TAGGED PARTICLE LIMIT FOR A FLEMING-VIOT TYPE SYSTEM
ILIE GRIGORESCU AND MIN KANG

ABSTRACT. We consider a branching system of N Brownian particles evolving indepen-
dently in a domain D during any time interval between boundary hits. As soon as one
particle reaches the boundary it is killed and one of the other particles splits into two inde-
pendent particles, the complement of the set D acting as a catalyst or hard obstacle. We
determine the exact law of the tagged particle as N approaches infinity. In addition, we
show that any finite number of labelled particles become independent in the limit. Both
results can be seen as scaling limits of a genome population undergoing redistribution

present in the Fleming-Viot dynamics.

1. Introduction

In [11], the authors prove a hydrodynamic limit for a system of Brownian motions con-
fined to an open connected set D in R? endowed with a branching mechanism inspired by
the Fleming-Viot superprocess (see Dawson [4]). In agreement with the original model, the
system conserves the number of particles N € Z,. However, the generation mechanism
is different. As soon as one of the particles reaches the boundary 0D, an independent
Brownian particle is created at one of the sites of the survivors, chosen with uniform prob-
ability. The model (in lattice and continuous version) is due to Burdzy, Holyst, Ingerman
and March in [2], and later studied (in its present continuous version) by some of the same
authors in [3], where a law of large numbers is established for the empirical measures at
fixed times. The present paper continues the investigation from [11] where a hydrodynamic
limit for the joint law of the empirical measure and the average number of redistributions
(boundary hits) was proven. The quantities of interest are seen as random elements in

the Skorohod space. The conservation of mass present in this dynamics leads to a smooth
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density profile corresponding to the absorbing heat kernel conditioned on the event that a
Brownian particle has not reached the boundary, as seen in equation (2.9).

We are interested in following the evolution of a finite number of particles, with fixed la-
bels (tagged particles) as N — oco. Two questions are answered in this paper: i) we identify
the tagged particle process (Theorem 2) as well as ii) we prove the so-called propagation of
chaos, or the asymptotic independence of any finite collection of tagged particles (Theorem
3).

The ‘particle process’ point of view adopted in the following allows a fully analytic con-
struction and description of the evolution by considering that a Brownian particle reaching
the boundary will not be killed but be reborn at a different location. The Fleming-Viot
and the Moran particle systems (a reference in that direction is [12]) are models for the
time-evolution of the allelic profiles of a given genome population. The state space D is
a set of viable configurations while the boundary 9D represents a barrier of unacceptable
configurations. The boundary acts as a catalyst for redistribution. Hence the Brownian
motions should not be regarded as actual spatial evolutions but as a slow diffusive muta-
tion process interrupted by the ‘cloning’ of a randomly chosen viable genetic profile at the
time of reaching a non-admissible or non-viable profile. The adoption of the particle model
perspective is more valuable at the statistical level. On one hand, Theorem 1 establishes
the macroscopic profile of the population. This is the point estimate of the configuration
evolving in time, proven as a joint law of large numbers in [11]. This law is sampling
anonymous individuals and reflects the statistical distribution of the average genome. The
tagged particle problem is to determine the evolution of a finite collection of labelled indi-
viduals (or strains), that is to study the genealogy of a collection of ‘families’ (a sequence
of individuals and their offsprings) immersed in a vast population as N — co. Equilibrium
is of great interest in this context. A striking consequence is that even when the empirical
profile is stationary, as derived in Corollary 1, no longer anonymous families or strains of a
species undergo changes which can be described in a mathematically precise sense.

The answer (Theorem 2) is a mixed process of the type described in [7], more precisely
a Brownian particle (profile) which is reborn (copied) in the interior of the region D after
reaching the boundary (one of the non-viable profiles) and the distribution of the birth
location (profile of the newborn) has density equal to the hydrodynamic limit (2.10). Since

the relative mass of any finite collection of particles becomes negligible as N — oo, the



updating of the branching mechanism depends essentially only on the complementary set of
particles. As a consequence, any finite collection of given labelled individuals in a virtually
infinite population will not ‘see’ each other. The propagation of chaos holds at the level of
the full trajectory space (not just for marginals at a given time ¢ > 0), in the sense that
the joint law of the tagged particles converges weakly to the product law of the individual
particles.

The question of determining the law of the tagged particle process is usually very hard
(see Kipnis and Landim [15] and the references thereof) and depends on the strength of
the interaction. In this case, the interaction is given by the jump (mixing) mechanism, the
system being a d-dimensional family of independent Brownian motions between successive
boundary hits. The diffusive nature of the limit is clear. Another helpful feature of the pro-
cess is that it is essentially mean-field, in that the new location where the particle is reborn
is uniformly chosen. During any finite time interval of length At, the system undergoes a
number of boundary hits of order IV, which modifies the limit of the density profile. Even
though the “tracer” particle will suffer essentially one boundary hit (similar but not identi-
cal to a Poisson event with rate ~ At), it is its rebirth location which is completely modified
during the interval. As a consequence, the tagged particle is nontrivially influenced by the

cloud of mass evolving within the boundaries of the region D.

2. Notation and Results.

A few notations are needed, all consistent with [11]. For readability, these are re-
introduced in the present context.

If x(0) = (z1,...,2ny) € DV is the initial configuration, then for a fixed N we shall
denote by PY or simply PV the law of the process. In general, we shall consider that all
processes {x"(-)}, for all N, are constructed on the same probability space (2, F, P) with
the same filtration {F;}>0.

For any f € C(EN), x = (x1,x2,...,2N) a point in D" and i,J two indices between 1
and N, f¥(x) will denote the N — 1 variable function depending on xV with the exception

of the component x; which is replaced by x;, that is
(21) fij(X) :f(ml,...,xi_l,mj,xi+1,...,xN).

Let also Ay be the Nd dimensional Laplacian.



The point processes {Af}f (1) hi<izj<n, adapted to the filtration F, denoting the number
of times particle ¢ has jumped on the location of the surviving particle j up to time ¢ > 0,
with right continuous paths with limit to the left (rcll) are finite and their sums AV (-) =
Dt Af}’ (1), 1 < i < N converge to infinity as ¢ — oo almost surely as shown in [3]. The

construction of the process implies the following proposition proved in [11].

Proposition 1. For any function f € C(bN), with f smooth up to the boundary, we write

N t
(22) A =30 7 [ 30 (17 xtm) = fx(5)))da¥ o).
i=1 i

Then

(23)  f(x(t) - / AN F(x(s))ds — Ag() = MYB () + MY (1)
where

(2.4) MPE(t / Vo, f(x(s)) - dwi(s)

is the Brownian martingale and Mf’ (t) is the jump martingale for which

@5 (MM Z / S (Fai(s-)) - Fox(s-)) AN (s

J#i

is a martingale. All martingales are P-martingales with respect to the filtration F.

Remark 1: Since the support of the counting measures {dAYN (t)};>0 is the set of hitting
times of the boundary, the function f(x(s—)) in (2.2) has the i*" component situated on
oD.

Remark 2: By construction f¥(x(s)) — f(x(s—)) = f¥(x(s—)) — f(x(s—)) on the support
of dAN(t), which makes the integrand F5_-measurable.

Definition 1. For any N € Z. we define the empirical distribution process

(2.6) N(t, dx) Z TN (1)

and the average number of jumps

(2.7) AN() = > AN,



Let paps(t, z,y) be the absorbing Brownian kernel on the set D and, for a finite measure
p(dz) € M(D) we denote by u(t,y) = [, Pavs(t, z,y)p(dz) the solution in the sense of

distributions to the heat equation with Dirichlet boundary conditions

1
(2.8) %u(t x) = 2Axu(t,x) u(t, x) veon = 0 u(0,x) = p(dr) .
We also define z(t) = [,u pu(t,z)dz > 0 the probability of survival up to time ¢ > 0 of a

Brownian particle killed on the boundary 9D starting at ¢ = 0 with distribution p(dx). The
solution to the heat equation with Dirichlet boundary conditions conditional on survival

up to time ¢ is v(t, z) = 2(t)"'u(t,x) and u(t,dxr) = v(t,r)dr is the weak solution of

(2.9) aatv(t,a:) = %Axv(t, x) — Z/((f))v(t,x) v(t, ) veon = 0 v(0,2) = p(dx) .

We shall state the hydrodynamic limit results as they appear in [11].

Theorem 1. (from [11]) If u™N(0,dz) converges in probability in weak sense to a deter-
ministic initial density profile u(dr) = p(0,dx) such that u(D) = 1, then, for any T > 0,
the joint distribution of (AN (-), u™(-,dz)) € D([0,T], Ry x M(D)) is tight in the Skorohod
topology and the set of limit points is a delta function concentrated on the unique continuous

trajectory (—In z(+), u(-,dz)) as defined in (2.9) and, for any ¢ € C*(D) and any € > 0

(2.10) lim P( sup |— > oz / o(z)p(t, dm ) =0.
N—oo  \yeor) ! IV Z

Let M" (dx) be the unique stationary distribution of the process {x™V(-)} (the measure

exists according to [3]) and ®;(z) be the first eigenfunction of the Laplacian with Dirichlet

boundary conditions normalized such that it integrates to one over D. The next corollary

is based on [2] and [11].

Corollary 1. (from [3] and [11]) Assume the process {x™(-)} is in equilibrium at time
t = 0. Then, the family of empirical measure processes {u™ (-,dx)}, indexed by N € 7, is
tight in the Skorohod space D([0,T], M (D)) and the unique limit point is the delta function

concentrated on the constant measure ®1(x)dx.

We are now ready to state the main results of this paper, theorems 2 and 3 and their

corollaries.



Theorem 2. Assume that {x¥(0)}nez, converges in probability to a random variable x1
with probability distribution aq(dx1) such that ay(D) = 1 and that the other conditions
of Theorem 1 are satisfied. Let p(-,dx) be the hydrodynamic limit profile and {Fi}i>o the
filtration of the processes {xN(-)}. Then x¥(-) € D([0,T], D) converges in distribution to
a process x1(-) € D([0,T], D) uniquely characterized by the properties:

(i) P(z1 € dz1) = a1 (dxy),

(ii) with probability one, there exists a strictly increasing sequence {1y }rez, of stopping
times with 19 := 0 such that limy_o 7, = o0 and for all k > 0, x1(-) is continuous on
t € [Tk, Tk+1) and x1(1,—) € 0D,

(iii) the process defined as {x1((t + Tk) A Tk41) he>0 for t € [0, 7,41 — T) and equal to
21(Tg+1—) fort > Ti1 — Tk is a Brownian motion with absorbing boundary conditions with
respect to {Fiir, }t>0 starting at x1(1;) and

(iv) for any 6 € C*(D), E[¢(w1(n)) | Fry-| = (6, (e dan))

Remark 1: Due to the continuity of u(-,dx;) for t > 0 the function (¢, u(7x,dx1)) is
measurable with respect to the o - field F, _. Moreover, the redistribution probability
(1, dz1) depends exclusively on the boundary hitting time 73, and not on the location

z1(m,—) € OD.

Remark 2: The initial values of u(-,dx;) are not given by aq(dx;). One particle cannot
influence the initial distribution alone, and the environment process may produce a limiting

profile unrelated to the location of the tagged particle.

Remark 3: Essentially the characterization of the limiting process is inductive. On the
time interval [0, 71) the process is a Brownian motion killed at the boundary 0D starting at
the limit point 27 of the initial values {2} (0)}nez .- At 71 the particle reaches the boundary
and jumps to a point in D chosen randomly according to the distribution prescribed by
the time-dependent deterministic measure on D evaluated at its current value u(r{’—, dz).
The new starting point is in the open set D and the construction is repeated indefinitely.
This is the Brownian motion with return from [7], [8], [9], [10] in the case of a dynamic

relocation distribution p(-,dz).



Corollary 2. Under the same conditions as in Theorem 2, the joint distribution of the
processes {(z (-), AY ("))} ez, converges weakly to the process (x1(-), A1(-)) with distribu-
tion given by a probability measure Qq, ., on D(]0,00), D x R,) uniquely determined by the
following properties:

(1) Qay . - almost surely Ai(t) is nondecreasing with jumps of size equal to one at times
{7k }r>1,

(ii) Ai(t) is the number of times s € [0,t] such that z1(s—) € 0D and if we set 19 := 0,
then x1(+) is continuous on [Tk, Tk+1),

(iii) for any ¢ € C*(D), Qay.u(21(0) € dx1) = a1(dx1) and

(2.11) 6(z1 (1)) — b(x1(0)) - / 5 Db () — / (6. ) — 61 () ) dAs (u)

is @ Qay - martingale with respect to {Fi}i>o0.

Remark: Corollary 2 is a consequence of Theorem 2 and Proposition 14.

Theorem 3. Under the same conditions as in Theorem 2, forl € Z, and N >> [ we
denote by {a:é-v(')}lgjgl a collection of | tagged particles such that the starting points xﬁV(O)
converge in distribution to the random points x; € D with joint probability distribution
oW (dxy, dxs, ... dr)) = ®§:1a]~(dmj), where {aj(dxj)h<j<i are such that aj(D) =1 for
allj =1,2,...,1. Then, the processes {xé»v(-)}lgjg converge to a collection of I independent
processes satisfying (i) and (ii) from Theorem 2 with initial distributions oj(dxz;), for all

i=12...,1

Corollary 3. Assume that the joint distribution of {xj}1<j<n is symmetric and that the
empirical measure Nt Zfil 0z, att = 0 converges in distribution to a deterministic initial
pmﬁle p(dz) concentrated on the open set D and let QN be the law of the empirical process

ZZ 1 I () on D([0,T],D). Then QN converges weakly in probability to Q,, ., where
in general Qe 1s the probability law of the tagged particle process defined by Theorem 2 with
ingtial distribution o(-) and redistribution measure p(-,dx) on the rcll paths D(]0,T], D).
More precisely, if G € Cp(D([0,T],D),R) is a bounded continuous test function on the
Skorohod space, then for any e > 0

(2.12) lim P (‘ZG — BQmu[G(- )]‘ > e) =

N—oo



Remark 1: In this case, the initial profile of the hydrodynamic limit is pu(-). So the
redistribution law p(-, dr) will satisfy (2.9) with ©(0,dx) = p(dz). In the same time, the
initial distribution of the tagged particle will be the same for all particles due to symmetry,

which implies it must be equal to a = pu.

Remark 2: Naturally if initially the particles are i.i.d. with distribution p(dz) the con-
clusion of Corollary 3 holds.

3. The tagged particle.
For r > 0 sufficiently small we define the set
(3.1) D, = {3: €D : d(z,dD) > 7'} .

Definition 2. Let rp be the inner radius of the domain D, defined as the supremum of all
r > 0 with the properties that D, is connected and 0D, is of the same regqularity class as
oD, in our case, C%. For r € (0,7p/2), we define the function v, € C?(D) as a smooth
version of 1pg with the properties (i) 0 < v(z) < 1 if x € D, (ii) y(z) = 1 if x € Dy,
(ii3) vr(x) = 0 if x € Do, and () || A (2)]|ce < c(D)r~2 for a constant c(D) determined
by the domain D and independent of r > 0.

The next two propositions give lower bounds for the number of particles situated inside
the domain D, or, more precisely, in an open subset G such that G C D. Proposition 3 is
more general. Proposition 2 is proven in [11] as an intermediate step in the proof of the
hydrodynamic limit. However, once this is established, the lower bound on the number of
particles inside the domain can be generalized and can be regarded as a simple consequence

of Theorem 1.

Proposition 2. Recall v,(x) from Definition 2 and define v5(z) = 1 —~,(x) > 0, which is
smooth on D and vanishes on the boundary. Let rp(u) > 0 be the largest radius r less than
rp such that (0, D,) > 0. Under the conditions of Theorem 1, for a given time interval
[0,T] and for any r < rp(u) there exists a constant C, > 0 and for each N € Z4 an event
SN(r) such that

SY(r) = {infieom % T @M (1) < Cf and

(3:2) lim sup y_ o P(S]LV(T)> =0.



Proposition 3. Let ¢ € C?(D) be a nonnegative test function. Under the conditions of
Theorem 1, for to > 0 and any time interval [ty, T, there exists a constant Cr(¢) > 0 and
for each N € Z an event SY (¢) such that

SN (8) = { inficpom) &SI 6N (1) < C(9)} and

3.3) lim sup P(S]LV(QS)) =0.

Let ¢ € C?(D) and for a given index i let f(x) = ¢(x;). Then the formula (2.3)-(2.2)

reduces to

(3.4) o (1) = oY ) + [ FAu(al (9)ds

¢
1
+ [ (o el () = ol (5 )4 () + MY (o),
i
where Mg(t) denotes the martingale part in Ito’s formula (2.3).

Lemma 1. Let T, > 0 be the stopping time defined as
(3.5) T, =inf{t > 0 : (vS(z), u™¥ (t,dx)) < C,}

where v5(x) is as in Proposition 2 and T, = oo if the infimum is taken over the empty set.

Then there exists a constant Ci(r,T) independent of N such that
(3.6) E [A{V(T A Tr)ﬂ < Oy(r,T).
Proof. We apply (3.4) for the function ¢ = ~¢ and i = 1 to obtain

(37 G (ANTAT) - AYO) < _nf (% j;wﬂxj(u))} (AN ATy - AY(0))

TN
< [ (e o) =t () 4 ()
J#1
TNT 1

=@ (T AT)) =5 0) = [ GAnw W)

TNT, N.J
[ Ve ) - dwi(w) - MY (T AT
0

observing that the martingales present in the equations remain martingales due to the

optional stopping theorem. The parameter r is fixed. We divide by the constant C, > 0,

9



square both sides of the inequality, apply Schwarz’s theorem on the right hand side to
obtain

E [A{V(T A TT)Q] < C'(r,T) + C"(r,T)E [A{V(T A T,,)] .

We denote U? = E[A{V (T A Tr)z}, apply Schwarz’s inequality to the first moment of
AN(T A T,) from the right hand side. Since (U — C")? < (C")? we conclude that U? <
20" + (C")? := Cy(r,T) from (3.6). O

Proposition 4. Under the conditions of Theorem 1, for a given time interval [0,T] and

constants M > 0,

(3.8) im limsupP(A{V(T) > M) =0.

|
M—oo N0
Proof. With the notations of Lemma 1
P(A{V(T) > M) - P(A{V(T) >M,T, < T) +P(A{V(T) >M,T, > T)
< P(Sﬁ(r)) + P(A{V(T AT > M, T, > T)
< p(sfg (r)) +M72E [A{V (T A Tr)ﬂ < p(sﬁv (r)) + M720,(r, T)
where we used the same notation for the set SN (r) as in (3.2) and applied Chebyshev’s

inequality based on the second moment from Lemma 1. The first probability tends to zero

as N — 0 and the second term vanishes as M — 0. O

Let {7,}4>1 be the ordered sequence of hitting times to the boundary of particle z{(-),
with the additional setting 79 := 0. With probability one, the ordering is possible and the

limit limg_,o 7% = 0o by construction (see [3], [11]).
Proposition 5. Let kK > 1 be fixed. Then

(3.9) lim limsupP(Tk — T <N, T < T) =0.
=0 N_oo

Proof. The probability of interest from (3.9) will be treated separately for k = 1 and k > 1.
Write

p1 = P(ﬁ—ToS%ﬁST), k=1

(3.10) .
p2 = P(Tk—Tk—1§n,Tk§T), k>1

According to Theorem 2, the initial point #)¥ = 27, where x; is a random variable with

distribution «aj(dx;) concentrated on the open set D and = designates convergence in

10



distribution. The distribution function of the first exit time from D for a Brownian motion

P,,(tp < n) is a continuous and bounded function of the starting point x1, implying that

(3.11) limsupP(Ale(n) ) <limsup P, (TD < 17) = / P, (TD < n)al(dacl).
D

N—oo N—oo
The limit as 7 — 0 of (3.11) is zero by dominated convergence establishing the limit of the
first term p; in (3.10).
Let r > 0 be a small but otherwise arbitrary number. Then py < po; + poo where
D21 = P<7'k — 71 <, T ST, 27 (1hm1) € E)
P22 = P<7'k ~T1 S0, T ST, 2 (Tho1) € ﬁrc> :

We bound ps; uniformly in N > 0,

(3.12) lim lim sup po; < lim sup P(TD(U)ZI) < 77) =0.
=0 N_oo n—0 21€D,

Pick 0/2 > supsepo 1 [p Yer(2)p(t, dz). Then
(3.13) D22 < P({xl (Th_1 —) € &D jumps to z (1,_1) € EC}) <

Byl 2<i <N o) € Df}] <

5+P( sup 72727’ 5>§

tefo,r] IV

5+P( suw | sz 0= [ mr@ultds)] > /2= ).

t€[0,T]

where we switched to 2r in order to include D¢ in the support of the smooth function ~,(-).
In addition, we subtract 1/N to compensate for the particle #1 missing in the summation.
Due to the hydrodynamic limit (2.10) from Theorem 1, the last probability from the bound
of pao vanishes as N — co. We have proven that the left side of (3.9) is bounded above by
0 + [pyer(z)pu(t, dz) for arbitrary small r > 0 and §/2 > sup,epo 7y [ vor(2)p(t, dz). By
letting » — 0 and § — 0 in that order, we obtain (3.9). (]

Proposition 6. For any m € Z,

(3.14) lim lim supP(Tm e [T -1, T]) = 0.

=0 N—oco

11



Proof. If m = 1 the problem is essentially independent of V since the initial point converges
in distribution to a random point x; € D distributed according to aj(dz;) such that
a1(D) = 1. This implies that we can partition the event into either 2 € D, or 2} € D¢.
Since Dy, is a closed set,

}i_r)ré liﬁljilopP(x{v € Df) < }ig%)oz(Df,) =0.

Let m > 2 and 1/ € (0,7 — n) arbitrary otherwise. We can bound the probability from
(3.14) by p} + p, where

p’1=P<Tm€ [T—n,T),Tm—1<T—77—?7’>, p/2:P<TmaTm—1G[T_n_n/7T))~

For any given N the random variables 7, z1(7), £ = 1,2, ... have absolutely continuous
distribution functions. Let r be a positive number r < rp. The probability p), = ph(n+1n')
has the same bounds as ps in (3.10) with 7 replaced by 1+ 1/, since it is the probability of
having two consecutive jumps in a time interval of length less than 1 + n’. Following the
argument for py (equation 3.12), we only need to ensure that s — sup, 5~ P(TD(wzl) < s)
has limit zero as s — 0 in order to have lim,_ limsup,_ o p5(n +7’) = 0. To evaluate p},

we write for u(-,-) from (2.8) pj < p}; + pjy with

p/11:P<T_Tm—1_77STm_Tm—1<T_Tm—1>x1<7_m—1>eEmi—1<T_n_n/>7

p/12 = P(xl(Tm_l) S Dﬁ) .

The second probability converges to zero as r — 0 along the same lines of the proof for poo
in (3.13) in Proposition 5. It remains to bound the first term. Note that T — 7,,_1 —n > 7’
and T'— 7p,—1 <7T. Then

(3.15) Py < P(n' <Tm—Tm1<T,21(Tm-1) €EDp, 1 <T —n— 77')

< P('r]/ < Tm— Tm—1 < T’ ZL‘1(Tm71) S E)

= /T [/D (pabs(nlw%'lay) _pabs(Tle:y)) dy} P(xl(Tm—l) € dl‘l)

< sup (pabs(nlaxlvy)_pabs(Taxlvy)) dy
1‘16E D

T— /

§w sup sup |Au(s,z1)],

2 W<s<T 4,eD;

12



with (s, 21) = [p Pabs(s; 21, y)dy. From the symmetry of the absorbing Brownian kernel
we derive that @(s,x1) is the solution to the heat equation on D for the half Laplacian
with zero boundary conditions and uniform initial distribution. The solution is smooth
away from t = 0 by the properties of the Brownian kernel (for example [6]). On a compact
space-time subset [/, T] x D, the second derivatives of the solutions are continuous, hence
bounded. With this in mind, recall that n’ is an arbitrary number in (0,7 — n). Take
n' =T — 2n and let n — 0 to obtain the limit for p/;. O

Let X be a Polish space with norm || - || and let D([0,7], X) be the Skorohod space of
functions with left limits and right continuous on [0,77]. The following are necessary and

sufficient conditions for tightness in D([0, 7], X) of the family of processes {y™(:)}n=0 €
D([0,T7, X) (cf. [1], also [15]).

We need to define the analogue of the modulus of continuity for D([0,7], X). Let n > 0
and m(n) the class of partitions of the interval [0,7] such that there exists | € Z; and
intermediate points t;, 0 < ¢ <[ such that

O=to<ti <...<{;=1T, t; —ti—1 >mn, 1< <.
For a path y(-) € D(]0,7T], X) we define

3.16 w! = inf max su t) —y(s)|.
(3.16) o =it s s (D) (o)

With these notations, Prohorov’s theorem states that the family of processes {yN ()}nso €
D([0,T], X) is tight in D([0, 7], X) if and only if the following conditions are satisfied
(i) for every t € [0,T] and every € > 0, there is an M > 0 such that

(3.17) P(\yN(t)\ > M) <e,
(ii) for any € > 0

(3.18) lim limsupP(w’N(n) > e) =0.

10 Nooo Y
Proposition 7. Under the conditions of Theorem 1, the family indexed by N € Z4 of the
one-particle process {x (-)} on D([0,T], D) and the family of counting measures {AY ()}
on D([0,T],Ry) are tight in the Skorohod topology.

13



Proof. Tightness of AY(-). Condition (i) from the tightness criterion is fulfilled by Propo-
sition 4. Due to the structure of the process A (-) which has only one unit increments at
discrete times, we can write the probability in (3.18) as

(319) Py >1) < P(_max jry— gl < n) + P € [T - n.7])

where 71, 79, ... are the jump times of the counting process A{V (+) defined before Proposition
6. Here we define m(T') such that 7,,(7);1 > T, which is possible a.s., since for finite N
there are finitely many jumps in a finite time interval with probability one (proven in [2]).
To explain the last inequality we notice that the jumps present in (3.16) are zero if the
partition is taken to be exactly [ = m(T)+ 1 and ¢t; = 7, 0 < i < [ — 1, plus the last
endpoint 7, = T, a construction we always can make unless max<g<, (1) |7q — Tg—1| < mor
To(r) € [T —n,T].

The second term of (3.19). For an arbitrary M € Z,

(3.20) P(ery € [T =0, T]) <
P(Tm(T) e [T —nT], m(T) < M) + P(A{V(T) > M) <
< - P<Tk € [T—n,T]) +P<A{V(T) > M> .

k=1

For a fixed M, in view of Proposition 6,

(3.21) lim limsupP(Tm(T) €T - n,T]) < limsupP(A{V(T) > M) .
=0 N oo N—o0

Proposition 4 takes care of the latter probability as M — oo.
The first term of (3.19). For a given M € Z,,

3.22 lim lim sup P 7y <) <
(3:22) PR P i el <) <
lim limsupP( max |1, — 14—1| <n, m(T) < M) + limsupP(m(T) > M) <
=0 N oo 1<g<m(T) N—o0
M
(3.23) lim lim sup (ZP(Tk —Tp—1 <M, T < T)) + limsupP<m(T) > M) .
=0 N oo 1 N—oo

Since the first term of (3.23) is zero according to Proposition 5 and M is arbitrary we are

done.
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Tightness of the one-particle process. For an arbitrary smooth ¢, formula (3.4) provides the
variation of ¢(z}¥(-)) in a time interval [s,¢]. We know that the paths of the tagged particle
2 (-) have only a finite number of discontinuities in [0, 7] almost surely. For convenience,
we shall use a variant of the tightness condition (ii) provided in Theorems 14.4 and 15.3 in
[1]. For a path y(-) € D([0,7], X), we define

(3.24) wit) = _swpwinfly(t) —y(in)] () —v(O)l}

Condition (3.18) is equivalent to

(a) limy, 0 limsupy_, o, P (wg(n) > e) =0
325 {0 limgolmsupy o P supocscioy o) ~ y(s))| > €) =0

() limyolimsupy_oo P(sup7_yccrar ly(t) — y(s)) > €) =0

Adopting the path y(-) = ¢(x1(-)), condition (3.17) is trivially satisfied. Equation (3.4)
expresses the change in ¢(x)V(-)) as a sum of a continuous term with uniformly bounded
integrand, a singular integral with respect to AN (.) with uniformly bounded integrand
and a martingale part (2.3) corresponding to f(x) = 21 which will be denoted by M (-).
By subadditivity of the moduli of continuity we derive that it is enough to prove condi-
tion (3.18) of tightness for each term. The continuous part is trivial. The modulus of
continuity w’(n) corresponding to the integral with respect to AY(-) is bounded above by
2sup,, ep |o(21) |wf4{\, (n) which has been shown to satisfy (3.18). We turn to the martingale

part. The continuous martingale (2.4) is

/w 2 () dw (5)

and satisfies the maximal inequality uniformly in s, and N. On any time interval of length
less or equal to i > 0, the quadratic variation will be of order n uniformly in N. The jump

martingale part MJIV’J(t) has quadratic variation (2.5)
2
B0 Y07 3 [ (6 o) - ote o) aat e,
J#l

At first we shall notice that when we apply (3.25) to y(-) = Miv‘]() we can always consider
the path stopped at 7T, the stopping time defined in (3.5) for a fixed r. To make this clear,

we estimate (3.25)-(a), the other two conditions (b) and (c) being treated in the same way.
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The condition is
P(waiV,,](.)(n) > e) < P(w’/’v[]lVJ(.)(n) >e, T, > T) + P(TT < T)

and because the second term is P(SY(r)) from (3.2) we only need to look at the first term

which has upper bound

2 "
P gy ) > € T > T) < P 00)

We recall that the set of discontinuities of the martingale part is included in the set of
discontinuities of AN (-) by construction. Notice that (3.24) applied to y(t) = Miv"](t NT})

is zero unless there are at least two jumps of the particle z3V(-) in the time interval,
(3.27)  (3.250) < P({there exist two jumps 7" and 77 in [t1,ts] and to —t; <7 }) ,

which case is taken care of by Proposition 5.
The maximal inequality estimates for (3.25)-(a) and (3.25)-(c) applied to the martingale
part yield upper bounds

(3.28) (3.25a) < 4H¢H26—2E[A{V (n A Tr)]
(3.29) (3.25¢) < 4||¢|%e2E [A{V(T AT — AN (T =) A TT)}
To bound (3.28) we write

E[AY (A T)] = B[AY () A T) 1y oy (AY (A T3))] <
(3.30) E[(A{V(T/\Tr))ﬂ : P(A{V(n) > 1)5.

The limit as n — 0 of (3.28) is zero with the same proof as the limit of the first term p;
from (3.10) in Proposition 5, which concludes (3.25)-(a).
We bound (3.29) by

B[AN(TAT,) = AV (T - ) AT, <

E[AY(T A T) = AV(T = 1) AT 1y o0y (AY (T AT) = AV (T — 1) AT <

[N

(3.31) B[(AY (T A T,))?] : P(AN(T) = AF(T =) 2 1)*,

and use Proposition 6 to conclude the proof for (3.29).
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4. Properties of the limiting process.

Proposition 8. Let (z1(-), Ai(:)) be a limit point in D(]0,T],D) x D([0,T],R) of the
tight family of joint processes {1 (-), AY (-))}nez, . Then

(4.1) P(Al(T) - oo) = 0.

Proof. Condition (i) for tightness given in (3.17) states that the one-dimensional marginals
at time T of the family of processes indexed by N are tight. For any M > 0 the set (M, co)
is open. Then

P(Al(T) - oo) < lim P(AI(T) > M) <

M—o0

im hmian(A{V(T) > M) ~0.

1
M—oo N—oo

O

Proposition 9. Let (z1(-), A1(+)) be a limit point in D([0,T],D) x D([0,T],Ry) of the
tight family of joint processes {x?¥ (-), AV (-))}nez, . Then

(i) x1(t) is continuous at any point t € [0,T] where x1(t—) € D and

(i) A1(t) is continuous at any point t € [0,T] where z1(t—) € D.

Proof. We choose a sequence {7, }m>1 € (0,7p) decreasing to zero. Let Q7 be the set
of points in R? with rational coordinates. For all y € DN Q% and | € Z, we define the
function g, () as a smooth version of the indicator function of B(y,2~(*+1)) with support
in B(y,2~®W). We notice that if g(-) is Lipschitz continuous then z1(-) — g(z1(-)) is a
continuous mapping from D([0,77], D) into itself. For f € D([0,T], R), let

(4.2) J(f) = sup |f(t) = f(t=-)].

t€[0,T]

It is known that J is a continuous functional on the Skorohod space (see [1]). Then

{3 t o xi(t) —x(t—) >0, z1(t—) € D} =

(4.3) :;:1{3 troa(t) —ai(t—) > 02y (t—) € Drm} .
For a fixed 7y, the events from (4.3) are included in

Uyeqinn,,, Ul{J(gy,z(:m('))) > %}
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For any finite N € Z, the open sets in the union from above have measure zero. Since
(4.3) is included in a countable union of open negligible sets and for an open set O and a
tight family of probability measures {P"}y~o with a limit point P we have in general
(4.4) P(0O) < liminf P (0),

N—o00

part (i) of the proposition is proven.

Knowing that (i) is true, we look at the continuous functional H,; on D([0,T],D) x
D([0,T],D) defined by Hgy(z1(-), A1(t)) = exp(—Ai(t))g(x1(t)) where g(-) is one of the
functions used in the first part of the proof. The choice of the exponential is not essential,
any function with bounded non-vanishing derivative would be appropriate. Since the union
of the supports of the functions g includes all open domain D and (i) has been established,
the event that A;(-) has a discontinuity at ¢t € (0,7] while z1(t—) € D is included in the

event
1
Unez, Uyequn,,, U T (Ha, (01(), A1) > -
The above open set has zero probability for every given N. We repeat the reasoning on the

limit of probabilities of open sets and conclude part (ii) of the proposition. O

The subset of paths in D([0, 7], R4 ) which are piecewise constant, nondecreasing, integer
valued, with finite number of discontinuities and with all jumps of size exactly one will be

called the subset of counting paths and will be denoted by F.

Proposition 10. Let Ai(-) be a limit point in D([0, T],Ry) of the tight family of processes
{AY()}nez,. Then A;(:) belongs to F with probability one.

Proof. Step 1. We shall prove that F'is a closed set in D([0, 7], R ). Let a,,(-) be a sequence
of elements of F' converging to a(-). At any continuity point ¢ of a(-), limy,—eo am (t) = a(t).
We can see that a(-) takes values in Z due to the right continuity. Let o be a discontinuity
point of a(-). Clearly to > 0. There exists an increasing sequence {¢;};>1 and a decreasing

sequence {t]'};>1 of continuity points of a(-), converging to to. This implies that

(4.5) alto) — a(to—) = lim a(tf) — a(t)
and
(4.6) alt]) — a(t}) = Tim_ap(#) — an(f)
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The terms on the left hand side of (4.6) are nonnegative, hence a(-) is nondecreasing. Also,
since the right hand side of (4.6) is a nonnegative integer, the same is true about the
limiting path a(-). The maximum jump size J, as seen in (4.2) for a path in D([0,7],R4)
is a continuous functional of the path in the Skorohod topology, implying that the jumps
of a(-) are at most of size one. If it had an infinite number of discontinuities, they would
be bounded below by the constant one and the path a(-) would be unbounded, which is
impossible. This shows the last requirement for a(-) needed to belong to F' is fulfilled.

Step 2: The limit A;(-) is concentrated on counting paths. Since F¢ is an open negligible

set for any finite N € Z,, it is negligible in the limit, that is,
0= 1imian(A{V(~) e F> > P(Al(-) e F) .
N—o0
O

Proposition 11. Under the conditions of Theorem 1, let x1(-) and Ai(-) be limit points
of the tight families of processes indeved by N € Zy {z(-)} € D([0,T], D) and {AY ()} €
D([0,T],R.), respectively. Then, for any ¢ € C?*(D)

t
1
(4.7) M g(t) = ¢(z1(t)) — ¢(21(0)) —/0 g Rad(z1(u))du
t
0
is a P - local square integrable martingale (class ./\/llzoc ) with respect to the filtration of the

—/ <<<Z>,u(u, dz)) —<Z>($1(u—)))dA1(u)

process F continuous between the increasing sequence of boundary hitting times {1y }r>0

where x1(T,—) € OD such that, for any k =0,1,...

(tVTk)/\Tk+1

(4.8) Mo s((EV 7) Aig)? — / V(i (s))|2ds

Tk

is also a martingale.

Proof. Step 1. Localization. For any m € Zy and for any paths (Z1(-), A1(-)), let &, =
inf{t > 0: A;(t) > m} and define the operator Z,, on D([0,7], D) x D([0,T],R,)

(4.9) Em(@1(), ALIE) = (@1(E A &m), Ar(t A Em))

with the understanding that the paths remain constant after £,,. The mapping =,, is linear
and bounded, hence the pair of processes {Z,, (2 (), ANV (:))} € D(]0, 7], D) x D([0, T}, R4)
is tight and =,,,(z1(), A1(+)) is one of its limit points.
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We start by writing formula (3.4) for a fixed IV, before stopping at &,,, which in the limit
should yield (4.7). This is It6 formula (2.3) for functions depending on only one variable

x1 € D. Both sides of (2.3) remain martingales if we stop at &,,. The equation reads as

tAEm
(4.10) o (e n &) ol ) = [ Sa0al )i
tAEm
[ e S e @) o (w-)dA () =
0 i#1
tAEm
(4.11) /0 Vol (u) - wi(u) + MY (1)

We are interested in showing that the left-hand side of (4.7) is a martingale (4.8), that
is, the conclusion holds for the limit processes stopped at &,,. First we notice that the
mapping =,, is continuous and bounded. Let 0 < s < ¢ < T and ¥(w) be a Fs-measurable
smooth bounded function. The functional I'y s, on the Skorohod space D([0,T], D) x
D([0,T],Ry) defined as the product of ¥(w) and the difference of the values at times ¢ and
s of (4.7) is bounded and continuous. This functional differs from the analogue difference
for (4.10) by an error term

@ [ (e e ) — (6t ) )Y ] (o)
s i#1

Nem

which tends to zero uniformly as N — 0 due to the localization of AY (t) to AY (tAE,) < m.
The Brownian martingale part (4.11) remains uniformly bounded in the square norm. The
jump martingale part ./\/lg(’jl)(t) has bounded quadratic variation as well, uniformly in N,
again due to the fact that AY (T AE,,) < m. Propositions 9 and 10 provide a characterization
of the limiting processes (x1(-), A1(-)) showing that they are continuous in the random time
intervals 7y, Tk+1). We recall that {74 },>0 are stopping times. For each N, the expression
(4.7) differs from the continuous martingale MfaB((t V Ti) A Tg1) from (2.4) by a term
which is uniformly bounded and also converges to zero in probability.

We can conclude that, for the limit processes =, (x1(-), A1(-)), the expression (4.7) is a

square-integrable martingale corresponding to the limit of (4.11) with quadratic variation

equal to fg/\fm IVo(z1(w))||?du on every time interval [14, Thi1)-

Step 2. Proposition 8 guarantees that &, — oo with probability one with respect to any

limiting joint law of the processes. O
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Proposition 12. Under the same conditions as in Proposition 11, with probability one
with respect to the limiting distribution of (zY(-), AN (")), for any t € [0,T)], if x1(t) has a
Jump at t, then A1(t) has a jump at t.

Proof. We consider
k(w)=k=min{j > 1 : z1(r;—) € 0D, Ay(1j) — A1(1j—) = 0}.
Let ¥(w) = ¢(z1(s A 7)) be a Fr, rs - measurable function along the same lines as in the

proof of Proposition 11 and take the expected value of its product with the martingale

(4.7). We obtain

@13t B (oo () - dlar(nn ) - [

TEN\S

Tk

5 Aa(n () du) ¥ ()]

iy =t B[ (o) - oler(w)))aA(w) )| =0

sToo L AS
by the choice of 7;. Since the continuous part of the time integral has uniformly bounded
integrand, we derive that limgto, £ [(d)(:zl(m)) —o(z1(sA Tk))> d(z1(s A Tk))} = 0 or equiv-
alently

(4.15) B[ (¢(1(m) = o(a1(n-)) ) ol (m )| =0

by dominated convergence. The function ¢(x1) is arbitrary in C?(D). If we choose ¢(x1) =
~r(z1) as in Definition 2, a function equal to one on the boundary 0D with support included
in DS, and such that v,(x;) < 1if ;1 € D we notice that ¢(x1(7;)) = 1 almost surely or
x1(7%) € 0D almost surely which contradicts the construction of z1(-) € D([0, 7], D) taking
values in D with probability one. ]

Proposition 13. Under the same conditions as in Proposition 11, the process Ai(t) is

equal to the number of visits to the boundary 0D of {x1(s—)}, where s € [0,1].

Proof. This proposition is a consequence of Propositions 9, 10 and 12. The only remaining
fact to prove is that if z1(t—) € 9D, then x;(-) has a jump at t. Let z1(t—) € 0D. The
path x1(:) is in the support of the limiting distribution of the processes (z1'(-), AY(-)).
The proof of tightness implies that the path is D-valued almost surely. If z1(t—) € 0D
and x1(t) = z1(t—) (to ensure continuity) we violate this condition. Consequently, with

probability one, the conclusion holds. O
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5. Proof of the main results.

Proof of Theorem 2.

Part (i). This is an immediate consequence of the assumptions of the theorem.

Part (ii). According to Proposition 10, for any finite 7' > 0 the number of boundary visits
on [0, 7] is finite with probability one. On the other hand, limy_.~ 7 < oo only in the case
that there would be infinitely many jumps in [0, 77, a contradiction, or if there would simply
be a finite number of jumps. The smoothness of pu(t,dx) = v(t, z)dz for ¢ > 0 implies that

this latter possibility occurs with probability zero. The rest follows from Proposition 13.

Part (iii). For any k € Z,, the optional sampling theorem applied to the martingale (4.7)
together with the characterization for the structure of the discontinuities from Proposition
13 prove that

(t+m) ATk 11 ]
G o AT~ o) - [ £ Aad(a(u))du
is a continuous martingale. Since the martingale problem is well posed for the half Laplacian
on R?, the localization theorem (in [5], Chapter 6) indicates that the stopped martingale
problem given by equation (5.1) has a unique solution starting at z1 (), which proves (iii)
from the theorem.
Part (iv). We have shown that {z{(-)}nez, and {AY(-)}nez, are tight in the Skorohod
spaces D([0,7], D) and D([0,7T],R;). The mechanism of the proof is to assume we have
a limit point (x1(-), A1(-)) taken over a subsequence N’ — oo and show that it is unique
and satisfies (i) and (ii) of Theorem 2. Let ¢ € C?(D). The martingale defined in (4.7) is
continuous between the ordered sequence of boundary hits {7} }rez, , that is the stopping
times such that x1(7;—) € 9D and has quadratic variation (4.8). The counting process
Ai(t) can be regarded as a function with bounded variation on the time interval [0, 7]
almost surely, for arbitrary 7' > 0. The structure of A;(t) is given by Proposition 13.
Repeating the argument given in Proposition 12 in equations (4.13), (4.14) and (4.15) we
obtain that

E[o(a1(m)) = 61 (7)) | Fru-| = E[(6, (. da)) = 61 (7)) | o,

or simply
(52 E[o(ei(P) | Fu-] = B[(6,n(rL, de)) | Fon] = (0 u(rP =, d))
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by the continuity of the asymptotic profile u(-,dz), concluding (i) from Theorem 2. This

concludes the theorem. OJ

Proof of Corollary 2.
Part 1. The expression (2.11) in Corollary 2 is a local square-integrable martingale.

As in the proof of Theorem 2, let (z1(-), A1(-)) be a limit point of the tight sequence
{2V ("), AY(-)}nez, . Condition (i) from the corollary is exactly Proposition 13 meanwhile
condition (ii) was done in the proof of Theorem 2 and coincides with the fact that (2.11)
stopped at &, is equal to the martingale (4.7). Notice that lim,, . &n = oo due to the
fact that the jumps are of size one and part (ii) of Theorem 2. Conditions (i)-(iii) imply
uniqueness once again due to the localization theorem for the stopped martingale problem
mentioned in the preceding proof.

Part 2. For any T > 0, E[A1(T)] < 0.

Up to &, the expression (2.11) in Corollary 2 is a square-integrable martingale and

limy, 00 & = oo with probability one. If ®;(z) is the first eigenfunction of the Dirichlet

Laplacian on D with eigenvalue A1 < 0, let

(53) C‘I)l,T = inf <q)1, ,u(t, d.’L‘)) > 0.

te[0,7

Notice that even though (0, dx) might be singular, the integral with the eigenfunction ®
is continuous on [0, 7. Since it is a positive function for any ¢t € [0, 7], the infimum is also

positive. The local martingale Mg, (T'A &) defined by (2.11) from the Part 1 of the proof

gives
TAEm
(5.4) Corr AT A ) < /O (D1, s, da))dAr(s) =
TAém |
<I>1(x1(T A fm)) — @1(%1(0)) — /0 iAd(I)l(xl(s))dS + Mcpl (T A fm) .

The expected value of the left side of (5.4) is uniformly bounded by (2 + (|A1|/2)T)||®1]|-
Let m — oo and the monotone convergence theorem concludes that Mg, (t A &) defined
by (2.11) is uniformly integrable and implies that Mg, (¢) is a martingale, the proof of the

corollary. [J
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5.1. Proof of Theorem 3. We shall establish first an /-dimensional analogue to the for-

mula (2.11).

Proposition 14. Let {(z;(-), A;(-)) }i<j<i be weak limits along a subsequence of the tight
family of processes {(xév(), A;V(-)}lgjgl and let F' € C2(bl). Then

(5.5) MF(t):F(xl(t),...,a:l(t))—F(a;l(O),...,a:l(O))—/0 %AF(wl(u),...,a:l(u))du

! ¢
(56) - /0 ((F@i(w),..an(w), plu,day)) = Flay(us), . mi(u=) ) dA; (u)
j=1

is a local square-integrable martingale (of class MIQOC ), continuous between the increasing

joint sequence of boundary hitting times {Tlgl)}k>0 such that, for any k=0,1,2,...

() (tvriart),
(57) (Me(v ) Ar) Z /m |90, Fa; () Pdu

is also a local martingale. In the expression (F(z1(u),...,z1(u)), p(u,dz;)) we understand
that variables i not equal to j are the processes xz;(u) while the variable on the position j
is deterministic and integrated against the measure p(u,dx;). Also, A represents the ld

dimensional Laplacian.

Proof. The space D is compact such that it is sufficient to prove (5.5 - 5.6) for cylinder
functions F(xq,...,z;) = Hé.:lfj (x;) and pass to the limit in the supremum norm over D

Set f,(,ll) the minimum of all times when the point processes A;(-) exceed m € Zy and T.

Step 1. In analogy with (4.10), for a fixed N € Z., we shall calculate the It6 formula for the
product F(z1,...,x;) = Hé‘:lf]' (). The reasoning is analogue to the proof of Proposition
11 with the exception that the errors contain product functions. However, all the factors
fj(xz;) are bounded in the uniform norm. The uniform limit in probability (2.10) from
Theorem 1 together with the localization Aév(t A 57(7?) <mforall j =1,2,...1 imply that
the error terms of type (4.12) are uniformly approaching zero as N — oco. Once again, for
the limit of the continuous martingales (5.7), with uniformly bounded quadratic variation.
Step 2. We make the observation that the limit point of Zé’:l Aj-v (t) has jumps of size one
only (almost surely). This property is true as long as N is fixed. On the other hand, the
maximum jump size is a continuous functional on the Skorohod space (see (4.2) and the

comment thereof). This implies that all the A;(-) are mutually singular. In addition, the
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counting processes A;(-) are piecewise constant with a finite number of discontinuities on
any finite time interval. This line of reasoning has been presented in more detail in the
proof of Theorem 2.

Step 3. The last steps are inductive. If [ = 1, formula (5.5)-(5.6) is exactly (4.7)-(4.8).
Let’s assume the formula is valid for any k¥ < [ — 1 and we want to prove it for [. At
the former step we have proven (5.5)-(5.6) for the special cylinder functions. Any C? (El)
function can be approximated in the uniform norm by finite linear combinations of cylinder
functions. As long as we keep the processes stopped at &,,, in order to have a bound on the
expected value of the total variation of A;(-), for all j, we can carry out the limit over the
approximating multi-variable test functions. After doing the algebra, formula (5.5)-(5.6) is
proven for arbitrary [ € Z4 and m € Z,.

Step 4. From Step 2 we know that no two particles x; will reach the boundary at the same
time, hence there are no simultaneous jumps. This enables us to order the set of all hitting
times of the boundary 0D by either one of the [ particles. The optional stopping theorem
together with the localization theorem (in [5], Chapter 6) applied to the half Laplacian in
dimension [ d on the open set D! ensure that between jump times the joint motion of the
[ particles is independent Brownian motion. From tightness, the paths of all particles are
concentrated on right continuous paths with left limit. This proves the uniqueness of the
joint process, since the jumps are completely defined by u(t, dz) according to (5.2), and the
filtration is not just the filtration associated to a specific particle but the original process
filtration up to the current boundary hitting time T,gl). In the same fashion as in the proof of
Theorem 2, we have shown that the limit points (x;(-), 4;(-)), for all j = 1,2,...1, stopped
at &, satisfy (5.5)-(5.7).

Step 5. The limit processes stopped at &, and a family of [ independent processes de-
fined in Theorem 2 stopped at &, coincide. By construction, the stopped process is also
unique. The number of tagged particles [ is finite. Proposition 8 is sufficient to show that

P(limg_oo 7 — 00) = 1. 0

Proof of Theorem 3. The reasoning assumes that we identify a joint limit point of the
tight family of processes {(z(-), AV (")),..., (@] (-), AN ("))} nez, . Once uniqueness is es-
tablished, we have proven that the joint distribution converges in distribution to a specific

measure on [D([0, 00), D) x D([0, 00), R4 )]®!. Proposition 14 is essentially a reformulation
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of Theorem 3. In fact, we can even limit ourselves to the version of the proposition for
cylinder functions only. Due to the structure Proposition 13 and the localization theorem
(with respect to the boundary hits T,? , we can identify that the process is an independent
Brownian motion in D! between boundary hits. At 7',? , conditional upon which particle hits
the boundary, the redistribution function is (7, dx), similarly to (5.2). This occurs inde-
pendently from the other particles, as seen from the factorization of the cylinder functions.
O

5.2. Proof of Corollary 3.

Proof. Let ¢ € C2?((D)). The symmetry of the joint law of {z)¥}1<;<ny implies that
E[p(zN)] = E[qﬁ(a:N)] for all pairs (i,7). Since E[N"' SN ¢(2N)] = E[p(2)] converges
to [p ¢(z1)p(dxr) as N — oo we conclude that a(dz;) = p(dzi). We have shown that
Qo = Qupu- Let G be a continuous bounded functional on the space D = D([0,77], D).
Without loss of generality we can assume G(z(+)) is a cylinder function, meaning that there
exists a finite number [ € Z, an increasing collection of times {¢,}o<q<; such that ¢ty =0,
t; < T and a function g € C}(D'*1) such that G(z())) = g(z(to), z(t1),...,z(t;)). We

calculate

1

EHN 0= [ Gaeig,,|] <5 e +s¥E)

such that
lim §Y(G) = lim NQZE /G dQML) } —0

and
SN = S E G /G dQM /G dQW)]

1<z;£]<N
The symmetry of the initial distribution of the process allows us to write
i 5000 B[( 0050 - 0m0,0) (@20 - )] -o

as a consequence of Theorem 3 and the observation made at the beginning of this proof. [
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