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Introduction

Let G be a connected reductive linear algebraic group defined over an field k of characteristic
not 2, # € Aut(G) an involutional k-automorphism of G and K = Gy = {g € G | 6(g9) = g}
the set of fixed points of #. Denote the set of k-rational points of G by Gy.

In this paper we shall classify the K%-conjugacy classes of §-stable maximal tori of G.
This is shown to be independent of the characteristic of £ and can be applied to describe
all the orbits of affine symmetric spaces under the action of a minimal parabolic subgroup
in the case that the affine symmetric space is of type (G, K°) (see Helminck [8]).

This paper is part of a series of papers leading towards a classification of all orbits of
affine symmetric spaces under the action of a minimal parabolic subgroup (see also [10]).
The results and techniques in this paper will be used for the classification in the remaining
cases.

The K°-conjugacy classes of §-stable maximal tori of G occur (in a slightly different
form) in the representation theory of real semisimple Lie groups. Namely if 6 is a Cartan
involution of G as in [10, 11.7], then the K°-conjugacy classes of f-stable maximal tori of G
correspond one to one with the Gg-conjugacy classes of maximal k-tori of G. So for k = R
this leads to a one to one correspondence with the conjugacy classes of Cartan subalgebras of
a real simisimple Lie algebra. We give two characterizations of these conjugacy classes. The
first characterization relates the K%-conjugacy classes with conjugacy classes of involutions
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2 Tori Invariant under an Involutorial Automorphism I

of a maximal 6-split torus and the second characterization relates the K°-conjugacy classes
with conjugacy classes of involutions of a maximal torus of K. The first characterization
not only generalizes the classification of the conjugacy classes of Cartan subalgebras in a
real semisimple Lie algebra as in Kostant [13] and Sugiura [31], but also gives a considerable
simplification. Similarly the second characterization generalizes some results of Schmidt [24]
on Cartan subalgebras. We also derive the diagrams of the adjacent conjugacy classes, what
generalizes some results of Hirai [12] on Cartan subalgebras.

For an involution # € Aut(G) we write 7 for the set of #-stable maximal tori of G and
Tk for the set of K°-conjugacy classes of §-stable maximal tori of G. If T is a #-stable torus
of GG, then we write:

TH=(TNK)’and T ={teT|0t) =t"}"

The second torus is called a 6-split torus of G. Denote the set of characters, the set of roots
and the Weyl group of 7" with respect to G by respectively, X*(7"), ®(7") and W(T).

If we fix a f-stable maximal torus 7" of G, then any other #-stable maximal torus of
G is of the form ¢gTg~! with n = g7'0(g) € Ng(T). Denote the image of n in W(T) by
wy. Then §(wy)w, = id, ie., wy is a O-twisted involution in W (T). The representative
g of the K%conjugacy class of gT'g~! is unique up to left translations from K° and right
translations from Ng(T). If h = kgtw is another representative (k € K, t € T, w € W(T)),
then wy, = ww,f(w). So this leads to f-twisted conjugacy classes of f-twisted involutions.
In the case that T (or T7) is maximal it is easy to show that we can choose g in such
a way that w, becomes an involution (see 3.4). These involutions in W (T') are called 6-
singular. From the above remarks it follows now that there is a one to one correspondence
between the K°-conjugacy classes of maximal tori of G and the #-twisted conjugacy classes
of #-singular involutions in W (7T'). We can restrict the above correspondence to conjugacy
classes of f-singular involutions in W (T'):

Theorem 4.5 Let T be a 0-stable mazimal torus of G with mazimal T~ (resp. TT). Then
there is a one to one correspondence between the K°-conjugacy classes of T and the W (T)-
conjugacy classes of 0-singular involutions in W (T).

[t remains to classify the conjugacy classes of #-singular involutions of W (T"). Unfortunately
these are difficult to classify for an arbitrary -stable maximal torus 7'. However in the case
that T~ is maximal this appears to be easy:

Theorem 4.6 Let T' be a 0-stable mazimal torus of G with mazimal T~ and w € W(T),

w? = e. Then the following are equivalent:
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(1) w is O-singular
() T., CT-

A classification of the conjugacy classes of #-singular involutions of W (T') in the case
that 7'~ is a maximal #-split torus of GG, can be derived from the classification of involutorial
automorphisms of G in Helminck [§].

There exists a natural ordering on 7. For T3], [Ts] € Tk define [T1] < [To] if Ty C Ty
for some representatives T; of [T;] (i = 1,2). The corresponding diagram easily follows from
the classification of the conjugacy classes of f-singular involutions in W (T).

A brief summary of the contents is as follows. After some preliminaries in section 1,
we derive all the properties needed about involutions in section 2. Section 3 deals with
the characterization of the K°-conjugacy classes of f-stable maximal tori of G in terms of
conjugacy classes of #-singular involutions in W (T') in the case that either T is a maximal
torus of K or T~ is a maximal 6-split torus of GG. In section 4 we characterize the conjugacy
classes of #-singular involutions and in section 5 we show that, in the case that 6 is a Cartan
involution of G' as in [10], the K°-conjugacy classes of #-stable maximal tori correspond
bijectively with the Gj-conjugacy classes of maximal k-tori of G. The ordering on 7Ty is
introduced in section 6. Finally in section 7 we give a classification of involutions in Weyl
groups and use this to classify the conjugacy classes of #-singular involutions together with
their diagrams.

Some of the above results were announced in [9].

1 Preliminaries and recollections

1.1 We use as our basic references for algebraic groups the books of Humphreys [13] and
Springer [25] and we shall follow their notations and terminology. All algebraic groups
considered are linear algebraic groups.

Let k denote a field of characteristic not 2 and G an algebraic k-group (i.e., an algebraic
group defined over k). The set of k-rational points of G is denoted by Gy or G(k). For most
of this paper (except in chapter 5), we will assume that k is an algebraiccally closed field.

For any closed subgroup H of G, denote its Lie algebra by the corresponding (lower case)
German letter h and write H° for the identity component. The center of H will be denoted
by Z(H).

For a subtorus T" of H let X*(T') denote the additively written group of rational characters
of T and X, (T') the group of rational one-parameter multiplicative subgroups of T, i.e. the
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group of homomorphisms (of algebraic groups): GL; — T. The group X*(T') can be put
in duality with X,(7T") by a pairing < -, - > defined as follows: if x € X*(T), A € X.(T),
then x(A(t)) = t<¥*> for all t € F*. The torus T acts on the Lie algebra h of H by the
adjoint representation. For a € X*(T') let b, denote the weight space for the character « on
h and let (T, H) denote the set of roots of H with respect to T, i.e. ®(T, H) is the set of
non-trivial characters o € X*(T') such that b, # 0. Set W(T,H) = Ny(T)/Zu(T), where

NH(T>={$EH|JZTQJ1CT},
Zp(T)={x € H|at =tz forallt € T }.

If H is connected, W (T, H) is called the Weyl group of H relative to T. It is a finite group,
which acts on T, X*(T') and X,(T"). Moreover the set of roots ®(T, H) is stable under the
action of W(T', H) on X*(T'). In the case H = G we shall write ®(T") for ®(7, G) and W(T)
for W(T, G).

If T is a torus of G such that ®(7") is a root system in the subspace X*(7T') ®; R spanned
by ®(T") and if W(T) is the corresponding Weyl group, then for each o € ®(T") the subgroup
Go = Zg((Ker a)®) is nonsolvable. If we choose now n, € Ng, (T) — Zg,(T) and let s,
be the element of W(T') defined by n,, then there exists a unique one parameter subgroup
a¥ € X,(T) such that < a, ¥ >= 2 and s,(x) = x— < x,a" > a (x € X*(T)). We call
a” the coroot of o and denote the set of these o in X, (T") by ®Y(T'). We have a bijection
of ®Y(T) onto ®(T).

For z,y € G denote the commutator zyz~ty~! by (z,y). If A, B are subgroups of G,
the subgroup of G generated by all (x,y), x € A, y € B will be donoted by [A, BJ.

1.2 Involutorial automorphisms of G

Let 6 € Aut(G) be a k-involution of G, i.e., 8 is defined over k and 62 = id. We denote the
automorphism of g, induced by 6 also by 6 and write K = Gy = {x € G | (z) = x} for the
group of fixed points of §. This is a closed reductive k-subgroup of G (see Vust [33, §1] and
[10]). If £k = C, then G/K is the complexification of a space G(R)/K (R) with G(R)-invariant
Riemannian structure.

1.3 0-split tori

Let T be a 6-stable torus of G. (Recall that according to a result of Steinberg [27, 7.5], there
exists a f-stable torus T of G.) If we write T,f = (TNK)? and T, = {x € T'| 0(z) = 27 '}°,
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then it is easy to verify that the product map
M T9+ X Tei — T, /L(tl,t2> = t1t9

is a separable isogeny. So in particular 7= T, T, and T'= T,f N T, is a finite group. (In
fact it is an elementary abelian 2-group.) If T"is a torus in a @-stable subgroup H of G, then
the automorphisms of ®(7', H) and W (T, H) induced by 0#|H will also be denoted by 6.

A torus A of G is called 6-split if 6(a) = a~" for every a € A. If 0 # id, then non-trivial
-split tori exist (see Vust [33, §1]), so in particular there are maximal ones. The following
result can be found in Vust [33, §1]:

Proposition 1.4 Let A be a mazimal 0-split torus of G. Then:
(1) A is the unique 0-split torus of of Zx(A);
(2) (Zg(A), Za(A)) C K° and Zg(A) is the almost direct product of Z(A)° and A;
(3) If T is a maximal torus of G, containing A, then T is 0-stable.

Moreover all maximal 0-split tori of G are conjugate under K° and so are all mazimal tori
of G containing a maximal 0-split torus of G.

Let A be a maximal 6-split torus of G and T O A a maximal torus. Take W; =
{w e W(T) | w(A) c A} and Wy = {w € W(T) | w|A = ids}. The restriction map
Wi — Wy, w — w|A induces an isomorphism of W, /W onto W (A, G) (see Helminck [8] or
Richardson [21]). The group W (A, G) is even the Weyl group of a root system.

Proposition 1.5 Let A be a maximal 0-split torus of G and let Ey denote the vector subspace
of X*(A) ®; R spanned by ®(A). Then ®(A) is a root system in Ey and the corresponding
Weyl group is given by the restriction of W (A) to Ey. Moreover every element of W(A) has
a representative in Nyo(A).

For a proof, see Richardson [21, 4.7].

Note that if 7" is a maximal torus of G containing A, then ®(A) coincides with the set
of restrictions of the elements of ®(7T') to A.
Another important K°-conjugacy class of #-stable maximal tori of G is the one containing

a maximal torus of K. They appear as 6-stable maximal tori in a 6-stable Borel subgroup
of G.
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Proposition 1.6 If B is a 0-stable Borel subgroup of G and T a 6-stable maximal torus of
B, then BN K° is a Borel Subgroup of K° and K°N'T is a mazimal torus of K°.

All these maximal tori are conjugate under K°:

Proposition 1.7 If S is a mazimal torus of K, then Zg(S) is a maximal torus of G. All
mazximal tori of G, containing a mazimal torus of K°, are conjugate under K°.

For a proof of these results, see Richardson [21].

2 Some properties of involutions of root systems

In the sequel we shall need various properties of involutions in Weyl groups, which commute
with a fixed involution 6 of the corresponding root system. We shall review these properties
here. Our basic reference for root systems is Bourbaki [5].

2.1 Let E be a finite dimensional real vector space, & C E a (reduced) root system, (-, -)
an Aut(®)-invariant inner product of £ and X D @ a free abelian group contained in the
weight lattice of ®. For a closed subsystem ®; of ® let W (®;) denote the finite subgroup of
Aut(®) generated by the reflections s,, a € ®;. We will also write W for the Weyl group
W(®P).

2.2 f-order on ®

Let 6 € Aut(®) be an involution, i.e. #* = id. Denote the eigenspace of 6 for the eigenvalue
&, by E(0,¢). Similarly as in [8] we define a §-order on ® related to the projection of E on
E6,-1).

Let Xo(0) ={x € X | 0(x) = x} and ®¢(0) = PN X,(#). Clearly Xy(0) and Py(0) are -
stable and @ () is a closed subsystem of ®. We denote the Weyl group of ®4(6) by Wy(6) and
identify it with the subgroup W (®y(6)) of W. Let W1(0) = {w € W | w(X,(0)) = Xo(0)},
Xy = X/Xo(0) and let m be the natural projection from X to Xy. Every w € W1(#) induces
an automorphism 7(w) of Xy and m(w(y)) = m(w)(7w(x)) (x € X). U Wy = {n(0) | w €
W1(0)}, then Wo = W1 (0)/Wo(6). (See Satake [23, 2.1.3]). This is called the restricted Weyl
group with respect to the action of 8 on X. It is not necessarily a Weyl group in the sense
of Bourbaki [5, Ch. V|, no. 1].

Let &y = (P — ®((A)) denote the set of restricted roots of ® relative to 6. Similarly as
in [8] we define a f-order on ® by choosing orders on Xy(f) and Xy. To be more precise:
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Definition 2.3 An order = on X is called a 0-order if it has the following property:
if x € X, x>0, and x ¢ Xo(6), then 0(x) < 0.

A basis A of ® with respect to a f-order on X will be called a 6-basis of ®. We then
write Ag(0) = AN ®g(0) and Ay = 7(A — Ag(0)). Clearly Ag(6) is a basis of ®y(f) and a
similar property holds for Ay (see [8, 2.4]).

2.4 A characterization of # on a f#-basis of ¢

Let A be a #-basis of ®. Similarly as in [8, 2.8] we can write § = —id-0"-w(6), where wy(f) €
Wo(0) is the longest element of Wy(6) with respect to Ag(f) and 0* € Aut(X, P, A, Ay(f)) =
{¢ € Aut(X, @) | (A) = A, ¢(Ap(0)) = Ag(0)}, (6*)* = id. For more details see [8, §2].
This will be called a characterization of § on its (+1)-eigenspace (because Wy(0) is the Weyl
group of ®y(0) C E(0,+1)).

2.5. Remark: The above characterization of involutions in Aut(®) is useful, if one needs
properties of both the involution and its restricted root system, like in [8]. To characterize
only the involution (without the restricted root system) it is a lot easier to work in the
opposite setting and use the (—1)-eigenspace to characterize the involution, i.e. start with
a basis of & N E(f,—1) and extend it to a (—0)-basis of ®. To be more precise: consider
the involution —0 = —id - 0 € Aut(®). Then Po(—0) = {a € & | (o) = —a} and
Wo(—0) = W(Py(—0)). Choose a (—0)-basis A of & corresponding to a (—6)-order on P.
Then

0 = (~0)"wo(~0) (1)

where wq(—0) is the longest element of Wy(—60) with respect to Ag(—0).

Especially for dealing with involutions in W this characterization is a lot easier. But
unfortunately we will also need the restricted root system. Therefore both characterizations
will be used and to avoid confusion we shall use a different notation for the characterizations
of involutions on their (—1)-eigenspace (so related to —6).

So if A is a (—6)-basis of ®, then write ®(0) for &o(—0), A(0) for Ag(—0), W(8) for
Wo(—0) and w(f) for wy(—0), the longest element of Wy(—0) with respect to A(f). Note
that W (0) C W1(0).

Remark: Instead of working with the #-order resp. (—6)-order on ® one can also use
regular vectors in E(6, —1) resp. E(6,+1), like in Springer [27].
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Definition 2.6 Two roots «, 5 € ® are called strongly orthogonal if (o, 5) =0 and o+ ¢
P,

We have the following characterization of involutions in W:

Proposition 2.7 Let § € Aut(®), 6% = id and let A be a (—0)-basis of ®. Write § =
(—0)* w() as in (1). Then the following are equivalent.

(1) 0 e W

(17) 0 = Sq, -+ Sa,, With aq,---, a, € (0) strongly orthogonal
(i13) (—0)" =1id
(v) —id € W(®(0)) = W (0)

(v) The irreducible components of ®(0) are of type Ay, By, Cy, Do, (n > 2), E7, Eg, Fy
or Gy

To prove this we will need the following wellknown result (see Carter [6, 2.5.5]).

Lemma 2.8 Letv € E andw € W such that w(v) = v. Then w is the product of reflections
corresponding to roots orthogonal to v.

2.9 Proof of Proposition 2.7: (i) < (iii) is immediate from (1) and (i7) = (i) is also
clear.

(i) = (4i). We use induction on rank(®). If  has an eigenvalue 1, then use induction and
(2.8). If # = —id, choose a root o € ®, which is a long root of some irreducible subsystem
(if different root lengths occur). Then s,0 has an eigenvalue 1 (with eigenvector «) and is
a product of reflections commuting with «, in strongly orthogonal roots. Since « is a long
root, the result follows.

(1v) = (ii) follows with a similar argument. Since 0|® (6, —) = —id, (i1) = (iv) is also
clear. Finally (iv) < (v) follows from [8, 2.9.2], which proves the result.
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2.10 Remark: Ifay,...,a, € ® are pairwise orthogonal roots of ®, then w = s,,....5,, € W
is an involution with E(w, —1) spanned by ay, ..., a,.. From the above result it follows, that
there are (3, ..., 3, € ® strongly orthogonal, such that w = sg,....53,.

In the remainder of this section we study involutions in W, which commute with 6. An
important invariant for the conjugacy class of an involution w € W is the dimension of its
(—1)-eigenspace. If it is maximal, then it is the opposition involution with respect to some
basis of ®.

Proposition 2.11 Let w € W such that w? = id and dim E(w,—1) is mazimal, (i.e. if
reW,r*=id, E(r,—1) D E(w,—1) then r = w). We have the following:

(1) There is a basis A of ® such that w is the opposition involution of W with respect to
A.

(2) All involutions w € W with E(w, —1) mazimal are conjugate.

Proof: Consider the involution —w = —id - w € Aut(®). Let A be a basis of ® such that
AN E(—w,—1) is a basis for ®(—w) = {a € ¢ | w(a) = a}.

If « € &(—w), then dim E(s,w, —1) = dim E(w, —1)+ 1, which contradicts the fact that
E(w,—) is maximal. So ®(—w) = () and hence —w is a diagram automorphism of A. This
proves (1).

(2) follows from the fact that all opposition involutions in W are conjugate (see Bourbaki

[5])-

Definition 2.12 An involution w € W is called a 0-mazximal involution of W if E(w, —1) C
E(0,—1) and w is a mazimal involution of W (0).

Corollary 2.13 Let 6 € Aut(®), 6% = id. All §-mazimal involutions of W are conjugate
under W(0) C Wy(6).

Proof: This result follows immediately from (2.11) applied to the root system ®(0).

Corollary 2.14 Let 0 € Aut(®), 6% = id and wy a 0-mazimal involution of W. If w € W
with E(w, —) C E(0,—) then there exists w, € W (0) such that E(wiwwi ", —) C E(wp, —) C
E,—-).
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Proof: Let w’ be a f-maximal involution of W(#) with E(w’,—) D E(w,—). The result
follows now from (2.13).

We will need the following result:

Lemma 2.15 Let § € Aut(®), 62 = id and assume g is a root system with Weyl group
Wy. If ® is irreducible, then ®q is irreducible.

Proof: It suffices to prove that for any two orthogonal roots a, 3 € ®, there exists a v € ¢
such that («,v) # 0 and (5,7v) # 0.

If & and (8 are contained in a subsystem ®, of type By or G5, then the result is clear. So
assume +(a + ) and +£1/2(a £+ ) ¢ . Let ey, ..., e, be a basis of E with e; = «, e5 = [3.
Define a total ordering on E as follows: If x = x1e; +.... + z¢; is a vector with x; # 0, then
x>0ifand only if z; >0, and y > zif y — 2 > 0 (y, 2 € £).

It is easy to verify that @ = {\ € ® | A > 0} is a system of positive roots and that a, 8
are elements of the corresponding basis A of ®.

Let aq,...,a, € A, with a1 = o, «, = (3, be the shortest chain in the Dynkin diagram
connecting o and 3. Then v = Y75 a, € ® and («,7) # 0 and (3,7) # 0. This proves the
result.

Conjugacy classes of involutions in W N Wy can be characterized as follows.

Proposition 2.16 Let 0 be an involution of ® such that ®y is a root system with Weyl
group Wy and let wy,wy € W be involutions with E(w;, —1) C E(0,—1) (i = 1,2). Then w;
and wy are conjugate under W if and only if they are conjugate under Wy(6).

Proof: The “only if” part being obvious, we assume w € W such that ww;w™ = ws.
If wy = id, then the statement is clear. So we assume that w; # id (i = 1,2). We will use
induction on the rank of ®.

If rank® = 1, then, since E(w;,—1) # 0 (i = 1,2), we have ® = &, and the result is
clear.

Assume now that the result is proved for root systems of rank < n and assume that
® has rank n + 1. Since w wiw™! = wy, we have w(P(w;)) = P(wy). Let a € P(wy)
(exists by (2.7)) and § = w(a) € ®(wsy). Since E(w;,—1) C E(0,—1) (i = 1,2), it follows
that both o, € ®y. Moreover, since 3 = w(a), both a and 3 are contained in one
irreducible component of ®. Hence by (2.15) in one irreducible component of ®. Since
W (®g) = Wi (0)/Wy(0), it follows that there exists @ € Wy (#) such that w(a) = 3.
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Let r1 = sguwiw™!, ry = sgwa, wyg = ww™ and $5 = Py(s5) = {y € ® | (8,7) =
0}. Now ri(8) = ro(B) = wo(B) = B, so by (2.8) ri,m2,wy € W(Pg) = Wy(sg). Since
worywyt = 1y it follows that there exists 7 € Wi (#) N Wy(sg) such that 7r 7! = ry. Now
r=7w € Wi(0) and rw,r~' = wy, which proves the result.

Corollary 2.17 Let 0, ®y be as in 2.16 and let wy be a O-mazimal involution of W. If
wy,wy € W are involutions such that E(w;, —1) C E(wy,—1) C E(0,—1) (i =1,2), then
wy and wy are conjugate under Wi(0) if and only if wow, and wows are conjugate under

W(6).

Proof: It suffices to prove one side of the implication. Assume w € W such that ww,w="! =

wy.

By (2.16) we may assume that w € Wj(wy), i.e. wow = wwy. But then w wow,w™! =

wows, which proves the result.

The following result is immediate from (2.16)

Corollary 2.18 Let 0,®y as in (2.16) and let wy be a 0-mazximal involution of W. If
wy, wy € W such that E(w;, —1) C E(wy,—1) C E(0,—1) (i =1,2) then the following are
equivalent.

(1) wy and we are conjugate under W.
(2) wy and we are conjugate under Wi ().
(3) wy and wy are conjugate under Wi(wy).
2.19 Remark: Combining (2.14) and (2.18) it follows that we can study conjugacy classes

(under W) of involutions in W (wy) instead of in W (#). Here wy is a #-maximal involution
of W.

The following result will be needed in the sequel:

Lemma 2.20 Let 0,0 € Aut(®P) be involutions with E(o,—) C E(0,—). Then we have the
following:

(1) 06 =bo.

(2) There exists a basis A of ® such that A(0,—) and A(o,—) are bases of (6,—) and
O (o, —) respectively.
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Proof: (1) Consider ¢ = o6 € Aut(P). Clearly ¢ is an involution and E(o, —) C E(¢, —).
On the other hand, if z € E(¢, —), then o(0(x)) = —0(z). Since E(o, —) C E(6, —) it follows
that © € E(o,—), hence E(o,—) = E(¢, —). But then ¢ = o and 06 = fo.

(2) follows by choosing a (—o)-bases for ®(f, —) and extending this to a (—6)-bases for
o.

3 Characterization of the conjugacy classes

In this section we show that the K-conjugacy classes of f-stable maximal tori can be
characterized by conjugacy classes of involutions in a Weyl group. These results are similar
to those for groups with a Cartan involution (see [10]). However in this case much stronger
results can be proved.

3.1 TFor a f-stable torus T, we reserve the notation T and T~ for T, and T}, respectively.
For other involutions of T" we shall keep the subscript. Let 7 denote the set of #-stable
maximal tori of G.

Definition 3.2 For Ty, Ty € T the pair (11, T3) is called standard if T, C Ty and Ty D Ty .
In this case, we also say that Ty is standard with respect to Ts.

The #-stable maximal tori of G can be put in standard position.

Lemma 3.3 Let Ty, Ty € T such that Ty7 D Ty (resp. Ty C Ty ). Then there ewists
x € Zyo(Ty") (resp Zyo(Ty)) such that (Ty, xTox™') is standard. In particular if Ty and
Ty (resp. Ty and Ty ) are K°-conjugate, so are Ty and Ts.

Proof: Let M = Zg(Ty"). Then T} and T, are 6-split tori of M. Let A C M be a
maximal f-split torus with A D 77 . Since T, is a maximal -split torus of M, there exists
by (1.4) axz € (M N K)® such that zAz~! = T, and hence 2T, 27! C Ty .

The second assertion follows with a similar argument.

A standard pair (77, 73) of f-stable maximal tori of G gives rise to an involution in W (7})
(resp. W(T3)).

Lemma 3.4 Let (T1,T5) be a standard pair of 6-stable maximal tori of G. Then we have
the following conditions:
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(i) There exists g € Zg(Ty Ty") such that gTig—' = Ts.
(it) If ny = 0(g)"tg and ny = 0(g)g™", then ny € Ng(T1) and ny € Ng(Ts).

(131) Let wy and wy be the images of ny and ny in W(T1) and W (T,) respectively. Then
w =e, w =e and ()}, = (Tx)f, = Ty Ty, which characterizes wy and ws.

Proof: Consider the group M = Zg(Ty T5"). Since Ty and Ty are maximal tori of M, the
first statement is clear.

(ii) and (4ii). Consider first ny. Since g € M and Ty = (17 T3 ) (T N g~ Ty g) it suffices
to look at T;" N g~ 'Ty g. So let x € T N g~ 'Ty g and write x = g 'tg with ¢t € T, . Then
manit = 0(g 't tg) = 0(x)"t = 271 Tt follows that

Int(n)|Ty Tyt =1, Int(ny)|TyF g ' Ty g = —id

which implies that ny € Ng(T1), wi = e and (T3);}, =T Ty .
The assertion for n, and wsy follows with a similar argument.

Remark: By (i7i) of Lemma 3.4, w; and ws are independent of the choice of g € G with
ghg™' =T

Definition 3.5 Let Ty, T, wy € W(11) and wy € W(T3) be as in Lemma 3.4. We call
wy (resp. weq) the Ty-standard involution (resp. Ti-standard involution) of W(Ty) (resp.

W(T3)).

For a #-stable torus T" of G we write W (T, K) for Ngo(T')/Zyo(T). Note that W (T, K) C
{weW(T)|w(T™)cCT }.

In the following we fix an element Ty € 7 (resp. S € T) such that T; (resp. ST) is a
maximal #-split torus of G. (resp. a maximal torus of K). Then by [21] W (T}, K) = {w €
W(To) | w(Ty) € Ty }-

The following result is stronger than the similar result in the case of groups with a Cartan
involution (see [8]).

Theorem 3.6 Assume that 11, T, € T such that they are standard with respect to Ty. Let
wy and wy be the Ty-standard and Ty-standard involutions in W (Ty) respectively. Then the
following are equivalent:

(i) Ty and Ty are K°-conjugate.
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(i7) wy and wq are conjugate under W (Ty, K).

(14i) wy and wy are conjugate under W (Tp).

Proof: (i) = (iii). Let k € K° such that ¥T1k~' = Ty. Then kT k™! = T5", KTy k71 =
T, . We will first show that 77 and T3, are conjugate under No(7p).

Let M = Zg(Ty ). Then T, and kT, k~' are maximal #-split tori of M, so by (1.4) there
exists k1 € (M N K)° such that k kT, k~k;* = T, . Since k1kTy kk;* and T are conjugate
under (Zg(Ty ) N K)°, it follows that we may assume that k& € Ngo(Ty), kT1k™" = T.
But then Ty k™! = Ty, KT k™! = Ty, so since (Tp), = To™T; (i = 1,2), it follows that
k(Ty) 5 k™! = (Tp),, what proves the result.

Since (i17) = (i7) follows from (2.16) it suffices to show (ii) = (i). Let w € W(Tp, K)
such that wwlw_l = wy and let k € Ngo(T, ) be a representative. Then kT, k! = Ti,
E(To), = (Tv)y,- Since (Ty), = To"T; (i = 1,2), we have kT7 k™' = Ty . The result
follows now from (3.3).

Corollary 3.7 Assume that 11,1y € T such that they are standard with respect to S. Let
wy and wy be the T\-standard and Ty-standard involutions in W (S) respectively. Then the
following are equivalent:

(i) Ty and Ty are K°-conjugate.
(17) wy and we are congugate under W (S, K).

(i19) wy and wy are conjugate under W (S).

Proof: (i) = (i1) Let k € K° such that kT k™' = T,. As before KT7 k™ = T3 KTy k=t =
Ty . Let M = Zg(Ty) and S = kSk™'. Now S* and ST are maximal tori of (M N K)°,
so by (1.7) there is a k; € (M N K)° such that k Stk;y' = ST. Since S = Zg(S*) (see
1.7) it follows that kjk1 € Ngo(S). So kikS™k™'k;' = S~ and k kT "k~ 'kt = Ty, Since
St = S7T; (i =1,2) it follows that k1kS) k~'ki" = S and kikS, k~'ki' = S,,. This
proves the result.

(1i) = (i4i) being clear, we are left to prove (iii) = (7). For this we will transfer the
involutions in S to involutions in a maximal #-split torus and then use Theorem 3.6.

Let w € W(S) be such that ww;w™' = w, and let g € Ng(S) be a representative. For
i =1,21let g; € Zg(T;"S™) be such that T; = ¢;Sg;*. Let T; C Zg(T;) be maximal tori
such that 7~ is a maximal #-split torus of Zg(T;") and T;F € T;F € ST (i = 1,2).
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Then T is standard with respect to 7; (i = 1,2). Let §; € Zg(T;*T;) be such that
GT,g7 =T, (i = 1,2). Since Ty and Ty are maximal f-split tori of Zg(S™), there exists
ke (Za(S7)N K)° such that kT k™" = Ty,

Write T = Ty and put hy = kg191, ha = G2gs. Then hiShi' =T (i =1,2).

Let ¢1 and ¢y : X*(S)=>X*(T) be the isomorphisms induced by h; and hy. Denote the
corresponding isomorphisms of W (.S) and W (T') also by ¢; and ¢o. Set wy = ¢1(w;) and
Wy = Po(wy) € W(T'). Then:

Ty, =Sy hi' CkaiTy gk~ C Tand Ty, =hoSy hy' C §:Ty8,' =T, CT-
In particular, since T;” = S~ - ¢;S,, g; " (i = 1,2) we have:
kKT k™ =S~ ka1 Sy, g7k~ = S"mS, hi' = S™T; and T; =S heS, hy; =S Tg,.

Let go = haghy* € Ng(T). Then goT5, 90" = T,
W(T).

Since S is standard with respect to T', there exists a S-standard involution wg € W (T')
such that T,j =T - S~. Moreover wow; = wywy (i = 1,2) and Tz, C T, .

By (2.17) wow;, and wow, are conjugate under W(7T) so by (3.6), there exists a r €
W (T, K) such that rwyw,r~! = wys. Let h € Ngo(T) be a representative of r.

Then hT, z k™' = T, 5, but since Ty = TTT; (i = 1,2) and KT h™" = T, it

follows that hT; h~' = T . The assertion now follows from (3.3).

hence w; and w, are conjugate under

Remark: This characterization in terms of involutions in W (S) is more general than the
one in Schmidt [24] for k = R, which deals only with the case of rank G = rank K°.

4 Characterization of the standard involutions

The results in (3.6) and (3.7) provide a sound criterion when elements in 7 are K°-conjugate.
To complete the characterization of K%-conjugacy classes of 7, we need to determine those
w € W(Ty) (resp. W(S)) which are the T-standard involutions for some T € 7. This will
be dealt with in this section.

4.1 Let T € Tand w € W(T) satisfying w? = e and wf = Qw. Set G,, = Zo(T). Let n be
the preimage of w in Ng(T'). Then n € Zg(T,}) and T, N Z(G,,) is finite. As a consequence

T., is a maximal torus of [Gy,, Gy
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Recall that an involution 6 of a connected reductive group M is called split if there exists
a @-split maximal torus of M.

Definition 4.2 Let T € T and w € W(T). We say that w is 0-singular if
(1) w? =e
(2) w = wb
(3) 0|[Gw, Gy is split
(4) rank [Gy, G, N K = rank |Gy, Gy].

A root o € (T is called 0-singular if the corresponding reflection s, € W(T') is 0-singular.
The following result is well known:

Lemma 4.3 0 € Int(G) if and only if rank G = rank K.

Proof: Assume first that there exists a € G such that 6(z) = axa™" for all z € G. Let S
be a maximal torus of K°. Since 0|S = id, it follows that a € Zg(S). By (1.7), Zg(9S) is a
maximal torus of G. Hence 0|Z5(S) = id, so S = Zg(S). In other words rank G' = rank K°.

Assume next that T is a maximal torus of K and G. Since 0|T = id € W(T), there
exists t € T such that 0(z) = tzt™! for all x € G. (See Springer [25, 11.4.3].) So 6 € Int(G).

Lemma 4.4 Let T be a 0-stable mazimal torus of G with maximal T~ (resp. TT) and
w € W(T) 0-singular. Then we have the following conditions:

(i) (T.))” =T, is a 0-split mazimal torus of (G, Gy| (resp. (T.,)" =T, is a mazimal
torus of [Gu, Gy N K).
(i7) T,F =TH(T7)} (resp. T,F =T(TT)F).

w

(13i) w is the Ty-standard involution in W(T') for some Ty € T.
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Proof: We show the assertion for the case that 7~ is maximal. The result for the case
that T is maximal follows with a similar argument.
(i) From 6w = wé it follows that T~ = (T7)L(T7),,.
torus of G, also (7'7),,
it follows that (7)., is a maximal torus of |G, G,]. Hence (T7), =1, .
(14) is immediate from (i) and the observation that T,) = (T.))*(T.}).

(#77) Let S be a maximal torus of [G,,, Gy] N K. Then Ty = ST} is a maximal torus of
G and by (i) (11,7 is standard. Clearly w is the Tj-standard involution in W(T).

Since 7'~ is a maximal #-split
is a maximal @-split torus of [Gy,, G,]|. But since 0|[G,,, G| is split,

We now have the following characterization of the K%-conjugacy classes of 7.

Theorem 4.5 Let T be a 0-stable mazimal torus of G with maximal T~ (resp. TT). Then
there is a one to one correspondence between the K°-conjugacy classes of T and the W (T)-
conjugacy classes of 0-singular involutions in W(T).

Proof: Consider first the case that 7~ is maximal. By Proposition (3.6) and (iii) of
Lemma 4.4, it suffices to show that the standard involutions are #-singular. Let 77 € 7 such
that (77,7 is standard and let w € W(T) denote the T-standard involution in W (7). By
(i71) of Lemma 3.4 T, = Ty Tt. Clearly T,/ is 6-stable and so wf = fw. On the other hand
T-, Ty € G, and their images in G,,/Z(G,,) are maximal tori of G,,/Z(G,). It follows
that 0|[G, Gy] is split and rank|[Gy, Gy] = rank([Gy, Gy N K.). So w is #-singular.

The result for the 7" maximal follows with a similar argument.
In the case that T~ is maximal it is easy to determine the #-singular involutions.

Theorem 4.6 Let T be a 0-stable maximal torus of G with mazimal T~ and w € W(T),
w? = e. Then the following are equivalent:

(1) w is O-singular

(i) T., C T~

Proof: (i) = (i) follows immediately from Lemma 4.4 (7).

(77) = (i). From 2.20 it follows that w and 6 commute. Since 7, is a #-split maximal
torus of [Gy,Gy| it suffices to show that rank [Gy,Gy| = rank ([Gy, Gy N K). This
follows from Lemma 4.3 and the observation that 0|7, = w|T,, = —id € W(T,,, G\, ), hence
0|Gy € Int(Gy).
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Remarks: (1) This result is stronger than the equivalent result in the case of groups with
a Cartan involution [10, 12.10].

(2) In the case that T is maximal, an involution w € W (T') with T,; C T'" is not necessarily
O-singular. For example, take 6 € Int(G) and G has no #-split maximal torus.

The #-singular involutions can be characterized in terms of a product of reflections of
f-singular strongly orthogonal roots. First we need the following:

Lemma 4.7 Let T be a 0-stable mazimal torus of G and let ¥ = {ay,---, .} be a set of

strongly orthogonal roots of ®(T'). Let Gy denote the closed subgroup of G generated by the
G, (i=1,---,7). Then:

T

Gy, Gy = H[Gsaia Gsai]

i=1
Moreover, if aq,-- -,y are O-singular, then 0||Gy, Gy] is split and rank |Gy, Gg] =
rank ([Gy, Gy| N K).

Proof: Since (G, ,G,,] = efor a, 3 € ®(T') strongly orthogonal, the first assertion is clear.
If ay, -+, a, are f-singular, then rank([Gy, Go]NK) = 32i_; rank([Gs, , Gs, |NK) =1 =
rank|[Gy, Gy|. The result follows now from Lemma 4.4.

Proposition 4.8 Let T be a 6-stable maximal torus of G with dim T~ = r, dim Tt = s.
Then the following are equivalent:

(1) 0 € Int(G) and 0 is split.

(17) there exist strongly orthogonal subsets {aq, -+, .} and {f1,- -, Bs} of O-singular roots
of ®(T), such that 0(ey;)) = —cy; (i =1,---,7), 0(B;) =6; (j =1,---,s) and —id =

Sar """ SapSp " 5B,

Proof: We prove (i) = (i7) by induction in several steps.

(1) If both T" and T~ are nontrivial, then the derived subgroup of Zg(T") satisfies the
conditions. Hence the induction argument works. So it suffices to prove the result in the
cases that T =T~ or T =T".

(2) Assume first that T = T~. Since 0 € Int(G), we have 0|T = —id € W(T). Let
ag, -+, € O(T) be strongly orthogonal such that —id = s,, -+ - Sa,. By Proposition 4.6
each o; (i =1,---,r) is O-singular.
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(3) Assume next that T'=T*. Let Ty be a #-split maximal torus of G. Then —id € W (T)
and —id = Sq, - Sa, With aq,---a, € ®(Tp) strongly orthogonal #-singular roots. Let
¥ = {a, -+, .} and Gy the subgroup of G' generated by the G, (i = 1,---,r). From
Lemma 4.7 it follows now that Gy satisfies (¢). Let S be a maximal torus of Gy N K.
Then (5, Gy) = ®(Th, Gy) is of type Ay + - -+ + Ay (r times) and each root of ®(S,Gy)
is f-singular, because 0|[G, ,Gs, | # id for (i =1,---,7). Say ®(5,Gy) = {7, -, %}
Since S and T are K%-conjugate, 71, --,7, are mapped into a set of strongly orthogonal
@-singular roots of ®(7"), which proves the result.
(17) = (i) follows immediately from Lemma 4.4.

Corollary 4.9 Let T be a 0-stable mazximal torus of G and w € W(T) a 0-singular in-
volution. Then there exists strongly orthogonal subsets {aq,---,a.} and {f1,---,0s} of
6-singular roots of ®(T'), such that (coy) = —a; (i=1,---,7),0(6;) =0; (j=1,---,s) and

w = Soq ..'S(Jérsﬁl ...863'

Proof: Consider G,, = Z¢(T,}). Then the result follows from 4.8.

A f-singular involution corresponds always to a K°-conjugacy class of a f-stable maximal
torus:

Corollary 4.10 Let T be a 0-stable maximal torus of G and w € W(T) a 0-singular invo-
lution. Then there exists g € G such that gT'g™" is 0-stable and n = 0(g)g~" € Ng(T) is a
representative of w.

Proof: We may assume that G = GG,,. Then from Proposition 4.8 it follows that @ is split
and rank G = rank Gy. Let Tj be a #-split maximal torus of Zg(7~) and g1 € Zg(T ) such
that Ty = g1Tg;'. Let Ag = ¢1TFg;' € Ty. Then Ty = T~ Ay. Consider M = Zg(Ay).
By (4.8) rank [M,M] = rank [M,M] N K. Let Sy be a maximal torus of M N K. Then
S = Zy(Sp) is a maximal torus of M (see 1.7). Let g, € M such that S = g,Tpg,*. If we
take g = gagy then S = gTg™! and n = 0(g)g~' € Ng(T) is a representative of w.

For a @-singular involution w € W(T') and g € G as in 4.10, we will also write “T for
the maximal torus g7'g~ ! in 7. Note that “7T is not necessarily standard with respect to 7.

4.11 Remark: If £ = R one uses the notion of real and imaginary roots (see [7] or [34]).
This corresponds to the following: Let T' be a #-stable maximal torus of G and a € ®(T)
O-singular. Then O(«a) = +a. If f(a) = —a we call « a real root. If () = a we call «
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an imaginary singular root. If f(a) = a and « is not f-singular, then « is called a compact
imaginary root. We have now the following:

Proposition 4.12 Let T be a 0-stable maximal torus of G. Then we have the following:
(1) T is mazimal if and only if ®(T') has no real roots.
(13) T~ is mazimal if and only if ®(T) has no imaginary singular roots.

(23i) If o € O(T) with () = —av, then « is real.

Proof: The assertions (i) and (ii) are immediate from (4.6) and (4.8).

(iii). Let a € ®(T) with (o) = —a. Then 0|[G,,,Gs,] # id. If ([Gs,,Gs, ] N K)? =
{e}, then by Richardson [21], it follows that [G,,Gs,] is a torus, which is impossible. So
([Gso, Gs, ] N K)® # {e} and |G, ,Gs,] N K contains a non-zero torus of rank 1. So « is
f-singular.

From the classification of involutions in [8] and the above results 4.5 and 4.6 we get the
following result:

Proposition 4.13 The set of K°-conjugacy classes in T is independent of the characteristic
of the field k, if char k # 2.

5 Conjugacy classes of maximal k-tori in groups with
a Cartan involution

In this section we consider the conjugacy of maximal k-tori in groups with a Cartan invo-
lution, as in [10]. This includes all reductive groups defined over R. It will be shown that
these conjugacy classes are independent of the k-structure and correspond bijectively with
the K°-conjugacy classes in 7 as in (4.5)

5.1 In this section let k be a field of characteristic not two, G a connected linear reductive
k-group and # a Cartan k-involution of G, as in [10, 11.8]. The following result follows from
(10, 2.4]:

Lemma 5.2 Let T' be a mazximal k-torus of G. Then T is Gy-conjugate with a 0-stable
mazimal k-torus.
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Using the Cartan decomposition for G} we get:

Proposition 5.3 Let 1,15 be 0-stable maximal k-tori of G. Then Ty, Ty are conjugate
under Gy, if and only if Ty and Ty are conjugate under K.

Proof: The “if” statement being clear, assume that g € G, such that ¢7,¢~* = T,. Write
g = shy with s € 7(Gy) = {20(x) ™ | # € Gy}, h1 € K}, as in [10, 11.7]. Let T3 = b Tihy "
Since T, is a maximal k-split torus of T; (i = 1,2) and sT5 s™! C Ty is k-split, it follows
that sTy s~ =Ty, .

Now s? € Zg(Ty ), namely if t € Ty, then 0(sts™!) = s71t71s = st~ 157!, hence s*ts™2 =
t. Since s is k-split semi-simple (see [10, 11.7]), it follows that s € Z5(T5 ). Hence Ty =Ty .

Let M = [Za(Ty ), Zg(T5 )]. Then S3 = T5N M and Sy = Ty N M are maximal k-tori of
MNK. Since MNK is anisotropic over k, there exists hy € (MﬂK)g such that hQS3h2_1 =5y
and hence hngth =T,. Let h = hihy. Then h € K}, and hT h~! = T5. It remains to show
that Ty and T, are conjugate under KY. Let A D Ty be a maximal (6, k)-split torus of G.
By [10, 11.6(ii)] Ky C AxKp. Write h = a - hy, a € Ay, ho € K}. With a similar argument
as above it follows that there exists hy € K} such that hghoTihoks ! = Ty, which proves the
result.

Lemma 5.4 Let T be a 0-stable mazimal torus of G. Then there exists h € K° such that
hTh=1 is a k-torus.

Proof: Let A be a maximal (6, k)-split torus of G. Then by [10, 11.4] A is maximal #-split.
Let Ty O A be a #-stable maximal k-torus. By Lemma 3.3 there exists k € K" such that
kTk~! is standard with respect to Ty. Now KTk~ C A is defined over k, so using induction
on Zg(kT~k™1) the result follows.

Proposition 5.5 Let Ti, T be 0-stable maximal k-tori of G. Then T, and Ty are K°-
conjugate if and only if Ty and Ty are K} -conjugate.

Proof: The “only if” statement being clear, assume = € K° such that 2Tz~ = T,. For
i = 1,2, let A; be a maximal (0, k)-split torus of G, such that A; D T;. Since rA;z~!
and A, are maximal (0, k)-split tori of Zg(Ty ), there exists 1 € (Zg(Ty ) N K)° such
that z, 24107 27! = Ay, Let mp = 212, By [10, 11.4 (ii)] there exists y € K such that
yAiy~t = Ay. Then y 'z € Ng(A;). From [10, 11.4 (iv)] it follows that there exists
n € Ngo(A;) such that ny'xzg € Zg(A). Let yo = yn~' € K. Then yoA1y;" = Ay and
voTy ;' = T, . Using induction on Zg(T, ) the result follows.
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Corollary 5.6 Let G,0 be as above. Then there is a one to one correspondence between
the Gy-conjugacy classes of mazimal k-tori of G and the K°-conjugacy classes of 0-stable
mazimal tori of G.

Proof: The result is immediate from (5.2), (5.3), (5.4) and (5.5).

5.7 Remarks: (1) For k = C there is a one to one correspondence between the real forms
of G and the involutions of G (see [8, §10]). In particular, every involution of G is a Cartan
involution for some real form of G. So the K°-conjugacy classes in 7 depend only on the
involution. It is clear now that the results in sections 3 and 4 generalize the results in
Kostant [13], Sugiura [31] and Schmidt [24].

(2) Instead of the action of Int(Gj) on the maximal k-tori one can also consider the action
of Aut(Gy) on the maximal k-tori. Using similar arguments as above, it is not hard to prove
that this results in a conjugacy of the standard involutions under Aut(7"). We state the
result, without proof:

Proposition 5.8 Let Ty be a 6-stable maximal k-torus with T, maximal and Ty, T, 0-stable
maximal k-tori of G, which are standard with respect to Ty. Let w; € W(Ty) be the T;-
standard involution (i = 1,2). Then the following are equivalent:

(i) There exists ¢ € Aut(Gy) such that ¢(Th) = Ty,

(71) wy and we are conjugate under Aut(Ty).

6 The diagram of K’-conjugacy classes in 7

In this section we introduce a diagram associated to the K°-conjugacy classes in 7. For
k = R such a diagram was used, among others, for the study of invariant eigendistributions
of Laplace operators on real simple Lie groups (see Hirai [12]). We generalize the results in
[12] and also provide a technique to move to different nodes in the diagram.

6.1 Denote the set of K%-conjugacy classes in 7 by 7x. The elements of Tx will be denoted
by [T], where T' € T is a representative.

Like in 3.5 fix #-stable maximal tori Ty and S of G' with T, maximal, S maximal and
S standard with respect to Ty. By 3.4 every class [T] in 7x has a representative, which is
standard with respect to T and S simultaneously.
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6.2 For a #-stable maximal torus 7" of G' denote the set of W (T')- (resp. Aut(T)-) conjugacy
classes of involutions in Aut(T) by Ar (resp. A7) and the subset of conjugacy classes of
involutions in W(T') by Wr (resp. W;). If T is -stable, then we denote the subset of
conjugacy classes of f-singular involutions in W(T") by Wr(0) (resp. Wy (0)).

The elements of Ar (resp. Aj) will be denoted by [o] (resp. (o)), where o € Aut(T) is
an involution in the class [o] (resp. (0)).

If T'=Tg or S then the classes in Tk correspond bijectively with those in Wr(0) (see 4.5
and 4.6). The set W;.(0) represents the classes under outer automorphisms, as in the case
of Cartan groups, (see 5.8).

An order on 7x can be defined as follows:

Definition 6.3 Let [T],[Ts] € Tx. We call [T7] < [Ts] if and only if Ty C Ty, C Ty for
some representatives T; of [T;] (i = 1,2), which are standard with respect to Tp.

Denote the corresponding diagram by L£(6). Clearly £(6) is connected with [Tp] as a
greatest element and [S] as the least element. The level function d : £(0) — Z is defined
by:

d([T]) = dim(T™) — dim(S™) (2)

where T' is a representative of [T'], standard with respect to S and Ty. We will say that [75]
covers [T1] if [Ty] > [T1] and d([T3]) = d([T1]) + 1.
This order > can also be formulated in terms of an order on Wr,:

Definition 6.4 Let T be a mazimal torus of G and let [o1], [02] € Ar. We call [o4] < [o9] if
and only if (T');, D (T'),,, for some representatives oy resp. oo € Aut(T) of [o1] resp. [o2].
If T is O-stable, then the restriction of > to Wr(0) will also be denoted by >.

6.5 Remarks: (i) An order on A% is defined similarly as in 6.4.
(7). In the case that T' = Tp, Proposition 4.6 implies that if [wy], [we] € W, (), then

[w1] < [wa] & T4 D (T6), 2 (10)w, (3)

where w; € W(Ty) is a f-singular representative of [w;] (i = 1, 2).
(77i) If we use the identification of 7x and Wy, () as in 4.5, then the ordering in 6.3 and
6.4 are basicly the same. Namely if wy, ws € W(Tp) are #-singular involutions, then by 4.4
(#ii) there exist maximal tori 77, T» € 7 such that w; is the T;-standard involution of W (Tj)
(¢ =1,2). Then

Ty Ty < (To)y, O (To)w, (4)
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Hence

[Th] < [Ta] & [wi] < [wy].

(iv) For a maximal torus 7" and an involution o € Aut(T) let W(o) (resp. W*(o)) denote
the subset of those [w] € Wy (resp. Wy) with [w] > [o]. If 0 = 6 then W(0) D Wr(0). The
diagram of (Wr, >) (resp. (W'p, >)) will be denoted by £(®(T")) (resp. L*(P(T))) and the
diagram of W(o),>) (resp. (W'r,>)) by L(o) (resp. L£L*(0)). Similarly as in 6.3 we can
define a level function on L(0).

For T' = Ty the greatest element in W(0),>) is [id] and the least element is [wy], where
wp is a f-maximal involution in W (Ty), (see 2.14). This involution is nothing else than the
S-standard involution for some maximal torus S with S* maximal.

From (2.16) and (2.18) we have now the following identification.

Proposition 6.6 Let G, Ty, 0 be as above and let wy € W (Tp) be a 6-maximal involution as
in (2.14). Then Wr,(0) = W(0) = W(wy).

This result is useful for determining the diagrams.

6.7 Running through the diagram

To move in the diagram we can use the #-singular roots as in 4.11. They enable us to go
step by step through the diagram, using in each step a real root or a #-singular imaginary
root of a maximal torus corresponding to that node. The question which remains is whether
we can go in one step from a given class [T] € Tk to any other class in Tx by a f-singular
involution of W(T') (see 4.10). In the remainder of this section we will show when this is
the case and we will also indicate when this does not hold.

For [T1], [T3] € Tk consider the covering set:

M([T], [Ta]) = {[T] € Tk [ [T] > [T3] and [T] > [To]}.

The set M([T1],[T%]) can be ordered with the order induced by > on 7x. Let [T,,] be a
minimal element. One can get from [1,,] to [13] via a @-singular involution w; in 7, and
also from [T},] to [T%] via a f-singular involution wsy in 7). In most cases wy can be chosen
in 77 and w; in Ty for ®(T,,) irreducible. The only problems arise when ®(7,,) has two
root lengths.
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6.8 Example: Let G be of type By and 6 € Aut(G) a split involution. Then 7k has two
classes of level 1, corresponding to the long and short root. It is not possible to move from
one class to the other by a single #-singular involution. However, if ®(7") has only one root
length, the f-singular involutions reach the whole diagram:

Proposition 6.9 Let G be simple and let [T1],[T5] € Tx. If ®(T1) is simply laced, then
there exists a 0-singular involution w € W (T}) such that T € [Ty]. (see 4.10).

Proof: Let [T] € M(|T\],[T3]) be a minimal element and T" € 7 a representative of [T7].
Choose representatives T; of [T;] which are standard with respect to T" and let w; € W (T') be
the corresponding T;-standard involution (i = 1,2). We will prove the assertion in several
steps:

(1) (T, NT,,)° = (T, )w, = {€}. This is immediate from the fact that 7" is minimal in
M([T3], [T3]).

(2) If a, B € (T') with 0(a) = wy(a) = —a and 0(F) = wa(B) = —F, then a LS.

Write T, = (T,,,)5. (T )5, and T, = (T,,,)3,(T,,)5,- Let @45 be the subsystem of &(T)
spanned by « and (. Since |a| = ||, there exists wy € W(®P, ) such that wy(a) = .
Clearly wy stabilizes both (T, )7 and (T7,);,. It follows that in Wr we have [s5] > [w)]
(i =1,2). (see 6.5). But this contradicts the fact that [T] is minimal in M ([T}], [T3]).

(3) Ty, € T,f., so in particular T, C Ty . This follows immediately from (2) and the fact
that T,; =T - Ty (see 4.4).

(4) Let w3 € W(T1) be the involution induced by wy, € W(T), ie., (T1),, = T,,- If
wy € W(T1) is the T-standard involution, then w = wswy € W(T}) is special #-singular and
“Ty € [Ty]. This proves the result.

7 Classification of 7y

In this section we will classify the conjugacy classes of §-singular involutions in W (T'), where
T is a f-stable maximal torus of G with T~ maximal. By 4.6 this gives also a classification
of TK

7.1 We will use the same notation as in Section 2. In particular let E be a finite dimensional
real vectorspace, ® C E a root system, (-, -) an Aut(®)-invariant innerproduct on E, W
the Weyl group of ® and 0 € Aut(®) an involution.
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We want to determine the conjugacy classes of involutions w € W with E(w,—) C
E(0,—). From 2.20 (i7) it follows that these involutions determine subsets of a basis A of @
(i.e., parabolic subsets of (®,A)). We will first show that we can restrict to the conjugacy
of these subsets.

Definition 7.2 Let A be a basis of ®.

(1) Two subsets Ay, Ay C A are called W-conjugate (resp. Aut(®P)-conjugate) if there
exists w € W (resp. ¢ € Aut(®P)) such that w(Ay) = Ay (resp. p(Ar) = Ay).

(2) An involution w € W is called A-standard if A is a (—w)-basis of ® (i.e., E(w,—) N
A = A(w) is a basis for ®(w)).

Let A be a fixed basis of ®. Clearly every involution in W is W-conjugate to a A-standard
involution, because W acts simply transitive on the bases of ®. For the conjugacy of A-
standard involutions we can restrict now to the conjugacy of the corresponding parabolic
subsets:

Proposition 7.3 Let A C ® be a basis and wy,ws A-standard involutions in W. Then
wy, wy are W-conjugate (resp. Aut(®)-conjugate) if and only if A(wy), A(ws) are W-
conjugate (resp. Aut(®)-conjugate).

Proof: The “if” statement follows from the fact that w; is the longest involution of W (w;)
with respect to A(w;) (i = 1,2).

On the other hand, if w € W is such that ww;w™! = wy, then w(E(wy, —)) = E(ws, —),
w(P(wy)) = ®(wy). Since w(A(wy)) and A(wsy) are bases of ®(w,), they are conjugate by
an element of W(wy) C W. This proves the result.

The statement for Aut® follows with a similar argument.

Definition 7.4 Let A be a (—0)-basis of ® and wy a fized 0-mazimal involution of W (6),
which is A-standard. (wq exists by Lemma 2.20.(i7)). An involution w € W is called
(A, wp)-standard if w is A-standard and A(w) C A(wyp).

Corollary 7.5 Let 0 € Aut(®) be an involution, A a (—0)-basis of ®, wy € W(f) a 6-
mazximal involution, which is A-standard. Then we have the following:

(i) If w € W is an involution with E(w,—) C E(0,—), then there exists w € W1(0) such
that www ™ is (A, wy)-standard.
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(i7) If wi,wy € W are (A, wy)-standard involutions, then wy,ws are W-conjugate (resp.
Aut(®)-congugate) if and only if A(wy) and A(ws) are W-conjugate (resp. Aut(P)-
conjugate).

Proof: (i) is immediate from Corollary 2.14 and Lemma 2.20 and (i¢) follows from Pro-
postion 7.4.

The proof of this result is a bit more technical. Since the result is not essential in the
remainder of this paper and follows also immediately from the classification in section 7,
we omit the proof. The classification of conjugacy classes in W with E(w,—) C E(0,—)
reduces to the study of the parabolic subsets of ®(wg), which correspond to an involution
in W. Here wy denotes a f-maximal involution in W (6). Before we can determine these
parabolic subsets and in particular the ones corresponding to the 8-maximal involutions, we
will have to classify all the conjugacy classes of involutions in W. This corresponds to the
case that @ is split.

7.6 Notations: Let A be a basis of ® and A a subset of A. If ®(A) is of type A;+- - -+ A,
(r times), then we will also use the notation r - A;.

In the case that ® is a root system of type Dy(¢ > 4) we will denote the subsystem A,
corresponding to the two endnodes {ay_1, ¢} by Ds (see (5))

1 2 -3 -2
O—O - (5)

This subsystem is not W-conjugate to any of the other subsystems of A of type A; + A;.
(All of the subsystems of A of type A; + A;, which are not of type Ds, are W-conjugate
(see 7.15)). In Kostant [13] the roots in the subsystem Dy are called related.

To distinguish between long and short roots in B, (¢ > 2), we will write B; for the
subsystem of type A; corresponding to the unique short root. Similarly we write Cy for the
long root in the bases of a root system of type C,.

The possible types of the parabolic subsets related to involutions in W follow directly
from 2.7.5.

Lemma 7.7 Let ® be irreducible and w € W an involution. Then ®(w) is of type r- A;+ Xy,
where either X, =0 or one of By({ > 1), Cy(£ > 1), Doy(£ > 1), E;, Eg, Fy or Gs.
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In order to be able to use induction, we will have to look at orthogonal complements.
For a subset R of ® let R+ = {a € ® | (o, 3) = 0 for all 3 € R}. Clearly R* is a closed
subsystem of ®. If w € W is an involution and A(w) a basis of ®(w), then ®(w)* = A(w)*.
Moreover ®(w)* = ®(—w).

Lemma 7.8 Let ® be irreducible, A a basis of ® and w € W a A-standard involution. Let
Ay be an irreducible component of A(w). Then ®(AL) is given in Table I.

Proof: Extend the Dynkin diagram of (®, A) with the highest long and short root. (See
[5]). Using this diagram and the fact that each root of ® is conjugate to either the highest
long or the highest short root, the orthogonal complements in Table I are easily derived.
For Fg note that there exists a subsystem of type Dsg.

In Table I the subsystems A_;, Ay and D; all denote an empty subsystem of ®.

Table I
Type ® Type A4 Type Af Type & Type A, Type Af
Ay Ay Ap_o Ey A Er
(¢>1) Dy D,
By Ay A+ Bi_o Dg 2. A
(@ > 2) By, (k’ < f) By_;. Er A
Cy Ay A+ Cis Eyg 1)
(é > 2) Ok (k? < 6) Cg_k F, A1 (ShOTt) Bs
D, Ay A+ Dy Ay (long) C3
(6 > 4) Dy, (2k’ < 6) Dy_op B, B,
Fs Ay As Bs Ay (short)
Dy 0 Cs A (long)
E; Ay Dg Fy 0
D, 3-A Go Aq (short) A;q (long)
Dg Ay Ay (long) A, (short)
Er 0 Go 0

Lemma 7.9 Let ® be irreducible and w € W a involution. Then ®(w)* is of type r- A;+ X,

where either X, =0 or X, irreducible.
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Proof: This result is immediate from Table I and Lemma 7.7.

Lemma 7.10 Let ® be irreducible, A a basis of ® and w € W a A-standard involution.
Let Ay = {a} be an irreducible component of A(w) of type Ay. Assume that the Dynkin
diagram of ® contains a subdiagram of the form:

Ap+1

ai ag Qg2 Qg1 Q

aq g A —1 (823 or

with ay an endpoint, o = « and oy ¢ A(w). Then there exists 1 € W such that
r(A(w)) C A and r(a) = a;.

Proof: Let R = {ay, -, ar} C A be the chain connecting a; and o = a. We will show
that there exists r € W(®(R)) such that r(A(w)) C A and r(«) = a;. Since W(P(R)) acts
trivially on A(w) — (RN A(w)), we may assume that & = ®(R) of type A;. We will prove
the result in a few steps:

() If g€ A(w), B =, # aand ayq1, -, 051 ¢ A, then there exists r; € W such that
ri(a) =06, m(f) =aand r(o;) =a; fori=1,---,r —2.

In the substystem A, spanned by a,.yo,- -, ay there exists ro € W(®(Az)) such that
ro(a,) = agie and clearly ro(oy) = «; for i@ = 1,---,r. So we may assume that Az =
{a, a,4+1, B} span a subsystem of type As. Let 3 € W(®(A3)) be such that r3(«) = 5. then
r3(0) = £06. So either r = r3ry or r = sgrary satisfies the conditions in (1).

(2) We may assume A(w) = a. Namely, using (1) we can exchange the position of o and
any other root in A(w), left of o in the diagram. If as € A(w), then exchange first o
and s (in the subsystem of type Ay). Then apply (1). Finally restricting to the subsystem
containing both « and «;, the statement (2) follows.

(3) a and o are conjugate under W. Since |a| = |ay| this statement is clear, hence the
result follows.

Proposition 7.11 Let ® be irreducible not of type D¢ > 4), A a basis of ®, w a A-
standard involution of W and Ay C A(w) an irreducible component. Then A(w) — Ay is
contained in the unique irreducible component of Ag of the highest rank.

Proof: (1) Assume first that Ay = {a} of type A;. From Lemma 7.10 it follows that we
may assume that « is an endpoint of the Dynking diagram (or a highest long or short root).
Since A(w) — Ag is contained in Ag N A, the result follows now from Table I.
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(2) If A is not of type Ay, then, since A(w) — Ag C Ag N A, the result is also immediate
from Table I.

Corollary 7.12 Let ® be of type Dy (¢ > 5) and A,w as in 7.11. If A(w) is of type
r- Ay + Dy (k> 1), then A(w) — Ay is contained in the unique irreducible component of
Ay of the highest rank.

The result follows with a similar argument as in 7.11.

7.13 Remarks: (i) Let ® be of type Dy (¢ > 5) and A = {ay, -+, ay} a basis of &, where
a; correspond to the i'® node in the Dynkin diagram.

O (6)

If Ag = {as1} (ie., one of the endnodes in the subsystem of type D), then aj ; N A =
{ag,...,ap_3,a4}. So the statement in 7.12 does not hold.

(i) If ® is of type Dy, then at is of type A; + A; + A; for any a € ®. However the
classification of the parabolic subsets related to involutions in W is rather simple. Let

A = {ay, g, a3, a4} be a basis of ® as in 7.12 (). Then we have the following possibilities
for A(w):

(1) A(w) = A of type Dy. Then w = —id.

(2) A(w) of type A;. Since all roots of ® are W-conjugate there is only one conjugacy
class.

(3) A(w) of type 3.4;. Then A(w) = {a1, a3, a4} and there is only one parabolic subsys-
tem of this type.

(4) A(w) of type 2.A;. There are 3 possibilities, A; = {a, a3}, Ay = {1, a4} and
A3 ==
Aut(®P)-conjugate.

{as,as}. Now Ay, Ay and Az are not W-conjugate, but they are clearly

Proposition 7.14 Let ® be irreducible, not of type Dy, A a basis of ® and let wi,wy be
A-standard involutions in W. Assume that A(w;) is of type r; A1 + Xy, with X, as in 7.7
(1 =1,2). Then we have the following.
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(1) If Xy, 20 (i = 1,2), then A(wy) and A(ws) are W- (resp. Aut(®)-) conjugate if and
only if 1 =19 and Xy, = Xy,.

(2) If Xy, =0 (i = 1,2) and ® not of type Doy, E, Fyor Go, then A(wy) and A(w,) are
W- (resp. Aut(®)-) conjugate if and only if ri = ry.

Proof: (1) The “if” statement being clear, assume r; = ry and Xj, = Xj,. Let Ag =
A(wy) N A(ws). Since Xy, # 0 we have Ay # 0. By 7.10 and 7.11 A(w;) — Ay and
A(wy) — Ay are both contained in the same irreducible component of Ag. The result follows
now with induction.

(2) Let Ay = {a} resp. Ay = {B} be irreducible components of A(w;) resp. A(ws). Since
¢ is not of type Fy or Ga, we have |a] = |3|. Moreover, since A(w;) has no irreducible
component of type Dy (i = 1,2), it follows from Lemma 7.10 that we may assume that
a = [ is an endpoint of the Dynkin diagram. But then the result follows from 7.10 and
7.11.

Lemma 7.15 Let ® be irreducible of type Dy, (¢ > 4), A a basis of ® and let wy,wy be
A-standard involutions of ®. If A(wy) is of type r.A; and A(ws) is of type (r —2).A; + Do
(r > 2), then A(wy) and A(ws) are not Aut(®)-conjugate.

Proof: Using 7.10 and 7.12 it follows that it suffices to prove this in the case that A(w;) =
{a, B} of type A;+A; and A(wy) = {ay_1, ap} of type Dy. From 7.9 it follows that A(w;)* is
of type Dy_5 and A(wsy)* is of type Dy_4+2-A;. If ¢ € Aut(®) such that ¢(A(w;)) = Aws),
then also ¢(A(w;)*) = A(wsy)* which is impossible. This proves the result.

Proposition 7.16 Let ® be irreducible of type Doy (£ > 2), A = {ay, -+, e} a basis of @
as in 7.12(i) and let w; be a A-standard involution of ® of type r;. Ay (i = 1,2). Then we
have the following:

(1) If € > r; (i = 1,2), then A(wy) and A(wy) are W- (resp. Aut(®)-) conjugate if and
only if ri = ro.

(2) If £ =1y =1y, then Ay = {041,0437 T 70426—37042(—1} and Ay = {041704:)” B 0424—3704%}
are Aut ®-conjugate but not W -conjugate.
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Proof: (1) follows with a similar argument as 7.14(ii).

(2) Clearly A; and A, are conjugate by a diagram automorphism in Aut(®, A). If w € W is
such that w(A;) = Ay, then using 7.10 we may assume that w(a;) = a; fori=1,---,2r—3.
So by 7.12 we can restrict to the case that ® is of type D,. But then, similarly as in 7.13
(17), Ay and Ay are not W-conjugate. This proves the result.

Proposition 7.17 Let ® be irreducible, A a basis of ® and let wy,wy be A-standard invo-
lutions of ® with ®(w;) of type r;.Ay (1 = 1,2). Then we have the following.

(1) If ® is of type E7 or Fy, then wy and we are W- (resp. Aut(®)-) conjugate if and only
if 11 = ry and type P(—w;) = type ¢(—wy).

(2) If @ is of type Go, then wy and wy are W- (resp. Aut(®)-) conjugate if and only if
Awy) = Aw,).

Proof: (2) being clear, it suffices to prove (1). Assume first that ® is of type E7, A(w;) is
of type 3.4; (i =1,2) and A = {ay,---,ar} as below.

1 3 j]4 5 6 7
Oo—0 O—0—=0

Using 7.10 it follows that A(w;) (i = 1,2) is conjugate to A; = {a1, a5, az} or Ay =
{ay, as, ar}. Since AT is of type 4.4, and Ay is of type D, the result follows.

If ® is of type F} the result can be shown using a similar argument as above.

For @ irreducible and w € W an involution, the types of ®(w) and ®(—w) are given in

Table II.

7.18 Remarks: Similarly as in 6.2 let WW denote the set of all W-conjugacy classes of
involutions in W. Define an order > on W as in 6.4. Then from 2.20 it follows that for
[w1], [wa] € W we have [wq] > [wy] if and only if A(w;) C A(wy) for some representatives w;
of [w;] (i =1,2)

The above results lead to the following classification of involutions in W:

Theorem 7.19 Let ® be irreducible, A a basis of ®, w € W a A-standard involution of
type r - Ay + Xy with Xy as in 7.7. Then we have the following:
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(1) The Aut(®)-conjugacy class of w is completely determined by the type of ®(w) except
in the cases E;, r =3, X, =0; Fy, r=1, X, =0; Gy, r =1, X}, = () where there
are 2 conjugacy classes of the same type. In the cases of E; and Fy the conjugacy
classes are completely determined by the type of ®(w) and ®(—w).

(2) The Aut(®)-conjugacy class of w and the W -conjugacy class of w are the same, except
in the cases Dy, v =2, X, = 0 and Dy (¢ > 3), r = {, X} = (), where there are
respectively 3 and 2 W -conjugacy classes of the same type.

A list of the possible types together with the type of the diagram is given in Table II, while
some of the diagrams L(®) are given in Table III.

Proof: The result is immediate from 7.13, 7.14, 7.15, 7.16 and 7.17.

Remark: If @ is irreducible and wy a maximal involution of (®, A), then ®(wy) is irre-
ducible or of type r - A; (r = rank ®(wy)). Moreover L(wy) = L(—id) = L(P) and the
diagrams L£(®) and L£*(®P) (see 6.5) are the same, except for Doy (¢ > 2). In this case we
will also write D*(2¢) for L£*(®).

If ®(wyp) is of type r - Ay, then we will also write A(r) for the diagram L£(®P). Since the
diagrams for By and Cy (¢ > 2) are identical, we will denote both of them by B(¢). Similarly
the diagram L£(®) for Dosyq (¢ > 2) is identical to the diagram L£*(®) for Dy, and will be
denoted by D*(2¢). For E;, Es and F; we will denote the diagram L£(®) by respectively
E(7), E(8) and F'(4). Finally the diagram for G is identical to the diagram for By and will
also be denoted by B(2).
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Table 11
Type & Type A(w) Type A(w)* Type L(D)
(/32) r A 0<2r<(+1 Aoy A(r)
<£§£2) TA1+Bk O<k+2r<v¢ T'Al—i‘Bg,k,gT B(g)
(g(;eg) rA+C, O0<k+2r<t r-A +Cirj_or C(f)
(l §€4) TAl 4+ Do, 0<2r4+2k<¥t 1r- Al + Dy_op_o, D*l?ég_) llf)glfeze;ldd
s r- A O0<r<3 4-r)- A D*(4) = A(4)
D, 0
Al D6
2- Ay A+ D,
3 A Dy
4. Al
E7 4- A1 3- Al E(?)
D4 3- Al
Al + Dy 2. A
D Ay
E7 @
Al E7
2- A1 DG
3- A1 A1 + D4
4- A 4- A
Ex D, Dy E(8)
A1+ D, 3. A
D6 2 Al
E7 Al
Eg @
Ay (short) Bs
Ay (long) Cs
A+ Ay A+ Ay
F, B, By F(4)
Bs A; (short)
Cs Ay (long)
F4 @
Ay (short) A;q (long)
Go A (long) A, (short) B(2)

G 0
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Table III
T L(A) = L(A) = A(n) with n = [14!]
A(n)3 o—o0o—o0 ----0—0—o0
B =
¢ ZBZ()Q): B(3): B(4): B(5): B(6): B(7) - etc.
O @ 5
(3 ."‘.
@] ."‘.
X
AN
N
053 £(C) = £(C) = BU)
Dy D+
(1> 2) L(Dy) = *(Dy) = D*(21)
D(4) D*(4): % D(8): % D*(8): etc.
(?2;21) L(Dasr) = L5(Dayr) = D*(21)
Eg L(Es) = L"(Es) = A(4)
Fr L(E7) = L*(E7) = E(7)
E(7): o—o—@—o—o
Es L(Es) = L"(Es) = E(8)
E(8)5 @—o—o—<>—o—o—@
7 LR = C(F = F)
e £(C) = £(Co) = BEO)
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7.20 Classification for # not split

It is now easy to derive the f-maximal involutions of ® for the admissible involutions 6 €
Aut(®) as given in [8, §4]. Without using the above classification we can prove the following
characterization.

Lemma 7.21 Let ® be irreducible, € Aut(®) an involution such that @, is a root system
with Weyl group Wg, A a (—0)-basis of ®, wy a O-mazimal A-standard involution of ®.
Then A(wy) is of type r - Ay (r > 0) or of type X, with Xy one of By({ > 1), Co(£ > 1),
Doy(€ > 2), Eq, Eg, Fy, or Gs.

The proof uses the fact that ®y is irreducible (see 2.15) and a root connecting an ir-
reducible component of type A; and the irreducible component of type X,, would project
to a root in ®y, which length cannot occur. Since this result is also immediate from the
classification of #-maximal involutions, we omit the proof.

7.22 @-maximal involutions

The types of the #-maximal involutions are given in Table IV. For every #-index as in [8,
Table II] we give the type of ®(wyp), with wy a f-maximal involution and also the type of
the diagram of £(wg) = L(0).

Note that 6 is represented in the #-index with respect to a f-basis. So the black nodes
correspond to Ag(f). On the other hand the #-maximal involution wy is represented with
respect to a (—#)-basis. One can easily deduce wy from the #-diagram using the following
observation:

(ID(wo) C AO(Q)L (1)

and Ag(f)t can be deduced in a similar way as in 7.8. In particular, if Ag(f) is of type
rA; + X, as in 7.7 this follows immediately from Table I. We have now the following result:

Theorem 7.23 Let ® be irreducible, 6 € Aut(P) an admissible involution which is not split,
A a (—0)-basis of ® and wy € W a 8-maximal involution, which is A-standard. Then the
W- (resp. Aut(®)-) conjugacy class of a (A, wy)-standard involution w € W is completely
determined by the type of A(w).

This result is immediate from 7.19 and 7.20. The possible types of A(w) for the (A, wg)-
standard involutions of ® follow from Table II and the type of the f-maximal involution wy
of ® as in Table IV. The diagram of (W(0),>) is in these cases nothing else than L(wy),
which is given in Table IV.
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Table IV
Type 6
Cartan not. f-diagram Type ®(wo) Type L£(6)
1 2 -1 l
Al o—-:0 - -O0—0O [”Tl] Ay A([HTID
1 l
All o—O—@  O—e 0 A(0)
1 2 »
Alll,
(1<2p<l) |
1 2 -1
ATl : O
b !
(1>2) 9*| | | A A(l)
o—=0 -
BI ; )
(BIL (p=1)) O—O OO 0= B, B(y)
((>2 1<p<l)
1 2 -1 l
Cl O—0O - -0<0 C B()
C11, : ;
(1> 3) o O—0  -O—o  0—e b A Alp)
(I<p<3(-1)
C1I, 1 -1
o O—0
(1>2) -O—@ 0O l- A A(l)
Dl o Dy D*(p)
(DII (p=1)) (1)_ N _6_‘_ ' (p even) (p even)
[>4, 1<p<i-—1 Dy D*(p—1)
) p
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Table IV
Type 6
Cartan not. f-diagram Type ®(wy) Type L(0)
S D, D(I)
DI, 1 9 -3 -2 (I even) (I even)
(1> 4) O—O D D (1 —1)
. (I odd) (I odd)

l
DIII, 1 -1
(1> 2) o—o—&{ LA A(l)
l
O
DIII -
(l>2b) 0—5—&01—0Q> LA A(l)
2

El T Dy A4)
1 3 4 5 6
O—"C—""0OC—"70C—=0
1
EIl Tz 3 4 D, A(4)
O—"C—""C0C—""70C—=0
e |
6*
1
ETIT T 2 2-A A(2)
o0—e e—O
t }
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Table IV
Type 6
Cartan not. f-diagram Type ®(wy) Type L(0)
EIV I 0 A(0)
1 2
O—e O
2
EV E; E(7)
3 4 5 6
O—O0—0—=0
EVI I Dy A(4)
2 3 4
O—O—@—0O
EVII I 3.4, A(3)
2
o L O
2
EVIII T o E(8)
3 4 5 6 7
O—O0—0——C0——=0
EIX I D4 A(4)
3 2
® ® O O
1 2 3 4
FI O—0O =0—-0 Fy F(4)
1
FII o —o—o O Ay A(1)
1 2
G O0=0 Gy B(2)
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