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Abstract. A first characterization of the isomorphism classes ofk-involutions for any reduc-
tive algebraic groups defined over a perfect field was given in [7] using 3 invariants. In this
paper we give a simple characterization of the isomorphism classes of involutions of SL(n, k)
with k any field of characteristic not 2. We classify the isomorphism classes of involutions
for k algebraically closed, the real numbers, thep-adic numbers and finite fields. We also
determine in which cases the corresponding fixed point groupH is k-anisotropic. In those
cases the corresponding symmetrick-variety consists of semisimple elements.
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1. Introduction

Let G be a connected reductive algebraic group defined over a fieldk of
characteristic not 2,θ an involution ofG defined overk, H ak-open subgroup
of the fixed point group ofθ andGk (resp.Hk) the set ofk-rational points ofG
(resp.H ). The varietyGk/Hk is called a symmetrick-variety. These varieties
occur in many problems in representation theory, geometry and singularity
theory. To study these symmetrick-varieties one needs first a classification of
the relatedk-involutions. A characterization of the isomorphism classes of the
k-involutions was given in [7] essentially using the following 3 invariants:

(1) classification of admissible(0, θ)-indices.

(2) classification of theGk-isomorphism classes ofk-involutions of thek-
anisotropic kernel ofG.

(3) classification of theGk-isomorphism classes ofk-inner elements ofG.

For more details, see [7]. The admissible(0, θ)-indices determine most of the
fine structure of the symmetrick-varieties and a classification of these was
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included in [7] as well. Fork algebraically closed ork the real numbers the
full classification can be found in [6]. For other fields a classification of the
remaining two invariants is still lacking. In particular the case of symmetric
k-varieties over thep-adic numbers is of interest. We note that the above
characterization only holds fork a perfect field.

In this paper we give a simple characterization of the isomorphism classes
of k-involutions in the case thatG = SL(n, k). This characterization does
not depend on any of the results in [7] and also holds for any field of charac-
teristic not 2, not only perfect fields. Using this characterization we classify
the possible isomorphism classes fork algebraically closed, the real num-
bers, thep-adic numbers and finite fields. To classify the outer involutions of
SL(n, k) we show that there exists a natural connection of these involutions
with non degenerate symmetric or skew symmetric bilinear forms and that the
isomorphism classes of these involutions correspond bijectively with semi-
congruence classes of the bilinear forms. Here semi-congruence is defined as
congruence up to a scalar multiple (see Definition 3).

For k the p-adic numbers the symmetrick-varietiesGk/Hk with Hk k-
anisotropic have a similar structure as the Riemannian symmetric spaces and
therefore these cases are of particular interest for studying their representa-
tions. In section 7 we compute the fixed point groups and fork the p-adic
numbers we determine which fixed point groups arek-anisotropic. Finally in
section 8 we identify the results in this paper with those in [7] by computing
the k-inner elements. Since the group SL(n, k) is k-split the k-anisotropic
kernel ofG is just a torus.

Some of the results in this paper appeared in the PhD theses of Ling Wu
[14] and Christopher Dometrius [5].

2. Preliminaries

Our basic reference for reductive groups will be the papers of Borel and Tits
[3], [4] and also the books of Borel [2], Humphreys [10] and Springer [13].
We shall follow their notations and terminology. All algebraic groups and
algebraic varieties are taken over an arbitrary fieldk (of characteristic6= 2)
and all algebraic groups considered are linear algebraic groups.

Throughout this paper we will use the following notation. Letk be a field
of characteristic not 2,k1 an extension field ofk, k̄ the algebraic closure of
k andk∗ the product group of all the nonzero elements,(k∗)2

= {a2
| a ∈

k∗
}. Let V = kn a finite-dimensional vector space defined overk, V̄ = k̄n,

Mn(k) = M(n, k) the set ofn × n-matrices with entries ink, Id ∈ Mn(k) the
identity automorphism, GLn(k) = GL(n, k) = {A ∈ Mn(k) | det(A) 6= 0}

and SLn(k) = SL(n, k) = {A ∈ Mn(k) | det(A) = 1}. Let G be a connected
reductive algebraic group defined overk, θ an involution ofG defined overk,

sl-fin.tex; 13/09/2004; 21:06; p.2



Involutions of SL(n, k), (n > 2) 3

H a k-open subgroup of the fixed point group ofθ andGk (resp.Hk) the set
of k-rational points ofG (resp.H ). The varietyGk/Hk is called a symmetric
k-variety. Fork the real orp-adic numbers these are also called reductive
symmetric spaces. One can also characterize the symmetrick-variety as the
subvarietyXk = {xθ(x)−1

| x ∈ Gk} of Gk. ThenXk ' Gk/Hk.

Definition 1 (Isomorphic Involutions). Let Aut(G) denote the set of all au-
tomorphisms ofG. For A ∈ GL(n, k) let InnA denote the inner automorphism
defined by InnA(X) = A−1X A for all X ∈ GL(n, k). Let Innk(G) = {InnA |

A ∈ G} denote the set of allinnerautomorphisms ofG and let Inn(G) denote
the set of automorphisms InnA of G with A ∈ G such that InnA(G) = G.

(1) We say thatθ andτ in Aut(G) are Inn(G)-isomorphicif there is aφ in
Inn(G) such thatτ = φ−1θφ and writeθ ≈

Inn τ .

(2) We say thatθ andτ in Aut(G) are Aut(G)-isomorphicif there exists aφ
in Aut(G) such thatτ = φ−1θφ and writeθ ≈

Aut τ .

Remark1. Notice thatθ ≈
Inn τ =⇒ θ ≈

Aut τ . Thus, the set of Inn(G)-
isomorphism classes contains the set of all Aut(G)-isomorphism classes. In
this paper we will mainly characterize the Inn(G)-isomorphism classes, and
we will use the notation≈ instead of≈Inn.

2.1. Bilinear Forms and Their Induced Involutions

Let β : V × V → k be a bilinear form onV = kn, B = {ei } an ordered basis
for V , andMB = (β(ei , ej )) the matrix ofβ with respect toB. For x ∈ V
let xB = (x1, . . . , xn) be the coordinates ofx with respect toβ. Then for all
x, y ∈ V we haveβ(x, y) = xT

BMByB. Recall that two matricesM1 andM2

arecongruentover the fieldk if there exists a matrixQ ∈ GL(n, k) such that
M2 = QT M1Q. In this case we will writeM1

∼= M2. The following theorem
is well-known, and its proof can be found in [1].

Theorem 1. Two matrices M1 and M2 represent the same bilinear form with
respect to different bases if and only if they are congruent.

Remark2. If M1 represents the matrix of the formβ with respect to the basis
B1 andM2 represents the matrix of the formβ with respect to the basisB2,
then the matrixQ that gives the congruence relation is the change of basis
matrix fromB2 to B1.

2.1.1. Adjoint of a Matrix
Let M be the matrix of a non-degenerate bilinear formβ overV = kn and let
A ∈ GL(n, k). Theadjoint of A with respect toβ (denotedA′) is defined as
the matrix that satisfies the relationβ(Ax, y) = β(x, A′y). If it is clear from
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the context which bilinear formβ we are considering, then we will also just
call this the adjoint ofA. It follows from the definition that

β(Ax, y) = (Ax)T My = xT AT My = xT M A′y = β(x, A′y)

which implies
A′

= M−1AT M (1)

2.1.2. Using the Adjoint to Construct Involutions
Definition 2. Given a bilinear form onV with matrix M , we defineθM

by θM(A) = (A′)−1. We will omit the subscriptM when the bilinear form
involved is clear. Using Equation (1) we see thatθ(A) = M−1(AT )−1M .

Proposition 1. If β is either symmetric or skew-symmetric, thenθ is an
involution ofGL(n, k).

Proof. Note that from equation (1), it follows that forM either symmetric
or skew-symmetric we have the following properties of the adjoint similar to
those for the transpose operation:(A′)′

= A, (A′)−1
= (A−1)′ and(AB)′

=

B′ A′, whereA, B ∈ GL(n, k). The result is immediate from this.

3. Semi-Congruence and the Classification Theorem

A first question to pose is: Is there is a one-to-one correspondence between
congruence classes of symmetric/skew-symmetric bilinear forms and isomor-
phism classes of their involutions? The answer is “almost."

Theorem 2. Let M1 and M2 be the matrices of bilinear formsβ1 andβ2 over
V = kn, respectively, and letθ1 andθ2 be the corresponding involutions on
GL(n, k). If M1

∼= M2, thenθ1 ≈ θ2.

Proof. SupposeM1
∼= M2 over k with M2 = QT M1Q for some Q ∈

GL(n, k). Using the formulas forθ1 andθ2, we get that∀A ∈ GL(n, k),

θ2(A) = InnM2(AT )−1
= InnQT M1Q(AT )−1

= (QT M1Q)−1(AT )−1(QT M1Q)

= Q−1(M−1
1 ((QT )−1(AT )−1QT )M1)Q

= Q−1 InnM1((InnQ−1(A))T )−1Q

= Q−1θ1(InnQ−1(A))Q

= InnQ θ1 InnQ−1(A), =⇒ θ2 = InnQ θ1 Inn(Q)−1 .

This meansθ2 = (φ)−1θ1φ with φ = InnQ−1, andθ2 ≈ θ1 over GL(n, k).
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Conversely, we get an “almost" 1-to-1 correspondence between congru-
ence classes of bilinear forms and isomorphism classes of involutions.

Theorem 3. Supposeθ1 andθ2 are involutions onGL(n, k) which come from
symmetric or skew-symmetric bilinear forms represented by the matrices M1

and M2, respectively, over V= kn. If θ1 ≈ θ2, then M2 = αQT M1Q for
some matrix Q∈ GL(n, k) and scalarα ∈ k.

Proof. Assume∃ φ ∈ Inn GL(n, k) such thatθ2 = φ−1θ1φ. Let P ∈ GL(n, k̄)
such thatφ = InnP. Then∀A ∈ GL(n, k),

θ2(A) = φ−1θ1φ(A) = InnP−1 InnM1((InnP(A))T )−1

= P M−1
1 (PT )(AT )−1(PT )−1M1P−1

= M−1
2 (AT )−1M2, =⇒

M2P(M1)
−1PT (AT )−1(PT )−1M1P−1M−1

2 = (AT )−1

This holds for allAT , so it holds for allA. This implies:

((PT )−1M1P−1M−1
2 )−1A((PT )−1M1P−1M−1

2 ) = A.

So Inn(PT )−1M1P−1M−1
2

= Id, (PT )−1M1P−1M−1
2 = γ Inxn for someγ ∈

k∗, and M2 = 1/γ (PT )−1M1P−1. The result follows by substitutingQ =

P−1, α = 1/γ .

This scalarα that prevents an equivalence statement in the 2 theorems above
motivates the following definition and theorem.

Definition 3. Two bilinear forms onV = kn with associated matricesM1 and
M2 aresemi-congruent over k(M1

∼=
s M2) if there exists aQ ∈ GL(n, k)

and anα ∈ k such thatM2 = αQT M1Q.

Theorem 4 (Classification Theorem).If θ1 andθ2 are involutions onGL(n, k)
which come from bilinear symmetric/skew-symmetric forms as above, then
M1

∼=
s M2 over k ⇐⇒ θM1 ≈ θM2.

Proof. SinceM1
∼=

s M2 there existsα ∈ k such thatM1
∼= αM2. Then by

Theorem 2θM1 ≈ θαM2. SinceθαM2 = θM2, it follows that θM1 ≈ θM2. The
reverse statement follows from Theorem 3.

3.1. Restricting to SL(n, k)

In this subsection we show that the above results forG = GL(n, k) imply
similar results forG = SL(n, k). The following lemma is easy to verify.

Lemma 1. An automorphismθ coming from a bilinear form is an involution
onGL(n, k) ⇐⇒ it is an involution onSL(n, k).
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Most importantly, the isomorphism classes will remain intact.

Theorem 5. Two involutionsθ1 andθ2 are isomorphic overGL(n, k) ⇐⇒

they are isomorphic overSL(n, k).

Proof. ⇐= is clear. Ifθ1 andθ2 are isomorphic viaP ∈ GL(n, k), then we
can replaceP with P̂ =

(
1/ n

√
det(P)

)
P and still retain InnG-isomorphism

via InnP̂. Since det(P̂) = 1, the result follows.

4. Outer Involutions of SL(n, k)

In this section we use the Classification Theorem 4 to classify the outer in-
volutions of SL(n, k). In the next section we classify the inner involutions.
Recall that an automorphismθ of G is said to be anouter automorphismif
θ /∈ InnG. An outer automorphism that is an involution will be called an
outer involution.

Lemma 2. (1) If k is algebraically closed, then| Aut(G)/ Inn(G)| = 2.

(2) Any outer automorphism can be written asInnM φ, whereφ is a fixed
outer automorphism.

Remark3. For our purposes we will take forφ the involution defined by
φ(A) = (AT )−1. See [2] for details of the above lemma.

Our construction of involutions asθ(A) = M−1(AT )−1M = InnM(φ(A)),
(M = Mβ) indicates that the isomorphism classes of outer involutions will
come from our semi-congruence classes of bilinear forms. We need first to
check whether all outer involutions come from these forms.

Lemma 3. (1) InnM φ is an involution of G⇐⇒ φ(M)M ∈ Z(G).

(2) φ(M)M ∈ Z(G) ⇐⇒ M is symmetric or skew-symmetric.

(3) InnM φ is an involution of G ⇐⇒ M is symmetric or skew-symmetric,
and M is only skew-symmetric if n is even.

Proof. (1) We know that InnM φ is an involution ⇐⇒ (InnM φ)2
= Id on

G. Then the following are each equivalent:

(a) InnM φ InnM φ(X) = X for all X ∈ G

(b) InnM φ(M−1φ(X)M) = InnM φ(M−1)φ(φ(X))φ(M) = X

(c) M−1φ(M−1)Xφ(M)M = X
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(d) Xφ(M)M = φ(M)M X for all X ∈ G

(e) φ(M)M ∈ Z(G)

(2) ⇐=: If M is symmetric, thenM = MT andφ(M)M = (MT )−1M =

M−1M = In×n, which is clearly inZ(G). If M is skew-symmetric, then
M = −MT andφ(M)M = (MT )−1M = (−M)−1M = −In×n ∈ Z(G).

=⇒: If φ(M)M = (MT )−1M ∈ Z(G) then

(MT )−1M X = X(MT )−1M ∀X ∈ G.

So (MT )−1M X M−1MT
= X ∀X ∈ G and InnM−1MT = Id. Therefore

M−1MT
= α In×n for someα ∈ k, and MT

= αM . Taking determinants
of both sides we see thatαn

= 1. If n is odd, thenα = 1 andM = MT . If n
is even, thenα = 1 or−1, andM = MT or M = −MT .
The third statement follows immediately from Proposition 1.

This lemma tells us thatall outer involutions are of the formθM for some sym-
metric or skew-symmetric matrixM , so we have the following application of
the Classification Theorem 4.

Theorem 6 (Outer Classification Theorem).If θ1 andθ2 are outer involu-
tions onSL(n, k), then they come from bilinear symmetric or skew-symmetric
forms represented by M1 and M2 (respectively), and

θ1 ≈ θ2 ⇐⇒ InnM1 φ ≈ InnM2 φ ⇐⇒ M1
∼=

s M2.

Proof. This result is immediate from the Classification Theorem 4, Lemma 2
and Lemma 3.

4.1. Classification of isomorphism classes of outer involutions

Before we classify the isomorphism classes of outer involutions we recall the
following results about congruence classes of bilinear forms (see [12]).

Theorem 7. (1) Symmetric matrices are congruent to diagonal matrices whose
entries are representatives of the square-class group k∗/(k∗)2.

(2) Skew-Symmetric singular nonsingular matrices are congruent to the(2m)×
(2m) matrix J2m, where n= 2m and

J2m =

(
0 Im×m

−Im×m 0

)
.

Remark4. Note that a symmetric bilinear formβ is non degenerate iffMβ is
congruent to a diagonal matrix with non-zero diagonal entries.
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4.1.1. Classification of outer involutions for k= k̄
For algebraically closed fields there is only one semi-congruence class of
symmetric non-degenerate bilinear forms and only one semi-congruence class
of skew-symmetric forms as well.
(a) n odd: There is only one isomorphism class of outer involutions, repre-
sented byφ.
(b) n even: There are two classes of outer involutions, represented byφ and
InnJ2m φ.

4.1.2. Classification of outer involutions for k= R
All congruence classes of symmetric forms are given byM = In−i,i , i =

0, 1, . . . , n whereIn−i,i =

(
In−i ×n−i 0

0 −I i ×i

)
. Whenn is even, we also have

M = J2m representing skew-symmetric forms. Thus, the symmetric forms
haven + 1 congruence classes, but onlyn+1

2 semi-congruence classes since
In−i,i = −I i,n−i .
(a) n odd: There aren+1

2 isomorphism classes of involutions, represented by
InnM φ, whereM = In−i,i i = 0, 1, . . . , n−1

2 .
(b) n even: There aren

2 + 2 classes of involutions, represented by InnM φ,
whereM = In−i,i i = 0, 1, . . . , n

2 or J2m.

4.1.3. Some notation and recollections
We now introduce some notation for matrices that will be important. The
matricesIn−i,i andJ2m have already been introduced. Let

Ln,x =


0 1 . . . 0 0
x 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . 0 1
0 0 . . . x 0

 .

Notice thatJ2m
∼=

s Ln,−1. Also, let

Mn,x,y,z =


In−3×n−3 0 0 0

0 x 0 0
0 0 y 0
0 0 0 z

 .

We also need the following well known results (see e.g. [12]):

Lemma 4. Assume p6= 2. Then

(1) |F∗

p/(F∗

p)
2
| = 2 when p6= 2.

(2) Every element of k= Fp can be written as the sum of2 squares inFp.
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(3) For α ∈ Fp we have

(
α 0
0 α

)
∼= I2×2.

4.1.4. Classification of outer involutions for k= Fp, p 6= 2.
Let Sp denote the “smallest" a non-square element ofFp. We can get either
all 1’s on the diagonal or at most we have oneSp left in the(n, n) spot.
(a) n odd: We have 2 semi-congruence classes of symmetric bilinear forms,
given byM = Inxn andM = Mn,1,1,Sp. Therefore we get 2 involution classes,
represented byφ and InnMn,1,1,Sp

φ.
(b) n even: Now we add InnJ2m φ to get 3 classes of involutions.

The results over the fieldsk = k̄, R andFp with p 6= 2 are summarized in
Table I . We note that fork = Q there are infinitely many congruence classes
and infinitely many isomorphism classes of involutions.

4.1.5. Some results about bilinear forms overQp

Definition 4. Given a matrixM , let Di be the determinant of the upper left
i × i square submatrix ofM . Define thep-sign(or Hilbert Symbol) of two
non-zero p-adic numbers to be(α, β)p = 1 if αx2

+ βy2
= 1 has a solution

in Qp, −1 otherwise. Then theHasse Symbol cp(M) of M is defined by

cp(M) = (−1, −Dn)p

n−1∏
i =1

(Di , −Di +1)p.

Note that the Hasse Symbol is limited to 1 or−1.

Lemma 5. If M is an n × n matrix andα ∈ Qp we have the following
formula:

cp(αM) =

{
(α, −1)

n/2
p (α, Dn)pcp(M) if n is even

(α, −1)
(n+1)/2
p cp(M) if n is odd

Proof. (−1, −αnDn)p = (−1, x)n
p(−1, −Dn)p, and

(αi Di , −αi +1Di +1)p = (αi , αi +1)p(α
i , −Di +1)p(Di , α

i +1)p(Di , −Di +1)

= (αi , −Di +1)p(Di , α
i +1)p(Di , −Di +1)

=

{
(α, Di )p(Di , −Di +1)p if n is even

(α, −Di +1)p(Di , −Di +1)p if n is odd

But then

cp(αM) = (α, −1)n(α, −D2)(α, D2)(α, −D4)(α, D4) . . . Cp(M)

=

{
(α, −1)

n/2
p (α, Dn)pcp(M) if n is even

(α, −1)
(n+1)/2
p cp(M) if n is odd
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Table I. Outer Involutions ofG overk = k̄, R andFp with p 6= 2.

Field Semi-Congruence ClassM Involution Class onG

k = k̄

n odd M = In×n θ(A) = (AT )−1

n even
M1 = In×n

M2 = J2m (n = 2m)

θ1(A) = (AT )−1

θ2(A) = InnJ2m(AT )−1

k = R

n odd
Mi = In−i,i

i = 0, 1, 2, . . . , n−1
2

θi (A) = InnMi (AT )−1

n even

Mi = In−i,i

i = 0, 1, 2, . . . , n
2

M n
2+1 = J2m

θi (A) = InnMi (AT )−1

θ n
2+1(A) = InnJ2m(AT )−1

k = Fp p 6= 2

n odd

M1 = In×n

M2 =

(
I(n−1)×(n−1) 0

0 Sp

) θ1(A) = (AT )−1

θ2(A) = InnM2(AT )−1

n even

M1 = In×n

M2 =

(
I(n−1)×(n−1) 0

0 Sp

)
M3 = J2m

θ1(A) = (AT )−1

θ2(A) = InnM2(AT )−1

θ3(A) = InnM3(AT )−1

Theorem 8 ([11]). Two symmetric matrices M1 and M2 with entries inQp

are congruent if and only if

det(M1) = α2 det(M2) and cp(M1) = cp(M2).

4.1.6. Classification of Outer Involutions ofSL(n, Q2)
We are limited to at most 8 choices for a representative of the square class of
the determinant{1, −1, 2, −2, 3, −3, 6, −6}, and the Hasse symbol has only
the choices 1 and−1. So at most there will be 16 semi-congruence classes
of symmetric forms overQ2. To represent these classes we will use the dual
value(α, c), whereα is a representative of the square class group andc is the
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Hasse symbol. Letdα,c = (α, c), whereα has the eight choices from above
andc is 1 or−1.

(1) n even:
(a) n = 4k: We get 10 semi-congruence classes. The first is represented by
M = In×n and the second byM = J2m. We also getM = Mn,2,3,6. The other
7 choices areM = Mn,1,1,x wherex is chosen from{−1, 2, −2, 3, −3, 6, −6}.
These matrices represent the semi-congruence forms for the matrices with
dual values

d1,1, d1,−1, d−1,1, d2,1, d−2,1, d3,1, d−3,1, d6,1, d−6,1.

For each of these choicesM , we get the involution class represented byθM =

InnM φ.
These results stem from the fact that the matrices with dual valued1,1

aren’t semi-congruent to those with dual valued1,−1. The first give usφ and
the second give InnMn,2,3,6 φ identifying the involution classes. To show this
we use Theorem 5 forn = 4k and obtain

c2(αM) = (α, Dn)2c2(M). (2)

When a matrix has determinant 1, thenαx2
+ y2

= 1 having a solution
in Q2 implies (α, Dn)2 = 1 andc2(αM) = c2(M) from the above equation.
Thus, its Hasse symbol must remain the same under scalar multiplication. So
d1,1 andd1,−1 represent different semi-congruence classes, while(γ, 1) and
(γ, −1) are semi-congruent forγ 6= 1.

(b) n = 4k+2: Again we get 10, but instead of obtaining the semi-congruence
class ofMn,2,3,6 we get one represented byM = Mn,2,3,−6. The formula from
Theorem 5 now shows thatc2(αM) simplifies to:

(α, −1)2k+1
2 (α, Dn)2c2(M) = (α, −Dn)2c2(M).

Since det(M) = −1 gives us(α, −Dn)2 = (α, 1)2 = 1, we obtainc2(αM) =

c2(M), which results ind−1,1 and d−1,−1 representing different classes of
forms. However, now(γ, 1) matrices and(γ, −1) matrices are semi-congruent
for γ 6= −1 since there is someα which will change the Hasse sign. Thus,
we replace the class typified byd1,−1 from then = 4k case byd−1,−1 and get
InnMn,2,3,−6 φ

(2) n odd: Whenn is odd, we can multiply a matrixM by the scalarγ =

det(M) to get det(γ M) = (γ )2k(γ ) det(M) = 1 mod(Q∗

2)
2. So our only

choices are matrices with dual valued1,1 andd1,−1.

(a) n = 4k + 1: Here we can replace a matrixM by someαM and change
the Hasse symbol, so there is only one isomorphism class, represented byφ.

(b) n = 4k + 3: Now, there is noα that works as above, since Theorem
5 ensures thatc2(αM) = (α, −1)2k+2

2 c2(M) = c2(M). Therefore,d1,1 and
d1,−1 give different classes of forms, represented byφ and InnMn,2,3,6.
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12 Aloysius G. Helminck, Ling Wu and Christopher E. Dometrius

Table II. Outer Involutions ofG overk = Q2

dim(V)
Dual Valuedα,c of the

Semi-Congruence Class

Matrix M such

thatθ(A) = InnM (AT )−1

n = 4k

d1,1

d1,−1

d−1,1

d2,1

d−2,1

d3,1

d−3,1

d6,1

d−6,1

M1 = In×n

Mn,2,3,6

Mn,1,1,−1

Mn,1,1,2

Mn,1,1,−2

Mn,1,1,3

Mn,1,1,−3

Mn,1,1,6

Mn,1,1,−6

M = J2m

n = 4k + 1 d1,1 M = In×n

n = 4k + 2

d1,1

d−1,1

d−1,−1

d2,1

d−2,1

d3,1

d−3,1

d6,1

d−6,1

M1 = In×n

Mn,1,1,−1

Mn,2,3,−6

Mn,1,1,2

Mn,1,1,−2

Mn,1,1,3

Mn,1,1,−3

Mn,1,1,6

Mn,1,1,−6

M = J2m

n = 4k + 3
d1,1

d1,−1

M = In×n

Mn,2,3,6

4.1.7. Classification of Outer Involutions ofSL(n, Qp), (p 6= 2)
The process is similar to theQ2 case with the exception that now we have
only 8 choices for the dual valuedγ,c sinceγ ∈ {1, p, Sp, pSp}.

(1) n even:
(a) n = 4k: There are 6 classes of involutions. We get 5 semi-congruence
classes of symmetric forms, represented by matrices with dual valuesd1,1,
d1,−1, dp,1, dSp,1, dpSp,1, and we also haveM = J2m. Yet involutions coming
from the same dual values can be different depending upon whether or not
−1 is a square in(Q∗

p)
2.
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Involutions of SL(n, k), (n > 2) 13

(i) −1 6∈ (Q∗
p)

2: The involutions areφ,InnJ2m φ, and InnM φ, whereM =

Mn,1,1,γ with γ ∈ {p, Sp, pSp}, or M = Mn,p,Sp,pSp. The matricesMn,1,1,γ

correspond to the dual classesdγ,1, andMn,p,Sp,pSp corresponds to thed1,−1

class.
(ii) −1 ∈ (Q∗

p)
2: We still get 6 involutions, but here the involution coming

from the dual classd1,−1 is InnMn,1,p,p φ.

(1)(b) n = 4k + 2: There are also 6 classes of involutions in this case.

(i) −1 6∈ (Q∗
p)

2: In this case we get the formulacp(αA) = (α, −Dn)pcp(A).
For det(A) 6= −1 (α, −Dn)p = (α, −γ )p, and there will be anα such that
(α, −γ )p = −1. Socp(αA) = −cp(A), anddγ,1 represents a semi-congruent
class of bilinear forms todγ,−1 for γ 6= −1. Yet for det(A) = −1, the above
equation will becomecp(αA) = (α, 1)pcp(A) = cp(A). Therefore, we get
different classes of involutions for those coming from the 5 semi-congruence
classes represented byd1,1, dp,1, dSp,1, dSp,−1, anddpSp,1, and we also have
M = J2m.

(ii) −1 ∈ (Q∗
p)

2: Here we havecp(αA) = (α, 1)pcp(A) = cp(A). Hence, we
get the same 5 dual classes as in then = 4k case. The 6 involutions obtained
are identical to the casen = 4k, −1 ∈ (Q∗

p)
2.

(2) n odd:
(a) n = 4k + 1: Again this depends upon whether or not−1 is a square in
(Q∗

p)
2.

(i) −1 6∈ (Q∗
p)

2: As was the case forQ2, we get only one dual classd1,1. The
only involution class is that ofφ.

(ii) −1 ∈ (Q∗
p)

2: Now d1,1 andd1,−1 represent different classes. There are 2
isomorphism classes of involutions:φ and InnMn,p,Sp,pSp

φ.

(2)(b) n = 4k + 3:

(i) −1 6∈ (Q∗
p)

2: We have 2 dual classes of symmetric forms,d1,1 andd1,−1.
There are only the 2 involutionsφ and InnMn,p,Sp,pSp

φ.

(ii) −1 ∈ (Q∗
p)

2: We have the same 2 dual classes and the same 2 involution
classes as when−1 is a square forn = 4k + 1 above.

This completes the classification of isomorphism classes of outer involu-
tions of SL(n, Qp). The results are summarized in Table III.

5. Inner automorphisms

In this section we consider involutions of inner type. By definition, for any
automorphismθ of inner type, there exist an × n-matrixY ∈ GL(n, k̄), such
thatθ = InnY |G.

Lemma 6. Let Y ∈ GL(n, k̄). If InnY |G = Id, then Y= pI for some p∈ k̄,
i.e. InnY = Id overGL(V̄).
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14 Aloysius G. Helminck, Ling Wu and Christopher E. Dometrius

Table III. Outer Involutions of SL(n, Qp) (p 6= 2)

dim(V)
Dual Valuedα,cof the

Semi-Congruence Class

Matrix Ms.t.

θ(A) = InnM (AT )−1

−1 6∈ (Q∗
p)2

n = 4k

d1,1

d1,−1

dp,1

dSp,1

dpSp,1

M1 = In×n

Mn,p,Sp,pSp

Mn,1,1,p

Mn,1,1,Sp

Mn,1,1,pSp

M = J2m

n = 4k + 1 d1,1 M = In×n

n = 4k + 2

d1,1

dp,1

dSp,1

dSp,−1

dpSp,1

M1 = In×n

Mn,1,1,p

Mn,1,p,pSp

Mn,1,1,Sp

Mn,1,1,pSp

M = J2m

n = 4k + 3
d1,1

d1,−1

M = In×n

Mn,p,Sp,pSp

−1 ∈ (Q∗
p)2

n = 4k

d1,1

d1,−1

dp,1

dSp,1

dpSp,1

M1 = In×n

Mn,1,p,p

Mn,1,1,p

Mn,1,1,Sp

Mn,1,1,pSp

M = J2m

n = 4k + 2

d1,1

d1,−1

dp,1

dSp,1

dpSp,1

M1 = In×n

Mn,p,Sp,pSp

Mn,1,1,p

Mn,1,1,Sp

Mn,1,1,pSp

M = J2m

n odd
d1,1

d1,−1

M = In×n

Mn,p,Sp,pSp
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Proof. Since InnY |G = Id, we have for allA ∈ SL(n, k), InnY(A) = Y−1AY =

A, i.e.Y A= AY. SinceA is arbitrary it follows thatY = pI for somep ∈ k̄.
Furthermore InnY = InnpI = InnI = Id.

Lemma 7. For any inner automorphismθ ∈ Inn(G), suppose Y∈ GL(n, k̄).
Thenθ = InnY ∈ Inn(Ḡ) keeps G invariant if and only if Y= pB, for some
p ∈ k̄ and B ∈ GL(n, k). In other words, there is a matrix B∈ GL(n, k)
such thatθ = InnB |G.

Proof. The proof of the if statement is obvious. Conversely assume

Y =
(
yi j
)

n×n
∈ GL(V̄)

and
A = (ai j )n×n ∈ G

whereyi j ∈ k̄, ai j ∈ k. We haveY−1 =det(Y)−1
(
Yi j
)

n×n
, whereYi j is the

i j -th minor ofY. Then

InnY(A) = Y−1AY = det(Y)−1

(
n∑

m=1

n∑
l=1

Yimaml yl j

)
n×n

.

We will prove det(Y)−1Yi j yml ∈ k. Without loss of generality, we prove the

case for det(Y)−1Yi 1y1l . Let A =

δ 0 0
0 1

δ
0

0 0 In−2

, andZ = (zi l ) = InnY(A).

We have

zi l = det(Y)−1

(
δYi 1y1l +

1

δ
Yi 2y2l + Yi 3y3l + · · · + Yin ynl

)
∈ k,

for all i, l = 1, 2, . . . n. Since 06= δ ∈ k is arbitrary it follows that det(Y)−1Yi 1y1l ∈

k and in general det(Y)−1Yi j yml ∈ k. Henceyi j /yml ∈ k, for all i, j, m, l =

1, 2, . . . n, provided yml 6= 0, i.e. Y = pB, for some p ∈ k̄ and B ∈

GL(n, k). Sinceθ = InnY = InnpB = InnB, whereB ∈ GL(n, k), the result
follows.

Lemma 8. Suppose Y∈ GL(n, k) with Y2
= pI . Then

(1) If p = c2
∈ k∗2 then Y is conjugate to cIn−i,i for some i= 0, 1, . . . , n.

(2) If p is not in k∗2, then n is even and Y is conjugate to Ln
2 ,p.

Proof. If there is ac ∈ k such thatp = c2, then the characteristic polynomial
of Y is (x − c)n−i (x + c)i , and the minimal polynomial is a factor of(x +

c)(x − c). SoY is conjugate tocIn−i,i for somei = 0, 1, . . . , n.
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16 Aloysius G. Helminck, Ling Wu and Christopher E. Dometrius

If p is not in k∗2, then the minimal polynomial is(x2
− p), which does

not factor overk, therefore the characteristic polynomial is a power of the
minimal polynomial. Hencen, which is the degree of the characteristic poly-
nomial, is even. Furthermore,Y is conjugate toL n

2 ,p since they have the same
minimal and characteristic polynomials.

Lemma 9. Supposeθ ∈ Aut(G) is an involution of inner type. Then there is
a matrix Y ∈ GL(n, k), such thatθ = InnY, where matrix Y is conjugate to
cIn−i,i or L n

2 ,p for some i∈ {0, 1, . . . , n}, c ∈ k∗ and p∈ k̄∗/k̄∗2.

Proof. By Lemma 6 we know that there is a matrixY ∈ GL(n, k), such that
θ = InnY. Sinceθ is an involution we haveθ2

= InnY2 = Id. By Lemma 7
we haveY2

= pI for somep ∈ k̄. It follows thatY is conjugate to one of the
forms in Lemma 8.

We must determine which of these matrices lead to conjugate involutions.

Lemma 10. The matrices In−i,i and cIn− j, j are conjugate for some c∈ k if
and only if c is one of the following:

(1) c = 1 and i = j .

(2) c = −1 and j = n − 1.

Proof. Since the eigenvalues of bothIn−i,i andcIn− j, j have to be exactly the
same, that forcesc to be 1 or−1. If c = 1, In−i,i and In− j, j are conjugate,
thereforei = j . If c = −1, cIn− j, j = −In− j, j is conjugate toI j,n− j , and
In−i,i will then be conjugate ifj = n − i .

Lemma 11. Let p, q ∈ k̄∗/k̄∗2. The matrix Ln
2 ,p is conjugate to cLn

2 ,q for
some c∈ k if and only if p

q ∈ k∗2.

Proof. The minimal polynomial ofL n
2 ,p is (x2

− p) and that ofcL n
2 ,q is

(x2
− c2q). Additionally, the characteristic polynomial ofL n

2 ,p is (x2
− p)n

and that ofcL n
2 ,q is (x2

− c2q)n. SoL n
2 ,p andcL n

2 ,q are conjugate if and only
p = c2q, which forcesp

q = c2
∈ k∗2.

Lemma 12. The inner automorphismsθ = InnY1 andφ = InnY2 are conju-
gate if and only if the matrix Y1 is conjugate to cY2 for some c∈ k̄.

Proof. The result follows from the following equivalent statements:

− θ = InnY1 is conjugate toφ = InnY2.

− there is a matrixA ∈ GL(n, k), such that InnA−1 InnY1 InnA = InnY2.

− InnA−1Y1AY2
−1 = Id.
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− there isc ∈ k, such thatA−1Y1AY2
−1

= c Id for somec ∈ k̄ (see
Lemma 6).

− A−1Y1A = cY2 for somec ∈ k̄.

− Y1 is conjugate tocY2 for somec ∈ k̄.

Lemma 13. The matrix Ln,1 is conjugate to In,n.

Proof. Their characteristic polynomials are both(x2
− 1)n, while their mini-

mal polynomials are both(x2
− 1).

Theorem 9. Suppose the involutionθ ∈ Aut(G) is of inner type. Then up to
isomorphismθ is one of the following:

(1) InnY |G, where Y= In−i,i ∈ GL(n, k) where i∈
{
1, 2, . . . , bn

2c
}
.

(2) InnY |G, where Y= L n
2 ,p ∈ GL(n, k) where p∈ k∗/k∗2, p 6≡ 1 modk∗2.

Note that(2) can only occur when n is even.

Proof. (1) By Lemma 9, the matrixY ∈ GL(n, k) such thatθ = InnY is
conjugate tocIn−i,i for somec ∈ k∗ and i = 1, 2, . . . , n or L n

2 ,p for some
p ∈ k∗/k∗2. If Y is of the formIn−i,i , thenY is conjugate to(−1)I i,n−i . This
limits i to 1, 2, . . . , bn

2c, and by Lemma 12 each of these represents a unique
isomorphism class.

(2) Sincep ∈ k∗/k∗2, by Lemma 11, we can choose a representativeq
from k∗/k∗2, q 6≡ 1 modk∗2. Since InnY = InncY, we can factor out the
constant.

The above two classes are not conjugate to each other since those in (1)
are split and those in (2) are not, thus it’s impossible for them to have same
eigenvalues.

5.1. Summary of involutions of inner type

Recall from [9, Section 2.1] thatk∗/(k∗)2
≈ {1} if k = k̄, k∗/(k∗)2

≈ Z2

if k = R or Fp and k∗/(k∗)2
≈ Z2 × Z2 if Qp, p 6= 2. We will denote

the nontrivial representative ofF∗

p/F∗2
p by Sp. Then 1, p, Sp are pSp are

representatives ofQ∗

p/Q∗2
p . In the case ofk = Q2 a set of representatives of

k∗/(k∗)2 are{1, −1, 2, −2, −3, 3, 6, −6}.

Corollary 1. The number of involutions of inner type of G up to isomorphism
is equal to‖ k∗/(k∗)2

‖ +
n
2 − 1 if n is even andn−1

2 if n is odd.
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For k = k̄, R, Q, Fp andQp we summarize the number of isomorphism
classes of involutions of inner type in the following.

(1) k = k̄ algebraically closed. There are[n
2] isomorphism classes of involu-

tions of inner type.

(2) k = R the real numbers. There aren
2 + 1 isomorphism classes of involu-

tions of inner type whenn is even andn−1
2 whenn is odd.

(3) k = Q the rational numbers. There are infinitely many isomorphism
classes of involutions of inner type.

(4) k = Fp finite field (p 6= 2). There aren
2 + 1 isomorphism classes of

involutions of inner type whenn is even andn−1
2 whenn is odd.

(5) k = Qp the p-adic numbers. Forp 6= 2, there aren
2 + 3 isomorphism

classes of involutions of inner type forn is even andn−1
2 for n is odd. For

p = 2 there aren
2 + 7 isomorphism classes of involutions of inner type

for n even andn−1
2 for n odd.

6. Summary of the classification on SL(n, k)

In this section we summarize the classification of involutions in the case that
the fieldk is algebraically closed,R, thep-adic numbers or a finite fieldFp

and we give representatives for each of the isomorphism classes.

6.1. k = k̄: algebraically closed

(1) If n is odd, there aren+1
2 isomorphism classes of involutions. Represen-

tatives are InnY with Y is one of the followingIn−i,i , i = 1, 2, . . . , dn−1
2 e

andθ .

(2) If n is even, there aren2 + 2 isomorphism classes of involutions. Repre-
sentatives are InnY whereY = In−i,i , i = 1, 2, . . . , n

2 , θ , andθ InnJ2m.

6.2. k = R: the real numbers

(1) If n is odd, there aren isomorphism classes of involutions. Representa-
tives areθ , InnY andθ InnY whereY = In−i,i , i = 1, 2, . . . , dn−1

2 e.

(2) If n is even, there aren + 3 isomorphism classes of involutions. Rep-
resentatives are InnJ2m, θ , θ InnJ2m, InnY and θ InnY, Y = In−i,i , i =

1, 2, . . . , n
2 .
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Table IV. Isomorphism Classes of Inner Involution ofG

Field
Number of

Inner Involutions

Representative MatrixY

such thatθ = InnY

n odd,

k = any field
n−1

2 Y = In−i,i i = 1, 2, . . . , n−1
2

n even

k = k̄ n
2 Y = In−i,i i = 1, 2, . . . , n

2

k = R n
2 + 1

Y = In−i,i i = 1, 2, . . . , n
2

Y = Ln,−1

k = Q ∞
Y = In−i,i i = 1, 2, . . . , n

2
Y = Ln,α α 6= 1 mod(Q∗)2

k = Fp p 6= 2 n
2 + 1

Y = In−i,i i = 1, 2, . . . , n
2

Y = Ln,Sp

k = Q2
n
2 + 7

Y = In−i,i i = 1, 2, . . . , n
2

Y = Ln,α α ∈ {−1, +2, +3, +6}

k = Qp p 6= 2 n
2 + 3

Y = In−i,i i = 1, 2, . . . , n
2

Y = Ln,α α ∈ {p, Sp, pSp}

6.3. k = Fp: finite field, p 6= 2

Let Sp be a non trivial representative ofF∗

p/F∗2
p .

(1) If n is odd, there aren−1
2 + 2 isomorphism classes of involutions. Repre-

sentatives areθ , θ InnMn,Sp
and InnY whereY = In−i,i , i = 1, 2, . . . , dn−1

2 e.

(2) If n is even, there aren2 + 4 isomorphism classes of involutions. Repre-
sentatives are InnLn,Sp

, θ , θ InnJ2m, θ InnMn,Sp
and InnY whereY = In−i,i ,

i = 1, 2, . . . , n
2 .

6.4. k = Qp: the p-adic numbers

If p 6= 2, then we take 1, p, Sp, pSp as representatives ofQ∗

p/Q∗2
p and if

p = 2, then we take{1, −1, 2, −2, −3, 3, 6, −6} as representatives.

(1) If n is even, then there aren2 + 9 isomorphism classes of involutions for
p 6= 2, n

2 + 17 for p = 2. Representatives are
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a) p 6= 2: InnLn,x with x = Sp, p, or pSp θ , θ InnJ2m, InnY andθ InnC

andθ InnD. HereY = In−i,i , i = 1, 2, . . . , n
2 , andC = Mn,1,1,x with

x = Sp, p, or pSp. For the matrixD we have the following cases:

D =


Mn,p,Sp,pSp if − 1 ∈ Q2

p

Mn,1,p,p if − 1 /∈ Q2
p andn = 4k

Mn,p,p,Sp if − 1 /∈ Q2
p andn = 4k + 2

b) p = 2: The same asp 6= 2, butx in Ln,x and inC are chosen from 2,
3, 6,−1,−2,−3,−6. The matrixD is In−2,2 if n = 4k andMn,2,3,−6

if n = 4k + 2.

(2) If n = 4k + 1, there aren−1
2 + 2 isomorphism classes of involutions if

−1 ∈ Q2
p, otherwisen−1

2 + 1. Representatives are InnY, θ , and possi-
bly InnD if −1 ∈ Q2

p, whereY = In−i,i , i = 1, 2, . . . , n−1
2 and D is

Mn,p,Sp,pSp.

(3) If n = 4k+3, there aren−1
2 +2 isomorphism classes of involutions. Rep-

resentatives are InnY, θ andθ InnD, whereY = In−i,i , i = 1, 2, . . . , n−1
2

andD is

D =


Mn,p,Sp,pSp if − 1 ∈ Q2

p

Mn,1,p,p if − 1 /∈ Q2
p

In−2,2 if p = 2

Note that−1 /∈ Q2, and (2) and (3) hold forp 6= 2 andp = 2.

7. Fixed Point Groups and Symmetrick-Varieties

The fixed-point groupH = Gδ for an involutionδ overG is defined by

Gδ
= {g ∈ G | δ(g) = g}.

The fixed point group determines much of the structure of the corresponding
symmetrick-variety X := {gδ(g)−1

| g ∈ G}. It is easy to see thatX '

G/Gδ. Moreover ifGδ is compact, so from [8] it follows thatX consists of
semisimple elements:

Proposition 2 ([8, Proposition 10. 8]).Let G be a connected reductive al-
gebraic k-group withchar(k) = 0 and X = {gδ(g)−1

|g ∈ G}. Suppose that
H ∩ [G, G] is anisotropic over k. Then Xk consists of semi-simple elements.

In view of this result it is important to determine which involutions have an
k-anisotropic fixed point group. Fork = R or Qp all k-anisotropic subgroups
are compact. In this section, we’ll study the compactness of these fixed point
groups fork = R andQp.
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Table V. Summary: Number of Involution Classes ofG

Field dim(V)
Number of Outer

Involutions

Number of Inner

Involutions

Total Number of

Involutions

k = k̄ n odd 1 n−1
2

n+1
2

n even 2 n
2

n
2 + 2

k = R n odd n+1
2

n−1
2 n

n even n
2 + 2 n

2 + 1 n + 3

k = Q n odd ∞
n−1

2 ∞

n even ∞ ∞ ∞

k = Fp

p 6= 2
n odd 2 n−1

2
n+3

2

n even 3 n
2 + 1 n

2 + 4

k = Q2 n = 4k 10 n
2 + 7 n

2 + 17

n = 4k + 1 1 n−1
2

n+1
2

n = 4k + 2 10 n
2 + 7 n

2 + 17

n = 4k + 3 2 n−1
2

n+3
2

k = Qp

p 6= 2
n = 4k 6 n

2 + 3 n
2 + 9

n = 4k + 1

−1 6∈ (Q∗
p)2 1 n−1

2
n+1

2

−1 ∈ (Q∗
p)2 2 n−1

2
n+3

2

n = 4k + 2 6 n
2 + 3 n

2 + 9

n = 4k + 3 2 n−1
2

n+3
2
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Lemma 14. For the matrix Y= In−i,i , the fixed point group GInnY consists of

the matrices

(
B 0
0 C

)
where B∈ GL(n− i, k), C ∈ GL(i, k), detB×detC =

1 and the group GInnY is noncompact.

Proof. For Y = In−i,i and InnY(A) = A write A =

(
A1 A2

A3 A4

)
with A1 an

n − i × n − i block andA4 an i × i block. Then

InnY(A) =

(
In−i 0
0 −I i

)(
A1 A2

A3 A4

)(
In−i 0
0 −I i

)
=

(
A1 A2

A3 A4

)

i.e.

(
A1 −A2

−A3 A4

)
=

(
A1 A2

A3 A4

)
.

So A2 = 0 andA3 = 0. SinceA ∈ SL(n, k) and detA = detA1 × detA4,
the result follows.

Lemma 15. For the matrix Y = Ln,p, the noncompact fixed point group
GInnY consists of the elements

A11 A12 . . . A1m

A21 A22 . . . A2m
...

...
. . .

...
Am1 Am2 . . . Amm

 ,

where m=
n
2 , and Ai j =

(
ai j yi j

pyi j ai j

)
.

Proof. Let A =


A11 A12 . . . A1m

A21 A22 . . . A2m
...

...
. . .

...
Am1 Am2 . . . Amm

 and assume InnY(A) = A. Then

A = −


J2 0 . . . 0
0 J2 . . . 0
...

...
. . .

...
0 0 . . . J2




A11 A12 . . . A1m

A21 A22 . . . A2m
...

...
. . .

...
Am1 Am2 . . . Amm




J2 0 . . . 0
0 J2 . . . 0
...

...
. . .

...
0 0 . . . J2


That is−J2Ai j J2 = Ai j for all i, j = 1, . . . , n. Let Ai j =

(
ai j bi j

ci j di j

)
. Then

−J2Ai j J2 = Ai j implies thatdi j = ai j andci j = pbi j = pyi j , which proves
the result.

Lemma 16. The solutions of y21 + y2
2 + y2

3 +ay2
4 = 1 overQ2 are all bounded

if and only if a∈ Q2
2.
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Proof. Assume first thata = 1, i.e. y2
1 + y2

2 + y2
3 + y2

4 = 1 and writeyi =

2si +

∞∑
j =si +1

δi j 2
j . Theny2

i = 22si +

∞∑
j =2si +3

πi j 2
j . Without loss of generality

we may first assume thats1 ≤ s2 ≤ s3 ≤ s4. If s1 6= s2, then

y2
1 + y2

2 + y2
3 + y2

4 = 22s1 +

∞∑
j =2si +2

φi j 2
j .

To make this equal to 1, we must haves1 = 0 andy1, y2, y3 andy4 are units.
If s1 = s2 ands2 6= s3, then

y2
1 + y2

2 + y2
3 + y2

4 = 22s1+1
+

∞∑
j =2si +2

φi j 2
j

which cannot equal 1. Ifs1 = s2 = s3 ands3 6= s4, theny2
1 + y2

2 + y2
3 + y2

4 =

22s1 + 22s1+1
+

∞∑
j =2si +2

φi j 2
j , which is not equal to 1. Ifs1 = s2 = s3 = s4

then

y2
1 + y2

2 + y2
3 + y2

4 = 22s1+2
+

∞∑
j =2si +3

φi j 2
j ,

To make this equal to 1, we need to haves1 = −1, which forces the norms
|yi | = 2. Soy2

1 + y2
2 + y2

3 + y2
4 = 1 forces|yi | ≤ 2. Thus all solutions are in

the ball with radius 2. On the other hand, ifa /∈ Q2
2 we can takea to be one

of the representatives 2, 3, 6,−1, −2, −3 or−6 of Q∗

2/Q∗2
2 , which can all be

written asδ0 + 2δ1 + 4δ2 +

∞∑
s=3

φs2
s. Sinceδi andφs are 0 or 1 we get

ay4 = δ02
2s4 + δ12

2s4+1
+ δ22

2s4+2
+

∞∑
m=2s4+3

πs2
s.

No matter the value of theδi , we can carefully choosey1, y2 andy3 to make
the coefficients all zero for those whose powers are less than 2s4 + 3. For
the coefficients whose power are larger or equal to 2s4 + 3, we can choose
y1, y2 and y3 as we desire. In particular we can make the sum equal to 1.
Sinces4 ≤ −2 is an arbitrary integer, we can get as large a solution as we
desire.

Lemma 17. The fixed point group ofθ is the groupSO(n, k) = {A ∈ G |

AT A = Id}. For k = R, the groupSO(n, k) is compact, for k= Qp the
p-adic numbers (p6= 2), it is noncompact. ForQ2, if the rank of G is3 or 4,
it is compact, while it is noncompact if the rank of G is larger than or equal
to 5.
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Proof. For k = R and Qp compactness is equivalent to being closed and
bounded. It is easy to see that the fixed point group is closed. Fork = R,
since the norm‖A‖ = n, it follows that the fixed point group is bounded.

ForQ2, consider the case of rank(G) = 4 first. If y2
1 + y2

2 + y2
3 + y2

4 = 1,
then by Lemma 16|yi | ≤ 2. Therefore for rank(G) = 4 (thus 3 as well), the
fixed point group is compact.

For rank ofG of 5 or bigger, lety5 = y4, we havey2
1 + y2

2 + y2
3 +2y2

4 = 1,
also by Lemma 16 we know we can chooseyi to be as large as desired, so the
fixed point group is noncompact.

ForQp, consider first the casen = 3. The matrices

A3 =

 a b c
ac

b−1 c 1 +
c2

b−1

b +
c2

b−1 −a −
ac

b−1


are in the fixed point group as long asa2

+ b2
+ c2

= 1. We know that when
n ≥ 3, we can choosea, b, c to be as large as we want. Hence the norms of
the matrices are not all finite, and the set of these matrices is not bounded. For

G of higher rank the matrices

(
A3 0
0 In−3

)
are in the fixed point group.

Lemma 18. The fixed point group ofθ InnJ2m is noncompact.

Proof. The fixed point group isH =
{

A | θ(A) = InnJ2m(A)
}
. Clearly

r1 0 . . . 0 0
0 r −1

1 . . . 0 0
...

...
. . .

...
...

0 0 . . . rm 0
0 0 . . . 0 r −1

m


is in H , which is not bounded.

Lemma 19. Let k = R or Q2 and Y = In−i,i . Then the fixed point group of
θ InnY is noncompact.

Proof. The matrix 
In−i −1 0 0 0

0 a b 0
0 b a 0
0 0 0 I i −1


is in the fixed point group as long asa2

− b2
= 1.

So far we proved that the only compact fixed point group is that of the
involution θ for k = R andk = Q2 andn = 3 or 4.

sl-fin.tex; 13/09/2004; 21:06; p.24



Involutions of SL(n, k), (n > 2) 25

Lemma 20. Let k = Qp, (p 6= 2 and p = 2) and C = Mn,1,1,x. The fixed
point group ofθ InnC is noncompact if therank(G) = n ≥ 4.

Proof. For p 6= 2 The matrices

(
B 0
0 1

)
, whereB is ann − 1 × n − 1 matrix

such thatBT B = Id, is in the fixed point group. By Lemma 17, ifn ≥

4, it is unbounded. Therefore the fixed point group is unbounded and thus
noncompact. Ifp = 2, by Lemma 16, when the rank ofG is larger than or
equal to 4, the fixed point group is noncompact.

We still need to consider the case when rank(G) = n = 3.

Lemma 21. Let k = Qp and C= M3,1,1,x. The fixed point group ofθ InnC is
noncompact if−1 ∈ Q2

p.

Proof. The matrices

 a b 0
−b 1−b2

a 0
0 0 1

 are in the fixed point group as long as

a2
+ b2

= 1. While −1 ∈ Q2
p, the norm ofa andb can be chosen to be

arbitrarily large, and hence the fixed point group ofθ InnC is noncompact.

Lemma 22. Let k = Qp and C = M3,1,1,Sp. The fixed point group ofθ InnC

is noncompact.

Proof. The matrixY3 =

 a b c
y2c−a2b

1−b2 a ac
b−1

acy
b−1 yc yc2

1−b − 1

 is in the fixed point group

as long asa2
+ b2

+ yc2
= 1 has a solution. Fory = Sp, we have infinitely

many solutions, and we can choose the norms of the roots to be as large as
we desire.

Lemma 23. Let k = Qp and C = M3,1,1,x, where x is p or pSp. The fixed
point group ofθ InnC is compact if−1 /∈ Q2

p.

Proof. The fixed point group ofθ InnC consists of all

a11 a12 a13

a21 a22 a23

a31 a32 a33

, where

 a11 a12 xa13

a21 a22 xa23
1
x a31

1
x a32 a33

a11 a21 a31

a11 a22 a32

a13 a23 a33

 = I .

Whenx is Sp or pSp and−1 /∈ Q2
p, all the solutions fora2

i 1+a2
i 2+xa2

i 3 = 1 or
x are unit (norm less or equal 1). Therefore the fixed point group is bounded
and hence compact.
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Lemma 24. Let k = Q2 and C= M3,1,1,x, where x= 2, 3, 6, −1, −2, −3,
or − 6. The fixed point group ofθ InnC is compact if x= 2 , −3 or −6, and
noncompact otherwise.

Proof. Whether the fixed point group is bounded or not depends upon whether
the equationa2

1 +a2
2 + xa2

3 = 1 has only bounded solutions or not, as follows

from Lemma 22 and 23. Letai = 2si +

∞∑
j =si +1

δi j 2
j . Without loss of generality

we may assumes1 ≤ s2. If s1 ≥ s3 + 1, with x ∈ {−1, −2, −3, −6, 2, 3, 6},

then a2
1 + a2

2 + xa2
3 = x22s3 + x +

∞∑
j =2s3+2

δi j 2
j is either not equal to 1

or s3 = 0. This forces|a3| = 1, thus max(|a1|, |a2|) ≤
1
2. So we can

possibly only get a noncompact fixed group whens3 ≥ s1. Therefore, we

can writea2
2 = 22s1

∞∑
j =0

δ j 2
j , andxa2

3 = 22s1

∞∑
j =0

π2 j . We also know that

a2
1 = 22s1 + 22s1

∞∑
j =3

φ j 2
j . If we wants1 ≤ −1 anda2

1 + a2
2 + xa2

3 = 1, then

we must have 1+ δ0 + π0 = 2, δ1 + π1 = 1, δ2 + π2 = 1. Furthermore, we
know that if δ0 = 1, thenδ1 = δ2 = 0, and ifδ0 = 0, thenδ1 = 0 (since

a2
2 = 22s1

∞∑
j =0

δ j 2
j ). So if δ0 = 1, we haveφ0 = 0, andφ1 = φ2 = 1, which

meansx = 6 or −2. If δ0 = 0, we haveφ0 = 1 andφ1 = 1, which means
x = 3 or −1. From the above discussion, we know that forx equal to−1,
−2, 3 or 6, we can chooseai j to be as large as possible. It follows that the
fixed point group is noncompact, while forx equal to 2,−3 or −6 theai j ’s
can only be chosen from the unit ball.

Lemma 25. For the matrix M=

x 0 0
0 y 0
0 0 z

, the fixed point group ofθ InnM

are the matrices  a b c
δybi−zac f
xa2+yb2 −

δxai+zbc f
xa2+yb2 f

−
z(aci+δbf )
xa2+yb2

z(δxa f−ybci)
y(xa2+yb2)

i


whereδ is 1 or −1 and a, b, c, f and i satisfy the following equations:

a2
+

y

x
b2

+
z

x
c2

= 1

and z

x
c2

+
z

y
f 2

+ i 2
= 1.
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Proof. Let A =

a b c
d e f
g h i

 be in the fixed point group ofθ InnM . Then

θ(A) = InnM(A). That is,M−1AM AT
= I , i.e. a y

x b z
x c

x
yd e z

y f
x
z g y

zh i

a d g
b e h
c f i

 = I .

From x
yad + be+

z
y f c = 0, it follows thate = −

(xad+z f c)
yb . Therefore

x

y
d2

+ e2
+

z

y
f 2

= 1

=⇒
x

y
d2

+

(
xa

yb

)2

d2
+

(
2xzac f

yb

)
d +

z2 f 2c2

y2b2
+

z

y
f 2

− 1 = 0

=⇒
(
xyb2

+ x2a2
)

d2
+ (2xzac f) d + z2c2 f 2

+ yzb2 f 2
− y2b2

= 0

Solve

d =
δybi − zac f

xa2 + yb2
, whereδ is 1 or − 1.

Then

e = −
xad+ zc f

yb
= −

δxai + zbc f

xa2 + yb2

Furthermore, we have
ag+

y

x
bh =

z

x
ci = 0

and x

y
d + eh+

z

y
f i = 0

So

g =
z(ce− bf ) i

y (bd − ae)

h =
z(a f − cd) i

y (bd − ae)

Also, if we plug ind ande into db− ae, we havedb− ae= δi . So

g = δz(ce− bf ) = −
z(aci + δbf )

xa2 + yb2

and

h =
δz

y
(a f − cd) =

z(δxa f − ybci)

y
(
xa2 + yb2

)
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Lemma 26. For matrix C = Mn,p,Sp,pSp and−1 ∈ Q2
p, the fixed point group

of θ InnC is noncompact.

Proof. The matrix

(
In−3 0
0 B3

)
is in the fixed point group if and only ifB3 is

the form of Lemma 25. For−1 ∈ Q2
p, we can choosea, b andc as large as

we want to satisfy Lemma 24.

Lemma 27. Assume−1 /∈ Q2
p. For the matrix C= Mn,1,p,p with n ≥ 5, or

C = Mn,p,p,Sp with n ≥ 6, the fixed point group ofθ InnC is noncompact.

Proof. The result follows with a simular arguments as in Lemma 20, using
Lemma 17.

This proves that for each choice of the matricesC in Sections 4.1.6 and
4.1.7, the fixed point groups are noncompact except in the case that the rank
of G is 4 and−1 /∈ Q2

p, where it is compact from the following lemma.

Lemma 28. For the matrix C = M4,1,p,p, and −1 /∈ Q2
p, the fixed point

group ofθ InnC is compact.

Proof. The fixed point group is the set of all


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

, where


a11 a12 pa13 pa14

a21 a22 pa23 pa24
1
pa31

1
pa32 a33 a34

1
pa41

1
pa42 a43 a44




a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 = I .

Since−1 /∈ Qp, x2
+ y2 begins with even power ofp if we write it in the

standard form. So consider the diagonal element in the above matrix identity.
a2

11 + a2
12 + pa2

13 + pa2
14 = 1 can only occur inside the unit ball (with norm

less or equal 1). A similar argument holds for the other rows.

7.1. Summary of the compact fixed groups

For R, we proved that the only compact fixed point group is the one for the
involution θ , and that forQp with p 6= 2, the involutions with compact fixed
point groups are

(1) rank(G) = n = 3: θ InnM3,1,1,p andθ InnM3,1,1,pSp
.

(2) rank(G) = n = 4: θ InnM4,1,p,p if −1 ∈ Q2
p.
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(3) rank(G) = n > 4. None.

Finally for Q2 the involutions with compact fixed point groups are

(1) rank(G) = n = 3: θ , θ InnM3,1,1,2 , θ InnM3,1,1,−3andθ InnM3,1,1,−6.

(2) rank(G) = n = 4: θ .

(3) rank(G) = n > 4. None.

8. Involutions and k-inner elements

In this section we discuss the connection between the classification ofk-
involutions of SL(n, k) in this paper and the characterization in [7] of the
isomorphism classes ofk-involutions of arbitrary reductive algebraic groups
G defined over a fieldk of characteristic not 2. In [7] these isomorphism
classes were characterized by essentially using the following 3 invariants:

(1) classification of admissible(0, σ )-indices.

(2) classification of theGk-isomorphism classes ofk-involutions of thek-
anisotropic kernel ofG.

(3) classification of theGk-isomorphism classes ofk-inner elements ofG.

For more details, see [7]. The admissible(0, σ )-indices determine most of
the fine structure of the symmetrick-varieties and a classification of these was
included in [7] as well. To complete this classification it remains to classify
the second and third invariant. As was shown in [7] a classification of the
k-inner elements depend on the base fieldk and for generalG a classification
of this second and third invariant can be quite complicated. Fork = R the
k-inner elements were classified in [6] by using signatures as an invariant. For
other fields additional invariants are needed. To get a good idea of the kind
of invariant that might be needed we study first the case thatG is k-split. In
this case there is a maximal torusT which isk-split and hence there is nok-
anisotropic kernel. So in this case we only need to classify the third invariant:
theGk-isomorphism classes ofk-inner elements. The groupGk = SL(n, k) is
k-split and in the previous sections we gave a characterization of the isomor-
phism classes ofk-involutions and classified them fork algebraically closed,
the real numbers, thep-adic numbers or a finite fieldFp. This classification
was independent of the characterization in [7]. To be able to use these results
as an indication of how to proceed with a general classification of thek-inner
elements we need to translate the classification in this paper to fit the in-
variants/ characterization given in [7]. In particular we need to determine the
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Table VI. (0, σ )-indices for SL(n, k)

A(1)
n,n(I ) : e1 e2 en−1 en

A(1)
2n+1,2n+1(I I ) : u

0
e1 u

0
en u

0

A(1)
n,n(I I I p

a ) :

e e e u
0

��

u
0

u
0

@@6

?

6

?

6

?

6

?

σ ∗

e1 e2 ep u
0

A(1)
2n−1,2n−1(I I I b) : e e e�� en@@6

?

6

?

6

?
σ ∗

e1 e2 en−1

the maximal(σ, k)-split tori and the theGk-isomorphism classes ofk-inner
elements. We discuss this in this section.

8.1. (σ, k)-split tori and k-inner elements

Since the group isk-split the(0, σ )-indices are exactly theσ -indices of the
case thatk = k̄, only with an additional label0 under all the black nodes in
theσ -index. The latter were classified [6, Table II]. We recall that fork = k̄
there is a bijective correspondence between the isomorphism classes ofk-
involutions and the congruence classes ofσ -indices (see [6, Theorem 3.11]).
The(0, σ )-indices for SL(n, k) are listed in Table VI.

For notations on the(0, σ )-indices we refer to [7, Section 5]. The involu-
tions ofḠ = SL(n, k̄) corresponding to these(0, σ )-indices are respectively
θ , θ InnJ2m and InnY with Y is one of In−i,i , i = 1, 2, . . . , dn−1

2 e. The latter
two (0, σ )-indices are both related to the involutions of inner type, but since
the restricted root system for the related symmetrick-variety is of a different
type both(0, σ )-indices occur in the list of(0, σ )-indices.

8.1.1. k-inner elements
Let T be aσ -stable maximalk-split torus ofḠ containing a maximal(σ, k)-
split torus A of G. Recall that a torus isσ -split if σ(a) = a−1 for all a ∈

A and (σ, k)-split if it is both k-split andσ -split. SinceG is k-split T is a
maximal torus ofḠ as well. Moreover it follows from [7, Theorem 8.33] that
we have the following characterization of the isomorphism classes:
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Theorem 10 ([7, Theorem 8.33]).Any k-involution of G is isomorphic to
one of the formσ Inna, whereσ is a representative of āG-isomorphism class
of k-involutions, A a maximal(σ, k)-split torus and a∈ A.

Theset of k-inner elements of Ais defined as the set of thosea ∈ A such
thatσ Inna is ak-involution of G by Innk(A). We recall that from [7, Lemma
9.7] it follows that one can find a set of representatives for the isomorphism
classes of the involutionsσ InnA in the set Innk(A)/A2

k. HereAk is the set a
k-regular elements ofA andA2

k = {a2
| a ∈ Ak}.

In the remainder of this section we will rewrite the representatives for the
isomorphism classes in the formσ Inna with σ one of the representatives from
the algebraically closed case and in particular find a set ofk-inner elements of
A representing these isomorphism classes. This will lead to a set of invariants
classifying these elements in the cases thatG = SL(n, k).

8.2. Computing the maximal (σ, k)-split tori

For each of the different types of involutions over the algebraically closed
field k̄ we will compute in the following first the maximal(σ, k)-split torus
A and after that thek-inner elements representing the different isomorphism
classes of involutions. In the following letT be the maximal k-split torus
consisting of all the diagonal matrices.
(1) If σ = θ , then the maximal(σ, k)-split torus isS1 = T−

σ = {t ∈ T |

σ(t) = t−1
} = T .

(2) If σ = θ InnJ2m, then letT ′
= B−1T B with B ∈ SL(n, k). We need to

chooseB such thatS2 = T−

σ = {B−1t B | t ∈ T, σ (B−1t B) = (B−1t B)−1
}
0

has maximal dimension. Note that

σ(B−1t B) = (B−1t B)−1
⇒ θ InnJ2m(B−1t B) = B−1t−1B

⇒ J−1
2m (B−1t B)J2m = θ(B−1t−1B) = BT t (BT )−1

⇒ B J2mBT t = t B J2mBT .

For B = I , the dimension ofA2 is maximal and equal ton2 . In particular the
maximal(σ, k)-split torus is:

A2 = {diag(a1, a2, . . . , an) | a1 = a2, a3 = a4, . . . an−1 = an} .

(3) If σ = InnA with A one of In−i,i , i = 1, 2, . . . , dn−1
2 e, then letT ′

=

B−1T B with B ∈ SL(n, k). We need to chooseB such thatSn−i,i = T−

σ =

{B−1t B | t ∈ T, σ (B−1t B) = (B−1t B)−1
}
0 has maximal dimension.

For the maximal(σ, k)-split torus and their dimensions, we have

Lemma 29. The maximal(σ, k)-split torus for In−i,i , i = 1, 2, . . . , dn−1
2 e

can be chosen as:

An−i,i = {B−1 diag(a1, . . . , ai , a−1
i , . . . , a−1

1 , 1, . . . , 1)B},
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where B satisfies B AB−1
=

(
J 0
0 In−2i

)
. The dimension of the maximal

(σ, k)-split torus is of course i .

Proof. Note that

σ(B−1t B) = (B−1t B)−1
⇒ InnA(B−1t B) = B−1t−1B

⇒ A−1(B−1t B)A = B−1t−1B

⇒ t B AB−1
= B AB−1t−1.

Sincet is conjugate tot−1, then highest possible dimension can only be less or
equal ton

2 . Also, if t = diag(a1, . . . , ai , a−1
i , . . . , a−1

1 , 1, . . . , 1), andtY =

Y t−1, then we haveY =

(
J 0
0 Yn−2i

)
, therefore, if the(σ, k)-split tori has

dimension ofi , the correspondingIn− j, j has to be conjugate to

(
J 0
0 Yn−2i

)
.

Hence a(σ, k)-split torus has dimensioni if and only if the corresponding
In− j, j such thatj ≥ i , i.e. the maximal(σ, k)-split tori has dimensionj for
In− j, j .

8.3. Computing k-inner elements representing isomorphism classes

From [7, Theorem 8.33] we know now that anyk-involution is conjugate to
one of the following:

(1) θ Inn(a), a ∈ S1 = T,,

(2) θ InnJ2m Inn(a), a ∈ S2,

(3) InnA Inn(a), A = In−i,i , a ∈ Sn−i,i .

Next we will compute thek-inner elements corresponding to the representa-
tives of the isomorphism classes of involutions in Sections 4 and 5. Note that
for k = R a classification of thesek-inner elements can also be found in [6,
Table II and IV], where they are called quadratic elements.

(1) k = R: the real numbers (see Sections 4 and 5)

a) θ is in case (1) witha = I .

b) InnA is in case (3) witha = I .

c) InnJn is in case (3) witha = B−1t B ∈ An
2 , n

2
, wheret = diag(i, . . . , i, −i, . . . ,−i ).

d) θ InnJn is in case (2) witha = I .

e) θ InnA is in the case (1) witha = A.
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(2) k = Qp: thep-adic numbers (see Sections 4.1.7 and 5)

a) θ is in case (1) witha = I .

b) InnA is in case (3) witha = I .

c) θ InnA is in case (1) witha = A.

d) InnB is in case (3) witha = B−1t B ∈ An
2 , n

2
, wheret = (

√
x)−1 diag(x, . . . , x, 1 . . . , 1),

andx is p, Sp, pSp for p 6= 2 and−1, −2, −3, −6, 2, 3, 6 for Q2.

e) θ InnJ2m is in case (2) witha = I .
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