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Abstract. Let H and K be spherical subgroups of a reductive complex gr@upn many
cases, detailed knowledge of the double coset sptg8/K is of fundamental importance

in group theory and representation theoryHfor K is parabolic, therH\G/K is finite,

and we recall the classification of the double cosets in several important caséss IK

is a symmetric subgroup @, then the double coset spake G/K (and the corresponding
invariant theoretic quotient) are no longer finite, but several nice properties hold, including
an analogue of the Chevalley restriction theorem. In (Helminck and Schwarz, 2001) these
properties were generalized to the case whtr@nd K are fixed point groups of commuting
involutions. We recall the main results of (Helminck and Schwarz, 2001). We also give ex-
amples to show the difficulty in extending these results if we allbw: K to be a reductive
spherical (non-symmetric) subgroup or if we ha¥esymmetric and spherical reductive.
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1. Introduction

Let G be a connected complex reductive group andBet G be a Borel
subgroup. A closed subgroup C G is calledspherical if the number ofK-
orbits in the flag varietys/ B is finite; equivalently, the set aiK, B)-double
cosetsK\G/B is finite. If H and K are spherical subgroups, we may also
consider the double coset spada G/K. Results on double coset decom-
positions are important in representation theory (see, e.g., van den Ban and
Schlichtkrull, 1997; Brylinski and Delorme, 1992; Delorme, 1998; Flensted-
Jensen, 1980Dshima and Sekiguchi, 1980; Vogan, 1983) and for the orbit
method of Kirillov and Kostant (Kirillov, 1993).

We have a natural actioftH x K) x G — G, where((h, k), g) — hgk™1,
he H ke K, ge G. If HandK are reductive, leG/(H x K) denote
Spea9 (G)H*K (the invariant theoretical quotient).

* First author is partially supported by N.S.F. Grant DMS-9977392
T Second author is partially supported by N.S.F. Grant DMS-0070472
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2 Aloysius G. Helminck and Gerald W. Schwarz

Let g, f, and §) denote the Lie algebras of G, K and H, respectively. The
following problems arise naturally.

(1) Parametrizethe (H, K)-double cosetsin G and, if possible, single out the
closed (H, K)-double cosets.

(2) In case H and K are reductive, determine the quotient G//(H x K). In
particular, doesthere exist avariant of the Chevalley restriction theorem?
That is, isthereatorus A C G and an associated Wey! group W such that

A/W > GJ//(H x K)?

() What are the properties of the “dlice” representation of M = H N K on
a/(h+1).

(4) (Wesk version of (2)) Isthereatorus A c Gandag e Gsuchthat H x
Ax K — G, (h, a, k) — hagk, isdominant?

In (Akhiezer, 1993) it was shown that (4) always holds (without any re-
ductivity assumptions). For several large classes of spherical subgroups, such
as symmetric subgroups and parabolic subgroups, much isknown about prob-
lems (1)—(3). Unfortunately, for general spherical subgroups, little is known.
In section 4 and 5 we will present a number of examples for which (2) fails
and for which the dice representation (3) is“bad.” Before that we will review
what is known in the cases of symmetric subgroups, Borel subgroups and
parabolic subgroups.

The authors thank M. Brion for helpful remarks.

2. Finite Double Coset Spaces

2.1. SOME NOTATION

For smplicity, we will work over the field C of complex numbers (but many
results hold for algebraically closed fields k with chark # 2). All groups,
varieties, etc. will be defined over C. All finite dimensional representations of
algebraic groups that we consider will be assumed rational.

Recall that asubgroup K ¢ Giscaled symmetricif thereisan involution
6 € Aut(G) such that K = G’ = {x € G | 8(x) = x}. In the following we
briefly discuss what is known about problems (1)—(3) in a number of specia
cases.
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Orbits and invariants associated with a pair of spherical varieties 3
2.2. H = P 1s A PARABOLIC SUBGROUP AND K = B IS A BOREL SUBGROUP

This case is well-known: by the Bruhat decomposition, each (B, P)-double
coset intersects the Weyl group W in a unique coset of Wp, the Weyl group
of P. Instead of (B, P)-double cosets one can also consider B-orbitsin G/ P.
Theunique closed B-orbitin G/ P isthefixed point eP. So we have asolution
of problem (1).

2.3. H = B1s A BOREL SUBGROUP AND K IS A SYMMETRIC SUBGROUP

This case was studied extensively in (Springer, 1984) in which one finds

several characterizations of the double cosets. For amaximal torus T of G, let

NG (T) denoteitsnormalizer, Zg(T) itscentralizer, Wo(T) = Ng(T)/Zg(T)

the Weyl group of T and Wk (T) = N (T)/Zk (T) = {w € W (T) | w has arepresentative in Nk (T)}.
Let © denote the set of pairs (B, T’) where T’ is a6-stable maximal torus of

aBorel subgroup B’ of G and let B dencte the variety of al Borel subgroups

of G. The group G acts on 8 and € on the left by conjugation. Let K\ 8B

(resp. K\ @) denote the set of K-orbitsin B (resp. C).

Proposition 2.4 (Springer, 1984). Let B be a Borel subgroup of G and let
{Ti|i € 1} be representatives of the K-conjugacy classes of 6-stable maximal
tori in G. Then

B\G/K = K\& = | JWe(Ti)/ Wk (T) = K\e.
iel

Obvioudly, there also exists a canonical bijection between the set of (B x
K)-orbits in G and the set of B-orbits in G/K. Geometrically, the orbits
of K, B and B x K are completely different. For example, the B-orbits in
G/K are aways irreducible and connected, but the K-orbits in 8 are not
necessarily connected since K need not be connected. All the K-orbitsin €
are closed; however, there is a bijection between the closures of the K-orbits
in 8 and the closures of the (B x K)-orbitsin G. Theclosed (B x K)-orbits
are those corresponding to the K-conjugacy classes of pairs (B’, T') where
B’ is ¢-stable. If (B’, T’) is such a pair, then one can show that T’ contains
amaximal torus of K. Since al maximal tori containing a maximal torus of
K are K-conjugate it follows that there is a bijection between the closed K-
orbitsin G/B and Wk (T")\Wg(T")?. So we have a solution of problem (1).
See (Richardson and Springer, 1990) for more about the (B x K)-orbits and
for acombinatorial description of the Bruhat order on orbit closures.

2.5. H = P IS A PARABOLIC SUBGROUP AND K IS A SYMMETRIC SUBGROUP

This case was studied extensively in (Brion and Helminck, 2000) and is very
similar to the casethat H = B isaBorel subgroup.
Let 2 (G) denote the variety of al parabolic subgroups of G.
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4 Aloysius G. Helminck and Gerald W. Schwarz

Proposition 2.6 (Brion and Helminck, 2000). There is a bijective map from
the set of K-orbitsin £ (G) onto the set of K-conjugacy classes of triples
(P, B, T) where

(1) Pisaparabolic subgroup of G,

(2) BisaBord subgroup of P such that the product (PN K)Bisopenin P,
and

(3) T isa#-stable maximal torus of B.
The inverse maps the K-conjugacy class of (P, B, T) to that of P.

For the remainder of this section we fix a parabolic subgroup P of G. In
the case that G has only one K-conjugacy class of maximal tori, then we get
that P\G/K = Wp(T)\Wg(T)/ Wk (T), aresult which essentially combines
the orbit descriptions in 2.2 and 2.3. In the general case one easily verifies
that one gets a union of double cosets.

Corollary 2.7. Letx,...,% € Gsuchthat Ty = x Txg %, ..., Tr = % Tx !
are representatives for the K-conjugacy classes of the 6-stable maximal tori
occurring in the K-conjugacy classes of the triples (P, B, T) as above and
P=P =xPx?% ..., P =xPx Then

P\G/K = () Wa (T)\Wa(T))/ Wk (T)-

i=1

The characterization of the closed double cosets is somewhat more com-
plicated in this case, since there does not need to exist a 6-stable conjugate of
P. The closed K-orbitsin G/ P are characterized by the K-conjugacy classes
of triples (P, B’, T’) asabove where B’ isf-stableand P’ ©> B’ isaconjugate
of P satisfying P'N6(P") isaparabolic subgroup of G. If (P’, B’, T") issuch
atriple, then similar to the case that P = B one can show that thereis a bijec-
tion between the closed K-orbitsin G/ P and Wk (T")\Wgs(T")?/ Wp (T")?.
So again we have a solution of problem (1).

3. Symmetric Subgroups

Incase H and K are reductive, the double coset space H\G/K is, in generd,
no longer finite, and we are led to study the invariant theoretic quotient of G
by H x K. For this we need some preliminaries on quotients:

If X isan affine G-variety, G-reductive, then @ (X)©, the algebraof invari-
ant functions on X, isfinitely generated. Let X// G denote the affine variety
corresponding to @ (X)© and let 7 (or k) denote the morphism X — X/ G
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Orbits and invariants associated with a pair of spherical varieties 5

dual to theinclusion @ (X)© c @ (X). For x € X, let T, X denote the tangent
space at x, Gx the G-orbit through x and Gy the isotropy group at x. We
say that the G-action on X is stable if there is a nonempty open subset of
X consisting of closed orbits. If al the G-orbitsin X are closed (e.g., G is
finite), then the quotient is called geometric, in which case the notation X/ G
isalso used.

A G-module V is called polar if there exists a vector v € V such that
c:={xe V]| T(Gx) C T,(Gv)} is a linear subspace of V of dimension
dimV// G. The subspace c is called a Cartan subspace of V. The inclusion
¢ — V induces an isomorphism ¢/ W(c) — V// G, where W(c) is the nor-
malizer of cin G divided by the centralizer of cin G (Dadok and Kac, 1985).
If G isconnected, then W(c) is generated by pseudoreflections, and V// G is
smooth.

3.1. H = K 1S A SYMMETRIC SUBGROUP

This case was studied extensively in (Vust, 1974) and (Richardson, 1982).
We assume that G is connected, and that we are given an involution 6 of G
with K = GY. Write g = f ® p where p isthe (—1)-eigenspace of § acting on
the Lie algebra g of G. There is an isomorphism 8: G/K >~ P C G, where
B(gK) = gd(g)~* and P := ImpB. The left-action of K on G/K, under the
isomorphism B, becomes conjugation. We say that asubset Sc G is6-split if
6(s) = s tforal se S Notethat P consists of 6-split elements, and one can
show that P isaconnected component of the subvariety of 6-split elements of
G. Let A ¢ P beamaximally 6-split torus, and let W denote the Weyl group
of Arelativeto the action of K, i.e.,, the normalizer of Ain K divided by the
centralizer of Ain K. Then Vust and Richardson show

Theorem 3.2. Let G, 6, K, P, etc. be asabove. Then
(1) Theincluson A — P induces anisomorphism A/W >~ P/ K.

(2) The isotropy representation of K on Te(G/K) >~ p is polar. In fact, a
polar subspaceisthe Lie algebra a of Aand W(a) = W.

(3) Each fiber of P — P//K consists of finitely many orbits.

(4) The closed K-orbits are exactly those which intersect A.

Part (3) says that the map of P/K — P//K isfinite to one, so one has a
complete solution to the problems (1)—(3), up to computing this finite to one

map.
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6 Aloysius G. Helminck and Gerald W. Schwarz

3.3. H AND K ARE SYMMETRIC SUBGROUPS

This case was studied extensively in (Helminck and Schwarz, 2001). One has
analogous results to those of Vust and Richardson above. We assume that
G is connected and that we have two commuting involutions o and 6. Set
K = G’ and H = G°. Writeg = ) @ g where q isthe (—1)-eigenspace of o.
We have G/K ~ P asbefore, but the action of H on P isnot by conjugation.
The action is (h, p) — hx p:=hpd(h)™%, he H, p e P. Let A denote a
torus of G which is maximal among tori which are ssmultaneously o and 6
split. Let W, (A) denote the Wey! group for the x-action of H, i.e., W, (A) =
N (A)/Z5 (A) where N (A) ={he H|hx AC Ajand Z};(A) ={he H |
hxa=afor al a e A}. Finaly, we call the representation of M := H, on
TeP/Te(H *x e) the “dlice representation” of M. Note that M = KN H and
that TeP/ Te(H % €) >~ p N q. We have:

Theorem 3.4. Let H, etc. be as above.
(1) Theinclusion A — P induces anisomorphism A/ W (A) ~ P//H.

(2) Thedlicerepresentation of M on p N g ispolar. In fact, a polar subspace
isthe Liealgebraa of Aand W(a) >~ {w € W (A) | w x e = e}.

(3) Each fiber of P — P//H consists of finitely many orhits.
(4) The closed H-orbits are exactly those which intersect A.

Besides a solution to the problems (1)—(3), as outlined in the introduction,
(Helminck and Schwarz, 2001) contains several other results. Wereview them
in the remainder of this section.

3.5. SLICEs
Fundamental in the proof of Theorem 3.4 is the existence of dlices:

Theorem 3.6. Leta € A. Then thereis a reductive subgroup G c Gwithan
involution 6 and associated symmetric variety P such that

(1) (6)’=H:={heH | hxa=al.

(2) Thereis an étale slice 4 at a which is isomorphic to an open H}-stable
subvariety of P.

(3) Thereisa hijection between the (finitely many) orbitsin n;l(nﬁ,(a)) and
thosein 5t (np(a)).
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Orbits and invariants associated with a pair of spherical varieties 7

This theorem shows that, roughly, 7p: P — P//H islocally the quotient
map of asymmetric veriety.

3.7. THE WEYL GrROUP W}, (A)

The Weyl group W}, (A) is much more complicated than in the case o =
0, where one smply has W (A) = W(A) = Wy (A) = Ny (A)/Z4(A). In
general, W}, (A) is isomorphic to the semidirect product of Wy (A) with a
2-group Fo C A. Inthefollowing we will review thisin some more detail .

If he N}, (A), thenhxe= B(h) € A Butthen g(h) iso-fixed and o-split,
s0 B(h) € A®, theelements of A of order 2. Hence N, (A) = {h € Ny (A) |
B(h) e A®}, Let

P WE(A) = W (A) x A, [h] = (conj(h), B(h)),

denote the canonical monomorphism. Here[h] denotetheclassof h e N} (A)
in WY, (A) and conj(h) denotes conjugation by h. The semidirect product
Wh (A) x A@ acts naturally on A by: (w, a) x b = aw(b), w € Wy (A),
ae A@ be A Theaction of Wy, (A) factorsthrough p: if p([h]) = (w, a) €
Wy (A) x A@ then[h] *b=aw(b), b e A.

The twisted Weyl group W;; (A) has a normal subgroup of “pure trans-
lations” Wo, where Wp = p~1({e} x A®@). We usually identify W with its
W, (A)-stableimage Fy := B(Wp) C A@.

By changing the involution 6 by aquadratic element one can keep W}, (A)
fixed, while improving on the embedding into Wy (A) x A®. Let Z(G)
denote the center of G. We say that g € A is quadratic if g° € Z(G) and
we let Q(A) denote the set of quadratic elementsin A. If g € Q(A) and
6 := #conj(q), then (o, 0) isapair of commuting involutions and the group
W (A) is the same for (o, 0) and (o, 6). However, the embedding of w =
[h] € W (A) into Wi (A) x A® switchesfrom (w, hg(h) 1) to (w, hd(h)~1)
(w, w(@~H)gho(h)~1). Notethat w(g=t)q e A® for every w € Wy (A).

Theorem 3.8. Thereisa g e Q(A) such that every w € Wy (A) has a rep-
resentative h € Nj;(A) such that w(g=t)g8(h) = e

Corollary 3.9. W (A) >~ Wy (A) x Fo.

Quadratic elements also play an essentia role in the classification of pairs
of involutions given in (Helminck, 1988).

3.10. CHARACTERIZATION OF Fy

We can characterize Fq in terms of tori, asfollows: Let T C G be a (o, 6)-
stable maximal torus containing A. Set t = ¢6. For § = o, 0 or t we denote
by T° the maximal §-split torusin T which isalso (o, 6)-stable. We say that
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8 Aloysius G. Helminck and Gerald W. Schwarz

T isstandard if T° isamaximal o-split torus of G and T? a maximal 6-split
torus of G. By (Helminck, 1988, 5.13) standard maximal tori exist.

Theorem 3.11. Let T O Abea standard maximal torus. Then Fo = AN T".

3.12. REAL GROUPS

(Helminck and Schwarz, 2001) also contains a number of results about real
groups. Suppose that G, o and 6 are defined over R. For an affine variety X
defined over R denote the real points of X by Xg or X(R).

In the case that Gy is compact we have:

Theorem 3.13. Suppose that Gg is compact. Then
(1) All Hg-orbitsin P,(Gg) and H-orbitsintersecting P,(Gg) are closed.
(2) Gr = HrArKGg.
(3) B(Ar) = Ar and WY (A) = W ) (Ar).
(4) Hg\Gg/Kga ~ Ag/ W (A).

In the case that Gg is honcompact and 6 is a Cartan involution we have:
Theorem 3.14. Suppose that 0 is a Cartan involution of Gg. Then
(1) All Hg-orbitsin P;(Gg) and H-orbitsintersecting P, (Gg) are closed.
(2) G = HA:Kg.

(3) Ag isisomorphic to (R*)' for some . Hence A2 := B(Ag) = {a? | a €
Ag} ~ (RT).

(4) Hr\Gr/Kg =~ AZ /Wy (A) where M = H N K.

4, Spherical Double Coset Spaces K\G/K

We consider double coset spaces K\G/K where K is spherical and reduc-
tive. In case the isotropy representation of K on V := g/f is not polar, then
property (2) cannot hold. We give several examples where this occurs. Thus,
in general, one cannot hope to have the same kind of Chevalley Restriction
Theorem in the spherical case asin the symmetric case.

However, theisotropy representations come closeto being polar, by results
of (Knop, 1990) and (Panyushev, 1990). Let K and V be as above. Then there
is a“generalized” Cartan subspace ¢ C V and a “generalized” Weyl group
W c GL (¢) asfollows:
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Orbits and invariants associated with a pair of spherical varieties 9
— Theinclusion ¢ — V induces an isomorphism C[V]" ~ C[c]W.
— H-cisZariski densein V.

— Thereisanonempty open subset U C c such that Hy is H-conjugate to
Hy forall x, y e U.

— C[V]isafreeC[V]"-module.

In generd, cis not the Lie algebra of atorus (see equation 16 of (Panyu-
shev, 1990)) and the Weyl group W is not the image of the normalizer of cin
H (Remark 2 of Cor. 6 of (Panyushev, 1990)).

Definitions4.1. Let V bean H-module, H reductive. We say that V is
(1) coregular if @ (V)" isapolynomial ring; equivalently, V//H is smooth;
(2) cofree if @ (V) isafree ® (V)" module.

Thus our spherical isotropy representations are cofree, and this also holds
for al polar representations (Dadok and Kac, 1985).
We will use the following (see Schwarz, 1978; Dadok and Kac, 1985)

Lemma4.2. Let H bereductive and V an H-module.

(1) The module V is cofreeif and only if V is coregular and all the fibers of
V — V//H have the same dimension.

(2) Supposethat V = Vi @ V, where V; or V, isstableand V is polar. Then
Vi and V, are polar. Let ¢; be a Cartan subspace of Vi, i = 1, 2. Thena
Cartan subspace of V is¢; @ ;.

Corollary 4.3. Quppose that V = V; & V, where V; or V; is stable, and
supposethat dimV//H > dimV;//H + dimV,//H. Then V is not polar.

Below are some examples of spherical subgroups K c G such that the
isotropy representation of K at To(G/K) is not polar. For alist of the “ir-
reducible’ spherical reductive subgroups of semisimple groups see (Brion,
1987).

If o: G— GL(V) isarepresentation, we will use both V and ¢ (when no
confusion can arise) to denote the corresponding G-module. A trivial repre-
sentation of G of dimension nis denoted ®,,. For G asimple algebraic group
of rank |, we use the notation ¢5* ... ¢ to denote the module (or represen-
tation) corresponding to the highest weight a;w; + - - - + ayw;, Where the w;
are the fundamental highest weights (we use the numbering in (Bourbaki,
1968)). For example, the adjoint represention of SL,,,; is denoted p1¢n. If
G = C* isaone-dimensional torus, then v; will denote the one-dimensional
representation (or module) with weight j € Z.
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10 Aloysius G. Helminck and Gerald W. Schwarz

Example4.4. Let G = SO(n) x SO(n+1),n> 7, and let K = SO(n) em-
bedded diagonally in G so that the restriction of ¢1(SO(n+ 1)) to K is
©1(SO(N)) + ®1. Then the isotropy representation of K is just the restric-
tion to K of the adjoint representation of SO(n + 1), which gives the K-
representation p := ¢, @ 1. Both ¢, (the adjoint representation) and ¢, (the
standard action on C") are stable. The dimension of p//K is n, while the di-
mensions of ¢1//K and ¢,//K are 1 and [ 5], respectively. Thus, by Corollary
4.3, the isotropy representation of K is not polar.

Example 4.5. Let G = SLn;1, and let K = Sp,,, € G such that (¢1, SLant1)
restrictsto (¢ ® 1, K). Theisotropy representation of K is ¢, + 2¢; which
is not polar by another application of Corollary 4.3.

Example 4.6. Let K = SL, xC* mapped diagonally to G := SL, x SLpy1.
Here ¢1(SLn,1) restricts to the representation ¢1 ® v1 @ v_, of SL, xC*.
The isotropy representation of K is¢1¢on 1 ® 01 @ Vi1 D on_1 Q@ v_n_1 P
®1, which isnot polar by 4.3.

5. Examplesof Hybrid Coset Spaces K\G/H

Here we consider the following situation. We have a reductive group G, an
involution o of G, and a spherical subgroup K of G which is o-stable. We
consider the categorical quotient of G by H x K, where H = G°. Let M
denote H N K. Then K acts on the left on G/H, the isotropy group at eH
is M, and the representation of M on Te(G/H)/Te(KH/H) ~ g/(f+ 1) is
the dlice representation. We give examples to show that this representation
need not be cofree nor even coregular. When K = G? where 6 and o are
commuting involutions, we always have a smooth quotient (and polar slice
representation), as we saw in Theorem 3.4.

Example5.1. Let G = SL,,41 and K = Sp,,, be as in Example 4.5. Let 6
be inverse transpose. Then K is6-stable, and M = K N G? ~ GL,,. Think of
GL, as aquotient of SL, xC*. Then the dlice representation of GL,, comes
from the representation ¢1¢n_1 ® @1 ® V1 ® ¢n ® v_3 of SL,, xC*. One can
compute that this representation is cofree, but it is not polar by an application
of 4.3.

Example5.2. Let H = SL, xC* € G:= SL,xSLp;1 beasin 4.6. Then
H c Gisstable under inverse transpose, and M is SO(n) x {£1}. However,
the orbits of the dlice representation of M are the same as those of the index 2
subgroup SO(n), and the slice representation of M restricted to SO, is ¢? @
¢1. (Interms of the standard representation on C", thisis S*(C") @ C" minus
aone-dimensional trivial factor). By (Schwarz, 1978), this representation is
not coregular, hence neither cofree nor polar.
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Orbits and invariants associated with a pair of spherical varieties 11

Example5.3. Let H = SL, C G := (SL,)3 be diagonally embedded, and
define 6 to be simultaneous inverse transpose on the copies of SL, in G. Then
M is adiagonal copy of SO, >~ C* C G, and the slice representation is two
copiesof (v, @ v_3), which isnot coregular.
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