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This paper develops adaptive elastic net estimator for general es-
timating equations. We allow for number of parameters diverge to
infinity. The estimator can also handle collinearity among large num-
ber of variables as well. This method has the oracle property, mean-
ing we can estimate nonzero parameters with their standard limit and
the redundant parameters are dropped from the equations simultane-
ously. This paper generalizes the least squares based adaptive elastic
net estimator of Zou and Zhang (2009) to nonlinear equation systems
with endogenous variables. The extension is not trivial and involves
a new proof technique due to estimators lack of closed form solution.
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2 MEHMET CANER AND HAO HELEN ZHANG

1. Introduction. General estimating equations are studied extensively
in statistics. They provide a convenient way to describe parameters and
statistics. We can estimate the parameters by two-step efficient Generalized
Method of Moments (GMM) of Hansen (1982), or by empirical likelihood
estimator of Owen (2001), and Qin and Lawless (1994). The other esti-
mators used to are exponential tilting of Kitamura and Stutzer (1997), and
exponentially tilted empirical likelihood of Schennach (2007). They all share
the first order efficiency of GMM. GMM is also used in economics, finance,
accounting, and strategic planning literature as well.

In this paper we are concerned about model selection in GMM when the
number of parameters diverge. These situations can arise in labor economics,
international finance (see Alfaro, Kalemli-Ozcan, Volosovych (2008)). In lin-
ear models when the some of the regressors are correlated with errors and
with lots of co-variates, the model selection tools are essential. They can
improve the finite sample performance of the estimators.

Model selection techniques are very useful and now widely used in statis-
tics. For example Knight and Fu (2000) derive the asymptotics of lasso, and
Fan and Li (2001) propose SCAD estimator. In econometrics, Knight (2008),
and Caner (2009) offer Bridge-least squares and Bridge-GMM estimators re-
spectively. But these are all in finite dimensions. Recently model selection
with large number of parameters are analyzed in least squares by Huang,
Horowitz, and Ma (2008), and Zou and Zhang (2009), where the first article
analyzes Bridge estimator, and the second paper is concerned with adaptive
elastic net estimator.

Adaptive elastic net estimator has the oracle property when the number
of parameters diverge with the sample size. Furthermore, this method can
handle the collinearity arising from large number of regressors when the
system is linear with endogenous regressors. When some of the parameters
are redundant, (i.e. when the true model has sparse representation) this
estimator can estimate the zero parameters as zero. When we set parameters
to zero, we benefit from a data dependent method unlike Bridge estimation.

In this paper we extend the least squares based adaptive elastic net of Zou
and Zhang (2009) to GMM. GMM has no closed from solution unlike least
squares estimator. This results in a new proof technique compared with least
squares case of Zou and Zhang (2009). We need a different and extensive
consistency proof. The nonlinear nature of the functions introduce addi-
tional difficulties, and this restricts the growth of the number of parameters
compared to simple linear case. The estimator also has the oracle property,
the nonzero coefficients are estimated converging to a normal distribution.
This is their standard limit furthermore, the zero parameters are estimated
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ADAPTIVE ELASTIC NET 3

as zero.

Earlier work on diverging parameters include Huber (1988), and Portnoy
(1984). In recent years, Fan, Peng, Huang (2005) study the a semi-parametric
model with a growing number of nuisance parameters, Lam and Fan (2007)
analyze the profile likelihood ratio inference with growing number of param-
eters. As far as we know this is the first paper to estimate and select the
model in GMM with diverging number of parameters.

Section 2 presents the model and the estimator. Then in section 3 we de-
rive the asymptotic results for the estimator. Section 4 conducts simulations.
Appendix includes all the proofs.

2. Model. Let 8 be a p dimensional parameter vector, where 3 € B,
which is a compact subset in RP. The true value of 3 is Fy. We allow p to
grow with the sample size, so when n — oo, we have p — oo, but p/n — 0
as n — o0o. We do not provide a subscript of n for parameter space not
to burden ourselves with the notation. When n converges to infinity the
parameter space is denoted as B.. For example this may be infinite cube
[0,1]°° in certain examples. The population orthogonality conditions are

Elg(Xs, 80)] =0,

where the data are {X; : i = 1,2---n}, g(.) is a known function, and the
number of orthogonality restrictions are g, ¢ > p. So we also allow q to grow
with the sample size, but ¢/n — as n — oco. From now on we denote g(X;, 3)
as g;(0). Also assume that g;(3) are independent, and we do not use g,;(53)
just to simplify the notation.

2.1. The Estimators. We first define the estimators that we use. The es-
timators that we are interested in answer the following questions. If we have
large number of control variables some of them may be irrelevant (we may
have also large number of endogenous variables and control variables) in the
structural equation in a simultaneous equation system or large number of
parameters in a nonlinear system with endogenous and control variables can
we select the relevant ones as well as estimate the selected system simulta-
neously? If we have large number of variables possibly there may be some
correlation among the variables, can this method handle that? Is it also
possible that the estimators achieve the oracle property? The answers to
all three questions are affirmative. First of all, the adaptive elastic net esti-
mator simultaneously selects and estimates the model when there are large
number of parameters/regressors. It can also take into account the possi-
ble correlation among the variables. By achieving the oracle property, the
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4 MEHMET CANER AND HAO HELEN ZHANG

nonzero parameters are estimated with their standard limits, and the zero
ones are estimated as zero. This method is computationally easy and uses
data dependent methods to set small coefficient estimates to zero. A subcase
of the adaptive elastic net estimator is adaptive lasso estimator which can
handle the first and third questions and does not handle correlation among
large number of variables.

First we introduce the notation: [|8]ly = >-%_, |6;], and [|8]15 = 30—, |6;[*-
We start by introducing the adaptive elastic net estimator, given the positive
and diverging tuning parameters A}, A2, (how to choose them in finite sam-
ples, and its asymptotic properties will be discussed below in Assumptions
and then in Simulation Section)

Bacnet = (142 /n){argming[(Y 9:(8)) Wau (> gi(B)+ A2l BIE+AT D 118511},
i=1 i=1 j=1
(1)

where w; = ﬁ, Benet 1s a consistent estimator immediately explained
enet

below, and y is a positive constant, and with the p =n% 0 < a < 1/3,

(2 + 4a) 2(2 - )

0< << ).
l-a 'S -a

~ will be explained in detail in Assumption 4iii. W,, is a ¢ X ¢ weight matrix
that will be defined in Assumptions below.

The elastic net estimator, which is used in the weights of the penalty
above,

Benet = (1 + Ao/n){argmingS,(B)},

where
n

n
(2) Su(B) = D (B WalD_ 6i(B)] + AallBl3 + Ml Bl

i=1 i=1
A1, Ao are positive and diverging sequences that will be defined in Assump-
tion 6.

We now discuss the penalty functions in both estimators and why we need
Benet. The elastic net estimator has both l1,ls penalties. The [y part per-
forms the automatic variable selection, and Iy part improves the prediction
and handles the collinearity that may arise with large number of variables.
However, the elastic net estimator does not provide oracle property. So by
introducing an adaptive weight in adaptive elastic net we obtain the ora-
cle property. The adaptive weights are also useful, since they provide data
dependent penalization.
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ADAPTIVE ELASTIC NET 5

An important point to remember is when we set Ao = 0 in the adap-
tive elastic net estimator (1), we obtain the adaptive lasso estimator, this
is simple and able to get oracle property, but with large number of param-
eters/variables that may be collinear an additional ridge-like penalty as in
adaptive elastic net is better.

2.2. The Assumptions. We now provide the main assumptions.
1. The following uniform law of large number holds

sup sup (£ 3 1:(6) — Egi(@)]] > 0.

p BeB, N5

2. Define En=1 3" | gi(8) = m1,(53), then

(i). Assume uniformly over § and p that my,(5) — mi(5), mi,(8) is

continuously differentiable in 3, mi(5p) = 0, and mq(5) # 0, for 5 # [y,
m1(0) is continuous in 3. §
(ii). Define the following ¢ X p matrix G, (8) = W, assume the
following uniform law of large numbers in a neighborhood N of £y (uniform
over p as well), G,,(8)/n £ G(8), where G(f3) is of full column rank p, and
G(f3) is continuous in . The partial derivative of g;(/3) is continuous in (3.

3. W, is a positive definite matrix, and W, L. W, where W is symmetric,
positive definite, and finite matrix.

4. (1). b < Eigmin(G(Bo) Q271G (Bo)), where G(50) Q2 1G(Bo) = ¥, Figmax(X) <
B, and Q = lim,, oo n ' 31", Eg;(80)gi(B0)’, positive definite, and finite. b
and B are positive constants.

(ii). p/n - 0asn — 0o, p =n*0 < a < 1/3, ¢/n — 0 as n — oo, and
q — oo.

(iii). The coefficient on the weights ~y satisfies the following bounds:

(2 + o) 2(2 - )

0< < < —F7F.
TS =)

1l -«

Ellgi(Bao) 1311
’ nt/2
for I > 0, and where 34,0 represents the true values of the nonzero param-
eters and the dimension also increases with the sample size; p4 — o0, as
n — oo, and pa/n — 0,0 <pg <p.
6. A\1/n'/? = 0,\y/n'/? = 0, and

— 0,

(3) Af = o(n®)tze—D),

imsart-aos ver. 2009/08/13 file: aenet2.tex date: August 17, 2009



6 MEHMET CANER AND HAO HELEN ZHANG

Al
(4) n3+a

Y1) _ oo

Note that since By, is compact, Bo is compact through Theorem 6.17 (Ty-
chonoff’s Theorem) in Davidson (1994). Assumption 1 simplifies the proofs
since the main concern is the limit law and oracle property of the estima-
tors. The uniform law of large number result can be obtained from a triangle
array based Donsker result which is used in empirical process theory (An-
drews, 1994). The primitives for that functional central limit theorem is the
Lipschitz continuity and the uniform boundedness of the functions. Also we
can benefit from another functional central limit theorem in van der Vaart
(1998), Theorem 19.28 and the primitive of Lipschitz continuous functions
are in Lemma 19.31 of van der Vaart (1998). Note that we need additional
uniformity over p in these conditions compared to the previous literature
cited above.

Assumptions 2-4 are standard in the literature of GMM (Newey and Mc
Fadden, 1994). Assumption 5 is a primitive condition for the triangular array
central limit theorem. This is also restraining the number of orthogonality
conditions g. The rates on Ay, A2 are standard, but A} rate depends on «, 7.
It is easy to see that with 0 < a < 1/3, and % <y < 2((12:5))
conditions on A] are compatible. With « approaching 0, it is easy to see
that by (4) A} can diverge slower, so we do not need to penalize a lot. But
with o — 1/3, then it is clear that the penalty should be larger. To give a
concrete example with o = 1/5, we can set v = 4, and X\i = o(n'/?).

two

3. Asymptotics. Now we introduce two estimators which will be use-
ful in providing the consistency of the adaptive elastic net estimator. We
specifically analyze the following estimator, which is connected to elastic
net estimator in (2)

A~

(5) B(A2, A1) = argmingSy(F).

We will prove the consistency of 3 (A2, A1) estimator which will show the
consistency of the elastic net estimator. Then we define another estimator
which is tied to adaptive elastic net estimator in (1) and also will be used
in the risk bound calculations.

(6) Buw = argming|(d_ gi(B)) WD gi(B)) + X2lIBl3 + A7 > 4oyl B;1],
i=1 j=1

=1
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ADAPTIVE ELASTIC NET 7

The following theorem provides consistency for both elastic net and an
estimator closely connected to adaptive elastic net.

Theorem 1. Under Assumptions 1-3, 4(ii), 6

(1).

A p
Benet — Bo-

(ii).

Remarks. 1. It is clear from Theorem 1ii that adaptive elastic net estima-
tor in (1) is also consistent.

2. We should note that in Zou and Zhang (2009) least squares adaptive
elastic net estimator, there is no explicit consistency proof. This is possible
by the closed from solution in least squares estimator. However, the GMM
adaptive elastic net estimator has no closed form solution. So we need a new
consistency proof compared with the least squares case. The proof here uses
empirical process theory.

Theorem 2. Under Assumptions 1-4,

MllBoll3 + n’pB + MPEYE_ @3 + o(n?)
[n2b + Ay + o(n?)]? ’

E(||Bw — Boll3) < 4

and
M31Boll3 + n®pB + Ap + o(n?)

B0, A1) = folly) < 4= 5 = = e

Remark. Note that the first bound is related to the estimator in (6). The
second bound is related to the estimator in (5). . is related to adaptive
elastic net estimator in (1), and G(A1, X2) is related to the estimator in (2).

It is clear from the last result that the elastic net estimator is converging

at the rate \/n/p.

Write o = (8l ,0,_p,,) Where B4 represents the vector of nonzero
parameters (true values) Its dimension grows with the sample size, and 0,_p,
vector of p—p4 elements represent the zero (redundant) parameters. Let 54

represent the nonzero parameters.
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8 MEHMET CANER AND HAO HELEN ZHANG

Then define

B = argming{[>_ gi(BAIWaD_ g:(Ba)] + A2 Y 87+ AT > w1851},
=1

i=1 jeA jeA

where A = {j : Bjo # 0,j = 1,2,---,p}. The issue is to show that with
probability one [(14+X2/n)(5, 0p—p,] converging to the solution of the adaptive
elastic net estimator in (1).

Theorem 3. Given Assumptions 1-4, and 6
(i). With probability tending to one ((1 + %)B,O) is the solution to (1).
(7). (Consistency in Selection) Also we have

P{j: Baenet,j #0}=A) — 1.

Remarks. 1. Theorem 3i shows that ideal estimator B becomes the same
as adaptive elastic net estimator in large samples. So GMM elastic adaptive
net estimator has the same solution as ((1+ A2/n)3,0,_,,). In other words,
GMM adaptive elastic net is like an oracle informing about the true subset
model.

2. Theorem 3ii shows that the nonzero adaptive elastic net estimates
display the oracle property. This is a sharper result than the one in Theorem
3i.

Now we provide the limit law for the estimates of the nonzero parameter
values (true values). Denote the adaptive elastic net estimators that corre-
spond to nonzero true parameter values as ﬂAaenet, 4. Define a consistent vari-
ance estimator for nonzero parameters that can be derived from elastic net
estimators as: 4. We also define Q4 = limy,_0o n ! 1 Egi(84,0)9i(Bap)-

Theorem 4.Under Assumptions 1-6, given W, = Q;ll, where Qzl —
Q2 o, (we set W=0,1),

5/Kn [é(ﬁaenet,A)/QZIGA(Baenet,A)]1/2n71/2 (Baenet,A - ﬁA,O) i N(07 1);

I+X2 (é(éaenet,A)/leé(:@aenet,A))71

T /n , and 6 is a vector of norm

where K,, =
1.
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ADAPTIVE ELASTIC NET 9

Remarks. 1. First see that
(KTL - IPA) ﬁ) 07

due to Assumptions 2ii, 3, and Ay = o(y/n).

2. Since by Assumptions 2ii and 3 [@(@aenet,a)’Q;lé(ﬁaenet,a)]1/2n_1/2 =
Op(nl/ 2), and with  being a p4 vector of norm one, the rate of convergence
of the adaptive elastic net estimator is y/n/pa.

3. This theorem clearly extends Zou and Zhang (2009) from least squares
case to a GMM context, which involves different penalty factors, and a more
restrictive o, y as it is clear from Assumptions 4 and 6. This result generalizes
theirs to a nonlinear functions of endogenous variables which are heavily used
in econometrics and finance. This is not a simple or tedious generalization
of least squares proof. The limit that we derive also corresponds to the
standard GMM limit in Hansen (1982). That result is for fixed number of
parameters with a well specified model. In this way we extend his result in
the direction of large number of parameters with model selection.

4. Note that K,, term is a ridge regression like term which helps to handle
collinearity among variables.

5. Note that if we set Ay = 0, we obtain the limit for adaptive Lasso GMM
estimator. In that case K, = I,,,, and

5/(G(Balasso,A)/QZIG(Balasso,A))1/277/71/2 (Balasso,A - ﬁA,O) i’ N(O, 1)7

6. There will be discussion of how to choose the tuning parameters \;, Aa, A7,
and how to set the small parameter estimates to zero in finite samples in
the simulation section.

4. Simulation. In this section we analyze the finite sample properties
of adaptive elastic net estimator. Namely, we look at the bias, root mean
squared error as well as the correct number of redundant versus relevant
parameters. We have the following simultaneous equations foralli =1,---,n

/

yi = x; 50 + €,
!

T; = Z; T+ n;,

e = pi'ni + /1= p?lo;,

where the number of instruments (q) is set to equal to number of parameters
(p), x; is p x 1 vector, z : p x 1, p= 0.5, 7 is a square matrix of dimension
p. Furthermore #; is iid N(0, I,)), and v; is also iid with N(0,1,), tisapx 1
vector of ones.
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10 MEHMET CANER AND HAO HELEN ZHANG
The model that is estimated:
Ezie; =0,
foralli=1,---,n. So ¢;(Bo) = zi(yi — z;50).
We have two different designs for parameter vector (y. In the first case

Bo = {3,3,0,0,0,} (Design 1), then in the second one [y = {3,3,3,3,0}
(Design 2). We have n = 100, and z; = N(0,€2;) for all i = 1,---n, and

1 05 0 0 0
05 1 0 0 0
2. = 0 0 1 00
0 0 001

So there is correlation between z;’s and this affects the correlation between
the z;’s since two equations are correlated. Using five coefficients out of
100 observations clearly satisfy our Assumption 4ii. There may be more
coefficients that are analyzed, but this makes BIC analysis very difficult.

In this section, we compare three methods. Namely they are GMM-BIC
of Andrews and Lu (2001), Bridge-GMM of Caner (2009), and the adaptive
elastic net GMM here. We have four different measures to compare them
here. First, we look at the percentage of correct models selected. Then we
evaluate the following summary Mean Squared Error

(7) E[(B — Bo)e(B — Bo)],

where 3, = Ee;e), and B represents the estimated coefficient vector coming
from these three different methods. This measure is used in statistics liter-
ature, and for that see Zou and Zhang (2009). Next two measures are con-
cerned about individual coefficients. First, the bias of each individual coeffi-
cient estimate is measured. Then root mean squared error of each coeflicient
is computed. We use 10000 iterations. The choice of A’s in both Bridge-GMM
and the adaptive elastic net GMM here is done via BIC. This is suggested
by Zou, Hastie, Tibshirani (2007), and Wang, Li, Tsai (2007). Truncation of
the small coefficient estimates are set to zero via | 3 Bridge| < 2/ for Bridge-
GMM as suggested in Caner (2009). For adaptive elastic net, we use the
modified shooting algorithm in Appendix 2 of Zhang and Lu (2007). This is
possible also in adaptive elastic net since the quadratic penalty does not play
a role in setting coefficients to zero. This is true since the partial derivative
of that with respect to parameters evaluated at zero is also equal to zero.
Least Angle Regression Solution is not used because it is not clear that this
is useful and can be applied in GMM context.
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ADAPTIVE ELASTIC NET 11

Bridge-GMM estimator in Caner (2009) is  that minimizes U, ()
n n p
(8) Un(B) = D_aBNIWald_ai(B] + 2D 161",
i=1 i=1 j=1

for a given positive regularization parameter A, and 0 < v < 1.

We now describe now the model selection by BIC in GMM (All subset
selection) as proposed in Andrews and Lu (2001). Let b € RP denote a model
selection vector. By definition, each element of b is either zero or one. If the
j th element of b is one the corresponding (3; is to be estimated, if the j th
element of b is zero we set [3; to be zero. We set |b| as the number of the
parameters to be estimated or in equivalent form |b| = Z?Zl b;. We then set
By as the p X 1 vector representing the element by the element (Hadamard)
product of 3 and b. The model selection will be based on the GMM objective
function and a penalty term. The objective function in BIC benefits from :

9) Tn(®) = 1> 9B Wald_ 9i(Bi)],
i i=1
where in the simulation

9i(Bp)) = zi(ys — i B))-

The model selection vectors “b” in our case represent 31 different possi-
bilities (excluding the all zero case). The following are the possibilities for
all “b” vectors

M = [Myy, My, My3, Myy, Mys),

where Mj; is the identity matrix of dimension 5 I5, where this represents
all the possibilities with only one nonzero coefficient. M9 represents all the
possibilities with two nonzero coefficients.

1111000000
1000111000
(10) Myp=[01001001T10
0010010T1O0°]1
000100T1O0T.]1

In the same way Mj3 represents all possibilities with 3 nonzero coefficients,
M4 represents all the possibilities with four nonzero coefficients, and M5
is the vector of ones, showing all nonzero coefficients. The true model in
Design 1 is the first column vector in Mio. For design 2, the true model is
in M4 and that is (1,1,1,1,0)".

imsart-aos ver. 2009/08/13 file: aenet2.tex date: August 17, 2009



12 MEHMET CANER AND HAO HELEN ZHANG

Table 1: Success Percentage of Selecting the Correct Model

Selection Procedure Design 1 | Design 2
Adaptive Elastic Net 91.2 94.9
Bridge 100.0 100.0
BIC-All Subset Selection 6.9 0.0

Note: BIC-AIl subset selection represents models that are selected according to BIC and
subsequently we use GMM. Bridge is the Bridge-GMM estimator in Caner (2009).
Adaptive elastic net is the one that is proposed in this study.

BIC (All subset selection) selects the model based on minimizing the
following criterion among the 31 possibilities

(11) Jn(b) + |b|lin(n).

The penalty term penalizes the larger models. Denote the optimal model
selection vector by b*. After selecting the optimal model in (11), the vector
b*, we then estimate the parameters of the model by GMM. Next we provide
the results on Tables 1-4 for these three techniques that are examined in the
simulation section. In Table 1, we provide the correct model selection per-
centage for Designs 1 and 2. We see that both Bridge and Adaptive Elastic
Net is doing very well, Bridge selects the correct model 100%, and Adaptive
Elastic Net 91-95% of the time, whereas BIC (All subset selection) selects
only 0-6.9%. This is due to lots of possibilities in the case of BIC (All sub-
set selection), and with large number of parameters the performance of BIC
(All subset selection) deteriorated. Table 2 provides summary MSE measure
results. This clearly shows that here Adaptive Elastic Net is the best among
the three. Its MSE figures are the smallest, whereas BIC (All subset selec-
tion) is terrible due to wrong model selection, and after the model selection
estimating the zero coefficients with nonzero and large magnitudes. One of
the main reasons that BIC’s (All subset selection) bad performance is GMM
is susceptible to near singular design and provides large coefficients when
there is correlation among instruments. For this point, see Caner (2008). The
other two methods are not affected by this problem. Tables 3 and 4 provide
the bias and root mean squared error of each coefficient in Designs 1 and
2. Comparing Bridge with Adaptive Elastic Net, the bias of the nonzero
coefficients are smaller generally in Adaptive Elastic Net. The same is true
for generally in the case of root mean squared errors. These are smaller for
the nonzero coefficients in Adaptive Elstic Net.
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ADAPTIVE ELASTIC NET 13

Table 2: Summary MSE

Estimators Design 1 | Design 2
Adaptive Elastic Net 1.8 1.3
Bridge 4.2 1.3

BIC-All Subset Selection | 165848.5 | 876080.2

Note: Summary MSE is the formula in (7). Instead of expectations, the average of
iterations are used. A small number for summary MSE is desirable for a model. BIC-All
subset selection represents models that are selected according to BIC and subsequently

we use GMM. Bridge is the Bridge-GMM estimator in Caner (2009). Adaptive elastic
net is the one that is proposed in this study.

Table 3: Bias, RMSE of Design 1

Adaptive Elastic Net Bridge BIC-All Subset Selection
BIAS RMSE BIAS | RMSE || BIAS RMSE

61 | -0.244 0.272 -0.117 0.126 2.903 159.85

B2 | -0.244 0.272 -0.667 | -0.669 || -4.082 261.32

B3 | 0.013 0.042 0.000 0.000 -0.859 158.839

B4 | 0.000 0.009 0.000 0.000 0.612 188.510

Bs | 0.013 0.041 0.000 0.000 1.162 62.240

Note: BIC-All subset selection represents models that are selected according to BIC and
subsequently we use GMM. Bridge is the Bridge-GMM estimator in Caner (2009).
Adaptive elastic net is the one that is proposed in this study.

Table 4: Bias, RMSE of Design 2

Adaptive Elastic Net Bridge BIC-All Subset Selection
BIAS RMSE BIAS | RMSE || BIAS RMSE

61 | -0.181 0.193 -0.112 0.124 -0.805 158.171

B2 | -0.181 0.193 -0.662 | -0.665 | -0.326 112.970

Bs | 0.010 0.061 0.157 0.166 -0.314 120.358

B4 | -0.038 0.071 0.337 0.341 -6.759 659.673

Bs | -0.001 0.007 0.000 0.000 7.740 617.509

Note: BIC-All Subset selection represents models that are selected according to BIC and
subsequently we use GMM. Bridge is the Bridge-GMM estimator in Caner (2009).
Adaptive elastic net is the one that is proposed in this study.
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14 MEHMET CANER AND HAO HELEN ZHANG

Appendix
Proof of Theorem 1(i). Via Assumptions 1-3, uniformly over 3

12 Y a@ Wl Y ] L ma (8 Wi (3),

Now we show why we need the assumptions about the penalty rates in the
proofs. First start with the following. If we had assumed the following

(13) ng”ﬁH% Hm?(ﬁ)v
A1
(19 28l — ms(),
where ma(f3) > 0,ms3(5) > 0, then uniformly over (3, the limit would have
been
Sn ,
02, (8 W (9) + ma(8) + ms(6).

So in that case, R
B(A2, A1) ER argmingSy(3).
But due to ma(3), ms (), terms under (13)(14), there is no consistency of the

estimator. However, if we modify the assumptions (13)(14) in the following
way

(15) 2613 = 223" 18, — 0.
j=1
A1 A
(16) S6lh =5 1851 — 0.
n n?
To get (15)(16) we need %p — 0 and %p — 0, where we need A\ =

o(n?=%), A1 = o(n?*~) with the usage of p = n®. This is clear from Assump-
tions 4ii, and 6.

Then with (15)(16) instead of (13)(14) we have by Assumptions 1-3, 4ii,
6

Bz, M) B argming[ma (8) Wmy(B)].
Use Corollary 3.2.3 of van der Vaart and Wellner (1996) to have

Bo = argming[mi(3)' Wmq(8)].

This is also a unique minimum by Assumptions 2 and 3. So
B2, M) £ Bo,
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ADAPTIVE ELASTIC NET 15

and by the definition of Benet,

A p
Benet — Bo-

Q.E.D.

Proof of Theorem 1(ii). This follows exactly in the case of (i), given
A2 = o(n?7%), and %Z?Zl w;]B;] — 0. For the proof of the last point
we need this to be true for the ”zero” parameters as well as "nonzero”
parameters. The estimated weights behave differently in these two cases.

For the zero parameter case in elastic net estimators, w; = E 1 B and
'j,enet

ijenet = Op(/p/n) via Theorem 2i below (independent of the proof here in
Theorem 1ii). So for all j =1,---p,

UA)J = Op(n%(l_a))7

where we use p = n®. So for the zero parameters in elastic net

P

;Z ;]3] = Op(Ain* 07 =) — 0,

where we use Z§:1 |Bj| = O(n®). The last equation provides us with
(17) A5 = o(n(Fm)tale—l)y,

For the nonzero parameters in elastic net estimator, using Theorem 1i,
Bj enet 2, Bjo # 0. This shows us that w; EiN < 00, where §; # 0.
So

1
18517
M- P
—5 2wl 50,
j=1
if ’\—zp 2,0, which is true if
n
(18) A =o(n*™).
To have the consistency we need the minimum of the rates in (17)(18) which
is
i
(

’ i
mm(2—a,(2—a)+§(a—1)):(2—0z)+§ a—1).

This is true since v > 0, < 1/3.
Q.E.D.
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16 MEHMET CANER AND HAO HELEN ZHANG

Proof of Theorem 2. In this proof we start by analyzing the GMM-
Ridge estimator that is defined as follows:

Br = argming[>_ gi(B) WD gi(B)] + X2 BI3-
=1

i=1

Note that this estimator is similar to the elastic net estimator, if we set
A1 = 0, in elastic net estimator, then we obtain the GMM-Ridge estimator.
So since elastic net estimator is consistent, GMM-Ridge will be consistent

as well. Define also the following ¢ X p matrix C;’n(ﬁ R) = W. Then

set 3 € (fo, BR). A mean value theorem around [y applied to first order
conditions provides, with g,(80) = >_i—1 9i(fo),

(188 = —[Grn(BR) WnGn(B) + Ao ]~ [Gn(BR) Wagn(Bo) — Gr(BR) WnGin(B)50].
Also using the mean value theorem with first order conditions, adding
and subtracting Aofy yields

(20) BR - ﬂo = _[én(BR)/WnGn (B) + >‘2Ip] [ (ﬂR) ngn(ﬂo) + >\2ﬂ0]

We need the following expressions by using (19)

ﬁR[ (ﬁR) ngn(ﬁO) n(BR)/WnGn(B)ﬁO] = [G A( ) ngn( ) G (ﬁR) W, G (ﬁ)ﬁO]/
X [Gu(BR) WaGn(B) + AoIy] ™!
(21) X [é (B ) ngn(ﬂo) (A ) nén(ﬁ)ﬂo]
Bﬁ[én(ﬁR)/Wnén(m+)‘2IP]BR - [én(ﬁAR)/ann(ﬁ ) -G (BR) G (ﬁ)ﬁo]

(22) % [Gu(Br)'WnGn(B) + AaLp] " [Gn(Br) Wign(Bo) — Gu(Br) WnGan(B)50].

Next the aim is to rewrite the following GMM-Ridge objective function
via a mean value expansion

n
A~

3 g BRI Wal> 0:Br)] + Aol BrIZ = g0 (Bo) Winga (50’

( ) ) ( R — 50) (ﬁ)/ann(ﬁo)

5)(o — i
B) WG (B)(Br — Bo) + Aol Brll3-

+ gn(ﬁO) G
"G (B)

(23) + (Br — o)

imsart-aos ver. 2009/08/13 file: aenet2.tex date: August 17, 2009



ADAPTIVE ELASTIC NET

Furthermore we can rewrite the right hand side of (23) as

— G(B) WnGin(B) 0]

A~

(50) Wagn(Bo) + B,[ n(ﬁ)/ann(ﬂ)

17

+ [é (B) ngn(ﬂo) _é (ﬂ)/Wnén(ﬂ)ﬂO],BR

(24) — On ﬁO /Wnén(ﬁ)ﬁo - ﬁéén(B)Iann(ﬁo) + ﬁéén(g)/Wnén(B)ﬁO

The equality is obtained through (21)(22), and note that the right hand side
expression in (21) is just the negative of the right hand side of the expression
n (22). As in (24), for the estimator (3,, we have the following and the mean

value theorem applied to that, where 3,

2 B WalX Bl + Aol Bl =

S (ﬂ(h@’w)a

9n (50) ndn (50)

+ 5 [ (ﬁw) ngn(ﬁo)_én(ﬁ )W, ( ) Bol

+ [ (ﬁw) ngn(ﬁo) G (B ) (B ﬁO]IAw

+ BulGn(Bu) WaG(Bu) + AaLp) Bu

- ga(Bo) WnGn(ﬁw)ﬁo_ G ( w) Wign(Bo)
(25) + 5(,)én(5w)lwnén(6w)ﬁo

Then see that by assuming 3 to be the same variable in the mean value
theorem for both f3,,, Br analysis without losing any generality (i.e. 5 = (3,)

(26)

= BLIGn(B)YWnGn(B) + M L)[Gn(B) WnGn(B) + ML)~
(3

X [Gn(B) Wagn(6o) — Gu(B) WaG

— B[ (B Wi Ca(B) + AaLy) B + 0p(1).

The asymptotically negligible remainder in the last equality is due to As-
sumption 2i and Theorem 1i with A\; = 0. Next substitute (26) into (25) to

have
D g (Bl Wald_ gi(Bu)] + Al Bull3 =
i=1 i=1

— BRlGn(B)W,
- gn(ﬂO)W
27) = BGu(B)W

imsart-aos ver. 2009/08/13 file:
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18 MEHMET CANER AND HAO HELEN ZHANG
Now subtract (24) from (27) to have
Zgz Bw) Zgz Bu)l 4+ XellBulls = (D g (BRI Wald_ 6:i(Br)] + A2l Brl13)
i=1 i=1
(28) - (Bw - BR),[Gn(B),WnGn(B) + )\2Ip] (Bw - BR) + Op(l)'

After this important result see that by the definitions of Bw, BR

p n R n R R
Z ﬁ]R 5]111 > (Zgz(ﬁw))lwn(zgz(ﬁw)) +)\2Hﬁw”%
j=1 =1

i=1
(29) — [ 9i(Br)Y Wi (S 9i(Br)) + Aol Brll3).
i=1 i=1
Then also see that
P P
(30) Z WJ Rl — |5J wl) < Z ||5R 5w||2

Next benefit from (29), with (28)(30) to have

A A A —_ A~ —_ A A p ~ A
(Bu—=0R) [Gn(B) WG (B)+ A2 L) (B —Br)+0p(1) < A1, | D (@05)2(|Br—Bull2-
=1
1) o o
See that Eigmin(Gn(B8) WnGn(B)+A21p) = Eigmin(Gn(B8)WnGn(B))+Az.
Use this in (31) to have

P

{Eigmin(Gu(B) WaGin(B)) + A2} |8 — Brll3 < M Z @3 Br = Bulla-

ﬁ

This results in

)\1 \/ Z?:l ’UA}? + Op(l)

(32) 18w — Brll2 <

We also want to modify the last inequality. By the consistency of Buo, BR;
B 2 fy. Then with the uniform law of large numbers on the partial derivative
we have by Assumptions 2ii, 3

SO e |90 sy 2o

n
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ADAPTIVE ELASTIC NET 19
The last equation is true also for Bw, BR replacing /3. Then
(33) G (B) WaGn(B) = n®[G(Bo) W G(5o)] + op(n?).

Modify (32) in the following way given the last equality, set W = Q~! (since
this is the efficient limit weight as shown by Hansen (1982))

R R Aiy/ 20 W? + 0,(1
34) 118w — Brlls < =10+ o)

N2 Eigmin (G(B0) QY 1G(B0)) + A2 + 0p(n?)

Now we consider the second part of the proof of this theorem. We use
GMM ridge formula. Note that from (20)

BR - 50 = _)\Z[Gn(BR)/Wnén(BR) + )\QIp]ilﬂO
(35) - [GR(BR),WHGR(B) + )‘QIP]_I[Gn(BR),ann(50)]'

We try to modify the equation above a little.
In the same way we obtain (33)

(36) én(BR)/ann(ﬂO) = n[G(ﬂO)/Wgn(ﬂO)] + Op(n)'

Second, see that by ¢;(3) being independent Eg,,(50)gn(6o) — n2 — 0.

Elgn(60)' 27 G(50)G(60)' 2 gn(Bo)] = tr{G(Bo)' 2" Elgn(0)gn(60)127 G (o)}

= ntr{G(By) Q1 G(5y)}
(37) < npEigmaa (2)7

where we use ¥ = G(30)'Q"'G(By). Now we modify (35) using (36) (33)

Br—00 = —X[n®G(Bo)'Q 1 G(Bo) + Moy + 0p(n?)] Ao
(38) —  [R2G(Bo) QT G(Bo) + NIy + 0p(n*)] G (Bo) QL gn(Bo)]-

Then see that

203 [1° Eigmin(G(50)' Q' G(Bo)) + A2 + o(n?)] 2|1 Boll3
2[n° Eigmin (G(50)' QG (B0)) + A2 + o(n?)]
n*Elgn(0)' Q' G(B0)G(60)' Q™ gn(60)] + o(n?)
Q[nQEigmm(G(ﬁo)lﬁflG(ﬁo) + Ao + 0(n2)]72

A3 11B0l1” + n*pEigmaz () + 0p(n?)],

E(||8r — Boll3)

X IN X + IA

(39)
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20 MEHMET CANER AND HAO HELEN ZHANG
where the last inequality is by (37). Now use (34) and (39) to have
E(|Bw = Boll3) < 2E(18r — Boll3) + 28w — BrlI3)
4X3]1Boll3 + 4nPpB + o(n?) + 2\ E Y0_, F + o(1)
- [n2b + Ao + 0p(n?))?
See that b = Eigmin(G(80) Q2 G(5)), B = Figma:(X).Q.E.D

Proof of Theorem 3i. To prove the Theorem we need to show the
following (Note that by Kuhn-Tucker conditions of (1)),

(40)

P[Vj € A%, |2G, (6 Zgz )| < Ajy] — 1,

A~ " Bg; . N ~
where G (3) = 2220 and A° = {j: B0 = 0, = 1,2, ++,p}. Cny(B)
denotes the j th column of the partial derivative matrix which corresponds
to zero parameters (i.e. at true values), evaluated at 3. Or we need to show

P[3j € A° ]2Gn] Zgz )| > Ajw;] — 0,

Now set n = minjca|Bjol, 1 = minj€A|ﬂAj,enet|. So

P[3j € A%, 12G,, (5 Zgl N >Nyl <D Pl2Ga( Zgl
JEAC
(41) + Pl <n/2].

Then as in p.15 of Zou and Zhang (2009), we can show that

EHBenet - ﬁOH%
2/4

A3 6oll3 + n®pB + Mp + o(n?)
[n2b + Ay + o(n?)]?n?

Pl <n/2] <

16

(42)

IN

9

where the second inequality is due to Theorem 2. Then we can also have

Z |2GnJ Zgz > Xlﬂwjvﬁ>77/2]

NI > Afg, 0 > n/2]

JjeAe
< Z [12G0 (8 th ) > Mg, 7> 10/2, 1B .enet| < M]
JEA®
+ Z P |ﬂj,enet| > M]
JjeAe
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ADAPTIVE ELASTIC NET 21

< Y P2G.;(8 Zgz | > AT M 7,0 > /2]
jEAC

(43) + Z WJ enet| > M]
JEAC

where M = (n:ﬁa)%
In (43) we consider the second term on the right hand side. Via inequality
(6.8) of Zou and Zhang (2009), and Theorem 2 here

EHBenet - ﬁOH%

S PlBjenal > M) < S

JEA®
A31|Goll3 + 4n°pB + Atp + o(n?)
[n2b + Ao + o(n?)]2M?

(44) <

Next we can consider the first term on the right hand side of (43)

S P[2G, (B Zgz > ANM 7,0 > /2]
jeAs
(45) < E[Y |G i (B Zgz WP Iz
jeAe

So we try to simplify the term on the right hand side of (45). Now we
evaluate

Z |G ,] ZQ(B)F < 22 |én,j "W, nzgz ﬁAO
=1

jEAC i=1 JjEAC
(46) + 2 Z ’Gn,](B)IWnGn(B)(B - ﬁA,O)Fa
jeEAC

where we have (3 € (5,4,0,5), and

dg; (B)

9:(B) = g:(Bayo) + a5

] (B — Bap)-

Analyze each term in (46). Note that 3 is consistent if we go through the
same steps as in Theorem 1. Then applying Assumption 2ii with Assumption
3 (Uniform Law of Large Numbers)

(47) 22|Gn3 B) Wa( Zgz Bao))* < 2n’||G(Ba) WZQZ Bao0)ll3 + op(n?).

jEAC = i=1
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22 MEHMET CANER AND HAO HELEN ZHANG

Then via (46)

n

(48) E[Y |G (BY W (D gi(Bao)[]* < n’B + o(n?),
=1

jeA®
where we use lim,, oo (371 6i(84,0)) (it 9i(Bap)) = nly, and with W =
Q-
(49) B > Eigmax(X) > Eigmaz(G(Ba0) QG (Bayp))-

In the same manner we have

D G i (B) WG (B)(B—Ba0))> < n*|G(Ba0) Q' G(Bao) (B—Bao)*+op(n?).

JEA®

(50)

Then by (49), and taking into account (50)

(51) D> G (B)WaGn(B)(B = Bao)l> < n* BB = Baoll3 + op(n?).

JeAe
Now substitute (48)-(51) into

n

E[Y " Grg(BY WD~ gi(B) P Igsnyay] < 2B*n*E(|8 — Baoll3li550/2))

jeAe i=1
(52) + 2Bn® +o(n).

Define the ridge based version of 8 with imposing A\] =0

n n

(53)  B(A2,0) = argming{(>_ g:i(Ba) Wu(>_ 6i(Ba)) + X2 > B2}

i=1 i=1 jeA

Then use the arguments in the proof of Theorem 2 (equation (34)) leading
to
AImazje aW;j/p + 0p(1)
n2Eigmin(G(Ba0) Qi 'G(Bao)) + A2 + 0p(n?)
SURN.
n2b + Ay + op(n?)’

16 = B(x,0)[l2 <

(54)

where Eigmin(G(Ba0)' Q' G(Bap)) > Eigmin(G(6) Q1 G(Bo)) > b.
Then follow the proof of Theorem 2, for the right hand side term in (52)

_ MBlB0l13 + 7B + AP (0/2) " + 0,(n)
= (on + Az + 0, (n?))? |

(55) E(||B = Baoll2Ligsn/2))
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Now combine (42) (43)(44)(45)(52)(55) into (41)

IN

T N . 16 [ A3]|60]l3 + Bn®p + A2p + o(n®
PEj € A% G s (DY Wa(>" :(B)] > Niib,] —[2”60'2 npt ap o)
=1

7 0%+ Az + o(n?)?

L 4 AllBoll3 + Bn’p 4+ Alp + o(n?)
e (025 + o + 0(n2)2

+ Serlen’ B+ o)
(56) + (2B%n* +o(n")) (/\QIIﬁollz +(r;mz;l3++/\ji‘+(on({122));2”p +o(n ))].

Now we have to show that each square bracketed term on the right hand
side of the equation (56) converges in probability to zero. We consider each
of the right hand side elements in (56). The first square bracketed element
converges in probability to zero since by A3/n — 0,A¥/n — 0,p/n — 0
provides us with 7% being a constant

3116013
<= 0
nt

)

Aip
ot 0

Next we consider the second square bracketed term on the right hand side
of (56). See that the dominating term in that expression is stochastic order

of

p 1
The above is true since by Assumption 6 ng‘ia n1=®) oo, and M =
A 11/2y .
[W} , and since v > 0

MQn )‘T 1/7 11—«
p _(n?’*a) T

The other terms in the second term on the right hand side of (56) are

A3 16oll3 1

n nM? n? =0
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24 MEHMET CANER AND HAO HELEN ZHANG

by A\3/n — 0, — = — 0 by the analysis of the dominating term above. Then

also in the same way

Mp M p 1
M?2p4 n nM? n?

— 0,

p

nM2_>0

where we use A\?/n — 0, and the analysis of the dominating term
above.
Now we consider the last square bracketed term in (56). For that term

the dominating terms are (the last two terms in (56)

M
O(==n’p) — 0,
)\1
O(M*'p) — 0.

The other terms in the last square bracketed term is of smaller order. To
show the first result, note that by definition of M
M 1

3
' =1 — 0,
TN

since A] is diverging to infinity. Then for the second result

* *
)‘1 1

27y, «
M p_n3+a

n=— —0,

by Af = o(n@= 3@y and 0 < a < 1/3. Q.E.D.
Proof of Theorem 3ii. After Theorem 3i result, it suffices to prove

P(minjea|B;] > 0) — 1.
Then we can write the following with 3(2,0) defined in (53)
(57) minjealBj| > minjealB(A2,0);] — 15 = B(A2,0)]|2.
Also see that
(58)  minjealB(X2,0);] > minjealBjol — 13(A2,0) = Baolle.

Combine (57)(58) to have

(59) minjealBj| > minjealBjol — [1B(A2,0) — Baollz — |8 — B(A2,0)|l2.
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Now we consider the last two terms on the right hand side of (59). Similar
to derivation of (38)(39) we have

AN3]1Ballz + 4n’pB + o(n?)

E|3 - <
Hﬁ()\%o) 5,4,0”2 = [n2b+)\2 +0(n2)]2
(60) = O(p/n) =o(1).
Then by (54)
. . SR,
1 — < .
(61) 16(32.0) = Bl < P
See that N ' /P
1_vP — Ay AVP
Since p = n®, by Assumption 6,
T p o (2—@)—{—%(&—1)—}—@/2—2
ng - O(n )
(63) = o(n~**3(7) = o(1),

since 0 < a < 1/3,v > 0.
Then by Theorem 2
L2 2 s
B/’ < 2+ Ll
2 .
< 2+ ﬁEHB()\Qa)\l) — Boll3

8

< 24—
772

(64) = 0(1),

A311Boll3 +n°pB + Ap + o(n?)
[n2b + Xy + o(n?)]?

by A2/n — 0,)\3/n — 0, p/n — 0.
Substitute (63)(64) into (62) to have

AINTT/P p
65 0
(65) n2b + g + 0p(n?) 0

Now use (65) in (61) and combine this with (60) to have
minjealB;| > 1 — op(1).

Then we obtain the desired result.Q.E.D
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26 MEHMET CANER AND HAO HELEN ZHANG

Proof of Theorem 4. We now prove the limit result. First, define

I + >\2(G(Baenet,A),Wné(éaenet,A))71
1+ )\g/n

Zn = 5/ (G(Baenet,A )/Wné(éaenet,A))1/2nil/2 (Baenet,A _5A,0)~

Then we need the following result. Following the proof of Theorem 1 and
using Theorem 3,

Baenet,A & ﬂA,Oa
and by (60)
B(X2,0) & Bap.

Next by Assumption 2.ii, and Assumption 3, and considering the results
about consistency we have

é(@aenet,A)/W G(Baenet,/—\) (3()\27 )) W, G(/B()\Q,O)) ﬁ) 0.

n n n n

Next note that

(66)

11+ AalGAON 0 WoG(A0 O] (G300, 0)) WaGF0N,00) 20 2(5 — 1242 )
= [§'(T+ X[G(B(X2,0)) WaG(B(A2,0))] )G (B2, 0)) WG (B(N2,0))) "
—1/2@]
" n 4+ A2

+ 01T+ XlG(B(A2, 0) WG (B(X2,0)] ) (G(B(A2,0) WaG(B(A2,0))/?

x 0 V(B - B(X2,0))]

+ 0T+ XlG(B(A2, 0) WG (B(A2,00)] ) (G(B(A2,0) WaG(B(A2,0))/?
(67) x 2 (B(A2,0) = Bao)l.

To explain the last term in the equation above via (20), and with simple
matrix algebra

{2[G(B(A2,0)) WoG(B(A2,0)]F + 1} % (G(B(A2,0)) WaG(B(A2,0))*n " /2[B(A2,0) — Bac]
= —Xn2[G(B(X2,0)) WaG(B(A2,0))] 72 Ba0
= 0 2G(B(h, 0) Wi G(B(X2,0))) 712
(68) < [G(B(X2,0)) Wign(Bao)l,
where g,(84,0) = > i1 9i(BA,0).

Via Theorem 3, and also using (66), with probability tending to one ,
zn = T + 15 + T3, where

T = [5[( +X[G(B(2,0)) WaG(5(A2,0)] ][G(B (A2, 0) WG (B (e, 0)))2
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% 71/2)\ ﬂAO]
n+)\2
— [ P [G(B (N2, 0) WoG(B(Xa,0))] ™% Bao)-
Ty = [+ X[G(B(A2,0) WG (B, 0)] M [G(B(A2,0)) W G(B(Ag, 0))] /2

i
x 728 = B(X2,0)).

Ty = (G (A0, 0)Y WaG(B 0, 0))] 2 | gi(Pao)

nl/2

Consider T7, use Assumption 4i, Assumption 4ii

T2 < 21+ Xa(G(Ba0) WG(Ba0) (G (Ba0) WG(Ba0) 22240

+ %|’)\2(G(5A,O)IWG(5A 0)) 2B a0ll3 + o(1)

2 ABn 9
< ——(1+ )\ 1
< 2+ P10l + 2N 1Baol g + o)
= Op(1)7
via Ay = o(n'/?). Consider T similar to the above analysis and (54)
1 A -
o< (4 2PBa)E - B0 0B
2
A2.9 A /P

< B(1

< BOA L 5t 2ot o]

= op(1),

by (65) and Ay = o(n'/?).
For the term 73 we benefit from Liapunov Central Limit Theorem. By
Assumptions 2 and 3

i1 3G (B2, 0) Wi G(B (A2, 0)]72[G(B (A2, 0)) Walgi(Ba.0)

nl/2

_ L V[CBa0) WE B 2(G(Ba0) Wlgi(Bao) , ,
nl/2 pA=/e

Ty =

Next set Bi = (G(84.0) WG (B40)] /(G (Ba0) W] LL42. 8o

D BRI = w7t Y B G(Ba0) WG(Ba0)l " G(B.0) Wai(Ba.0)9:(B.0) WG (Ba,0)[G(Ba0) WG (Ba0)] ]

i=1

§'1G(Ba0) WG (Ba0)] " G(Ba0) Win™" Y Egi(Ba0)9:(84.0) W G (84,0)[G(Ba0) WG(Ba)] /2.

i=1
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Then set W = QZI, and use the definition lim,, oo n=t 3" ; Egi(84,0)9i(Bap) =
Q4. Take the limit of the term above

lim Y ER; = §'[G(Ba0) Q1 G(Bao)] 2G(Ba0) 4" a2, G(B4,0)[G(Ba0) 5 G(Ba0)] 6.
=1

= §o=1.

Next we show 3% ; E|R;|**! — 0, for [ > 0. See that by Assumptions 4
and 5

n B} 141/2

> o Bl (G(Ba0) 03 G(Ba0)) A GBan) Wi Baa) < [

1 g —1/2 1
; —s O BlIR g (Bao)l2t
i=1

=1

— 0.

The desired result then follows from z,, = T1 4+ T>+ T3 with probability one.
Q.E.D.
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