , Xk andYk is required. Furthermore, if nodej hasn
neighbors, it leads to a computation ofC2

n position pdfs. When
n is large, the computational cost can be very high.

To avoid computingC2
n 4th-order integrals, we propose a

new scheme to estimate the orientations of the unknowns
without three neighbor beacons.

First, we de�ne a new termAOA pair: an AOA pair consists
of two angle measurements between two neighbor nodesi and
j: one is j 's relative AOA measured ati and the other isi's
relative AOA measured atj.

�
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����

���
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Fig. 6. q1 andq2 consist of an AOA pair

As shown in Fig. 6,qi j andq ji consist of an AOA pair. In
the �gure, anglesDqi andDq j represent the orientations fori
and j. Anglesq i j andq ji are the absolute AOAs corresponding
to the relative ones (qi j and q ji ). When the AOA estimation
is accurate, we have

jq i j � q ji j = p: (13)

All six angles (Dqi , Dq j , q ji , q i j , q ji , qi j ) in the �gure are
in [0;2p). Since the values ofq ji and qi j can be measured,
given any one of the remaining four angles, the other three
can be uniquely determined. For example, if the value ofDqi



is known, then

q ji = ( q ji + Dqi) (mod 2p); (14)

q i j =

8
<

:

q ji + p; q ji � p;

q ji � p; q ji > p;
(15)

Dq j = ( q i j � qi j ) (mod 2p): (16)

Recall that when the unknowns are unaware of their ori-
entations, the AOAs recorded in the log (as shown in Fig. 5)
are relative. Assuming that the estimation node's orientation
is Dq0, using the AOA pair relation discussed above, the
orientations of the unknowns that are one hop before the
estimation node can be determined. Using these unknowns'
newly determined orientations, the unknowns that are two
hops before the estimation node can also be determined.
Therefore, if we apply the AOA pair relation to all neighbor
unknowns in the log, we can obtain a set of orientations
for all unknowns in the logf DqkjDq0g; IDk 2 log, in which
each orientation is related toDq0. Consequently, the absolute
AOAs corresponding to each relative AOA in the log can be
calculated. If we rotate the estimation node's orientationby
an step ofDq0, we will obtain another set of orientations
f Dq0

kjDq0 + Dq0g; IDk 2 log that are related toDq0 + Dq0.
The localization scheme is based on calculating a position

estimate of an unknown for each set of the orientations given
an assumed orientation of that unknown. For different assumed
orientations, there are different position estimations.

Example

In Fig. 7, b1, b2 and b3 are beacons andu1 and u2 are
unknowns. None of the unknowns can hear directly from all
three beacons. The true orientations of both unknowns are 0.
Unknownu1 receives beacon packets fromb1, b2 andu2; and
u2 receives beacon packets fromb3 andu1. First, consider the
localization procedure foru1. Assume the AOA measurements
are accurate, if we letu1's orientationDq1 = 0 (same as the
true orientation), as shown in Fig. 7(a), the absolute AOAqb1
andqb2 are same as the relative onesqb1 andqb2. Two absolute
AOAs constrainu1 to the intersection of two lines

��!
b1u1 and��!

b2u1 (we use
�!
AB to represent a line segment that starts from

A , passes throughB, and has a length ofdmax). Using u1's
orientation and the AOA pair relation,u2's orientation can be
calculated as 0. Thus, the AOA fromb3 constrainsu2 to

��!
b3u2.

Consequently, using AOA coming fromu2, u1 locates itself
in an area de�ned by an in�nite number of lines with length
of dmax and parallel to��!u2u1. Each of these lines starts from a
point on

��!
b3u2. The intersection of these lines and the original

intersection of
��!
b1u1 and

��!
b2u1 results in a unique point, which

is the exact position ofu1. Similarly, at u2, if we let u2's
orientationDq2 = 0, u1's orientation can be computed as 0
and u1's position can be obtained. The constraints fromb3
andu1 intersect atu2's exact position.
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Fig. 7. Localization when the orientations are unaware

If unknown u1 rotates its orientation to the direction shown
in Fig. 7(b), Dq0, then constraints fromb1 and b2 intersect
at the point ofu1 as shown in 7(b) (a different point on the
same arc as in the �rst �gure). By AOA pair relation,u1 can
compute thatu2's orientation is alsoDq0. By utilizing this
newly computed orientation,u2 is constrained to be on the
dashed line

��!
b3u2. Unknown u2's constraint constrainsu1 to

be in an area consisted of in�nite lines parallel to
��!
u2u0

1 and
started from a point on

��!
b3u2. The intersection of all constraints

is empty foru1. Similarly, for u2, the intersection also results
to empty when its orientation is set toDq0.

As stated in section III-B, when the AOA measurements
are not accurate and when the unknowns are aware of their
orientations, for each unknown node, a probability distribution
as in (9) can be generated by intersecting all probabilistic
constraints from its neighbors. The location of this node is
estimated at(x� ;y� ) as in (10). When unknowns are not
aware of their orientations, a location estimate(x�

Dq ;y�
Dq ) of

the estimation node is obtained for each assumed value of
orientationDq. The closer the assumed orientation to the true
one, the higher probability of the intersection. Therefore, for
each assumed orientation of the unknown node, we record the
probability of the estimated location(x�

Dq ;y�
Dq ):

xDq = P(x�
Dq ;y�

Dq ); (17)

whereP(x�
Dq ;y�

Dq ) is 0 when the intersection is empty.
The estimation of an unknown's orientation is

Dq � = argmax
Dq

f xDqg: (18)
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Fig. 8. Orientation estimation foru1 andu2 in Fig. 7

In Fig. 8, we rotate the orientations ofu1 and u2 in Fig.
7 from � p to p with a step size of 0:0028p (1� ). For each
orientation, the estimation ofxDq is obtained. The normalized
xDq is plotted against the orientations in radian (only a small
range of the orientations are shown, the rest are empty or
zero). Orientations within[� p;0) and [p;2p) have the same
estimations, therefore we used orientations within[� p;p)
instead of[0;2p) to have the curve centering at zero.

After the orientation is determined, the position probability
distribution and the position estimate can be determined. The
rotation step size of the orientation affects the performance of
the localization. The smaller the step, the more accurate the
orientation estimation. There is a clear tradeoff between the
accuracy and the computational cost.

IV. SIMULATION RESULTS

To evaluate the performance of the proposed approach, we
used a custom simulator implemented in Matlab. The results
considered both the accuracy (i.e., the difference between
the real position of the nodes and the position determined
by the localization algorithm) and the precision (i.e., the
uncertainty in the position estimate) of the proposed approach.
We compare the results with the APS+ AOA-based localization
approach proposed in [6].

For the simulation we considered 5 beacons and 50 un-
knowns randomly placed in a square area (of variable size
depending on the desired density). Unknowns are not aware
of their orientations before the estimation. We evaluated the
effects of the variations of several parameters (number of hops
the beacon packet is allowed to travel, number of beacons,
number of unknowns and measurement inaccuracy) on the
estimation of both position and orientation. Gaussian noise
was added to the AOA measurements. Unless otherwise spec-
i�ed, we used a network density of 0.024 nodes/m2 (average
degree� 10) and a standard deviation for the AOA noise ofp

18
(10� ). To discover the orientation, we used a rotation step of
4� . For every graph we present the average of 10 simulations
with different network topologies. All results are normalized
with respect to the maximum transmission range.

For the compared algorithm APS+ AOA, we used the fol-
lowing techniques proposed in [6] to control the estimation
error:

� A threshold of 0.35 (� 20� ) is used to avoid the interfer-
ence caused by small angles or degenerate triangles;

� outliers in the position estimations are eliminated to
reduce the clustered errors.

A. The effect of TTL for beacon packets

The maximum number of hops (time to live (TTL) in IP)
of the beacon packets has a considerable impact on the per-
formance of the proposed algorithm. To evaluate this impact,
we varied the TTL from 1 to 10. The position estimation
accuracy is plotted in Fig. 9 against the TTL. Fig. 10 shows the
percentage of the nodes that can discover their orientations and
positions. Different lines represent different network densities
including 0.016, 0.02, 0.024 and 0.028, which correspond to
average degrees of 6, 8, 10 and 12, respectively.
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Fig. 9. Average accuracy as a function of the TTL for beacon packets for
different node density
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Fig. 10. Percentage of nodes that can be localized for different node density

Most of the nodes in the network cannot hear directly from
enough beacons to perform triangulation. Thus, they rely on
the beacon packets that are generated from beacons several
hops away and relayed by other unknowns. Figures also show



that, regardless of the network density, the accuracy of the
localization improves along with the TTL for the �rst several
hops. However, the improvement is not signi�cant after 5� 6
hops.

The beacon packets become larger as they travel through the
network. Larger packets require more computation resource
for processing. Furthermore, larger TTLs result in more net-
work traf�c. In what follows, we used TTL of 4 (which results
in 100% localization coverage for density of 0.024 nodes/m2)
for all considered schemes (i.e., both for the probabilistic and
APS+ AOA approaches).

B. The effect of number of beacons
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Fig. 11. Average accuracy and precision as a function of the number of
beacons
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Fig. 12. Average orientation error (and the number of locatednode) as a
function of the number of beacons

We varied the number of beacons in the network from 3 to 8.
The estimations of position and orientation are shown in Figs.
11 and 12, respectively. Fig. 11 shows that both the accuracy
(average error in solid lines) and the precision (standard
deviation in dashed lines) of the position estimate. In Fig.
12, the orientation estimate is given. The percentages of the
nodes that can be localized are also marked for each number of
beacons. Our probabilistic approach achieves 100% coverage
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Fig. 13. Average accuracy and precision as a function of the number of
unknowns
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Fig. 14. Average orientation error (and the number of locatednode) as a
function of the number of unknowns

for all numbers of beacons. The performance improves along
with the number of beacons. However, unlike the APS+ AOA
approach, the improvement is not signi�cant (especially when
number of beacons is greater than 5). This suggests that evena
low number of beacons can achieve good accuracy, precision,
and coverage.

C. The effect of number of unknowns

In this scenario, we changed the number of unknowns from
30 to 80 while keeping the density constant. The simulation
results are shown in Figs. 13 and 14. The estimation errors for
both position and orientation increase slightly with the increase
of the network size. Intuitively, since the network densityis
constant, the larger the network size, the fewer unknowns can
hear directly from the beacons. Thus, localization for most
nodes rely on relayed beacon packets with larger TTL. Since
we limited the TTL to 4, the average number of beacons that
an unknown can hear indirectly decreases for larger networks,
which causes the slight increase of the estimation error.
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Fig. 15. Average accuracy and precision as a function of the number of
AOA noise

0 5 10 15 20 25
0

5

10

15

20

25

30

35

40

45

50

Standard deviation s
q
 of AOA (degree)

A
ve

ra
ge

 o
rie

nt
at

io
n 

er
ro

r 
(d

eg
re

e)

Probabilistic
APS

100% 84.9% 

83.2% 

77.1% 
69.7% 

62.4% 

82.9% 

Fig. 16. Average orientation error as a function of the AOA estimation noise.

D. The effect of measurement noise

A good localization scheme must be robust to measurement
errors. We varied the AOA measurement error from 1� to 25� .
The localization and orientation results are shown in Figs.
15 and 16. The presence of AOA measurement noise has a
signi�cant impact on localization and orientation. However,
the probabilistic approach behaves far more robustly than the
APS+ AOA scheme in both accuracy and precision; it also
achieves much better coverage especially when the noise is
large.

V. CONCLUSION

In this paper, we presented a distributed AOA-based local-
ization and orientation approach for wireless sensor networks
under the assumption that all unknown sensors are capable of
detecting angles of the incident signal from the neighboring
nodes. The simulation results show that even with inaccurate
AOA measurements and a small number of beacons, the pro-
posed approach exhibits very good accuracy and precision for
the estimation, and achieves much better localization coverage
than the existing approach in [6].
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