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Abstract

This paper introduces a novel way of differentiating a unit root from a stationary al-

ternative. We write up the model consisting of ”zero” and ”nonzero” parameters. If the

lagged dependent variable has a coefficient of zero, we know that the variable has a unit

root. We exploit this property and treat this as a model selection problem. We show that

Bridge estimators can select the correct model. They estimate ”zero” parameter on the

lagged dependent variable as zero (nonstationarity), if this is nonzero (stationary), estimate

the coefficient with standard normal limit. In this sense, we extend the statistics literature

as well, since that literature only deals with model selection among only stationary variables.

The reason that our methodology can outperform the existing unit root tests with lag

selection methods stems from the two-step nature of existing unit root tests. In our method,

we select the optimal lag length and unit root simultaneously. We show that in simulations,

this makes big difference in terms of size and power.
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1 Introduction

Unit root testing has been a cornerstone of applied econometrics research. There are several

unit root tests and two of the most popular ones are by Dickey and Fuller (1979), Phillips

(1987), and Elliot, Rothenberg, and Stock (1996). In panel data framework we have Bai and

Ng (2004)’s test. These tests depend on choosing the correct lag length given a maximum

amount of possible lags. AIC, BIC and t-tests, as well as sophisticated Modified AIC of Ng

and Perron (2001) are proposed for lag selection. Related to this point, in model selection,

Breiman (1996) shows that subset selection methods such as AIC, BIC can often select the

wrong model. This problem is more acute with large number of parameters. Problems with

lag selection in unit root testing is also observed by Hall (1994). Breiman (1996) further

shows that ridge-regression based model selection gives good results, and is not affected by

the number of the parameters.

Related to ridge-regression, a method that penalizes the parameters less, and has no

asymptotic bias gained prominence in the statistics. These are Bridge/Lasso type estima-

tors. In the last couple of years, there has been a huge interest in Bridge/Lasso estimation

in the statistical literature. Knight and Fu (2000) establish the limit law for Lasso in a LS

framework. Fan and Li (2001, 2002) develop penalized LS with a smooth penalty function.

They show that we can derive the limit of the LS estimates as if they were known in advance.

In other words, these methods simultaneously select the model and estimate the coefficients.

In econometrics Knight (2008) and Caner (2009) consider LS and GMM based Lasso esti-

mators respectively. Caner (2009) also finds that in small samples Lasso type of estimates

have smaller Root Mean Squared Error , and bias than the ones chosen by AIC, BIC and

sequential testing procedures. One important point about Bridge/Lasso is so far, they have

been only used as a model selection tool in stationary models.

In this paper we propose a novel way of using Bridge estimators. They can complement

or substitute unit root tests that benefit from lag selection. Since we can write a simple

time series model as ”zero” and ”nonzero” parameters, we can simultaneously estimate

the true model with lags with ”zero” parameter on lagged dependent variable. If the true

parameter on the lagged dependent variable is nonzero, Bridge estimates as nonzero, and

hence finds stationarity. This is an entirely different way of determining whether the variable

is stationary or nonstationary. The classic approach to this problem have been the selection

of the lag length, and then applying a unit root test. Our procedure eliminates the two-step

nature of detection. By doing that, we can have power gains and be able to differentiate

better between stationary and unit root behavior. In this respect, we derive the limit laws
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for Bridge estimator in a possible case of mixed nonstationary and stationary regressors,

hence extending the only stationary variable case. This results in the exponent of the

penalty function for the lagged dependent variable be less than 1/2. This is also new in

the statistical literature, where the exponent has to be less than 1 to avoid asymptotic

bias. Here, we need this to avoid bias, as well as to differentiate between stationarity and

nonstationarity. We show that we can estimate ”zero” parameters as ”zeros” and nonzero

ones with the standard limit. So basically we use the main idea of model selection in Bridge

estimators to select between unit root versus stationary behavior as well as simultaneously

estimate the coefficients of the lags.

We also analyze a model with near-integrated properties, and a model with time trend.

Simulations show that our method generally displays superior behavior compared with

Dickey-Fuller GLS, (DFGLS), and the Augmented Dickey-Fuller unit root tests (ADF).

Bridge-Lasso based methods are criticized by Leeb and Pötscher (2008). In a valid point,

they show that at certain parameter values (moderately away from zero), they have high

mean squared errors in small samples. However, our idea is to compare and contrast our

method with unit root tests with MAIC lag selection method which face the same criticism.

Section 2 introduces the simple model without lags, and introduces the main idea. Section

3 also adds lags to the main model. Section 4 considers the most general model with lags

and time trend. Section 5 conducts Monte Carlo, and Section 6 concludes.

2 The Simple Model

The following is the benchmark model. This is without any lags and illustrates the main

points of the paper. We do not know whether the following yt is stationary or nonstationary.

Our aim is to show that when the true model is nonstationary (ρ0 = 0), the estimator should

show that (estimator should converge to zero in probability) and yt−1 must be dropped from

the regression, and if that is stationary, the limit for the standard AR (1) coefficient should

hold. In other words, we are looking for the oracle property. The model is:

Δyt = ρ0yt−1 + et, (1)

where et is iid and (0, σ2), and has finite fourth moments. σ2 > 0. We estimate the parameter

of interest ” ρ” by minimizing the following objective function given λT , γ:

ZT (ρ) =
T∑

t=1

(Δyt − ρyt−1)
2 + λT |ρ|γ. (2)
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In the remaining parts of the paper, λT , and γ will be specified. We first consider the

consistency of our estimator. In that respect, when ρ0 = 0, (nonstationary model) we

benefit from the following function

ZT1(ρ) =
1

T 2

T∑
t=1

(Δyt − ρyt−1)
2 +

λT

T 2
|ρ|γ. (3)

When ρ0 < 0, (stationary), we use the following

ZT2(ρ) =
1

T

T∑
t=1

(Δyt − ρyt−1)
2 +

λT

T
|ρ|γ. (4)

Now we show regardless of ρ0 = 0 (nonstationary model) or ρ0 < 0 (stationary model),

we can consistently estimate the parameter by ρ̂ which minimizes (2).

Theorem 1.

(i). For ρ0 = 0 and λT/T
2 → λ0 ≥ 0,

ρ̂
p→ argminρ∈AZ1(ρ),

where

Z1(ρ) = ρ2σ2
∫ 1

0
W 2(r)dr + λ0|ρ|γ,

where W (r) is the standard Brownian Motion and
∫ 1
0 W (r)2dr is a nonstandard distribution

mentioned in Chapter 17 of Hamilton (1994). ”‘A” is a compact set specified in the proofs.

(ii). For ρ0 < 0 (stationary case) and λT/T → λ0 ≥ 0,

ρ̂
p→ argminρ∈AZ2(ρ),

where

Z2(ρ) = σ2 + (ρ− ρ0)
2Γ0 + λ0|ρ|γ,

and Γ0 = Ey2
t−1, Γ0 > 0.

(iii). If λT = o(T ), then estimators in both cases (i)-(ii) are consistent.

Remark. This theorem states that regardless of stationarity or nonstationarity we can

estimate ρ0 consistently as long as λT = o(T ). This also shows that the criterion for con-

sistency λT = o(T ) in the stationary case (ii), is the same one for the nonstationary case as

well. This is the same criterion that is found in LS stationary case of Knight and Fu (2000).

This fact also can be seen by comparing (2) with (3) and (2) with (4). Note that ρ̂ is the

minimizer of (2) and converges in probability to ρ0 regardless of ρ0 = 0 or ρ0 < 0. This is

clear by (2)-(4)

ρ̂ = argminZT (ρ) = argminZT1(ρ) = argminZT2(ρ).
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The following theorem displays the limits when ρ0 = 0 (nonstationary case), and when

ρ < 0, (stationary case). This is a new result both in the statistics and econometrics

literature. By using the Bridge estimators as model selection devices, we can differentiate

between the stationarity versus nonstationarity.

Theorem 2. Suppose 0 < γ < 1/2, and λT/T
γ → λ0 ≥ 0, then

(i). If ρ0 = 0 then

û = T ρ̂
d→ u0 = argminV1(u),

where

V1(u) = −2uσ2
∫ 1

0
W (r)dW (r) + u2σ2

∫ 1

0
W (r)2dr + λ0|u|γ,

where
∫ 1
0 W (r)dW (r) is the stochastic integral and the distribution is described in equation

17.3.26 of Hamilton (1994).

(ii). If ρ0 < 0, and Γ0 > 0, then

û = T 1/2(ρ̂− ρ0)
d→ u0 = argminV2(u),

where V2(u) = −2uL+ u2Γ0, and L ≡ N(0, σ2Γ0), so u0 ≡ N(0, σ2Γ−1
0 ).

Remarks. 1. We clearly see that by (i), we can shrink the estimates of zero parameter

(nonstationary case) to zero with positive probability and nonzero regression parameter, (ii),

is estimated via standard limit (stationary case). This shows that Bridge estimator basically

can select between stationary and nonstationary models. The estimator acts like a unit root

test in that sense. Note that we setup T ρ̂ and if the true model is ρ0 < 0 (stationary yt), then

û = T ρ̂
p→ −∞, as can be seen from Theorem 2ii, instead of shrinking to zero with positive

probability. This shows that two cases can be differentiated through Bridge estimators.

2. Note that if ρ0 = 0, then as mentioned we obtain the result with positive probability.

For ρ0 < 0, since the parameter is nonzero we do not have the penalty term in the limit and

λT is chosen accordingly to achieve this (λT/T
γ → λ0, 0 < γ < 1/2).

3. The γ coefficient should be smaller than 1/2 unlike LS case of Knight and Fu (2000).

This is due to differences between stationary and nonstationary cases. For stationary case,

λT = o(T 1/2) is needed, and for the nonstationary case λT = O(T γ) is needed to differentiate

between the two cases by Bridge estimator we require 0 < γ < 1/2. In our setup, by the

switch of the coefficient from zero to negative, the variable yt switches from nonstationary to

stationary. This has not been analyzed before by Bridge estimators. We see that shrinkage

based estimators employed only in model selection in the case of stationary variables.

4. One of the main ingredients of the proof is if λT = o(T 1/2), the penalty term converges

to zero when there is stationarity (ρ0 < 0), but for ρ0 = 0 we need the penalty term so
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λT/T
γ → λ0, where 0 < γ < 1/2.

5. One of the most important issues is a local analysis. In that respect we set ρ0 = −C/T ,

where C is a positive constant. This is also called the near-integrated framework in the unit

root literature. Under Assumptions of Theorem 2, following the proof of Theorem 2i, we can

show

û = T [ρ̂− (−C/T )]
d→ argminVc(u),

where

Vc(u) = −2uσ2
∫ 1

0
Wc(r)dWc(r) + u2σ2

∫ 1

0
Wc(r)

2dr + λ0|u− C|γ, (5)

where Wc(r) represents the Ornstein Uhlenbeck process. We see two differences with the

limit in Theorem 2i. First, Brownian motions are replaced with Ornstein Uhlenbeck process.

Second, and most important, the penalty term is centered differently. This shows that the

limit distribution of T (ρ̂ − (−C/T )) puts positive probability on C. This last point clearly

demonstrates that we can differentiate between nonstationary and near integrated behavior

as well as the stationary one in Theorem 2ii.

The limit distribution of T ρ̂ (not shown here, but easy transformation from (5)) puts

positive probability on 0. This probability decreases as C increases. The near-integrated

results apply to case with lags and time trends below. We do not show them below.

Actually a slightly better result than Theorem 2 can be obtained by choosing λT = O(T α),

γ < α < 1/2. This is given below in Corollary 1. We show that the estimate converges to

zero with probability one when we penalize slightly more than Theorem 2. The result in

Theorem 2i changes and Theorem 2ii stays the same.

Corollary 1. Suppose 0 < γ < α < 1/2, λT/T
α → λ0 ≥ 0, then if ρ0 = 0 then

û = T ρ̂
wp1→ 0.

3 Model with Lags

The model in this section extends (1) with the addition of lags to account for serial correla-

tion. This setup is used widely in time series econometrics in unit root testing, see Chapter

17 of Hamilton (1994) for a wide number of references. The following is equation (17.7.6) of

Hamilton (1994).

Δyt = ρ0yt−1 + ζ1,0Δyt−1 + · · · + ζp−1,0Δyt−(p−1) + et, (6)
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where et is iid, and distributed with mean 0, positive variance of σ2, and with finite fourth

moments. We simplify the notation a little by Mt−1 = (Δyt−1, · · · ,Δyt−(p−1))
′ which is a

(p − 1) × 1 vector and CM = 1
T

∑T
t=2Mt−1M

′
t−1, and ΓM = limT→∞CM . Set also wt−1 =

(yt−1,M
′
t−1)

′. We estimate ρ0, ζ1,0, · · · , ζp−1,0 by minimizing

T∑
t=1

(Δyt − ρyt−1 − ζ1Δyt−1 − · · · − ζp−1Δyt−(p−1))
2 + λT |ρ|γ1 + bT

p−1∑
j=1

|ζj|γ2, (7)

where λT , bT , γ1, γ2 will be specified in the assumptions below and the theorem statements.

Before the consistency theorem we need the following assumptions.

Assumptions

1. et is iid, has zero mean and E(e2t |wt−1) = σ2, and has finite fourth moments with

σ2 > 0.

2. For the nonstationary case, ΓM is nonsingular, and maximum eigenvalue of ΓM is

bounded away from infinity. For the stationary case ΓW = Ewt−1w
′
t−1, is nonsingular and

finite.

3. True values of the parameters ζ1,0, · · · , ζp−1,0 are bounded away from infinity, and are

in a compact set in Rp−1.

4. ρ0 ∈ A, where A = [−2 + a, 0] where a is a small positive constant.

5. max(λT , bT ) = o(T ).

These assumptions are standard in the Bridge/Lasso estimation literature as in Knight

and Fu (2000), Huang, Horowitz and Ma (2007). Assumption 4, we have a specific compact

just to avoid nonstationarity due to seasonal behavior, where the left bound is slightly

larger than -2. The important assumption is the penalty rates. We have two penalties and

two different coefficients. This will be needed to get the limits. The penalty rate for the

consistency is true regardless of the stationary or nonstationary behavior (i.e. ρ0 < 0, or

ρ0 = 0). Compared to stationary case of Knight and Fu (2000) we penalize at the same rate

for the consistency proof. This changes in the case of limit law proofs. The following is a

new result in the literature and shows that even there is nonstationarity bridge estimators

are consistent. Furthermore, we do not know the data is stationary or nonstationary. The

estimates converge to true value in both cases.

Theorem 3.Under Assumptions 1-5,

ρ̂
p→ ρ0,

ζ̂j − ζj,0
p→ 0, j = 1, · · · , p− 1,
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where these are true regardless of the nonstatonarity where ρ0 = 0, or stationary behavior of

yt, where ρ0 < 0, (ρ0 ∈ A− {0}).
Remark. Since the behavior of the stationary and nonstationary random variables differ,

the proof technique in Knight and Fu (2000) does not work for both cases. We extend

and modify Huang, Horowitz and Ma (2007) consistency proof from stationary variable to

a mixed set of nonstationary/stationary variables for our case. This is especially important

when there is nonstationarity (ρ0 = 0).

The following Theorem provides the limits when there is nonstationarity (ρ0 = 0) and

when there is stationarity (ρ0 < 0). At each case, true first differenced lag coefficients

(ζ10, · · · , ζp−1,0) can be either zero or nonzero. Our Bridge estimates converge to zero with

positive probability if the true coefficients are zero and have the normal limits when they

are nonzero. This is true also for ρ coefficient as well. This is the one of the main results of

the paper.

Theorem 4. Suppose 0 < γ1 < 1/2, 0 < γ2 < 1, and λT/T
γ1 → λ0, λ0 ≥ 0, bT /T

γ2/2 →
b0, b0 ≥ 0, θ = (ρ, ζ ′)′, ζ = (ζ1, · · · , ζp−1)

′, θ0 = (ρ0, ζ
′
0)

′, with Assumptions 1-4,

(i). If ρ0 = 0, and then we can write Δyt =
∑∞

j=0 ψjet−j , (Chapter 17, Hamilton, 1994)

assume
∑∞

j=0 j|ψj | <∞, then

û = T ρ̂
d→ argminu∈SV1(u),

where

V1(u) = u2ι2
∫ 1

0
W (r)2dr − uσι(W (1)2 − 1) + λ0|u|γ1,

ι = σ
∞∑

j=0

ψj .

Also we have (by definition ζ10 = θ20, · · · , ζp−1,0 = θp,0)

l̂ = T 1/2(ζ̂ − ζ0)
d→ argminl∈KV2(l),

V2(l) = l′ΓM l − 2l′N(0,ΓM) + b0

p−1∑
j=1

|lj|γ21{ζj0=0},

where ΓM = EMt−1M
′
t−1 nonsingular p−1×p−1 matrix and Mt−1 = (Δyt−1, · · · ,Δyt−(p−1))

′.

S and K are compact subsets in R1, Rp−1 respectively in compliance with Assumptions 1-4.

Also û, l̂ are asymptotically independent. We could have written the results in the following

way

(û, l̂)
d→ argminu∈S,l∈KV1(u) + V2(l).
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(ii). If ρ0 < 0, with ΓW = Ewt−1w
′
t−1, wt−1 = (yt−1,M

′
t−1)

′, assume ΓW is nonsingular

and bounded away from infinity, all the variables yt−1,Mt−1 are stationary, then for all of

the coefficients we denote û as the minimizer of the objective function

û = T 1/2(θ̂ − θ0)
d→ argminu∈SV (u),

V (u) = u′ΓWu− 2u′N(0, σ2ΓW ) + b0

p∑
j=2

|uj|γ21{θj0=0}.

Remarks.

1. Note that this theorem clearly shows we can simultaneously select the lags and sta-

tionary versus nonstationary behavior. In other words, compared to unit root testing, where

first optimal lag length is found first and then unit root test is conducted, this is simultane-

ous selection of both. This is entirely new in the unit root literature and model selection as

well.

2.Similar to Theorem 2, Remark 1, if we put û = T ρ̂ when ρ0 < 0, by using Theorem

4ii, we see that in that case û → −∞, and nonstationary and stationary behavior can be

differentiated.

3. Note that in (ii), since ρ0 < 0 the penalty term involves only θj0, j = 2, · · · , p, where

θ20 = ζ10, · · · , θp0 = ζp−1,0. So it correctly selects ρ0 < 0, and has the normal limit for it

estimator.

4. In (i), ρ̂ and (ζ̂ − ζ0) are asymptotically independent. We see that in that case ρ̂

converges to zero with positive probability and ζ̂ estimates the zero coefficients as zero, and

nonzero ones with the normal limit.

5. Specifically, the reason that we have 0 < γ1 < 1/2 whereas 0 < γ2 < 1 is the following.

First, in the nonstationary case (ρ0 = 0), we need to obtain the estimates (in probability of

course) as zero. So we need a penalty term in the limit for ρ parameter. To get λT should

grow at rate γ1. But on the other hand if ρ0 < 0, we need to get nonzero estimates, so

then in that case we do not need the penalty attached to ρ. Then to show that the penalty

converges to zero, we need λT to grow smaller than T 1/2. Then combining those two we need

0 < γ1 < 1/2. For coefficients on dynamic differenced regressors we need 0 < γ2 < 1. This

is the case since regardless of yt−1 they are stationary, so as in the Lasso literature for iid

variables we have 0 < γ2 < 1.

6. Continuing with the above discussion, in Theorem 4i the penalty involves only

l1, · · · , lp−1. These correspond to ζ1,0, · · · , ζp−1,0 (i.e. ζ̂1 = ζ1,0 + l1
T 1/2 ). These are the coeffi-

cients on dynamic differenced regressors (Δyt−1, · · · ,Δyt−(p−1)). In Theorem 4ii, the penalty
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only involves again all the coefficients on dynamic differenced regressors. There is no penalty

corresponding to the term with yt−1, since ρ0 < 0. This shows that in Theorem 4i we have

the penalty term attached in V1(u) for ρ0 = 0, but for ρ0 < 0 case in Theorem 4ii, there is

no penalty term.

A sharper result can be derived instead of Theorem 4i, when ρ0 = 0. This is obtained

exactly in the same way as in Corollary 1. Corollary 1 extended Theorem 2i. So estimate of

ρ when ρ0 = 0 with probability one converges to zero. This is due to the usage of slightly

larger penalization parameter. We choose λT = O(T α
1 ), and γ1 < α1 < 1/2.

Corollary 2. Suppose 0 < γ1 < α1 < 1/2,λT/T
α → λ0, λ0 ≥ 0, then with Assumptions

1-4,

(If ρ0 = 0, and then Δyt =
∑∞

j=0 ψjet−j , (Chapter 17, Hamilton, 1994) assume
∑∞

j=0 j|ψj | <
∞)

û = T ρ̂
wp1→ 0.

Remark. The zero coefficients on lags (stationary variables) can also be obtained as

zero with probability one like Corollary 2. They are asymptotically independent from the

nonstationary variable coefficient estimation. This is seen in p.1361 of Knight and Fu (2000)

for iid variables. That can be extended to stationary time series case (given Theorem 2)

with ease with the new penalty rate bT /T
α2/2 → b0, b0 ≥ 0, where 0 < γ2 < α2 < 1.

4 Model With Time Trend

We extend the previous model to the one with an intercept and a time trend. This is

designated Case 4 in Chapter 17 of Hamilton (1994). There are other ways of modeling the

series with time trend, this is slightly richer and Bridge estimators show that there is no time

trend in the first differenced model (nonstationary yt case) when the model is misspecified

with a time trend. We consider the estimation of

Δyt = ρyt−1 + α + δt+ ζ1Δyt−1 + · · · + ζp−1Δyt−(p−1) + et, (8)

where et is iid with E(e2t |wt−1) = σ2, for all t = 1, · · ·T , wt−1 = (yt−1, 1, t,M
′
t−1)

′. We can

estimate the true values ρ0, δ0, α0, ζ1,0, · · · , ζp−1,0 by minimizing

T∑
t=p

(Δyt−ρyt−1−α−δt−ζ1Δyt−1−· · ·−ζp−1Δyt−(p−1))
2 +λT |ρ|γ1 + ιT |α|γ2 +τT |δ|γ3 +bT

p−1∑
j=1

|ζj|γ4 .

(9)
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We can comment now on the form of the objective function under the nonstationary yt,

ρ0 = 0. First of all as in Hamilton (1994) in the case of ρ0 = 0 we see that there is a

quadratic time trend in yt. To prevent that δ0 = 0. So a misspecified model is fit, and we

show that Bridge estimator of δ0 can converge to zero with positive probability. Second, in

both in nonstationary and stationary cases we use transformed variables. This can be seen

at the beginning of the proofs. We need to modify Assumptions 2, 3, 5 for the time trend

case.

Assumption 2∗.

(a). For the nonstationary case, Γ∗
M = EM∗

t−1M
∗′
t−1 is nonsingular and maximal eigenvalue

of Γ∗
M is bounded away from infinity, where M∗

t−1 = (ut−1, · · · , ut−(p−1))
′, ut = Δyt − μ,

μ = α/(1 − ζ1 − · · · − ζp−1) (note that the denominator in μ definition cannot be zero as

explained in Chapter 17 of Hamilton (1994).

(b). For the stationary case, limT→∞ ΣT = ΣM is nonsingular and the maximal eigenvalue

is bounded away from infinity where

ΣT =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑T

t=2
y∗2

t−1

T

∑T

t=2
y∗

t−1

T

∑T

t=2
y∗

t−1t

T 2

∑T

t=2
y∗

t−1M∗′
t−1

T∑T

t=2
y∗

t−1

T
1

∑T

t=2
t

T 2

∑T

t=2
M ′

t−1

T∑T

t=2
ty∗

t−1

T 2

∑T

t=2
t

T 2

∑T

t=2
t2

T 3

∑T

t=2
tM∗

t−1

T 2∑T

t=2
M∗

t−1y∗′
t−1

T

∑T

t=2
M∗

t−1

T

∑T

t=2
M∗

t−1t

T 2

∑T

t=2
M∗

t−1M∗′
t−1

T

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where y∗t−1 = yt−1 − α − δ(t − 1), M∗
t−1 = (Δy∗t−1, · · · ,Δy∗t−(p−1))

′, ΣM is described in the

proof of Theorem 5.

Assumption 3∗. True value of δ0 = 0 in the nonstationary case. Otherwise this is

in a compact set in R. Note that α0, ζ1,0, · · · , ζp−1,0 are in compact subsets of R, and Rp−1

respectively.

Assumption 5∗. max(λT , ιT , τT , bT )/T → 0.

The next Theorem provides the consistency of the estimators and extends Theorem 3 to

intercept and time trend case.

Theorem 5. Under Assumptions 1, 2∗, 3∗, 4 and 5∗,

ρ̂
p→ ρ0,

ζ̂j − ζj0
p→ 0, j = 1, · · · , p− 1,

α̂− α0
p→ 0,

δ̂
p→ δ0.
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These are true regardless of nonstationarity (ρ0 = 0) or stationarity (ρ0 < 0) of yt. Under

nonstationarity, the proof shows that the estimates ρ̂, δ̂ converge in probability to zero.

To derive the limits we rotate our variables as in Hamilton (1994) both in the nonsta-

tionary and stationary cases. Remember that the model that has to be estimated is

Δyt = ρyt−1 + α + δt+ ζ1Δyt−1 + · · ·+ ζp−1Δyt−1 + et. (10)

For the nonstationary case as in p.498 of Hamilton (1994) we use the following rotation

which can be obtained by simple addition and subtraction

Δyt = ρξt−1 + μ∗ + δ∗t+ ζ1ut−1 + · · · + ζp−1ut−(p−1) + et, (11)

where ut = Δyt − μ, μ = α/(1 − ζ1 − · · · − ζp−1),

μ∗ = (1 − ρ)μ. (12)

ξt−1 = yt−1 − μ(t− 1),

and

δ∗ = δ + ρμ. (13)

Note that under ρ0 = 0, and δ0 = 0, we obtain ut = et/(1 − ζ1L − · · · − ζp−1L
p−1), and

ξt−1 = u1 + u2 + · · · + ut−1. The important issue is whether Bridge estimators can show

that ρ̂, δ̂(orδ̂∗) can converge to zero in positive probability, and obtain the limits for nonzero

coefficients as derived in Hamilton (1994). This will also indicate whether yt is nonstationary.

In the stationary case for the limit law proof we need the following rotation.

δ∗ = δ(1 + ρ),

μ∗ = α(1 + ρ) − δ(ρ− ζ1 − · · · − ζp−1),

y∗t−1 = yt−1 − α− δ(t− 1).

Equivalent to the model we are estimating, when ρ0 < 0, we use the following

Δyt = ρy∗t−1 + μ∗ + δ∗t+ ζ1Δy
∗
t−1 + · · ·+ Δy∗t−(p−1) + et. (14)

Now we provide the limit theorems both for the nonstationary as well as the stationary

cases. This is a new result in the model selection literature. This is one of the main results

of the paper. We show that we can estimate time trend coefficient.

Theorem 6. Suppose 0 < γ1 < 1/2, 0 < γ2 < 1, 0 < γ3 < 2/3, 0 < γ4 < 1, and

λT/T
γ1 → λ0, λ0 ≥ 0, ιT /T

γ2/2 → ι0, ι0 ≥ 0, τT/T
3γ3/2 → τ0, τ0 ≥ 0, bT /T

γ4/2 → b0, b0 ≥ 0.

11



Let θ = (ρ, μ∗, δ∗, ζ ′)′, and θ0 = (ρ0, μ
∗
0, δ

∗
0, ζ

′
0)

′. Under Assumptions 1, 2∗, 3∗, 4,

(i). If ρ0 = 0, with δ0 = 0 (i.e. δ∗0 = 0), then

v̂ = (T ρ̂, T 1/2(μ̂∗ − μ∗
0), T

3/2δ̂∗)′ d→ argminv∈SV1(v),

where

V1(v) = v′ΣW v − 2v′h2ω + λ0|v1|γ1 + ι01{μ∗
0=0}|v2|γ2 + τ0|v3|γ3,

and v = (v1, v2, v3) correspond to respective cells in v̂. The notation can be described as in

(62)

ΣW =

⎡
⎢⎢⎢⎣
κ2
∫ 1
0 W (r)2dr κ

∫ 1
0 W (r)dr κ

∫ 1
0 rW (r)dr

κ
∫ 1
0 W (r)dr 1 1/2

κ
∫ 1
0 rW (r)dr 1/2 1/3

⎤
⎥⎥⎥⎦ .

h2ω =

⎡
⎢⎢⎢⎣

1/2σκ[W (1)2 − 1]

σW (1)

σ(W (1) − ∫ 1
0 W (r)dr)

⎤
⎥⎥⎥⎦ .

For the stationary dynamic regressors we have

l̂ =
√
T (ζ̂ − ζ0)

′ d→ argminl∈KV2(l),

V2(l) = l′ΓM l − 2l′N(0,ΓM) + b0

p−1∑
j=1

|lj|γ41{ζj0=0},

where ΓM is described in Theorem 4i. v̂, l̂ are asymptotically independent.

(ii). If ρ0 < 0, Let v̂ be

v̂ = (T 1/2ρ̂, T 1/2(μ̂∗ − μ∗
0), T

3/2(δ̂∗ − δ∗0), T
1/2(ζ̂ − ζ0)

′)′ d→ argminv∈S1V (v),

where S1 is a compact subset of Rp+2, and

V (v) = v′ΣMv − 2σ2v′N(0,ΣM ) + ι0|v2|γ21{μ∗
0=0}

+ τ0|v3|γ31{δ∗0=0} + b0

p+2∑
j=4

|vj |γ41{ζj−3,0=0},

where v1, v2, v3, v4 represent the limits for v̂1 = T 1/2ρ̂, v̂2 = T 1/2(μ̂∗ − μ∗
0), v̂3 = T 3/2(δ̂∗ −

δ∗0), v̂4 = T 1/2(ζ̂ − ζ0)
′ respectively.

Remarks.

1.The results here largely reflect Theorem 4. The main difference is that we can estimate

the time trend coefficient zero with positive probability in the nonstationary system. The
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penalty exponent is between 0 and 2/3 which is very different from the stationary regressors’

exponents between 0 and 1.

2.The method can simultaneously select the optimal lag and differentiate unit root from

the stationary case in the time trend case as well. Related to this point, if we substitute

T ρ̂ when ρ0 < 0 by Theorem 6ii, û → −∞, so nonstationary and stationary behavior

can be differentiated. Also ρ̂ converges to zero with positive probability when the truth is

nonstationarity with ρ0 = 0, otherwise if ρ0 < 0, by Theorem 6ii, it converges to standard

limit.

3. We can also obtain a better result for ρ0 when it is zero as in Corollary 2.

4. Note also that an alternative and different way of modeling the time trend case is as

follows. Set

zt = α + δt+ yt,

yt = ρ1yt−1 + ζ1Δyt−1 + · · ·+ ζp−1Δyt−(p−1) + et,

where the true ρ1,0 = 1. Then through transformations we were able to convert the system

into an equation in zt only. But since zt carries the time trend, the proof demands an

auxiliary regression with a detrended zt, but the auxiliary regression unfortunately does not

involve time trend because of the transformations, and hence does not correspond well with

the main equation in zt variable which has a time trend. The details of the argument can

be obtained from authors on demand, to save space this is not included here.

5 Monte Carlo

In this section we try to answer a basic question. How do Bridge Estimators compare with

Dickey-Fuller GLS test (DFGLS from now on)? This is one of the most widely used tests

and in the case of models with time trends has better power than Augmented Dickey-Fuller

(ADF) test. The size and power results of DFGLS test can be seen in Ng and Perron (2001)

with a new way of lag selection: Modified Akaike Information Criterion (MAIC). With MAIC

lag selection, DFGLS test has very good size and power properties than ADF test with AIC,

or BIC. In the case of no time trend and no intercept, the DFGLS is very similar to ADF

test, so we consider ADF with AIC, BIC in that simple case.

Specifically, for Bridge Estimators we are interested in estimation of ρ0 coefficient. We

want to see whether ρ0 = 0 or ρ0 < 0. We report the percentage of correct model selection.

Eventually we will relate that to size and power of the unit root tests below in this section.

13



There are two setups that we generate the data. The first one is used by Chapter 17,

Case 4 of Hamilton (1994). This is favorable to Bridge. The second one is used by Elliot,

Rothenberg, and Stock (1996), and this is favorable to DFGLS with MAIC.

The first one is given by

Δyt = ρ0yt−1 + α0 + δ0t+ ζ1,0Δyt−1 + · · · + ζ4,0Δyt−4 + et, (15)

where et is iid and N(0,1). Under the null hypotheses of ρ0 = 0 we set δ0 = 0, otherwise

δ0 	= 0.

The second setup is as follows:

yt = α0 + δ0t+ ut, (16)

and

ut = φ1ut−1 + φ2ut−2 + φ3ut−3 + φ4ut−4 + et, (17)

In setup 1, described by equation (15), we have the following design.

Design 1: (when ρ0 = 0, we set δ0 = 0)

Δyt = ρ0yt−1 + 0.5 + 0.1t− 0.4Δyt−1 + 0.7Δyt−3 + et, (18)

so ζ2 = ζ4 = 0, this is the model with holes and 3 lags, ρ0 can take values of 0, -0.05, -0.1,

-0.2.

Design 2: (when ρ0 = 0, we set δ0 = 0)

Δyt = ρ0yt−1 + 0.5 + 0.1t− 0.4Δyt−1 − 0.2Δyt−2 + et, (19)

so ζ3 = ζ4 = 0, this is the model with 2 lags, no holes, ρ0 can take values of 0, -0.05, -0.1,

-0.2.

Design 3: (when ρ0 = 0, we set δ0 = 0)

Δyt = ρ0yt−1 + 0.5 + 0.1t− 0.65Δyt−1 + et, (20)

so ζ2 = ζ3 = ζ4 = 0, this is the model with one lag, no holes, ρ0 can take the values of 0,

-0.05, -0.1, -0.2.

The second setup is used by Elliot, Rothenberg, and Stock (1996). We have the following

design.

Design 1: For the size part
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yt = 0.5 + 0.1t+ ut, (21)

ut = 0.6ut−1 + 0.4ut−2 + 0.7ut−3 − 0.7ut−4 + et, (22)

For the power, the coefficient on ut−1 is changed to 0.55, 0.50, 0.40.

Design 2: For the size part, same as (21) but instead of (22) we have

ut = 0.6ut−1 + 0.2ut−2 + 0.2ut−3 + et, (23)

For the power exercise, the coefficient on ut−1 in (23) is 0.55, 0.50, 0.40.

Design 3: For the size part, same as (21) but instead of (22) we have

ut = 0.35ut−1 + 0.65ut−2 + et, (24)

where for the power the coefficient on ut−1 is 0.30, 0.25, 0.15.

In setup 1, the researcher starts with 4 lag structure with no holes, and then uses Bridge

estimation. But the true data generating processes are Designs 1-3. When ρ0 = 0 this is

nonstationary yt−1 and the other values of ρ0 = −0.05,−0.1,−0.2 correspond to stationary

yt−1. For Bridge estimators, we set γ1 = 1/4, γ2 = 1/2, γ3 = 1/3, γ4 = 1/2. The choice

of λT ,ιT , τT , bT are done in two different ways. We try cross-validation as in Fan and

Li (2001) and the universal λT , ιT , τT , bT choices as suggested by Donoho and Johnstone

(1994). Donoho and Johnstone (1994) approach works better in simulations so we set λT =√
2log2 T 1/3, ιT = τT = bT =

√
2log4 T 1/3. These rates are in line with Corollary 2, and

used in Caner (2008) in GMM-Lasso context for stationary but endogenous variables. Since

the objective function is nondifferentiable we use local quadratic approximation as suggested

by Fan and Li (2001, 2002) and used in the literature. The choice for thresholding rule to

set zero coefficients to zero is when ρ̂ < −6
102 , and |ζ̂j| < 6

102 , j = 1, · · · , p − 1. These are

similar to thresholding rules in Huang, Horowitz and Ma (2008), but since we are selecting

between stationary versus nonstationary models the magnitude of the threshold is larger.

Minor changes in the thresholding rule do not affect our results in simulations.

In setup 2, we start with 5 maximum lags. The rest is the same as in setup 1 for Bridge.

Now we describe how we set up DFGLS test with Modified Akaike Information Criterion

(MAIC) of Ng and Perron (2001). Before lag selection we need the following

1. yα = (y1, y2 − ᾱy1, · · · , yT − ᾱyT−1), where ᾱ = −13.5 for the time trend, ᾱ = −7 for

the intercept case. The same is true for zt = (1, t). zα = (z1, z2 − ᾱz1, · · · , zT − ᾱzT−1).

2. Then run least squares regression yα on zα to have the coefficients φ̂.

3. Use yα
t − φ̂zα

t = ỹt.
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4. Then run least squares for the following

Δỹt = ρ0ỹt−1 +
p∑

j=1

ζjΔỹt−j + etp, (25)

The first step is the optimal lag selection. We use equation (12) of Ng and Perron (2001)

for each p = 1, 2, · · · , pmax

MAIC(p) = ln(σ̂2
p) + 2

g(p) + p

T − pmax

,

where

g(p) = (σ̂2
p)

−1ρ̂2
0

T∑
t=pmax+1

ỹ2
t−1,

σ̂2
p = (T − pmax)

−1
T∑

t=pmax+1

ê2tp,

where ρ̂, and êtp are obtained for LS in equation (25). The lag p that minimizes MAIC(p)

will be used in the next step of DFGLS. The DFGLS test is basically a t-test for ρ0 = 0

in equation (25) given optimal p. The limit critical values from the distribution of the test

statistic is given by Ng and Perron (2001).

The exercise we run first reports percentage of correct model selection via Bridge on ρ0

coefficient, whether that is ρ0 = 0 or ρ0 < 0. We take T = 100, and use 10000 iterations.

Tables 1a-b report the size. Since Bridge is only estimating, correct percentage of zero

coefficients on ρ0, we take the probability of incorrectly estimating zero coefficients as the

”size” of Bridge. Both in setups 1 and 2, Bridge has better size than DFGLS. Especially in

the more complex, Designs such as 1 and 2, we see that DFGLS has size of 21-38% at 5%

level in the case of time trend. In the same cases Bridge has 5-8% size.

The next exercise deals with the power issue. These are in Tables 2-3. This is done in

the following way. For Bridge, we first find the threshold values that will give the actual size

that is found in Table 1a-b for DFGLS case. Then by using these threshold values we look

at the percentage of nonzero coefficients for ρ0. This is compared with the power of DFGLS

test.

We have also done the following exercise, but did not report. We calculate the size

adjusted power of DFGLS test (at 95% critical values from the empirical distribution) and

compare it with the correct percentage of nonzero estimates of ρ0 when the Bridge has 5%

”size” as described above. This is very similar to the results in Tables 2-3 and are not

reported. We see that in our setup (setup 1), the power of DFGLS is less than Bridge
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(Tables 2a-2b). On the other hand, when we follow setup 2, except from Design 1, DFGLS

does better.

We also see that when the coefficient is near zero (ρ0 = −0.05), Bridge is especially good

in terms of power in time trend case, we see that in Designs 1-3 in Table 2a, Bridge has

27-74% power, compared with 0-43% power of DFGLS.

In the case of no time trend and no intercept, we compare Bridge with ADF test. For the

ADF unit root tests we use AIC or SIC to pick up the optimal lags. Since there are no time

trend and no intercept, the setup1 and setup 2 structure is the same. True data generating

processes are Designs 1-3 without the time trend and the intercept. When ρ0 = 0, then there

is nonstationarity in the data, and with ρ0 = −0.05,−0.10,−0.20, there is stationarity. For

Bridge we choose γ1 = 1/4, γ2 = 1/2, the Bridge threshold value is the same as in the time

trend/intercept case, as well as the λT , bT penalty terms.

We minimize the following over p= 2, 3, 4, 5

T logŝ2
p + CT ,

where

ŝ2
p = T−1

T∑
t=1

(Δyt − ρyt−1 − ζ1Δyt−1 − · · · − ζp−1Δyt−(p−1))
2,

CT = 2(p+ 2) for AIC CT = (p + 2)logT for SIC.

Given the optimal p, the we run ADF test for unit roots, where H0 : ρ0 = 0 and this is

a simple t-ratio

t =
ρ̂p

ŝp(M11
p )1/2

,

where ρ̂p is the least squares estimator for ρ0 given the lag p that is chosen by AIC or

SIC, and Mp =
∑T

t=1(yt−1,Δyt−1,Δyt−(p−1))
′(yt−1,Δyt−1,Δyt−(p−1)), where M11

p is the (1,1)

element of M−1
p . The limit is given in Chapter 17 of Hamilton (1994) and tabulated in Table

B.6. This is known as Dickey-Fuller distribution. The results are in Tables 4-5.

AIC is usually known to overfit the models. In our simulations both AIC and SIC pick 4

lags at each design, clearly overfitting the models. Bridge find the places of zero parameters

in Design 1 almost near 100% and the same for other designs. This again illustrates superior

model selection properties of Bridge Estimators.

The ”size” of the Bridge is the one minus the probability of correctly selecting the zero

of ρ0. With true ρ0 = 0 in Design 1, the ”size” of the Bridge estimator is 5.16%. In Design

2, and 3 the rates are 5.72% and 3.30% respectively (a threshold of −6/102 is used as in

the time trend case). The size of the ADF test is very good at 5.00%, 5.21%, 5.13% levels
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Table 1a: Size, Time Trend Case

Setup 1 Setup 2

Design 1 Design 2 Design 3 Design 1 Design 2 Design 3

Bridge 5.71 5.22 1.66 4.63 7.55 2.53

DFGLS 38.41 21.15 6.99 37.45 26.03 6.96

Note: The size of DFGLS test is at 5% nominal level. For Bridge, we use threshold value of

−6/102. The size figures for Bridge are 1- probability of wrong model selection on ρ0. Setup

1, Designs 1-3, represent the equations (18)-(20). Setup 2, Designs 1-3 represent equations

(21)-(24).

Table 1b: Size, Intercept Case

Setup 2

Design 1 Design 2 Design 3

Bridge 2.56 4.74 1.98

DFGLS 30.41 15.64 7.00

Note: The size of DFGLS test is at 5% nominal level. For Bridge, we use threshold value of

−6/102. The size figures for Bridge are 1- probability of wrong model selection on ρ0. (15)

is used for Bridge/testing unit roots in Setup 1. Setup 2, Designs 1-3 represent equations

(21)-(24). (25) is used for Bridge/testing unit roots in Setup 2.

at nominal 5% level. In terms of the power, the bridge looks at probably of correct model

selection (in this case selecting ρ0 < 0 when this is the case). To make things comparable we

use a threshold of −5/102 for Design 3 to get the same size as Design 3 in ADF. The power

results clearly show that Bridge dominates ADF in terms of power except in Design 1 when

the coefficient is -0.05.
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Table 2a: Power, Time Trend Case, Setup 1

Design 1 Design 2 Design 3

ρ0 = −0.05 −0.1 −0.2 −0.05 −0.1 −0.2 −0.05 −0.10 −0.20

Bridge 74.40 65.15 99.80 36.24 32.92 44.83 26.50 18.74 13.20

DFGLS 43.63 28.64 40.20 0.00 17.11 75.83 0.00 3.71 37.91

Note: The power of DFGLS test is at 5% nominal level. For Bridge, we use threshold values

that will generate the size of DFGLS tests in Table 1a, Setup 1 (−4/102,−5/102,−5.2/102

respectively for Designs 1-3). The power figures for Bridge are probability of correct model

selection on ρ0. Setup 1, Designs 1-3, represent the equations (18)-(20).

Table 2b: Power, Intercept Case, Setup 1

Design 1 Design 2 Design 3

ρ0 = −0.05 −0.1 −0.2 −0.05 −0.1 −0.2 −0.05 −0.10 −0.20

Bridge 54.15 80.00 96.27 33.96 57.30 83.64 15.89 31.95 54.87

DFGLS 35.27 28.93 5.05 13.06 22.95 60.82 3.74 6.42 25.28

Note: The power of DFGLS test is at 5% nominal level. For Bridge, we use threshold values

that will generate the size of DFGLS tests in Table 1a, Setup 1 (−4/102,−5/102,−5.2/102

respectively for Designs 1-3). The power figures for Bridge are probability of correct model

selection on ρ0. Setup 1, Designs 1-3, represent the equations (18)-(20).

6 Conclusion

In this paper we show that Bridge estimators can differentiate between unit roots and station-

ary variables and select the optimal lag simultaneously. This is unlike the existing methods

where first lag length is selected according to AIC, BIC, and then unit root is tested.

In future research, one possible extension is to allow lags to converge to infinity. This

is shown in Huang, Horowitz, and Ma (2008) in a stationary regressor environment. We

think that this is possible to extend in our case as well. The next project is to apply these

methods to forecasting by using averaging estimator introduce by Hansen (2007, 2008). We

can select the weights according to Mallows criterion, and then instead of pretesting via unit

root tests, we use Bridge estimator in weighted forecasts.
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Table 3a: Power, Time Trend Case, Setup 2

Design 1 Design 2 Design 3

ρ0 = −0.05 −0.1 −0.2 −0.05 −0.1 −0.2 −0.05 −0.10 −0.20

Bridge 56.15 79.84 96.95 33.47 48.22 77.27 10.96 16.95 36.92

DFGLS 44.99 27.88 7.21 29.66 46.02 79.33 9.55 16.99 40.70

Note: The power of DFGLS test is at 5% nominal level. For Bridge, we use threshold values

that will generate the size of DFGLS tests in Table 1a, Setup 2 (−3.7/102,−5/102,−5.4/102

respectively for Designs 1-3). The power figures for Bridge are probability of correct model

selection on ρ0. Setup 2, Designs 1-3, represent the equations (22)-(24).

Table 3b: Power, Intercept Case, Setup 2

Design 1 Design 2 Design 3

ρ0 = −0.05 −0.1 −0.2 −0.05 −0.1 −0.2 −0.05 −0.10 −0.20

Bridge 60.87 86.46 98.44 22.93 37.96 73.54 9.29 14.80 39.80

DFGLS 61.79 34.15 23.60 43.95 70.31 93.95 22.46 40.87 65.13

Note: The power of DFGLS test is at 5% nominal level. For Bridge, we use threshold values

that will generate the size of DFGLS tests in Table 1b, Setup 2 (−3/102,−4.8/102,−5/102

respectively for Designs 1-3). The power figures for Bridge are probability of correct model

selection on ρ0. Setup 2, Designs 1-3, represent the equations (22)-(24).

Table 4: Size, No Intercept, No Time Trend Case

Design 1 Design 2 Design 3

Bridge 5.16 5.72 3.30

ADF 5.00 5.21 5.13

Note: The size of ADF test is at 5% nominal level. For Bridge, we use threshold value of

−6/102. The size figures for Bridge are 1- probability of wrong model selection on ρ0.

Table 5: Power, No Time Trend/Intercept Case

Design 1 Design 2 Design 3

ρ0 = −0.05 −0.1 −0.2 −0.05 −0.1 −0.2 −0.05 −0.10 −0.20

Bridge 40.16 83.66 99.52 21.54 50.66 91.89 19.66 44.71 86.32

ADF 41.66 76.60 96.79 17.15 37.00 74.82 16.62 35.84 77.76

Note: The power of ADF test is at 5% nominal level. For Bridge, we use threshold values

that will generate the size of ADF tests (−6/102,−6/102,−5/102 respectively for Designs

1-3). The power figures for Bridge are probability of correct model selection on ρ0.
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APPENDIX

Proof of Theorem 1i. First set A = [−2− ε, 0] where ε is a small positive number, this

is done to prevent nonstationarities due to other frequencies (e.g. seasonal unit roots). This

is a compact set in the real line. Uniformly over A we have to prove the following

ZT1(ρ)
d→ Z1(ρ), (26)

where Z1(ρ) = ρ2σ2
∫ 1
0 W (r)2dr + λ0|ρ|γ.

To derive (26), see that by (1) at ρ0 = 0,

1

T 2

T∑
t=1

(Δyt − ρy2
t−1) =

1

T 2

T∑
t=1

(et − ρyt−1)
2

=
1

T 2

T∑
t=1

e2t − 2
1

T 2
ρ

T∑
t=1

etyt−1

+
1

T 2
ρ2

T∑
t=1

y2
t−1.

The first term on the right hand side

1

T 2

T∑
t=1

e2t
p→ 0,

by law of large numbers. Then by Proposition 17.1 of Hamilton (1994), we have

1

T 2
ρ

T∑
t=1

etyt−1
p→ 0,

1

T 2
ρ2

T∑
t=1

y2
t−1

d→ ρ2σ2
∫ 1

0
W (r)2dr.

Combine the above results to have

1

T 2

T∑
t=1

(et − ρyt−1)
2 d→ ρ2σ2

∫ 1

0
W (r)2dr. (27)

Then

(λT/T
2)|ρ|γ → λ0|ρ|γ .

So combine the last result with (27) to have (26). Next, we need to show that

ρ̂ = Op(1). (28)

To prove that, see

ZT1(ρ) ≥ 1

T 2

T∑
t=1

(Δyt − ρyt−1)
2 = ZTo(ρ).
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Since by p. 486-488 of Hamilton (1994), argminZTo(ρ) = Op(1), it follows that ρ̂ =

argminZT1(ρ) = Op(1). Then by (26)(28), uniformly over ρ ∈ A,

argminZT1(ρ)
p→ argminZ1(ρ).

Q.E.D

Proof of Theorem 1ii. Now we analyze the stationary case. See that if ρ0 < 0,

1

T

T∑
t=1

(Δyt − ρyt−1)
2 =

1

T

T∑
t=1

[et − (ρ− ρ0)yt−1]
2

=
1

T

T∑
t=1

e2t + (ρ− ρ0)
2 1

T

T∑
t=1

y2
t−1 − 2(ρ− ρ0)

1

T

T∑
t=1

etyt−1.

Then by Law of large numbers,

T−1
T∑

t=1

e2t
p→ σ2,

T−1
T∑

t=1

y2
t−1

p→ Γ0,

Also by Proposition 17.3, b and c of Hamilton (1994)

T−1
T∑

t=1

etyt−1
p→ 0.

So

T−1
T∑

t=1

(Δyt − ρyt−1)
2 p→ σ2 + (ρ− ρ0)

2Γ0.

Then uniformly over ρ ∈ A, if λT = O(T ),

ZT2(ρ)
p→ σ2 + (ρ− ρ0)

2 + λ0|ρ|γ ≡ Z2(ρ). (29)

Clearly,

ρ̂ = Op(1), (30)

following the same logic as in the proof of Theorem 1i, which is due to the simple least squares

estimate being stochastically bounded in the stationary case. These prove the desired result.

Q.E.D.

Proof of Theorem 1iii. This is analyzed for both cases. First start with the case of

nonstationary yt. There by (3), and λT = o(T ) we have the consistency. This can be seen

easily since in that scenario, λT/T
2 → 0, and the penalty limit term converges to zero as

well on the right hand side of (3). So Z1(ρ) = ρ2σ2
∫
W (r)2dr. Note that ρ = 0 is the unique
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minimum of that function. Via argmax continuous mapping theorem (Theorem 3.2.2) in van

der Vaart and Wellner (1996) we have the desired result.

In the stationary case, the consistency holds by λT = o(T ), then by (29)(30). This is

easy to see since the limit is Z2(ρ) = σ2 + (ρ− ρ0)
2Γ0, due to penalty limit term converging

to zero by λT = o(T ). But this expression is uniquely minimized at ρ = ρ0, so we have the

desired result due to Theorem 3.2.2 of van der Vaart and Wellner (1996). Q.E.D.

To derive the limit theory we need to explain the reparametrized objective function. We

write the optimized function, 0 < γ < 1/2,

T∑
t=1

(Δyt − ρ̂yt−1)
2 + λT |ρ̂|γ.

Note that regardless of the stationary or nonstationary cases, ρ̂minimizes the above function.

We define the following function that will be used in the derivation of the limit for the esti-

mator. The derivation of the function from the objective function is explained immediately

below.

VT (u) = [
T∑

t=1

(et− uyt−11{ρ0<0}
T 1/2

− uyt−11{ρ0=0}
T

)2−e2t ]+λT |ρ0+
u1{ρ0<0}
T 1/2

+
u1{ρ0=0}

T
|γ−λT |ρ0|γ.

Note that VT (u) is minimized at u = T 1/2(ρ̂ − ρ0) when ρ0 < 0, and VT (u) is minimized at

u = T ρ̂ when ρ0 = 0.

Specifically for ρ0 = 0 case

VT (u) = [
T∑

t=2

(et − uyt−1

T
)2 − e2t ] + λT |ρ0 +

u

T
|γ .

For ρ0 < 0,

VT (u) = [
T∑

t=1

(et − uyt−1√
T

)2 − e2t ] + λT |ρ0 +
u

T 1/2
|γ − λT |ρ0|γ.

We now provide how VT (u) expression is derived in the case for ρ0 < 0. First

ρ̂ = argminρ

T∑
t=2

(Δyt − ρyt−1)
2 + λT |ρ|γ.

But it is true that

ρ̂ = argminρ[
T∑

t=2

(Δyt − ρyt−1)
2 + λT |ρ|γ − (

T∑
t=2

(Δyt − ρ0yt−1)
2 + λT |ρ0|γ)]. (31)

Then rewrite (31) via

Δyt − ρyt−1 = (Δyt − ρ0yt−1) − (ρ− ρ0)yt−1
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= et − (ρ− ρ0)yt−1

= et − T 1/2(ρ− ρ0)yt−1/T
1/2

= (et − uyt−1/T
1/2),

where u = T 1/2(ρ− ρ0). Then use the above equality in (31) to have

û = arg min
u

[
T∑

t=2

(et − uyt−1/T
1/2)2 − e2t ) + λT |ρ0 +

u

T 1/2
|2 − λT |ρ0|2. (32)

Similarly we can derive the VT (u) expression above for ρ0 = 0.

Proof of Theorem 2. For parts i, and ii, the following few derivations simplify the

proof. After following the three equations below we provide the proofs for i and ii. First

note that since 1{ρ0=0}1{ρ0<0} = 0, and Γ0 = Ey2
t−1 when ρ0 < 0.

T∑
t=1

(et −
uyt−11{ρ0<0}

T 1/2
− uyt−11{ρ0=0}

T
)2 − e2

t = [−2u

(∑T
t=1 etyt−1

T 1/2

)
1{ρ0<0}]

− [2u

(∑T
t=1 etyt−1

T

)
1{ρ0=0}]

+ [u2

(∑T
t=1 y2

t−1

T

)
1{ρ0<0}] + [u2

(∑T
t=1 y2

t−1

T 2

)
1{ρ0=0}]

d→ [−2uL + u2Γ0]1{ρ0<0}

+ [−2uσ2
∫ 1

0
W (r)dW (r) + u2σ2

∫ 1

0
W (r)2dr]1{ρ0=0},(33)

The limits are obtained uniformly over u in a compact set K. In the proof of (33), the

case for ρ0 = 0 is derived by Proposition 17.1 in Hamilton (1994), and the stationary case

(ρ0 < 0) is obtained by Proposition 17.3 b, and c in Hamilton (1994). Then

Then if ρ0 = 0 , uniformly over u in a compact set, since λT/T
γ → λ0

λT | u
T
|γ → λ0|u|γ. (34)

For ρ0 < 0 case, uniformly over u in a compact set, since λT = O(T γ), λT/T
1/2 → 0,

0 < γ < 1/2

λT

(
|ρ0 +

u

T 1/2
|γ − |ρ0|γ

)
→ 0. (35)

Now we analyze the specific cases.

Proof of Theorem 2i. Combine (33)(34), for ρ0 = 0, uniformly over u

VT (u)
d→ −2u

∫ 1

0
W (r)dW (r) + u2

∫ 1

0
W (r)2dr + λ0|u|γ = V1(u). (36)
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Then we need to show argminVT (u) = Op(1) when ρ0 = 0. In that respect, with

λT/T
γ → λ0 ≥ 0, (in the case of ρ0 = 0)

VT (u) ≥ [
T∑

t=1

(et − uyt−1

T
)2 − e2t ] −

λT

T γ
|u|γ

≥ [
T∑

t=1

(et − uyt−1

T
)2 − e2t ] − (λ0 + δ)|u|γ

= V l1
T (u), (37)

for all u, and sufficiently large n, with δ > 0. Note that the quadratic terms in V l1
T (u) grow

faster than |u|γ term in (37), so argminV l1
T (u) = Op(1). From that and VT (u) ≥ V l1

T (u), we

have argminVT (u) = Op(1) in the nonstationary case (ρ0 = 0). Since u0 = argminV1(u) is

unique in (36), we have the desired result, argminVT (u)
d→ argminV1(u), when ρ0 = 0.

Proof of Theorem 2ii. In this case note that by (33)and (35)

VT (u)
d→ −2uL+ u2Γ0 = V2(u), (38)

uniformly over u. Then we need to show that argminVT (u) = Op(1) when ρ0 < 0. To see

that

VT (u) ≥ [
T∑

t=1

(et − uyt−1

T 1/2
)2 − e2t ]

− λT

T 1/2
|u||ρ0|γ−1

≥ [
T∑

t=1

(et − uyt−1

T 1/2
)2 − e2t ] − δ|u||ρ0|γ−1

= V l2
T (u), (39)

for all u, and sufficiently large n, with δ > 0. Note that the quadratic terms in V l2
T (u) grow

faster than |u| term in (39), so argminV l2
T (u) = Op(1). From that and VT (u) ≥ V l2

T (u),

we have argminVT (u) = Op(1) in the stationary case (ρ0 < 0). Since u0 = argminV2(u)

is unique in (38), we have the desired result, argminVT (u)
d→ argminV2(u), when ρ0 < 0.

Q.E.D.

Proof of Corollary 1. If ρ0 = 0, then the definition of convergence of VT (u) to the

limit should use the notion of epiconvergence as in Knight and Fu (2000), since this will be

on extended real line rather than the compact set. By (36)

T∑
t=2

(et − uyt−1

T
)2 − e2t

d→ −2u
∫ 1

0
W (r)dW (r) + u2

∫ 1

0
W (r)2dr,
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Then (34) changes due to new penalty factor if u 	= 0,

λT | u
T
|γ → +∞,

and it is 0 if u = 0

λT | u
T
|γ = 0.

So if u 	= 0 (epiconvergence)

VT (u)
d→ +∞,

So clearly in that case u = 0 is the minimizer of the limit. Q.E.D.

Proof of Theorem 3. We start with the nonstationary case. First write the objective

function (7) as
T∑

t=2

(Δyt − θ′wt−1)
2 + λT |θ1|γ1 + bT

p∑
j=2

|θj |γ2 ,

where θ = (ρ, ζ ′)′, ζ = (ζ1, · · · , ζp−1)
′, hence θ1 = ρ, θ2 = ζ1, · · · , θp = ζp−1, as well as

wt−1 = (yt−1,M
′
t−1)

′. By θ̂ = (ρ̂, ζ̂ ′)′ definition and using θ10 = ρ0 = 0 under nonstationarity

T∑
t=1

(Δyt − θ̂′wt−1)
2 + λT |θ̂1|γ1 + bT

p∑
j=2

|θ̂j |γ2

≤
T∑

t=2

(Δyt − θ′0wt−1)
2 + bT

p∑
j=2

|θj0|γ2.

Set ηT = bT
∑p

j=2 |θj0|γ2 , then we can simplify the above expression as

ηT ≥
T∑

t=2

(Δyt − θ̂′wt−1)
2 −

T∑
t=2

(Δyt − θ′0wt−1)
2

=
T∑

t=2

(w′
t−1(θ̂ − θ0))

2 + 2
T∑

t=2

etw
′
t−1(θ0 − θ̂). (40)

Next set KT = Σ
−1/2
T D−1

T X ′, δT = Σ
1/2
T DT (θ̂ − θ0). Specifically

X =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w′
1
...

w′
t−1
...

w′
T−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,
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ΣT =

⎡
⎣

∑
y2

t−1

T 2

∑
yt−1M ′

t−1

T 3/2∑
Mt−1yt−1

T 3/2

∑
Mt−1M ′

t−1

T

⎤
⎦ ,

DT =

⎡
⎣ T 0′p−1

0p−1 T 1/2Ip−1

⎤
⎦ ,

where X is (T−1)×p, and the other two matrices are of p×p dimension. Given the notation

we can rewrite (40) as

δ′T δT − 2(KTe)
′δT − ηT ≤ 0,

where e = (e2, · · · , eT )′. Next as in p.21 of Huang, Horowitz, Ma (2007) we have

‖δT‖2 ≤ 6‖KT e‖2 + 3ηT . (41)

See that

E‖KT e‖2 = σ2tr[KTK
′
T ]

= σ2tr[Σ
−1/2
T D−1

T X ′XD−1
T Σ

−1/2
T ]

= σ2trIp = σ2p,

by D−1
T X ′XD−1

T = ΣT by X,DT ,ΣT definitions above. So by (41) and δT definition

E‖(θ̂ − θ0)
′DT ΣTDT (θ̂ − θ0)‖ ≤ 6σ2p+ 3ηT . (42)

First see that by Proposition 17.3c,h of Hamilton (1994)

ΣT
d→
⎡
⎣ ∫ 1

0 W (r)2dr 0′p−1

0p−1 ΓM

⎤
⎦ . (43)

Note that ΓM : p− 1 × p− 1 matrix and

ΓM =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

γ0 γ1 · · · γp−2

· · · γ0 · · · · · ·
...

...
...

...

· · · · · · · · · γ0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

where γ0 = EΔy2
t−1, γj = EΔyt−1Δyt−1−j , j = 1, · · · , p − 2. Then by (43)(42), and ΣT =

Op(1) and ηT = O(bT ), with DT definition

ρ̂ = Op(

√
bT
T

), ‖ζ̂ − ζ0‖ = Op(

√
bT√
T

).
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So with Assumption 5, both of them are consistent in the nonstationary case.Q.E.D.

Now we prove the consistency of the estimators in stationary case. This is basically the

proof in Huang, Horowitz and Ma (2007). As before θ1 = ρ, θ2 = ζ1, · · · , θp = ζp−1. Notation

in both proofs are the same. From the definition of θ̂ and using the objective function we

have

T∑
t=2

(Δyt − θ̂′wt−1)
2 + λT |θ̂1|γ1 + bT

p∑
j=2

|θ̂j|γ2

≤
T∑

t=2

(Δyt − θ′0wt−1)
2

+ λT |θ10|γ1 + bT

p∑
j=2

|θj0|γ2 .

Clearly,

T∑
t=2

(Δyt − θ̂′wt−1)
2 ≤

T∑
t=2

(Δyt − θ′0wt−1)
2

+ λT |θ10|γ1 + bT

p∑
j=2

|θj0|γ2 .

Denote ηT = λT |θ10|γ1+bT
∑p

j=2 |θj0|γ2 , and note the one difference between the nonstationary

case and the stationary one: here we have an extra penalty term due to nonzero nature of

ρ0 = θ10 < 0 in the stationary case. So

ηT ≥
T∑

t=2

(Δyt − θ̂′wt−1)
2 −

T∑
t=2

(Δyt − θ′0wt−1)
2

=
T∑

t=2

[w′
t−1(θ̂ − θ0)]

2 + 2
T∑

t=2

etw
′
t−1(θ0 − θ̂).

Set δT = T 1/2Σ
1/2
T (θ̂ − θ0), where

ΣT =

∑T
t=2wt−1w

′
t−1

T
,

a p × p matrix. Then define KT = T−1/2Σ
−1/2
T W ′, where W = (w′

1, ·, w′
T−1)

′. Rewrite the

above equation as

δ′T δT − 2[KT e]
′δT − ηT ≤ 0,

where e = (e2, · · · , eT )′. Then follow p.21 of Huang, Horowitz, and Ma (2007), and this can

be simplified as

‖δT‖2 ≤ 6‖KT e‖2 + 3ηT .
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Clearly, by Eeiej = 0 conditioned on yt−1,Δyt−1, · · · on all regressors. So

E‖KT e‖2 = σ2tr[KTK
′
T ] = σ2p.

Since W ′W/T = ΣT , we have tr[KTK
′
T ] = tr[Σ

−1/2
T ΣT Σ

−1/2
T ] = p. So

E‖δT‖2 = TE‖(θ̂ − θ0)
′ΣT (θ̂ − θ0)‖.

By stationarity of all regressors (yt−1,M
′
t−1), via law of large numbers through Proposition

17.3b,c of Hamilton (1994) ΣT → Σ, Σ <∞. . Then via

E‖δT‖2 ≤ 6σ2p+ 3ηT ,

‖θ̂ − θ0‖ = Op(
max(λT , bT )1/2

T 1/2
) = op(1),

when max(λT , bT ) = o(T ).Q.E.D.

Proof of Theorem 4i. We start with the nonstationary case. We benefit from the

following expression by using (7) as in (31)(32). Specifically

(ρ̂, ζ̂ ′) = argmin
T∑

t=2

(Δyt − ρyt−1 − ζ ′M ′
t−1)

2 + λT |ρ|γ1 + bT

p−1∑
j=1

|ζj|γ2

= argminρ,ζZT (ρ, ζ). (44)

Then it is also true that

(ρ̂, ζ̂ ′) = argmin[ZT (ρ, ζ) − ZT (ρ0, ζ0)]. (45)

Reparametrizing u = Tρ, l = T 1/2(ζ − ζ0) as

(û, l̂′) = argminu,lVT (u, l). (46)

VT (u, l) =
T∑

t=2

[et − uyt−1

T
− l′Mt−1

T 1/2
]2 −

T∑
t=2

e2t

+ λT | u
T
|γ1 + bT

p−1∑
j=1

|ζj0 +
lj
T 1/2

|γ2 − bT

p−1∑
j=1

|ζj0|γ2 , (47)

where û = T ρ̂, l̂ = (l̂1, · · · , l̂p−1)
′ = T 1/2(ζ̂1, · · · , ζ̂p−1 − ζ10, · · · , ζp−1,0)

′ minimize the function

VT (u, l) when ρ0 = 0. So

(û, l̂) = argminu∈S,l∈KVT (u, l),
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where S,K are suitable compact sets in R1, Rp−1. These are compatible with Assumptions

3-4. We need to prove uniformly over u× l ∈ S ×K

VT (u, l)
d→ V (u, l) = V1(u) + V2(l), (48)

û = Op(1), (49)

l̂ = Op(1). (50)

We show first (48). Note that

T∑
t=2

(et − uyt−1

T
− l′Mt−1

T 1/2
)2 −

T∑
t=2

e2t

= u2

[∑T
t=2 y

2
t−1

T 2

]
+ l′

[∑T
t=2 Mt−1M

′
t−1

T

]
l

− 2u

∑T
t=2 yt−1et

T
− 2l′

∑T
t=2 Mt−1et

T 1/2

+ 2l′
[∑T

t=2 Mt−1yt−1

T 3/2

]
u.

First see that uniformly over l × u

l′
[∑T

t=2Mt−1yt−1

T 3/2

]
u

p→ 0, (51)

by Proposition 17.3e in Hamilton (1994). Clearly, after that result, we can obtain the limits

of û, and l̂ asymptotically independent from each other. Note that by Proposition 17.3 d, h

of Hamilton (1994) (uniformly over u)

u2

∑T
t=2 y

2
t−1

T 2

d→ u2ι2
∫ 1

0
W (r)2dr,

u

∑T
t=2 yt−1et

T
d→ (

u

2
)σι[W (1)2 − 1],

where ι = σ
∑∞

j=0 ψj , under ρ0 = 0, Δyt = Ψ(L)et =
∑∞

j=0 ψjet−j by (17.3.10) of Hamilton

(1994). Note thatW (1) ≡ N(0, 1) which is the standard normal distribution. Next uniformly

over l

l′
[∑T

t=2 Mt−1M
′
t−1‘

T

]
l

p→ l′ΓM l,

where ΓM and its components are described in equation after (43).

Then by Proposition 17.3b of Hamilton (1994), uniformly over l
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l′
[∑T

t=2Mt−1et√
T

]
d→ l′N(0,ΓM).

Now we consider the penalty terms in (47). Given λT/T
γ1 → λ0, since ρ0 = 0,

λT | u
T
|γ1 =

λT

T γ1
|u|γ1 → λ0|u|γ1.

For the others, when ζj0 	= 0,

bT

⎛
⎝p−1∑

j=1

|ζj0 +
lj
T 1/2

|γ2 − |ζj0|γ2

⎞
⎠→ 0,

by bT = O(T γ2/2) (0 < γ2 < 1). When ζj0 = 0, bT /T
γ2/2 → b0 ≥ 0,

bT

p−1∑
j=1

| lj
T 1/2

|γ2 → b0

p−1∑
j=1

|lj|γ2 .

Combining the above results in (47)

VT (u, l)
d→ V1(u) + V2(l),

where

V1(u) + V2(l)

= [u2ι2
∫ 1

0
W (r)2dr − uι[W (1)2 − 1] + λ0|u|γ1]

+ [l′ΓM l + l′N(0,ΓM) + b0

p−1∑
j=1

|lj|γ21{ζj0=0}]. (52)

V1(u) and V2(l) show first and second square bracketed terms in (52) respectively. Next we

want to show (49)(50). Define the following estimators:

ũ = argminVT1(u),

where

VT1(u) =
T∑

t=2

(et − uyt−1

T
)2 − e2t + λT | u

T
|γ1.

Also define

l̃ = argminVT2(l),

where

VT2(l) =
T∑

t=1

(et − l′Mt−1

T 1/2
)2 −

T∑
t=2

e2t + bT (
p−1∑
j=1

|ζj0 +
lj
T 1/2

|γ2 −
p−1∑
j=1

|ζj0|γ2).
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See that by (51)

ũ− û
p→ 0,

l̃ − l̂
p→ 0.

But ũ = Op(1) by Theorem 2i. Then l̃ = Op(1) can be shown easily by substituting Mt−1

instead of yt−1 in (39). So û = Op(1), l̂ = Op(1). Then note that

uo = argminV1(u),

lo = argminV2(l),

are unique minimums. So we have the desired results. Q.E.D

Proof of Theorem 4ii. We use (7). Note that θ = (ρ, ζ ′)′ and we can rewrite (7) as

T∑
t=2

(Δyt − w′
t−1θ)

2 + λT |θ1|γ1 + bT

p∑
j=2

|θj|γ2 ,

where θ1 = ρ, θ2 = ζ1, · · · , θp = ζp−1, wt−1 = (yt−1,M
′
t−1)

′. For the stationary case here,

ρ0 < 0 (θ10 < 0), and û = T 1/2(θ̂− θ0) minimizes the objective function above. All the other

coefficients can be zero or nonzero. This is the reason we have different rates on θ1 than all

the rest. Proceed in (31)(32) (or in (44)-(46))

VT (u) =
T∑

t=2

(et − u′wt−1

T 1/2
)2 −

T∑
t=2

e2t

+ λT (|θ10 +
u1

T 1/2
|γ1 − |θ10|γ1)

+ bT (
p∑

j=2

|θj0 +
uj

T 1/2
|γ2 − |θj0|γ2). (53)

We consider each one of the terms above,

T∑
t=2

(et − u′wt−1

T 1/2
)2 −

T∑
t=2

e2t

= u′
(∑T

t=2wt−1w
′
t−1

T

)
u− 2u′

(∑T
t=2 wt−1et

T 1/2

)

Then by Law of Large numbers for stationary variables by Proposition 17.3 of Hamilton

(1994) ∑T
t=2 wt−1w

′
t−1

T

p→ ΓW = Ewt−1w
′
t−1.

Central Limit Theorem in Proposition 17.3b in Hamilton (1994) proves that

∑T
t=2wt−1et

T 1/2

d→ N(0, σ2Γw).
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We consider the penalty terms now. Given λT/T
γ1 → λ0 ≥ 0, 0 < γ1 < 1/2, since θ10 =

ρ0 < 0,

λT

[
|θ10 +

u1

T 1/2
|γ1 − |θ10|γ1

]
→ 0.

Next, with bT = O(T γ2/2), for the remaining coefficients which are zero, for j = 2, · · · , p,
0 < γ2 < 1,

bT (|θj0 +
uj

T 1/2
|γ2 − |θj0|γ2)

= bT | uj

T 1/2
|γ2 → b0|uj|γ2 .

For the nonzero elements of θ2 = · · · = θp, (for j = 2, · · · , p), since bT = O(T γ2/2)

bT

(
|θj0 +

uj

T 1/2
|γ2 − |θj0|γ2

)
→ 0.

Combining the above results in (53) we have, uniformly over u

VT (u)
d→ u′ΓWu− 2u′N(0, σ2ΓW ) + b0

p∑
j=2

|uj|γ21{θj0=0} = V (u).

Note that in the penalty term we do not have terms related to θ1 = ρ since θ10 = ρ0 < 0.

Then clearly since yt−1,Mt−1 are stationary, by following the proof of Theorem 2ii

û = argminVT (u) = Op(1).

Note that uo = argminV (u) is the unique minimizer so

û =
√
T (θ̂ − θ0)

d→ argminV (u),

V (u) = u′ΓWu− 2u′N(0, σ2ΓW ) + b0

p∑
j=2

|uj|γ21{θj0=0}.

So the first element of θ0(ρ0) is estimated as nonzero with standard limit and the all the

other elements of θ0 can be estimated as zero or nonzero with normal limit. Q.E.D

Proof of Theorem 5. We start the proof of consistency for the nonstationary yt case.

We start with the estimation of

Δyt = ρyt−1 + α + δt+ ζ1Δyt−1 + · · · + ζp−1Δyt−(p−1) + et.

Simple transformations in p.540 of Hamilton (1994) show that an identical equation is

Δyt = ρξt−1 + μ∗ + δ∗t+ ζ1ut−1 + · · · + ζp−1ut−(p−1) + et, (54)
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where

ut = Δyt − μ,

μ = α/(1 − ζ1 − · · · − ζp−1),

μ∗ = (1 − ρ)μ. (55)

ξt−1 = yt−1 − μ(t− 1),

δ∗ = δ + ρμ, (56)

furthermore under ρ0 = 0, δ0 = 0(δ∗0 = 0), without losing any generality by assigning y0 = 0,

ut = et/(1 − ζ1L− · · · − ζp−1L
p−1),

ξt−1 = u1 + · · ·+ ut−1.

To simplify the proofs we further need to rewrite our objective function in the following

way
T∑

t=2

(Δyt − θ′wt−1)
2 + λT |θ1|γ1 + ιT |θ2|γ2 + τT |θ3|γ3 + bT

p+2∑
j=4

|θj |γ4, (57)

where θ1 = ρ, θ2 = μ∗, θ3 = δ∗, (θ4, · · · , θp+2) = (ζ1, · · · , ζp−1). Also wt−1 = (ξt−1, 1, t,M
∗′
t−1)

′.

M∗
t−1 = (ut−1, · · · , ut−(p−1))

′. Use the definition of θ̂ which is the minimizer of the objective

function,

T∑
t=2

(Δyt − θ̂′wt−1)
2 + λT |θ̂1|γ1 + ιT |θ̂2|γ2 + τT |θ̂3|γ3 + bT

p+2∑
j=4

|θ̂j|γ4

≤
T∑

t=2

(Δyt − θ′0wt−1)
2 + ιT |θ2,0|γ2 + bT

p+2∑
j=4

|θj,0|γ4 .

Set

ηT = ιT |θ2,0|γ2 + bT

p+2∑
j=4

|θj,0|γ4 . (58)

Then

ηT ≥
T∑

t=2

(Δyt − θ̂′wt−1)
2 − (Δyt − θ′0wt−1)

2

=
T∑

t=2

(w′
t−1(θ̂ − θ0))

2 + 2
T∑

t=2

etw
′
t−1(θ0 − θ̂). (59)

Next set, for the nonstationary case

DT =

⎡
⎢⎢⎢⎢⎢⎢⎣

T 0 0 0′p−1

0 T 1/2 0 0′p−1

0 0 T 3/2 0′p−1

0 0 0 T 1/2Ip−1

⎤
⎥⎥⎥⎥⎥⎥⎦
.
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ΣT =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑T

t=2
ξ2
t−1

T 2

∑T

t=2
ξt−1

T 3/2

∑T

t=2
ξt−1t

T 5/2

∑T

t=2
ξt−1M∗′

t−1

T 3/2∑T

t=2
ξt−1

T 3/2 1
∑T

t=2
t

T 2

∑T

t=2
M∗′

t−1

T∑T

t=2
tξt−1

T 5/2

∑T

t=2
t

T 2

∑T

t=2
t2

T 3

∑T

t=2
tM∗

t−1

T 2∑T

t=2
M∗

t−1ξt−1

T 3/2

∑T

t=2
M∗

t−1

T

∑T

t=2
M∗

t−1t

T 2

∑T

t=2
M∗

t−1M∗′
t−1

T

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

X = [w1, · · · , wT−1], where DT ,ΣT are square matrices of p + 2 dimension, and X is a

(T − 1) × (p+ 2) dimensional matrix.

Rewrite (59) as

δ′T δT − 2(KTe)
′δT − ηT ≤ 0,

where e = (e2, · · · , eT ), KT = Σ
−1/2
T D−1

T X ′, δT = Σ
1/2
T DT (θ̂ − θ0). Then by p.21 of Huang,

Horowitz, and Ma (2008)

‖δT‖2 ≤ 6‖Kte‖2 + 3ηT , (60)

See that by D−1
T X ′XD−1

T = ΣT , we have

E‖KT e‖2 = tr[KTK
′
T ]

= σ2tr[Σ
−1/2
T D−1

T X ′X ′D−1
T Σ

−1/2
T ]

= σ2tr[Ip+2] = σ2(p + 2).

Then by

E‖(θ̂ − θ0)
′DT ΣTDT (θ̂ − θ0)‖ ≤ 6σ2(p+ 2) + 3ηT . (61)

Then by proposition 17.3 of Hamilton (1994),

ΣT
d→

⎡
⎢⎢⎢⎢⎢⎢⎣

κ2
∫ 1
0 W (r)2dr κ

∫ 1
0 W (r)dr κ

∫ 1
0 rW (r)dr 0′p−1

κ
∫ 1
0 W (r)dr 1 1/2 0′p−1

κ
∫ 1
0 rW (r)dr 1/2 1/3 0′p−1

0p−1 0p−1 0p−1 ΓM

⎤
⎥⎥⎥⎥⎥⎥⎦
≡ Σ, (62)

κ = α/(1 − ζ1 − · · · − ζp−1), γj = Eutut−j, j = 0, · · · , p− 2.

ΓM =

⎡
⎢⎢⎢⎣
γ0 γ1 · · · γp−2

· · · γ0 · · · · · ·

⎤
⎥⎥⎥⎦ . (63)
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Then seeing that ηT = O(max{ιT , bT}), using DT definition ρ̂ = Op(
√

ηT

T
), ‖ζ̂ − ζ0‖ =

Op(
√

ηT√
T

), δ̂∗ = Op(
√

ηT

T 3/2 ), μ̂
∗ − μ0 = Op(

√
ηT√
T

). So by Assumption 5∗, and the transformations

(55)(56) we obtain the consistency for the case of nonstationarity.

To show how the transformations provide the consistency for some of the estimators, we

proceed in the following way. First, from the results above

μ̂∗ − μ∗
0

p→ 0,

δ̂∗
p→ 0.

We know through (55)(56) that

μ̂ = μ̂∗/(1 − ρ̂)
p→ μ∗

0,

since ρ0 = 0, from (55) μ0 = μ∗
0. So

μ̂
p→ μ0.

μ̂ =
α̂

1 − ζ̂1 − · · · − ζ̂p−1

,

Note that we also have the original estimate α̂

α̂ = μ̂(1 − ζ̂1 − · · · − ζ̂p−1),

where we know that μ̂
p→ μ0, and 1 − ζ̂1 − · · · − ζ̂p−1

p→ 1 − ζ1,0 − · · · − ζp−1,0. So α̂
p→ α0 =

μ0(1 − ζ1,0 − · · · − ζp−1,0).

Next clearly, with ρ̂
p→ 0, we have by the transformation in (56)

δ̂∗ = (δ̂ + ρ̂μ̂)
p→ δ0 = 0. (64)

Note that the original parameters and estimates, under the nonstationary yt has the following

property

δ̂ − δ̂∗
p→ 0.

This is due to first equality in (64) and ρ̂
p→ 0.

We now start the proof of consistency for the stationary case. This is very similar

to nonstationary case. From (8) transform the variables and parameters similar to p.464,

Chapter 16 of Hamilton (1994). Let

δ∗ = δ(1 + ρ), (65)

μ∗ = α(1 + ρ) − δ(ρ− ζ1 − · · · − ζp−1), (66)
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y∗t−1 = yt−1 − α− δ(t− 1). So

Δyt = ρy∗t−1 + ζ1Δy
∗
t−1 + · · ·+ ζp−1Δy

∗
t−(p−1) + μ∗ + δ∗t+ et.

The objective function in transformed variables are

T∑
t=2

(Δyt − θ′wt−1)
2 + λT |θ1|γ1 + ιT |θ2|γ2 + τT |θ3|γ3 + bT

p+2∑
j=4

|θj |γ4,

where θ1 = ρ, θ2 = μ∗, θ3 = δ∗, (θ4, · · · , θp+2) = (ζ1, · · · , ζp−1), and wt−1 = (y∗t−1, 1, t,M
∗′
t−1)

′

and M∗
t−1 = (Δy∗t−1, · · · ,Δy∗t−(p−1))

′. Then by definition of θ̂ (with ρ0 < 0) (stationarity of

yt) we have

T∑
t=2

(Δyt − θ̂′wt−1)
2 + λT |θ̂1|γ1 + ιT |θ̂2|γ2 + τT |θ̂3|γ3 + bT

p+2∑
j=4

|θ̂j|γ4

≤
T∑

t=2

(Δyt − θ′0wt−1)
2 + λT |θ1,0|γ1 + ιT |θ2,0|γ2 + τT |θ3,0|γ3 + bT

p+2∑
j=4

|θj,0|γ4 .

Then set , for the stationary case

DT =

⎡
⎢⎢⎢⎢⎢⎢⎣

T 1/2 0 0 0′p−1

0 T 1/2 0 0′p−1

0 0 T 3/2 0′p−1

0 0 0 T 1/2Ip−1

⎤
⎥⎥⎥⎥⎥⎥⎦
. (67)

ΣT =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

∑T

t=2
y∗2

t−1

T

∑T

t=2
y∗

t−1

T

∑T

t=2
y∗

t−1t

T 2

∑T

t=2
y∗

t−1M∗′
t−1

T∑T

t=2
y∗

t−1

T
1

∑T

t=2
t

T 2

∑T

t=2
M ′

t−1

T∑T

t=2
ty∗

t−1

T 2

∑T

t=2
t

T 2

∑T

t=2
t2

T 3

∑T

t=2
tM∗

t−1

T 2∑T

t=2
M∗

t−1y∗′
t−1

T

∑T

t=2
M∗

t−1

T

∑T

t=2
M∗

t−1t

T 2

∑T

t=2
M∗

t−1M∗′
t−1

T

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

X = [w1, · · · , wT−1], where DT ,ΣT are square matrices of p + 2 dimension, and X is a

(T − 1) × (p+ 2) dimensional matrix.

ηT = λT |θ1,0|γ1 + ιT |θ2,0|γ2 + τT |θ3,0|γ3 + bT

p+2∑
j=4

|θj,0|γ4 . (68)

Then as in the nonstationary case

ηT ≥
T∑

t=2

(Δyt − θ̂′wt−1)
2 − (Δyt − θ′0wt−1)

2

=
T∑

t=2

(w′
t−1(θ̂ − θ0))

2 + 2
T∑

t=2

etw
′
t−1(θ0 − θ̂). (69)
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In order to simplify the last equation introduce δT = Σ
1/2
T DT (θ̂−θ0), KT = Σ

−1/2
T D−1

T X ′,

δ′T δT − 2(K ′
T e)δT − ηT ≤ 0,

As in p.21 of Huang, Horowitz and Ma (2008), also in the nonstationary case above

‖δT‖2 ≤ 6‖KT e‖2 + 3ηT , (70)

where exactly as in the nonstationary case, via D−1
T X ′XD−1

T = ΣT we find

E‖KTe‖2 = σ2(p+ 2).

See that by Appendix 16.A of Hamilton (1994), or via law of large numbers for stationary

variables

ΣT
p→ ΣM , (71)

where

ΣM =

⎡
⎢⎢⎢⎢⎢⎢⎣

γ∗0 0 0 γ∗
′

0 1 1/2 0′p−1

0 1/2 1/3 0′p−1

γ∗ 0p−1 0p−1 Γp−1,p−1

⎤
⎥⎥⎥⎥⎥⎥⎦
,

where γ∗0 = Ey∗2t−1, γ
∗
j = Ey∗t−1y

∗
t−j−1 for j = 1, · · ·p, γ∗ = (γ∗0 − γ∗1 , · · · , γ∗p−2 − γ∗p−1)

′.

Γp−1,p−1 = EM∗
t−1M

∗′
t−1. Clearly using the above equations we can write

E‖(θ̂ − θ0)
′DT ΣTDT (θ̂ − θ0)‖ ≤ 6σ2(p+ 2) + 3ηT ,

Then seeing that ηT = O(max{λT , ιT , τT , bT}), using DT definition in (67) ρ̂ − ρ0 =

Op(
√

ηT√
T

), ‖ζ̂ − ζ0‖ = Op(
√

ηT√
T

), δ̂∗− δ∗0 = Op(
√

ηT

T 3/2 ), μ̂
∗−μ∗

0 = Op(
√

ηT√
T

). So by Assumption 5∗,

and the transformations (65)(66) we obtain the consistency for the case of stationary data.

To show that how the transformations work in the stationary framework we proceed as

follows. The transformations are

μ∗ = α(1 + ρ) − δ(ρ− ζ1 − · · · − ζp−1),

δ∗ = δ(1 + ρ).

We know from the results for the stationary case above that

μ̂∗ p→ μ∗
0,

δ̂∗
p→ δ∗0.
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So clearly,

δ̂ =
δ̂∗

1 + ρ̂

p→ δ∗0
1 + ρ0

= δ0,

and also

α̂ =
δ̂(ρ̂− ζ̂1 − · · · − ζ̂p−1)

1 + ρ̂
+

μ̂∗

1 + ρ̂

p→ δ0(ρ0 − ζ1,0 − · · · − ζp−1,0)

1 + ρ0
+

μ∗
0

1 + ρ0
= α0.

So consistency of all parameters in all various setups have been shown.Q.E.D.

Proof of Theorem 6i. This is similar to proof of Theorem 4i. With ρ0 = 0, δ∗0 = 0,

define the following as in (31)(32)

VT (v, l) =
T∑

t=2

(et − v′zt−1,T − l′Mt−1,T )2 −
T∑

t=2

e2t (72)

+ λT |v1

T
|γ1 +

(
ιT |μ0 +

v2√
T
|γ2 − ιT |μ0|γ2

)

+ τT | v3

T 3/2
|γ3 + bT

p−1∑
j=1

|ζj0 +
lj√
T
|γ4 − |ζj0|γ4 , (73)

where v = (Tρ, T 1/2(μ∗ − μ∗
0), T

3/2δ∗)′ = (v1, v2, v3)
′, l = (

√
T (ζ1 − ζ1,0, · · · , ζp−1 − ζp−1,0)

′) =

(l1, · · · , · · · , lp−1)
′, and zt−1,T = ( ξt−1

T
, 1√

T
, t

T 3/2 )
′, Mt−1,T = T−1/2(u1, · · · , up−1)

′. Then v̂, l̂

minimize (73).

(v̂, l̂) = argminv∈S,l∈KVT (v, l),

where S,K are compact subsets in R3, Rp−1.

First we prove

VT (v, l)
d→ V (v, l) = V1(v) + V2(l). (74)

We define V (v, l), V1(v), V2(l) below in the proof.

To prove (74) we evaluate

T∑
t=2

(et − v′zt−1,T − l′Mt−1,T )2 −
T∑

t=2

e2
T =

T∑
t=2

v′zt−1,T z′t−1,T v +
T∑

t=2

l′Mt−1,T M ′
t−1,T l

+ 2
T∑

t=2

v′zt−1,T M ′
t−1,T l − 2

T∑
t=2

v′zt−1,T et − 2
T∑

t=2

l′Mt−1,T et.(75)

To analyze (75), by p.541 of Hamilton (1994) or via Proposition 17.3 of Hamilton (1994),

uniformly over v and l

v′[
T∑

t=2

zt−1,T z
′
t−1,T ]v

d→ v′ΣW v, (76)
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where

ΣW =

⎡
⎢⎢⎢⎣
κ2
∫ 1
0 W (r)2dr κ

∫ 1
0 W (r)dr κ

∫ 1
0 rW (r)dr

κ
∫ 1
0 W (r)dr 1 1/2

κ
∫ 1
0 rW (r)dr 1/2 1/3

⎤
⎥⎥⎥⎦ .

Next again by Proposition 17.3, and ΓM is defined in (63)

l′
T∑

t=2

Mt−1,TM
′
t−1,T l

p→ l′ΓM l, (77)

As can be seen from the consistency proof here, so

v′
T∑

t=2

zt−1,TM
′
t−1,T l

p→ 0,

where we see that v̂, l̂ are asymptotically independent. Next we see that via Proposition 17.3

of Hamilton (1994),

v′
T∑

t=2

zt−1,T et = v1

T∑
t=2

ξt−1et

T
+ v2

T∑
t=2

et√
T

+ v3

T∑
t=2

ett

T 3/2

d→ v1[1/2σκ[W (1)2 − 1]] + v2[σW (1)] + v3[σ[W (1) −
∫ 1

0
W (r)dr]]

≡ v′h2ω. (78)

Then also by p.541 of Hamilton (1994),

l′
T∑

t=2

Mt−1,T et
d→ l′N(0, σ2ΓM). (79)

From (73), we consider the penalty terms, first since ρ0 = 0,

λT |v1

T
|γ1 → λ0|v1|γ1 ,

with λT/T
γ1 → λ0. Then if μ∗

0 = 0, then

ιT | v2√
T
|γ2 → ι|v2|γ2 ,

with ιT /T
γ2/2 → ι0. If μ∗

0 	= 0, by ιT/T
γ2/2 → ι0, where 0 < γ2 < 1,

ι[|μ∗
0 +

v2√
T
|γ2 − |μ∗

0|γ2 ] → 0.

Since δ∗0 = δ0 = 0, by τT/T
3γ3/2 → τ0, we have

τT | v3

T 3/2
|γ3 → τ0|v3|γ3 .
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The other penalty on lagged coefficients are proved in Theorem 4i, with bT /T
γ2/2 → b0, we

have

bT

⎛
⎝p−1∑

j=1

|ζj0 +
lj√
T
|γ4 − |ζj0|γ4

⎞
⎠→ b0

p−1∑
j=1

|lj|γ41{ζj0=0}.

Then we need v̂ = Op(1), l̂ = Op(1). These follow from the proof of Theorem 4i with yt−1

is replaced by zt−1,T for v̂ proof. The other proof is the same as in Theorem 4i. So we derive

VT (v, l)
d→ V1(v) + V2(l),

and v̂ = argminV1(v), l̂ = argminV2(l). The limit is

v̂ =

⎛
⎜⎜⎜⎝

T ρ̂

T 1/2(μ̂∗ − μ∗
0)

T 3/2δ̂∗

⎞
⎟⎟⎟⎠ d→ argminv∈SV1(v),

where v = (v1, v2, v3)
′, and

V1(v) = v′ΣW v − 2v′h2ω + λ0|v1|γ1 + ι01{μ∗
0=0}|v2|γ2 + τ0|v3|γ3,

and for

l̂ =
√
T (ζ̂ − ζ0)

d→ l′ΓM l − 2N(0, σ2ΓM) + b0

p−1∑
j=1

|lj|γ41{ζj0=0}.

Q.E.D.

Proof of Theorem 6ii. Now we go through the proof when there is stationarity (ρ0 < 0)

as in (31)(32)

We use the following function to derive the limit law

VT (v) =
T∑

t=2

(et − v′zt−1,T )2 −
T∑

t=2

e2t

+ λT (|ρ0 +
v1√
T
|γ1 − |ρ0|γ1) + ιT (μ∗

0 +
v2√
T
|γ2 − |μ∗

0|γ2)

+ τT (|δ∗0 +
v3

T 3/2
|γ3 − |δ∗0 |γ3) + bT

p+2∑
j=4

|ζj−3,0 +
vj√
T
|γ4 − |ζj−3,0|γ4

.

This time we use

v = (
√
T (ρ− ρ0),

√
T (μ∗ − μ∗

0), T
3/2(δ∗ − δ∗0),

√
T (ζ1 − ζ1,0), · · · ,

√
T (ζp−1 − ζp−1,0))

′.

zt−1,T = (
y∗t−1√
T
,

1√
T
,

t

T 3/2
,
Δy∗t−1√

T
, · · · , Δy

∗
t−(p−1)√
T

)′.

We know that

v̂ = argminv∈SVT (v),
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and we show that

VT (v)
d→ V (v),

v̂ = Op(1).

We define the limit V (v) later. To derive the above results we benefit from

T∑
t=2

(et − v′zt−1,T )2 − e2t = v′(
T∑

t=2

zt−1,T z
′
t−1,T )v − 2v′

T∑
t=2

zt−1,T et.

First see that as in the consistency proof (equation (71))

v′(
T∑

t=2

zt−1,T z
′
t−1,T )v

p→ ΣM .

Then follow Appendix 16.A of Hamilton (1994)or simply using a central limit theorem

v′
T∑

t=2

z′t−1,T et
d→ σ2N(0,ΣM).

Then consider the penalty terms, with λT/T
γ1λ0, 0 < γ1 < 1/2, when λT/

√
T → 0

λT (|ρ0 +
v1√
T
|γ1 − |ρ0|γ1) → 0,

since ρ0 < 0. Next, if μ∗
0 = 0, then with ιT /T

γ2/2 → ι0, 0 < γ2 < 1,

ιT (| v2√
T
|γ2) → ι0|v2|γ2 ,

if μ∗
0 	= 0, then due to ιT/T

1/2 → 0,

ιT (|μ∗
0 +

v2√
T
|γ2 − |μ∗

0|γ2) → 0.

For the time trend variable, if δ∗0 = 0, with 0 < γ3 < 2/3,

τT (| v3

T 3/2
|γ3) → τ0|v3|γ3 .

If δ∗0 	= 0

τT (|δ∗0 +
v3

T 3/2
|γ3 − |δ∗0|γ3) → 0,

with τT/T
3/2 → 0. Next dynamic regressors behave exactly as in the same way in the

nonstationary case so we have

VT (v)
d→ V (v)

≡ v′ΣMv − 2σ2v′N(0,ΣM ) + ι0|v2|γ21{μ∗
0=0} + τ0|v3|γ31{δ∗0=0} + b0

p+2∑
j=4

|vj|1{ζj−3,0=0}.

Next as in Theorem 2ii proof, v̂ = Op(1). This can be proved with (least squares estimators)

v̂LS = Op(1), which is already in Appendix 16.A of Hamilton (1994).Q.E.D.
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