COMPUTING ADMISSIBLE SEQUENCES FOR TWISTED INVOLUTIONS IN WEYL
GROUPS

R. HAAS AND A.G. HELMINCK

ABSTRACT. Let (W, X) be a finite Coxeter system, afidn involution such tha(A) = A, where

A is a basis for the root systednassociated withV. We show that the set éftwisted involutions in

W, 4y = {w € W | 6(w) = w1} is in one to one correspondence with the set of regular involutions
d1g- The elements ofy are characterized by sequence<invhich induce an ordering called the
Bruhat Lattice. In particular, fod irreducible, the ascending Bruhat Latticedf for nontrivial 6

is identical to the descending Bruhat Latticefgf.

1. INTRODUCTION

Let W be a Weyl group generated by a set of reflectiindVe will assume thak comes from
a basisA for the root system associated witld, i.e., (W, ¥) is a Coxeter System. H is an
involution of W then the setly = {w € W | (w) = w1} is called the set df-twisted involutions
in W. This set is important in the study of orbits of minimal parabdlisubgroups acting on
symmetrick-varieties. The geometry of these orbits and their closures induce a lattice structure on
the setly. Understanding this lattice structure is key to understanding the structure of the orbits.
This connection will be described in secti@n There we will also show that it is sufficient to
consider only those involutiortssuch that/(A) = A, and hencé(X) = X. Thus we restrict our
attention to involution® such that’/(A) = A. The results of this paper imply a simple algorithm
for computing the lattice and elements &. In particular, for any, the lattice offy, can be
quickly derived from the lattice of 4, where Id is the identity automorphism @f. Notice that
g = {w e W | w?=e).

The Weyl GroupW acts on the sei, by twisted conjugatiorwhich is defined asw x a =
wad(w)~ wherew € W anda € Jy. If se T anda e 4y then defineso a = sa (group mul-
tiplication) if sx a = a andso a = s a otherwise. A sequence= (Si, ..., S) in X induces
a sequence iy defined by induction as followsa(s) = (ag, a1, ..., ak), whereagp = e and
g =Soa_1=So0---osoeforiell, k]. It will be important to keep track of for which
elements ins the % operation is used. Thus fare X, a € {1y we will use the notatiorg if
Soagj_1 =S xaj_1. DefineX :={S|se X}andletrs= (ry,r2,...,r¢) be the sequence in
YU X defined by =5 if Soaj_1 =S *aj_1 in a(s) andr; = s otherwise. The sequencewill
be called an ascending sequenceffipand the sequencawill be called an underlying ascending
sequences faty.

Recalll (w), thelengthof w with respect toX, is the number of elements in a minimal ex-
pression ofw as a product of basis elements. Note that this is not generally equal to the number
of elements inX U T in a sequence determining. The sequences is called anadmissible

1991 Mathematics Subject Classificatio68Q40, 20G15, 20G20, 22E15, 22E46, 43A85.
Second author is partially supported by N.S.F. Grant DMS-0532140.
1



2 R. HAAS AND A.G. HELMINCK

ascending sequender Jy if 0 = l(ap) < I(a1) < ... < I(ak). We will often refer to these as
simply admissible sequences when the rest is clear from context. Richardson and SR8&fer [
showed that every element jip can be represented by admissible sequences. An element may be
represented by several admissible sequences, and determining all of these is crucial to determine
the orbit closures described in secti@nn this paper we show the following.

Theorem 1.1.Let (W, X) a Coxeter system, arlan involution such tha#(A) = A. The se-
quencer = (r,r2,...,rL) In £ U X is a maximal admissible ascending sequenceffoif and
only if f = (rn,...,r1) is a maximal admissible ascending sequenceffgr Where in the se-
quencer, Sa denotes the operation&@), while in the sequende Sa denotes the operation sas.

The full power of this theorem comes from the fact that every partial sequence of a maximal
admissible ascending sequence will also be an admissible ascending sequence, and indeed, all
admissible sequences are partial sequences of maximal ones. Note thahtheaction ondy as
used in the sequences depend on the involution, and are therefore different for the two sequences
in the theorem. Computing the sequencesfigrwill be significantly easier than doing it directly
in £y. To show that there is a one-to-one correspondence between sequences we will need some
additional definitions.

Recall thatw has a unique element of maximum length with respedt,tdenoted here byo.

We will show thatwg € {y, for all § and ifs= (s1,...,Sy) is @a maximal admissible sequence
thenwo = sho---o0S10e It will be convenient to define partial sequences descending from
wo as follows. Ift = (t1,...,tk) is a sequence ik, then define a sequendbg, by, ..., bk)

in 4y by induction as follows. Lebg = wq and fori € [1, K] let bj = tj o bj_1. As before, let
re=(ry,ro,...,rg) bethe sequence iB U X defined byrj =T if tj o bj_1 = tj x a_1 andrj = t;
otherwise. The sequencewill be called adescending sequenéar {y. Admissible descending
sequences ity are those in which the lengths strictly decrease, i.&(ub) = 1 (bg) > 1(b1) >
.oo> 1(by).

We usexy to denote regular group multiplication afandy, as well, it will be convenient
to denote the actios * X = sxsby Sx For a sequence = (ry,r2,...,rg) andw € W, define
- w:=rg---roriw.

Theorem 1.2.Let (W, X) a Coxeter system, argtlan involution such tha#(A) = A. Denote by
- the action of a sequencec X U X on Jy, and-’ the action ofr on {4.

(1) A sequence = (r1,r2,...,rn) in £ U X is an admissible ascending sequence fgiif
and only if it is an admissible descending sequencd far
(2) A sequence = (r1,ro,...,ry) in £ U X is an admissible descending sequenceffpif

and only if it is also an admissible ascending sequencd for

(3) Letg andr be two sequences B U X. They are two admissible ascending sequences for
lpandg-e=r -einJdyif and only if they are two admissible descending sequences for
Jigandq " wo=r-"woin 4q.

The sequences induce a lattice order on the elementg.dff a, b € {y then definea > b if
there exists an admissible ascending sequénge..,ry) andj < nsuch thata=ry,...rorie
andb =rj...rorie. This is a combinatorial description of the Bruhat orderfgnsee sectior.
Following the proofs of the main results we give some additional results about the structure of the
the Bruhat Lattice and its sequences in secfion
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2. CONTEXT

In this section we describe how twisted involutions and their admissible sequences help to char-
acterize orbits of a minimal parabolicsubgroup acting on a symmetikevariety. We start by
discussing these orbits and their applications.

Throughout this section l&s be a connected reductive algebraic group defined over akfiefld
characteristic not 29 an involution of G defined ovek (i.e. of order two) andH = Gy = {g €
G | 6(g) = g} the set of fixed points of. Let G, Hx denote the sets dé-rational points ofG,

H. The orbits of a minimal parabolicsubgroupP acting on the symmetrik-variety G¢/ Hi play

a fundamental role in the study of representations associated with these syninetrieties.
These orbits were studied for many fields and can be characterized in several equivalent ways.
They can be characterized as fRgorbits acting on the symmetricvariety G¢/ Hg by 6-twisted
conjugation (i.e. ifx, g € Gy then definey = x := gxd(g) 1), or as the number dfl,-orbits acting

on the flag varietyGy/ P« by conjugation or also as the sBt\ G/ Hg of (Px, Hk)-double cosets

in Gk. The last is the same as the setRyfx Hy-orbits onGy. For k algebraically closed these
orbits were characterized by Spring&p[r83, for k = R characterizations were given by Matsuki
[Mat79 and RossmanrHos79 and for general fields these orbits were characterized by Helminck
and Wang HW93]. For general fields one can first consider the setffH)-double cosets in

G. Then the( Pk, Hi)-double cosets iy can be characterized by tli@, H)-double cosets i
defined ovek plus an additional invariant describing the decomposition @,aH )-double coset
into (Px, Hk)-double cosets.

The following result gives a characterization of tti¢, H)-double cosets . Let A C P be
a f-stable maximak-split torus ofG (which exists by HW93]), N the normalizer ofA in G, Z
the centralizer ofA in Gy, let W = N/Z be the Weyl group ofA in Gy, and letdy = {w € W |
0(w) = w1} be the set of twisted involutions M.

Theorem 2.1. The (P, H)-double cosets in G defined over k can be characterized by the pairs
(O, w), where( is a closed orbitando € {4y C W.

Proof. For k algebraically closed an& a Borel subgroup o6 this result follows by combining
[Spr83 and [RS9Q. Fork not algebraically closed arfda minimal paraboli&-subgroup ofG the
result follows by combining the characterization of the orbitdHM{93], [Hel0Q and [Hel04]. O

Remark2.2 It follows from this result that to classify the x H orbits onG one needs to de-
termine both the closed orbits and the twisted involutions that occur. In many cases there is a
unique closed orbit and then thex H orbits onG are completely characterized by the twisted
involutions inW. In this paper we prove a number of results about these twisted involutions in the
Weyl group.

2.3. Orbit closures. These twisted involutions also play an essential role in the study of the orbit
closures. The closure of x H orbit on G decomposes as the union of otliex H orbits onG

and these orbit closures are of fundamental importance in the study of Harish-Chandra modules,
see Mog83. There is a natural order on the set ofP x H orbits onG, called theBruhat ordet

which is defined as follows. 1©1, ©, are orbits, the9, = O, if and only if ®, is contained in

the closure of the orbi®,. This order on the orbits induces an order on the related set of twisted
involutions, which we call th&ruhat orderon fy. In [RS9Q Richardson and Springer gave a
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FIGURE 1. Lattice ofdq for &.

combinatorial description of these Bruhat orders in terms of sequences of reflections in simple
roots, which is exactly the sequence order as we defined above.

Remark2.4. The setly depends on the choice of the parabdétisubgroup. For the combinatorial
description of the Bruhat order as iR$9(Q one needs to take a conjugate of the minimal parabolic
k-subgroupP, which is #-stable. For algebraically closed fields SteinbeBgepd proved the
existence of &-stable Borel subgroup. For minimal parabdisubgroups it was showidgl04,

] that there exists #&-stable conjugate. This condition can also be expressed in terms of the
underlying root system. Leb denote the set of roots & in G and A the basis ofd induced by

P. Then we have the following:

Lemma 2.5.Let P, A,®, A, 6, etc. be as above. Then Pdsstable if and only iB(A) = A.

In the remainder of this paper we assume thag 6-stable.

3. EXAMPLE

We consider as an examp whose corresponding Dynkin diagram is of tyfpg Throughout
this examplex, o and- will refer to actions ofW on {,4. Let the generators & be £ = {s; =
(12), sp = (23), s3 = (34)}. We compute the maximal ascending sequences$,fodirectly. We
make frequent use of the facts thaabs = $351, S1$951 = 1S ands3$HS3 = $53Sp. As well,
note that the same element will not occur twice in a row in an underlying admissible sequence.
Let thesizeof a sequence denote the number of elements in it.
Sinces; x e = Sy x e = S3 x € = g, the admissible ascending sequences of size ¢ asg andss.
There will be 6 admissible ascending sequences of size 2 representing 3 different elements. Since
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S*S = =51S1 =51 * S, xS =S *IWhile S3*S; = 35153 =51 S030S = 1S3 =

s3 o $1 and the admissible ascending sequencesygie= $1Sp; S3S1 = $1S3; and$,S3 = S3p.
Sincessz x $9S1 = S352S5152S3 We get the admissible ascending sequénsgs;. Sincesp * S3S1 =

$S351S2, We get the admissible ascending sequénsgs;. The only sequence of size 3 we must

still consider iss; x SpS3. Noticing thatsssps1S2Sz = S35152S1S3 = $15352S3S1 shows that the ad-

missible ascending sequergg,s3 = S35S;. There are 3 cases to consider for possible sequences

of size 4.

() S2 * 35281 = $S3S2S1S2S3S2 = S352S351S3S2S3 = S3$2S152S3 SO the admissible ascending se-

guence i$535,S;.

(i) s1 % $pS351 = S152838152S1 giving the admissible ascending sequeBS3S; .

(iil) s3 * $pS3S1 = S352S38152S3 giving the admissible ascending sequeBi®s3S; .

All three are actually equal to the same element, as can be;sgRs1SS3 = $5352S159S3 =

$pS3S15251S3 = $PS1S352S3S1 = $2S159S352S1 = S152S15352S1 = S152S35152S1. There can be no big-

ger sequences ifig since these three start with the three possible elemeriis Blirther this must

be wq the longest element ihg and the unique longest . From the computation, and more

easily, from the lattice drawn in Figufewe see that there are actually 8 maximal sequences.
By Theoremsl.1and1.2, we can read all admissible sequencestfpdirectly from our lattice

for 4,4. Some samples follow. There will be 8 maximal admissible descending sequendgs for

Following the left most path down from the top we @g$,S351wo Where theSis an action irg,

is one maximal admissible descending sequencéfofwo admissible descending sequences in

Jy represent the same elementfinif and only if the sequences represent the same element as

admissible ascending sequencd jf. Hence $S3wo = S3Swo.

4. PROOFS

Throughout this section we assume that the root system, Weyl Group, etc come from a maximal
k-split torus ofG as described in sectich We also assume that the involuti@ms the restriction
of an involution of the grou.

Let ® denote a root system in the Euclidean Vector Sp&ce) a basis of®, @+ and®~ the
positive and negative roots, respectivélythe Weyl group of® andX = {s, | a € A}, wheres,
denotes the reflection through If z € Aut(®) is an involution therr induces an involution oV
as follows,z(w) := rwz. Following the standard abuse of notation we will writéor 7.

As in section2, let 8 be an involution such tha(A) = A, i.e., 8 is either the identity or a
diagram automorphism. By the following remark, it suffices to prove our theorems for the case
that® is irreducible, which we assume from here on.

Remark4.1 All possible Dynkin diagrams consist of a set of connect components each of which
corresponds to an irreducible root system. FrétalBg it follows that an involution either fixes a
connected component of the Dynkin diagram or exchanges two identical copies. In the case where
involution exchanges two connected components, the Weyl group for these two components is
W = W, x W, whereW, is the Weyl group of the irreducible component. Alsb= X1 x X1,

where 31 is the set of generators fa;. Further, the selly = {(w, w™1) | w € Wi} and the

Bruhat order only is the usual Bruhat order d;. In particular, the admissible sequence for an
element(w, w™1) € 4y will be a sequence of the forifr1, ...rn) € £ U X, such that; € T for

all i. Moreover, each; is of the formr; = (sj, e), for somes; € X;. Thus, the presentations of
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(w, w™1) € 4y as an admissible sequence are in one-to-one correspondence with the presentations
of w as reduced expressionsin.

Remark4.2 If @ is of type A1, By, Cy, E7, Es, F4 or G then there are no non-trivial diagram
automorphisms. In these cases looking at twisted involutions is the same as looking at regular
involutions. If @ is of type Dy, n > 5, Ay, n > 2 or Eg there is a unique non-trivial diagram
automorphism of order 2 which we shall denotebyFor D, there are 3 non-trivial diagram
automorphisms of order 2. We shall only consider involutiongbo€oming from involutions

of the groupG. By the classification theorem of involutions of reductive algebraic groups (see
[Hel88) for n even, no involution of the grou@ induces a diagram automorphism of order 2 of

the Dynkin diagram of typ®,,.

Lemma 4.3. Let ® be a root system with Weyl Group W. Thenld ¢ W if and only if® is of
type A forn> 2, D, for n odd, or E.

Proof. This is result can be found inHel91]. One can also check it case by case using the tables
in [Bou81. g

Recalll (w) is the length ofw with respect tax. It well known, (see for exampldjou81]), that
thel (w) = |w(®T) N ®~|. Recall thatw is defined to be the longest elementif with respect
to . This is precisely the unique element such that®*) = ®~. Notice that if— Id € W then
—1ld = wo.

Lemma 4.4. Letd # 1d be a non-trivial diagram automorphism of ord2ias above, theAwo =
wob = — |d. Further,wg € 4p.

Proof. If wg = — Id then by Lemma.3, @ is of type A1, By, Cn, E7, Eg, F4 or Gy or Dy,. By
remark4.2none of these cases has a non-trivial diagram automorphism. Hemee— Id. Since
O(A) = A we get that(®T) = @T. Thenfwod(d+) = ®—, hencef(wo) := Owb = wo. For
the second equality we have thatd wo(®1) = ®*, so since this is not the identity map it must
be the unique non-trivial diagram automorphig8m

Now, wofwg = (—Id)? = Id and by definitiond(wg) = Owoed. Hencewy! = O(wo), so
wo € lg. |

Lemma 4.5.1f (ry,...rg) € TU X is an admissible ascending sequence &nd...ryx) - € #
wo then there exists an element.f € £ U X such that(rq, ..., rg, rks-1) is also an admissible
ascending sequence.

To keep clear when we are computing under the two different involutiamsl Id we use some
additional notation. Recall the an elememtic W acts ona € 4, by twisted conjugatiorwhich
is defined asv * a = war(w)~ 1. As before denote by the twisted action ofV on 4y, and
*" the twisted action ofV on {4 (which is just the usual conjugation). Fer X, a € 4y and
b € 4,9 we will use the notatiorsa:= sxa, andsb := s’ b. DefineX := {S|se X} and
T = (§|seX}). Ifr=(ry,ro,...,rg) be asequence il U T then define the action afon
acJgbyr-a:=rg---roria. If r'is a sequence i U then define the action of onb e did
similarly.

Lemma 4.6. Letr = (rq,rp,...,rk) be asequence il U X, and defing’ := (ri,r5, ...,rn)to
be the sequence iIBU Y, where { = sifri=se T andr =5 ifr; =Se . Then,
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r-e=(r'-wo)wo
Proof. It is useful to write that for ali, ri = s orri =5§. Let (ri,ri,,...,ri) be the subse-
quence of consisting of precisely the elementsin and so(ri’l, ri’z, cees ri’l) will be the subse-
guence of precisely the elementsin. The left hand side above is then: e = ry---rorie =
Sk- - $$10(Si,)0(S,) - - - 0(S)) = Sk - - 29105, S, - - - S,0. The right hand side above is
(r'-wo)wog = (r---rorywo)wo

=S SQS]_LI)OSilSiZ e si|u)0

=S+ s1(—ld)bs; s, - - - 5, (— 1d)0

= S-- .5251(93132 .. ‘5i|9

O

Proof of Theoreni.L If (r1,ro,...,ry) is @a maximal admissible ascending sequencidrthen
(r1,r2,...,rn) €= wo. Hence, by Lem_ma.6((r’1_, r/z_, BN AR wo) wo = wo and so(r/l, [y ooslp):
wo =e. Thus,(ry,r5, ..., ry) is a maximal admissible descending sequence joit is easy to

verify that the sequenogy, r5, ..., ry) is a maximal admissible descending sequend ihand
only if (rp,r/_4,...,r7) is a maximal admissible ascending sequencgyin O

Proof of Theoreml1.2 By Lemma4.6, forall j <n, (ry,ra,...,rj)-e= ((r’l, Mo, .o, r%) - wo) Wo.
Hence,

I((rl,rz,...,rj)~e)=I(w0)—l(r/l,r/z,...,r’-ywo).

Consequentlyt ((r1,r2,...,rj)-€) > 1((rs,r2,...,rj—1) - €),ifand only ifl ((r’l, Mooy f) wo) <

I ((r’l, yooes r/j_l) : wo). This proves (1) and the argument for (2) is similar. Statement (3) fol-
lows again from Lemmd.6. O

5. PROPERTIES OF THE BRUHAT ORDER

We collect some properties about admissible ascending sequences.

Corollary 5.1. If @ is of type A, Bn, C, E7, Eg, F4 or Go, then every admissible ascending se-
guence is also an admissible descending sequence and vice versa. That is, the lattice is symmetric.

Proof. By Lemma4.3, wo = — Id in W if and only if @ is of type A1, By, Cy, E7, Eg, F4 or Go.
By an argument similar to that of Lemmda6, the result follows. O

We next show that all elements @fy can be obtained by admissible ascending sequences in
which all elements ok occur before all elements iB.

Theorem 5.2. Assumaeb is simply-laced. Then for every € {4 there is an admissible ascending
sequence = (r1,r2,...,rg) withw =r - e, such that the subsequence abnsisting of precisely
the elements it is (ry,ro, ..., r,) for somev.
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Proof. The proof is by induction on the size of an admissible ascending sequenceNumte that
each admissible sequences of size 1 contains one elemen&froBupposav = tsr - e, where
(ri,...,rc—2,5 1) is an admissible ascending sequence suchglkal andt € . It will be
convenient to writex :=r - e. This is schematical shown in Figuke We show thaBw is also

in ;g and of smaller length tham. First, if st= tsthenw = Str - e and we’re done. So assume
St ts.

Notice thaSw = stsx sol (Sw) < | (w). Assume these lengths are equal, to get a contradiction.
If they are equal thesw = stSx e {;g. By assumptiorisxst= sxs# x sincew came from an
ascending sequence, hersoe= stSx= Stsxs= s(sx9t = xst, andtsx e J4q.

Now it cannot be that bottsx € 4,4 andtSx e {,4. The former impliegsxtsx= e, while the
latter impliestsxstsxs= tsxtstxs= e. Together these force = txs By the exchange property,
there exists a minimal representatiorxahat either begins withor ends irs. If there is a minimal
representation ox that begins with, thenl (tx) < I(x), but sincexs = tx thenl(xs) < |(x) as
well. Hence there must be a minimal representationesfding withsas well. Thux=o1 - - - oS,
oi € X butthensx=so1 ---onSS= So1 - - - o, Which has the same lengthgsa contradiction. [

5.3. Orbits and stabilizers. The Bruhat Lattice ofly provides a method to determine the orbits
and stabilizers undéttwisted action. It is useful to consider an edge-labeled gfajlefined as
follows. Vertices ofG are precisely the elements #§. There is an edgév, w) labeleds in G
precisely wherso = w. This may result in multiple edges. Furthersip = w then put loops
labeleds; atv andw. An example of this orbit stabilizer graph f&; is given in Figure3. Note
by Theoreml.2, the graph and edge labels do not depend.oRecall that avalk in a graph is

a sequencévs, ..., vk) of vertices inG such thaw;, vj11 is an edge (or loop) i5. The walk is
closedif further v = vy.

Proposition 5.4. For 6, G etc as defined above. Two elementdoére in the same orbit under
twisted action by elements of W, if and only if they are in the same connected component of G. An
elementgs, ...s, in W is in the stabilizer of x under conjugation if and only if there is a closed
walk at x whose edge labels are precisglys,, ..., S.
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