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Abstract. A first characterization of the isomorphism classek-@fvolutions for any reduc-

tive algebraic groups defined over a perfect field was given in [7] using 3 invariants. In this
paper we give a simple characterization of the isomorphism classes of involutionsmk$L
with k any field of characteristic not 2. We classify the isomorphism classes of involutions
for k algebraically closed, the real numbers, fhadic numbers and finite fields. We also
determine in which cases the corresponding fixed point giduig k-anisotropic. In those
cases the corresponding symmekedigariety consists of semisimple elements.
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1. Introduction

Let G be a connected reductive algebraic group defined over aKielfl
characteristic not 2} an involution ofG defined ovek, H ak-open subgroup

of the fixed point group of andGy (resp.Hy) the set ok-rational points ofs
(resp.H). The varietyGy/H is called a symmetrik-variety. These varieties
occur in many problems in representation theory, geometry and singularity
theory. To study these symmetkevarieties one needs first a classification of
the related-involutions. A characterization of the isomorphism classes of the
k-involutions was given in [7] essentially using the following 3 invariants:

(1) classification of admissibld", §)-indices.

(2) classification of thesg-isomorphism classes & involutions of thek-
anisotropic kernel os.

(3) classification of th&y-isomorphism classes &finner elements ofs.

For more details, see [7]. The admissiflie 8)-indices determine most of the
fine structure of the symmetricvarieties and a classification of these was
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included in [7] as well. Fok algebraically closed dk the real numbers the
full classification can be found in [6]. For other fields a classification of the
remaining two invariants is still lacking. In particular the case of symmetric
k-varieties over the-adic numbers is of interest. We note that the above
characterization only holds féra perfect field.

In this paper we give a simple characterization of the isomorphism classes
of k-involutions in the case thas = SL(n, k). This characterization does
not depend on any of the results in [7] and also holds for any field of charac-
teristic not 2, not only perfect fields. Using this characterization we classify
the possible isomorphism classes koalgebraically closed, the real num-
bers, thep-adic numbers and finite fields. To classify the outer involutions of
SL(n, k) we show that there exists a natural connection of these involutions
with non degenerate symmetric or skew symmetric bilinear forms and that the
isomorphism classes of these involutions correspond bijectively with semi-
congruence classes of the bilinear forms. Here semi-congruence is defined as
congruence up to a scalar multiple (see Definition 3).

For k the p-adic numbers the symmetricvarietiesGy/Hyx with Hy k-
anisotropic have a similar structure as the Riemannian symmetric spaces and
therefore these cases are of particular interest for studying their representa-
tions. In section 7 we compute the fixed point groups andkfire p-adic
numbers we determine which fixed point groupslagmisotropic. Finally in
section 8 we identify the results in this paper with those in [7] by computing
the k-inner elements. Since the group @Lk) is k-split the k-anisotropic
kernel ofG is just a torus.

Some of the results in this paper appeared in the PhD theses of Ling Wu
[14] and Christopher Dometrius [5].

2. Preliminaries

Our basic reference for reductive groups will be the papers of Borel and Tits

[3], [4] and also the books of Borel [2], Humphreys [10] and Springer [13].

We shall follow their notations and terminology. All algebraic groups and

algebraic varieties are taken over an arbitrary flel@f characteristic£ 2)

and all algebraic groups considered are linear algebraic groups.
Throughout this paper we will use the following notation. kete a field

of characteristic not %, an extension field ok, k the algebraic closure of

k andk* the product group of all the nonzero elemertts)® = {a® | a

k*}. Let V = k" a finite-dimensional vector space defined okegV = k",

Mn (k) = M(n, k) the set olh x n-matrices with entries ik, Id € M, (k) the

identity automorphism, Gl(k) = GL(n,k) = {A € M(k) | det(A) #£ 0}

and Sly(k) = SL(n, k) = {A € Muy(K) | det(A) = 1}. Let G be a connected

reductive algebraic group defined okg# an involution ofG defined ovek,
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H ak-open subgroup of the fixed point grouptandGy (resp.Hy) the set

of k-rational points ofG (resp.H). The varietyGy/H is called a symmetric
k-variety. Fork the real orp-adic numbers these are also called reductive
symmetric spaces. One can also characterize the symrketddety as the
subvarietyXy = {x0(x)™! | x € Gi} of Gx. ThenXy ~ G/ Hk.

Definition 1 (Isomorphic Involutions). Let Aut(G) denote the set of all au-
tomorphisms of5. For A € GL(n, k) let Inna denote the inner automorphism
defined by Inp(X) = A~*X Afor all X € GL(n, k). Let Inn(G) = {Inna |

A € G} denote the set of aithner automorphisms of and let InG) denote
the set of automorphisms lgrof G with A € G such that Inp(G) = G.

(1) We say that) andz in Aut(G) are In(G)-isomorphicif there is a¢ in
Inn(G) such thatr = ¢~10¢ and writed ~'"" 7.

(2) We say thafl andz in Aut(G) are Au{G)-isomorphicif there exists a
in Aut(G) such thatr = ¢~10¢ and write§ ~ U ¢,

Remarkl. Notice that) ~'"" 1 — ¢ AU ¢, Thus, the set of IN(G)-
isomorphism classes contains the set of all(@)tisomorphism classes. In
this paper we will mainly characterize the [i@)-isomorphism classes, and
we will use the notatior- instead of~'""

2.1. BILINEAR FORMS AND THEIR INDUCED INVOLUTIONS

Letp : V x V — k be abilinear form otv = k", 8 = {g} an ordered basis
for V, andMg = (f(e, €j)) the matrix of with respect td8. Forx € V
let Xy = (X1, ..., Xn) be the coordinates of with respect tg3. Then for all
X,y € V we haves(x, y) = x; Mg yos . Recall that two matricelt; and M,
arecongruentover the fieldk if there exists a matrixQ € GL(n, k) such that
M, = Q" M1Q. In this case we will writeM; = M,. The following theorem
is well-known, and its proof can be found in [1].

Theorem 1. Two matrices M and M, represent the same bilinear form with
respect to different bases if and only if they are congruent.

Remark2. If M, represents the matrix of the forfhwith respect to the basis
B, and M, represents the matrix of the forfhwith respect to the basis,,

then the matrixQ that gives the congruence relation is the change of basis
matrix fromB, to B;.

2.1.1. Adjoint of a Matrix

Let M be the matrix of a non-degenerate bilinear fgfraverV = k" and let

A € GL(n, k). Theadjoint of A with respect t@ (denotedA’) is defined as
the matrix that satisfies the relatigi{Ax, y) = p(x, A'y). Ifitis clear from

sl-fin.tex; 13/09/2004; 21:06; p.3



4 Aloysius G. Helminck, Ling Wu and Christopher E. Dometrius

the context which bilinear forng we are considering, then we will also just
call this the adjoint ofA. It follows from the definition that

BAX,y) = (AT My = x" ATMy = x MA'Y = B(x, AY)

which implies
A =M1ATM (1)

2.1.2. Using the Adjoint to Construct Involutions

Definition 2. Given a bilinear form onv with matrix M, we definedy
by O (A) = (A)~L. We will omit the subscripM when the bilinear form
involved is clear. Using Equation (1) we see thef) = M~1(AT)"1M.

Proposition 1. If £ is either symmetric or skew-symmetric, theers an
involution of GL(n, k).

Proof. Note that from equation (1), it follows that favl either symmetric

or skew-symmetric we have the following properties of the adjoint similar to
those for the transpose operatig®’)’ = A, (A)~! = (A1) and(AB) =
B’'A’, whereA, B € GL(n, k). The result is immediate from this. O

3. Semi-Congruence and the Classification Theorem

A first question to pose is: Is there is a one-to-one correspondence between
congruence classes of symmetric/skew-symmetric bilinear forms and isomor-
phism classes of their involutions? The answer is “almost."”

Theorem 2. Let M; and M, be the matrices of bilinear form and g, over
V = k", respectively, and le4; andé, be the corresponding involutions on
GL(n, k). If M1 = My, thenb; ~ 0,.

Proof. SupposeM; = M, over k with M, = QTM;Q for someQ e
GL(n, k). Using the formulas fof; andé,, we get thav A € GL(n, k),
62(A) = Inny, (A1)~ = Inngr o (AT ™1

= (Q"™M:1Q)*(AHHQ"M1Q)

= Q' (MY (QHHAHTIQNHMYQ

= Q*Inny, ((INng-1(ANH*Q

= Q '61(Inng-1(A)Q

= Inng 01 INng-1(A), = 0> = Inng 1 INng)-1 .

This mean#, = (¢) 101¢ with ¢ = INng-1, andé, ~ 6, over GL(n, k). [
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Conversely, we get an “almost" 1-to-1 correspondence between congru-
ence classes of bilinear forms and isomorphism classes of involutions.

Theorem 3. Supposé, andd, are involutions orGL(n, k) which come from
symmetric or skew-symmetric bilinear forms represented by the matrices M
and M, respectively, over V.= k". If 6, ~ 6,, then My = a Q" M;Q for
some matrix Qe GL(n, k) and scalara € k.

Proof. Assumed ¢ € InnGL(n, k) suchthat, = ¢~10,1¢. Let P € GL(n, k)
such thatp = Innp. ThenvA € GL(n, k),

62(A) = ¢~ 016 (A) = Innp-1 Inny, ((INNp (A) )+
—P MIl(PT)(AT)_l(PT)_lM]_P_l
= MY (AH M, =
M2P(Mp)"'PT(AD)H(PT) M PIM; = (AT) ™
This holds for allAT, so it holds for allA. This implies:
(PHIMPIMH AP IM PIM Y = A

SO INNpr)-ay,poryt = 1d, (PT)*MiP7IM;H =y Inkn for somey e
k*, andM, = 1/y (PT)"*M;P~L. The result follows by substitutin® =
Pla=1/y. O

This scalam that prevents an equivalence statement in the 2 theorems above
motivates the following definition and theorem.

Definition 3. Two bilinear forms orV = k" with associated matriced; and
M, aresemi-congruent over iM; =° M,) if there exists aQ € GL(n, k)
and anx € k such thatM, = a Q" M; Q.

Theorem 4 (Classification Theorem).If 6, andé, are involutions orGL(n, k)
which come from bilinear symmetric/skew-symmetric forms as above, then
M, =S M, over k <— 9M1 ~ GMZ'

Proof. SinceM; =°* M, there existsx € k such thatM; = aM,. Then by
Theorem 2y, = Oym,. Sinceb,m, = Ow,, it follows thatby, ~ Ou,. The
reverse statement follows from Theorem 3. O

3.1. RESTRICTING TO SL(n, K)

In this subsection we show that the above resultsGoe GL(n, k) imply
similar results foiIG = SL(n, k). The following lemma is easy to verify.

Lemma 1. An automorphism coming from a bilinear form is an involution
onGL(n, k) < itis an involution onSL(n, k).
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Most importantly, the isomorphism classes will remain intact.

Theorem 5. Two involutiong); and#, are isomorphic oveGL(n, k) <—
they are isomorphic ovesL(n, k).

Proof. «<is cIear.AIfel andé, are isomorphic viaP € GL(n, k), then we
can replaceP with P = (1/«“/det(P)) P and still retain InrG-isomorphism

via Inng. Since detP) = 1, the result follows. O

4. Outer Involutions of SL(n, k)

In this section we use the Classification Theorem 4 to classify the outer in-
volutions of SL(n, k). In the next section we classify the inner involutions.
Recall that an automorphiséhof G is said to be amuter automorphisnif

6 ¢ InnG. An outer automorphism that is an involution will be called an
outer involution.

Lemma 2. (1) If k is algebraically closed, themut(G)/ Inn(G)| = 2.

(2) Any outer automorphism can be written lasiy ¢, where¢ is a fixed
outer automorphism.

Remark3. For our purposes we will take fap the involution defined by
#(A) = (AT)~L. See [2] for details of the above lemma.

Our construction of involutions @& A) = M~1(AT)"IM = Inny (¢ (A)),
(M = Mgy) indicates that the isomorphism classes of outer involutions will
come from our semi-congruence classes of bilinear forms. We need first to
check whether all outer involutions come from these forms.

Lemma 3. (1) Inny ¢ is an involution of G <= ¢(M)M € Z(G).
(2) (MM € Z(G) < M is symmetric or skew-symmetric.

(3) Inny ¢ is an involution of G <= M is symmetric or skew-symmetric,
and M is only skew-symmetric if n is even.

Proof. (1) We know that Ingy ¢ is an involution <= (Inny ¢)? = Id on
G. Then the following are each equivalent:

(@) Inny ¢ Inny ¢(X) = Xforall X € G
(b) Inny (ML (X)M) = Innw (M~ (4 (X)) (M) = X
(©) M~ (M HXH(M)M = X
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(d) Xp(M)M =g¢p(M)MX forall X e G
(e) p(M)M € Z(G)

(2) <=: If M is symmetric, therM = MT and¢(M)M = (MT)"IM =
M~IM = I, Which is clearly inZ(G). If M is skew-symmetric, then
M=—-MTandp(M)M = (MT)IM = (=M)"IM = —lxn € Z(G).

= If p(M)M = (MT)"IM € Z(G) then

MHIMX =X(MT)IM VX € G.

So (MH)TMXMIMT = X V¥XeG and Inn-1yr = Id. Therefore
M~IMT = al,, for somea € k, andMT = aM. Taking determinants
of both sides we see thaf = 1. If nis odd, theru = 1 andM = MT. If n
is even, them =1 or—1,andM = MT orM = —MT.

The third statement follows immediately from Proposition 1. O

This lemmatells us thatl outer involutions are of the for#), for some sym-
metric or skew-symmetric matrikl, so we have the following application of
the Classification Theorem 4.

Theorem 6 (Outer Classification Theorem).If 6, and8, are outer involu-
tions onSL(n, k), then they come from bilinear symmetric or skew-symmetric
forms represented by Mand M, (respectively), and

0 ~0 — Inangb%Innmzqﬁ — M; =S M.

Proof. This result is immediate from the Classification Theorem 4, Lemma 2
and Lemma 3. O

4.1. CLASSIFICATION OF ISOMORPHISM CLASSES OF OUTER INVOLUTIONS

Before we classify the isomorphism classes of outer involutions we recall the
following results about congruence classes of bilinear forms (see [12]).

Theorem 7. (1) Symmetric matrices are congruent to diagonal matrices whose
entries are representatives of the square-class groukk)?.

(2) Skew-Symmetric singular nonsingular matrices are congruent t@thgex
(2m) matrix bm,, where n=2m and

_ 0 Im><m
sz_ (_Imxm 0 )

Remark4. Note that a symmetric bilinear forgis non degenerate i¥l; is
congruent to a diagonal matrix with non-zero diagonal entries.
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4.1.1. Classification of outer involutions for ¥ k

For algebraically closed fields there is only one semi-congruence class of
symmetric non-degenerate bilinear forms and only one semi-congruence class
of skew-symmetric forms as well.

(a) n odd: There is only one isomorphism class of outer involutions, repre-
sented byp.

(b) n even There are two classes of outer involutions, representeg! &yd

Inny,, @.

4.1.2. Classification of outer involutions for¥& R

All congruence classes of symmetric forms are givenMby= In_j;, i =

In—i><n—i 0
0 —lixi

M = Jom representing skew-symmetric forms. Thus, the symmetric forms

haven + 1 congruence classes, but 0|‘J2I§«l semi-congruence classes since

In—ii = —lini.

(a) n odd: There are%l isomorphism classes of involutions, represented by

0,1,...,nwherel,_; = . Whenn is even, we also have

Inny ¢, whereM = 1,_; i=0,1,...,%5%
(b) n even There arej + 2 classes of involutions, represented by ynf
whereM = I,_i; i=0,1,..., 5 or Jm.

4.1.3. Some notation and recollections
We now introduce some notation for matrices that will be important. The
matricesl,_;i ; and J,m, have already been introduced. Let

01...00
x0...00
Lnx =
00...01
00...x0

Notice thatJom =° L, ;. Also, let

In—3><n—3 000

0 x00

Mnx.y.z = 0 0yo
0 00z

We also need the following well known results (see e.g. [12]):
Lemma 4. Assume p£ 2. Then
(1) [F%/(F%)?| = 2when p# 2.

(2) Every element of k= F, can be written as the sum 2fsquares inf .
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(3) Fora e F,we have(g 2) = loyo.

4.1.4. Classification of outer involutions for ¥ F,, p # 2.
Let S, denote the “smallest” a non-square elemerif gfWe can get either
all 1's on the diagonal or at most we have dgdeft in the (n, n) spot.
(a) n odd: We have 2 semi-congruence classes of symmetric bilinear forms,
given byM = IyxnandM = My 11 s,. Therefore we get 2 involution classes,
represented by and Inny,, . , s, ¢-
(b) n event Now we add Inn,, ¢ to get 3 classes of involutions.

The results over the fields= k, R andFF, with p # 2 are summarized in
Tablel. We note that fok = QQ there are infinitely many congruence classes
and infinitely many isomorphism classes of involutions.

4.1.5. Some results about bilinear forms ov@p

Definition 4. Given a matrixM, let D; be the determinant of the upper left
i x i square submatrix oi. Define thep-sign(or Hilbert Symbol) of two
non-zero p-adic numbers to l6e, 8)p = 1 if ax? + By? = 1 has a solution
in Qp, —1 otherwise. Then thelasse Symbolg&M) of M is defined by

n—-1
Cp(M) = (=1, D), [ [(Di, —Dis1)p.
i=1

Note that the Hasse Symbol is limited to 1-et.

Lemma 5. If M is an n x n matrix anda € Qp we have the following
formula:

(o, —1)}*(a, Dn)pCp(M) if nis even
(a, —1) D%, (M) if n is odd
Proof. (=1, —a"Dn)p = (-1, X)j(—1, —=Dn)p, and
(@' Dy, —a' ™ Dis1)p = (&', @' ™)p(a’, =Dit1) p(Di, a' ™) p(Di, —Dis1)
= (&', —Di41)p(Di, &' ™) (D, —Dit1)

_ ] (@, Di)p(Di, =Dit1)p if nis even
(a, =Di41)p(Di, —=Di4+1)p if nis odd

Co(aM) =[

But then
Cp(aM) = ((Z, _1)n(aa —Dg)((l, DZ)(aa —D4)((Z, D4) s CD(M)

_ | (@, —1)§?(@, Dn)pcp(M) if nis even
| @ =D 5P %, (M) if nis odd
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Table I. Outer Involutions o6 overk = k, R andFp with p # 2.

Field Semi-Congruence Clasé Involution Class orG
k=k
n odd M = lnxn 0(A) = (A1
M1 = Inxn O1(A) = (AT~
n even Te_1
My = Jom (n=2m) 62(A) = Inny, (AT)
k=R
n odd Mi = Ini, 6, (A) = Inny; (AT)~1
i=0,12..,051 A
Mi = In-ii 6 (A) = Inny, (AT) 1
neven i=012...,5
Mg, 1= Jom 0y 11(A) = Inng,, (A1)~
My = |
Lo O1(A) = (AT) 2
nodd M, = [ 'o-vx0-n O 02(A) = Inny, (AT)~1
2 0 Sp 2 M2
My = |
o 01(A) = (AT)1
n even My = ( (nfl)g(nfl) ) 02(A) = Inny, (AT)~2
) o3(A) = Innyy(AT) 2
M3 = Jom

Theorem 8 ([11]). Two symmetric matrices and M, with entries inQ,
are congruent if and only if

detM;) = a®detM;) and G (My) = cp(My).

4.1.6. Classification of Outer Involutions &L(n, Q,)

We are limited to at most 8 choices for a representative of the square class of
the determinantl, —1, 2, —2, 3, —3, 6, —6}, and the Hasse symbol has only
the choices 1 and-1. So at most there will be 16 semi-congruence classes
of symmetric forms ovef),. To represent these classes we will use the dual
value(a, €), wherea is a representative of the square class groupcaadhe
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Hasse symbol. Led, . = (a, ¢), wherea has the eight choices from above
andcis 1 or—1.

(1) n even

(&) n = 4k: We get 10 semi-congruence classes. The first is represented by
M = Inxn and the second byl = Jn,. We also geM = M;, 2 36. The other

7 choices arél = M, 1,1 x wherex is chosen from—1, 2, -2, 3, —3, 6, —6}.
These matrices represent the semi-congruence forms for the matrices with
dual values

dLladL—lad—Llalead—Zladilad—&lad&lad—ﬁl.

For each of these choicds, we get the involution class representediy=
Inny &.

These results stem from the fact that the matrices with dual \dlye
aren’t semi-congruent to those with dual vatlje ;. The first give usp and
the second give Ing, ,;, ¢ identifying the involution classes. To show this
we use Theorem 5 far = 4k and obtain

C2(aM) = (a, Dp)2Cc2(M). (2

When a matrix has determinant 1, ther? + y?> = 1 having a solution
in Q. implies (a, Dp)2, = 1 andcy(aM) = ¢(M) from the above equation.
Thus, its Hasse symbol must remain the same under scalar multiplication. So
di; andd; _; represent different semi-congruence classes, whild) and
(y, —1) are semi-congruent for £ 1.
(b) n = 4k+2: Again we get 10, but instead of obtaining the semi-congruence
class ofM;, 2 36 we get one represented W = M, 2 3 6. The formula from
Theorem 5 now shows that(a M) simplifies to:

(&, —=1)3(a, Dn)2C2(M) = (&, —Dn)2C2(M).

Since detM) = —1 gives uja, —Dp)2 = (a, 1), = 1, we obtainc,(a M) =
C2(M), which results ind_;; andd_; _; representing different classes of
forms. However, nowy, 1) matrices andy , —1) matrices are semi-congruent
for y # —1 since there is some which will change the Hasse sign. Thus,
we replace the class typified oy _; from then = 4k case byd_; _; and get
InnMn.z,s,fe ¢

(2) n odd: Whenn is odd, we can multiply a matri# by the scalay =
det(M) to get dety M) = (y)*(y)detM) = 1 mod (Q5). So our only
choices are matrices with dual valdg; andd; _;.

(&) n = 4k + 1: Here we can replace a matM by somea M and change
the Hasse symbol, so there is only one isomorphism class, represenged by
(b) n = 4k + 3: Now, there is nax that works as above, since Theorem
5 ensures that(aM) = (a, —1)3F%cy(M) = c(M). Therefore,dy 1 and
dy, 1 give different classes of forms, representedsgnd Inny,,, ;.
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Table Il. Outer Involutions o6 overk = Q2

. Dual Valued,, ¢ of the Matrix M such
dim(V) . ’ Ty—1
Semi-Congruence Class thatf(A) = Inny (A')

dl,l M1 = Inxn
d1,—1 Mn,2,3,6

d_11 Mn,1,1,—1
d21 Mn,1,1,2

N 4k d21 Mn,1,1,-2
ds1 Mn,1,1,3

d_31 Mn,1,1,-3
de,1 Mn,1,1,6

d_g,1 Mn,1,1,—6

M = Jom

n=4k+1 di1 M = Inxn

di1 M1 = Inxn

d11 Mn,1,1,-1

d_1,1 Mn,2,3,-6

d21 Mn,1,1,2

N k42 d21 Mn,1,1,—2
dz1 Mn,1,1,3

d_31 Mn,1,1,-3

ds,1 Mn,1,1,6

d_g,1 Mn,1,1,—6

M = Jom

n=4k+3 di1 M = Inxn
di, 1 Mn,2,3,6

4.1.7. Classification of Outer Involutions &L(n, Q,), (p # 2)
The process is similar to th@, case with the exception that now we have
only 8 choices for the dual valug ¢ sincey € {1, p, S,, pSy}.

(1) neven:

(@) n = 4k: There are 6 classes of involutions. We get 5 semi-congruence
classes of symmetric forms, represented by matrices with dual vejuyes
dy, 1, dp1, ds, 1, dps,,1, and we also havél = Joy. Yet involutions coming

from the same dual values can be different depending upon whether or not
—1is a square iiQ})>.
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Involutions of SL(n, k), (n > 2) 13

(i) -1 & (Q’;)Z: The involutions arep,Inny, ¢, and Inny ¢, whereM =
Mn11, Withy € {p, S, pS}, or M = M p s, ps,- The matricesMp 11,
correspond to the dual class#s;, andMy, p s, ps, corresponds to the; 3
class.

(i) -1 e (Q’;)Z: We sitill get 6 involutions, but here the involution coming
from the dual clasél, _; is Inny,, , , ¢-

(1)(b) n = 4k + 2: There are also 6 classes of involutions in this case.
(i)-1¢ (Q’;)Z: In this case we get the formutg(a A) = (a, —Dn)pCp(A).

For detA) # —1 (a, —Dn)p = (a, —7)p, and there will be am such that
(a, —=y)p = —1.Socp(a A) = —Cp(A), andd, ; represents a semi-congruent
class of bilinear forms td, _, for y # —1. Yet for detA) = —1, the above
equation will become&,(a A) = (a, 1)pCp(A) = cp(A). Therefore, we get
different classes of involutions for those coming from the 5 semi-congruence
classes represented Dy, dp 1, ds, 1, ds, —1, anddps, 1, and we also have
M = Jon.

(i) —1e (Q";J)Z: Here we have,(a A) = (a, 1)pcp(A) = Cp(A). Hence, we
get the same 5 dual classes as inrthe 4k case. The 6 involutions obtained
are identical to the case= 4k, —1 € (Q})>.

(2) n odd:

(@) n = 4k + 1: Again this depends upon whether or ret is a square in
Q)2

(i)-1¢ (Q’;)Z: As was the case fdp,, we get only one dual clask ;. The
only involution class is that ap.

(i) —1 e (Q;)Z: Now d; ; andd; _; represent different classes. There are 2
isomorphism classes of involutions:and Inny, , s, s, ¢-

(2)(b)n = 4k + 3:

(i)-1¢ (Q’;)Z: We have 2 dual classes of symmetric forms; andd; _;.
There are only the 2 involutionsand Inny, , ¢ s, @-

(i) -1 e (@"F‘))Z: We have the same 2 dual classes and the same 2 involution
classes as whenl is a square fon = 4k + 1 above.

This completes the classification of isomorphism classes of outer involu-
tions of SL(n, Qp). The results are summarized in Table I1I.

5. Inner automorphisms

In this section we consider involutions of inner type. By definition, for any
automorphisn® of inner type, there existia x n-matrixY € GL(n, k), such
thatd = Inny |g.

Lemma 6. LetY € GL(n, k). If Inny | = Id, then Y= pI for some pe k,
i.e.Inny = Id overGL(V).
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14 Aloysius G. Helminck, Ling Wu and Christopher E. Dometrius

Table Ill. Outer Involutions of Stn, Qp) (p # 2)

. Dual Valued, cof the Matrix Ms.t.
dim(V) ) T
Semi-Congruence Class 6(A) = Inny(A")
~1¢(@p)?
d1,1 Ml = Inxn
di,—1 Mn.p. S5, pS
n = 4k dp,l Mn,l,l,p
dsp,1 Mn,1,1,s;
dpsy.1 Mn,1,1,pS,
M = Jom
n=4k-+1 di1 M = Inxn
d1,1 Ml = Inxn
dp,l Mn,l,l,p
n=4k+2 dsp.1 Mn.1p.ps
ds,.—1 Mn,1,1,S,
dpsy.1 Mn,1,1,pS,
M = Jom
d M=
n=4k+3 11 nxn
di,—1 Mn, p,Sp.pS
~1e(Q})?
dl,l Ml = Inxn
dy,_1 Mn,1,p,p
n = 4k dp,l Mn,l,l,p
ds,.1 Mn,1.1,s,
dpsy.1 Mn.1,1,ps,
M = Jom
d1,1 Ml = Inxn
d]"_l Mn, p’sp’ pSP
d M
n=dk+2 Pl niLp
ds,.1 Mn,1,1,S,
dpsy.1 Mn,1,1,pS,
M = Jom
d M=
n odd 1,1 nxn
di,—1 Mn, p,Sp.pSp
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Proof. Since In |g = Id, we have for allA € SL(n, k), Inny(A) = Y~1AY =

A,i.e.Y A= AY. SinceAis arbitrary it follows thaty = pl for somep € k.
Furthermore Infp = Inny = Inn; = Id. O

Lemma 7. For any inner automorphisi € Inn(G), suppose Ye GL(n, k).
Thend = Inny € Inn(G) keeps G invariant if and only if ¥= pB, for some
p € k and B e GL(n, k). In other words, there is a matrix B GL(n, k)
such tha¥) = Inng |g.

Proof. The proof of the if statement is obvious. Conversely assume
Y = (Ys) o € BLOY)

and
A= (aij)nxn eG

whereyij € k, a; € k. We haveY~! =det(Y)~1(Y;)
ij-th minor of Y. Then

Inny (A) = YTAY = det(Y)‘l(Z ZYimamIYIj) -

m=1 =1

whereY;; is the

nxn’

We will prove detY)~1Y;j ymi € k. Without loss of generality, we prove the

00 O
case for defy)'Yizyy. LetA= [0 3 0 |, andZ = (z) = Inny(A).
0 O In_z
We have

1
z; = det(Y)™* (5Yi1)/1| + 5Yi2Y2| + Yizya + -+ Yinynl) ek,

foralli,| =1,2,...n.Since 0 § € kis arbitrary it follows that deiY)~1Y;,yy €
k and in general dé¥)~1Y; ym € k. Henceyi; /ymi € k, for alli, j,m,l =
1,2,...n, providedy, # 0, ie.Y = pB, for somep € k andB ¢
GL(n, k). Sinced = Inny = Innpg = Inng, whereB e GL(n, k), the result
follows. ]

Lemma 8. Suppose Ye GL(n, k) with Y2 = pl. Then
(1) If p=c? e k*?then Y is conjugate to gl;; for somei=0,1,...,n.
(2) If pisnotink?, thennisevenandY is conjugate tg -

Proof. If there is ac € k such thatp = ¢?, then the characteristic polynomial
of Y is (x — ¢)"'(x + ¢)', and the minimal polynomial is a factor ¢x +
C)(x — ¢). SoY is conjugate tel,_;; forsomei =0,1,...,n.
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16 Aloysius G. Helminck, Ling Wu and Christopher E. Dometrius

If pis notink*?, then the minimal polynomial i$x?> — p), which does
not factor overk, therefore the characteristic polynomial is a power of the
minimal polynomial. Henca, which is the degree of the characteristic poly-
nomial, is even. Furthermor¥,is conjugate td_y , since they have the same
minimal and characteristic polynomials. O

Lemma 9. Supposé® < Aut(G) is an involution of inner type. Then there is
a matrix Y € GL(n, k), such tha®) = Inny, where matrix Y is conjugate to
Clpj,i or Lg,pfor someie {0,1,...,n},cek*and pe k*/k*2.

Proof. By Lemma 6 we know that there is a matixe GL(n, k), such that
0 = Inny. Sinced is an involution we havé? = Inny. = Id. By Lemma 7
we haveY? = pl for somep € k. It follows thatY is conjugate to one of the
forms in Lemma 8. O

We must determine which of these matrices lead to conjugate involutions.

Lemma 10. The matricesJ_;; and cl_j,; are conjugate for some € k if
and only if ¢ is one of the following:

(1) c=1andi=j.
(2)c=—-1and j=n-1

Proof. Since the eigenvalues of both_; ; andcl,_; ; have to be exactly the
same, that forcesto be 1 or—1. If ¢ = 1, I,_j; andl,_; ; are conjugate,
thereforei = j. If c = —1,cly_jj = —In—j,j Is conjugate td ,_j, and
In—i.i will then be conjugate if =n —i. O

Lemma 11. Let p, q € k*/k*2. The matrix Ly , is conjugate to cly o for
some c< k if and only if¢ € k2,

Proof. The minimal polynomial ofLyg  is (x> — p) and that ofcLy g is
(x* — ¢*q). Additionally, the characteristic polynomial afy , is (x* — p)"
and that oLy 4 is (x* — c?q)". SoLy , andcLy 4 are conjugate if and only
p = c?q, which forces{ = ¢ € k. O

Lemma 12. The inner automorphisn = Inny, and¢ = Inny, are conju-
gate if and only if the matrix 1Yis conjugate to c¥for some ce k.

Proof. The result follows from the following equivalent statements:
— 6 = Inny, is conjugate t@ = Inny,.
— there is a matriXA € GL(n, k), such that Inp-1 Inny, Inna = Inny,.

—_— InnAlelAYz—l = Id.
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Involutions of SL(n, k), (n > 2) 17

— there isc € k, such thatA=1Y;AY,~! = cld for somec € k (see
Lemma 6).

— A1Y; A = cY, for somec € k.

— Y1 is conjugate taY, for somec € k.

Lemma 13. The matrix L, ; is conjugate to .

Proof. Their characteristic polynomials are batt? — 1)", while their mini-
mal polynomials are bottx? — 1). O

Theorem 9. Suppose the involutioh € Aut(G) is of inner type. Then up to
isomorphisn® is one of the following:

(1) Inny |, where Y= 1,_;; € GL(n,k) whereie {1,2,..., [3]}.
(2) Inny |g, where Y= Ly , € GL(n, k) where pe k*/k*?, p # 1 modk*.
Note that(2) can only occur when n is even.

Proof. (1) By Lemma 9, the matrixY € GL(n, k) such thatt = Inny is

conjugate tocl,_i; for somec € k* andi = 1,2,...,nor Lop for some
p € k*/k*2. If Y is of the forml,_i i, thenY is conjugate tq—1)l; ,_i. This
limitsi to 1,2,..., [ 5], and by Lemma 12 each of these represents a unique

isomorphism class.

(2) Sincep € k*/k*?, by Lemma 11, we can choose a representative
from k*/k*?, g £ 1 modk*2. Since Ing = Inney, we can factor out the
constant.

The above two classes are not conjugate to each other since those in (1)
are split and those in (2) are not, thus it's impossible for them to have same
eigenvalues. O

5.1. SUMMARY OF INVOLUTIONS OF INNER TYPE

Recall from [9, Section 2.1] thadt*/(k*)? ~ {1} if k = k, k*/(k*)? ~ Z,

if Kk = R orFp andk*/(k")?> ~ Zy x Z, if Qp, p # 2. We will denote
the nontrivial representative dﬂ‘;/F{f by S,. Then 1,p, S, are pS, are
representatives c@?/@f. In the case ok = Q, a set of representatives of
k*/(k*)? are{1, —1, 2, —2, —3, 3, 6, —6).

Corollary 1. The number of involutions of inner type of G up to isomorphism
is equal tofl k*/(k*)?|| + 5 — 1if n is even and™? if n is odd.

sl-fin.tex; 13/09/2004; 21:06; p.17



18 Aloysius G. Helminck, Ling Wu and Christopher E. Dometrius

Fork = k, R, Q, F, andQ, we summarize the number of isomorphism
classes of involutions of inner type in the following.

(1) k = k algebraically closed. There afg] isomorphism classes of involu-
tions of inner type.

(2) k =R the real numbers. There ajet 1 isomorphism classes of involu-
tions of inner type when is even ancl‘g—l whenn is odd.

(38) k = Q the rational numbers. There are infinitely many isomorphism
classes of involutions of inner type.

(4) k = Ty, finite field (p # 2). There aref 4 1 isomorphism classes of
involutions of inner type when is even and*;—1 whenn is odd.

(5) k = Qp the p-adic numbers. Fop # 2, there are; + 3 isomorphism

classes of involutions of inner type fars even and‘g—l for nis odd. For
p = 2 there ar€j 4 7 isomorphism classes of involutions of inner type
for n even and“;—1 for n odd.

6. Summary of the classification on Skn, k)

In this section we summarize the classification of involutions in the case that
the fieldk is algebraically closedR, thep-adic numbers or a finite fielf,
and we give representatives for each of the isomorphism classes.

6.1. k= RI ALGEBRAICALLY CLOSED

() If nis odd, there aré;—l isomorphism classes of involutions. Represen-
tatives are Inp with Y is one of the followingl,_ii,i = 1,2, ..., [’%11
andé.

(2) If nis even, there ar§ + 2 isomorphism classes of involutions. Repre-

sentatives are InnwhereY = I,_i;,i =1,2,..., g 0, andd Inny,,, .

6.2. k= R: THE REAL NUMBERS

() If nis odd, there ar@ isomorphism classes of involutions. Representa-

tives ared, Inny andd Inny whereY = I,_i;,i =1,2,..., [

(2) If nis even, there ara + 3 isomorphism classes of involutions. Rep-
resentatives are Inp,, 4, 61Inny, , Inny and@Inny, Y = I, i =
1,2,...,5

> 2"
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Table IV. Isomorphism Classes of Inner Involution®f

Field Number of Representative Matri¥
Inner Involutions such that = Inny
nodd n—1 i —1
== Y=li i=12..,02
k = any field 2 =1l 2
n even
k=k 3 Y=l i=12...3
Y=l i=12...,%
k=R D+l ! 2
Y = I—n,—l
— .. T — n
k:Q 00 Y—In_|,| |—1,2,...,j2
Y=Lna a#1 mod(Q¥)
Y=Ilpyi i=212...,8
k:[ﬁ‘p p#£2 %+1 n—i,i 2
Y= Ln’s,p
Y=|n7|| i=132=-‘-9n
k= J+7 ’ 2
Q2 2+ Y=Lne ac{-1 %2 13 %6

n Y = In_i i:l,Z,...,%

Y=Lna ac{p,Sp pS}

6.3. Kk = [Fp: FINITE FIELD, P # 2
Let S, be a non trivial representative Bf, /IF”,;Z.

(1) If nis odd, there arég—l + 2 isomorphism classes of involutions. Repre-
sentatives are, 0 InnMnqu and Inry whereY = In_j;,i =1,2,..., r%l .

(2) If nis even, there aré + 4 isomorphism classes of involutions. Repre-
sentatives are Iru;],sp, 0,61nny, ,0 InnanSp and Iny whereY = I,

i=12..,0.

6.4. k= Qp: THE p-ADIC NUMBERS

If p # 2, then we take ]1p, S,, pS, as representatives @’E/Q’;f and if
p = 2, then we takgl, —1, 2, —2, —3, 3, 6, —6} as representatives.

(1) If nis even, then there afk+ 9 isomorphism classes of involutions for
p # 2,5 + 17 for p = 2. Representatives are
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20 Aloysius G. Helminck, Ling Wu and Christopher E. Dometrius

a) p#2Inn,, withx =S, p,orpS6,0Inny, , Inny andd Innc
andd Innp. HereY = I_;,i =1,2,..., 5, andC = M 11 x With
X =S, p,orpS,. Forthe matrixD we have the following cases:
Mn,pssp,p% |f - 1 € Q%
D=1Mnipp if —1¢ QFandn=4k
Mopps, if —1¢ QFandn=4k+2
b) p = 2: The same ap # 2, butx in L, x and inC are chosen from 2,

3,6,-1,-2,-3,—6. The matrixD is |,_, 2 if n = 4k andM; 23 _6
if n =4k + 2.

(2) If n = 4k + 1, there are%l + 2 isomorphism classes of involutions if
-1 e Q?, otherwisen;z1 + 1. Representatives are WY, and possi-

bly Innp if —1 € Q2, whereY = I, i = 1,2,...,%5t andD is
Mn’pysp’p%.

(3) If n = 4k + 3, there arég—l + 2 isomorphism classes of involutions. Rep-
resentatives are Ignéd andé Innp, whereY = I,_;,i =1,2,..., ’%1
andD is

Mn,p,Sp,pSp if —1e @%
D = Mn’l’p’p If - 1 ¢ Q%
In—2,2 if p=2

Note that—1 ¢ Q,, and (2) and (3) hold fop # 2 andp = 2.

7. Fixed Point Groups and Symmetrick-Varieties

The fixed-point grougd = G? for an involutiond overG is defined by

G’ ={geG|dQ) =g}

The fixed point group determines much of the structure of the corresponding
symmetrick-variety X := {gd(g)™* | g € GJ. It is easy to see thaX ~
G/G°. Moreover ifG’ is compact, so from [8] it follows thaX consists of
semisimple elements:

Proposition 2 ([8, Proposition 10. 8]).Let G be a connected reductive al-
gebraic k-group witrchark) = 0 and X = {gd(g9)~!|g € G}. Suppose that
H N [G, G] is anisotropic over k. Then consists of semi-simple elements.

In view of this result it is important to determine which involutions have an
k-anisotropic fixed point group. Fé&r= R or Q,, all k-anisotropic subgroups
are compact. In this section, we’'ll study the compactness of these fixed point
groups fork = R andQj.
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Table V. Summary: Number of Involution Classes®f

Number of Outer  Number of Inner  Total Number of

Field dim(V
mv) Involutions Involutions Involutions
k=k nodd 1 n=1 nil
n n
neven 2 5 5+ 2
_ n+1 n—-1
k=R n odd 5 N n
n n
n even 5+2 5+1 n+3
k=Q n odd 00 n=1 00
n even o0 00 00
k=F
p n odd 2 n-1 043
p#2
n n
neven 3 5+1 5+4
_ _ n n
n=4k+1 1 n;zl n;l
n=4k+2 10 5+7 5+17
n=4k+3 2 n;zl njzus
n =4k 6 043 049
p#2 2" 2"
n=4k+1
2 n—1 n+l
—1¢(@Qp) 1 e -
2 n-1 n+3
—1e@p 2 T 5
n n
n=4k+3 2 n=1 nis
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Lemma 14. For the matrix Y= I,_; ;, the fixed point group "™ consists of

the matrices(g g) where Be GL(n—1i, k), C € GL(i, k), detB x detC =

1 and the group &" is noncompact.

Al A

Proof. ForY = In_i; and Inny(A) = A write A = (A3 A,

n—i xn—iblockandA4 ani x i block. Then

=i O AL Ao (i O [(Ar A
m = (%55 (%) (5 5) = (R %)
o (5 - (2 2)
T\-As A ) \As Ay
S0 A; = 0andAz = 0. SinceA € SL(n, k) and detA = detA; x detAy,
the result follows. O

) with A; an

Lemma 15. For the matrix Y = L, ,, the noncompact fixed point group
G'"™ consists of the elements

Ain A ... Ay
Axir Az ... Aom

Aml Amz Amm
wherem= 2, and A = J ‘).
2 A (pyij ajj

Ao A ... Aon

Proof. Let A = . . . and assume In(A) = A. Then
Aml Amz Amm
J 0O ... 0 A1 A ... A J O ... 0
0J...0 Ao Ax ... Ao 0 ...0
Thatis—J,AjJ, = Aj foralli,j =1,...,n. LetA; = (2” 3") Then
] ij

— DA ) = Aj implies thatd;; = &; andc; = phb; = py;, which proves
the result. O

Lemma 16. The solutions of §+ y5 + y2 +ay? = 1 overQ, are all bounded
if and only if ae Q3.
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Proof. Assume first tha = 1, i.e.y? + Y2 + Y3 + y2 = 1 and writey; =

2 + Z 6;2). Theny? = 225 4 Z 7ij 2. Without loss of generality
j=s+1 j=25+3
we may firstassume that < s, < 53 < 5. If 51 # 5, then

VoYY HYi=24+ D> ¢2.
j=25+2
To make this equal to 1, we must hasie= 0 andy;,, Y, Y3 andy, are units.
If s; = s ands, # s3, then

o0
Yo+ Y5+ Y5+ Ys =21 D g2
j=25+2

which cannot equal 1. B; = s, = s3 andss # S, theny? + y2 + y2 4 y2 =

2% 4 2%+l Z #i;2), whichisnotequalto 1. I = s, = 3 =
j=2s+2
then

Yo+ Y5+ YE+YE =2 D g2,
j=25+3
To make this equal to 1, we need to haye= —1, which forces the norms
Vil = 2. Soy? + y5 + y5 + y3 = 1 forces|yi| < 2. Thus all solutions are in
the ball with radius 2. On the other handaif¢ Q3 we can takea to be one
of the representatives 2, 3,61, —2, —3 or —6 of Q3/Q%2, which can all be

written asdg + 201 + 40, + Z $s2°. Sinced; andgs are 0 or 1 we get
s=3

ays = 0o2%% + 0,225 4 5,225 4 " w2,
m=2%+3

No matter the value of th&, we can carefully choosg, y» andy; to make

the coefficients all zero for those whose powers are less than 3. For

the coefficients whose power are larger or equaldp+2 3, we can choose

V1, Y2 andys as we desire. In particular we can make the sum equal to 1.
Sinces,; < —2 is an arbitrary integer, we can get as large a solution as we
desire. O

Lemma 17. The fixed point group of is the groupSO(n, k) = {A € G |
ATA = Id}. For k = R, the groupSQ(n, k) is compact, for k= Q, the
p-adic numbers (p# 2), it is noncompact. Fof),, if the rank of G is3 or 4,

it is compact, while it is noncompact if the rank of G is larger than or equal
to 5.

sl-fin.tex; 13/09/2004; 21:06; p.23



24 Aloysius G. Helminck, Ling Wu and Christopher E. Dometrius

Proof. For k = R andQp, compactness is equivalent to being closed and
bounded. It is easy to see that the fixed point group is closedk FerR,
since the nornj A|| = n, it follows that the fixed point group is bounded.

For Q, consider the case of ra(®) = 4 first. If y7 + y2 + y5 + y2 = 1,
then by Lemma 16y;| < 2. Therefore for ran{G) = 4 (thus 3 as well), the
fixed point group is compact.

For rank ofG of 5 or bigger, letys = ys, we havey? + y2 + y2 4 2y2 = 1,
also by Lemma 16 we know we can chogg¢o be as large as desired, so the
fixed point group is honcompact.

ForQy, consider first the case= 3. The matrices

a b C
ac c2
As=| b1, © 1+53
C ac
b+pz —a —p

are in the fixed point group as long @&+ b? + c? = 1. We know that when
n > 3, we can choosa, b, ¢ to be as large as we want. Hence the norms of
the matrices are not all finite, and the set of these matrices is not bounded. For

G of higher rank the matriceé'?‘)3 | 0 ) are in the fixed point group. O
n—-3

Lemma 18. The fixed point group &f Inny,_ is noncompact.
Proof. The fixed point group i1 = {A | 8(A) = Inny,, (A)}. Clearly

rr 0 ... 0 O
or;*...0 0
0 0 ...ty O
0 0 ... Or;t
is in H, which is not bounded. O

Lemma 19. Letk= R or @, and Y = I,_; ;. Then the fixed point group of
@ Inny is noncompact.

Proof. The matrix

In—|—l
0
0
0 00l
is in the fixed point group as long a$ — b? = 1. O

Q T O

0
0
0

T o O

So far we proved that the only compact fixed point group is that of the
involutiond for k = R andk = Q, andn = 3 or 4.
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Lemma 20. Letk = Qp, (p # 2and p= 2) and C = My 11x. The fixed
point group of9 Innc is noncompact if theank(G) = n > 4.

Proof. For p £ 2 The matrices(g (:)L) whereB is ann — 1 x n — 1 matrix

such thatB"B = Id, is in the fixed point group. By Lemma 17, if >

4, it is unbounded. Therefore the fixed point group is unbounded and thus
noncompact. Ifp = 2, by Lemma 16, when the rank & is larger than or
equal to 4, the fixed point group is noncompact. O

We still need to consider the case when r@k=n = 3.

Lemma 21. Letk= Qp and C= Mz 11 x. The fixed point group @fInnc is
noncompact if-1 € Q3.

a b O
Proof. The matrices| —b 1—7*’2 0| are in the fixed point group as long as
0 0 1

a? + b? = 1. While —1 € Q?, the norm ofa andb can be chosen to be
arbitrarily large, and hence the fixed point groupddfinc is noncompact.
O

Lemma 22. Letk= Qp and C= M3 s,. The fixed point group d@f Innc
iS noncompact.

a b c

. y2c—a2b ac ‘o . .
Proof. The matrixYs = | 5=z @ {71 is in the fixed point group
acy yc?
b1 YC 15— 1

as long a®? + b? + yc? = 1 has a solution. Foy = S,, we have infinitely
many solutions, and we can choose the norms of the roots to be as large as
we desire. O

Lemma 23. Let k = Qp and C = M3 11, Where X is p or pg The fixed
point group off Innc is compact i-1 ¢ Q%.

11 d12 a13
Proof. The fixed point group of Innc consists of allf a;; az» as3 |, where

az1 dzz ass

11 a2 Xay3 ai1 a1 asi

A1 A2 X&z| |aw ax azx | =1I.
1 1

X831 3832 as3 13 a3 az3

Whenx is S, or pS, and—1 ¢ Q3, all the solutions foa? +a%+x8% = 1 or
x are unit (norm less or equal 1). Therefore the fixed point group is bounded
and hence compact. O
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Lemma 24. Letk= Q, and C= M3 11, Where x=2,3,6, -1, -2, -3,
or — 6. The fixed point group &f Innc is compact if x= 2, —3 or —6, and
noncompact otherwise.

Proof. Whether the fixed point group is bounded or not depends upon whether
the equatiora? 4 a3 + xaZ = 1 has only bounded solutions or not, as follows

from Lemma 22 and 23. Let = 2% + Z ;2. Without loss of generality
j=s+1
we may assumsg;, < S,. If 5, > 53+ 1, withx € {1, -2, —3, —6, 2, 3, 6},

thena? + aZ + xa3 = x2%¢ + x + > ;2 is either not equal to 1
j=2s3+42
or 3 = 0. This forces|ag] = 1, thus maxlay|, |az|) < % So we can
possibly only get a noncompact fixed group wregn> s;. Therefore, we
o o

can writea = 221" §;2), andxaf = 2% > 72l. We also know that
j=0 j=0

o0
a2 = 2% 4 221" 4,20 If we wants; < —1 anda? + a3 + xa3 = 1, then
j=3
we must have ¥ 6y + 79 = 2,0, + 71, = 1, 5, + =, = 1. Furthermore, we
know that if 6 = 1, thend; = 6, = 0, and ifdy = 0, theno, = 0 (since
o

a3 = 2%1"6;2)). Soif & = 1, we havago = 0, andgy = ¢, = 1, which
j=0

meansx = 6 or —2. If §o = 0, we havepg = 1 and¢; = 1, which means

x = 3 or —1. From the above discussion, we know that Xoequal to—1,

—2, 3 or 6, we can choos®; to be as large as possible. It follows that the

fixed point group is noncompact, while farequal to 2,—3 or —6 thea;;’s

can only be chosen from the unit ball. O
x00
Lemma 25. For the matrix M= | O y 0|, the fixed point group af Inny
00z
are the matrices
a b c
dybi—zacf Jxai+zbcf f
xa2+yh? xa2

_z(aci-)&/-&bf) z(oxaf—ybci) i
xa2+yp?  y(xal+yh?)

wheredislor —1and a, b, c, f and i satisfy the following equations:

z
a2 Iy L1
X X

and
z z
P+ SfP+it=1
X y
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be in the fixed point group of Inny. Then

C
Proof. Let A = f

PR
«Q o QD
> 0 T

A(A) = Inny (A). Thatis, MTAMAT = I, i.e.
a %b fc adg
§d e ;Z,f b e h|=I.
§g %h i c f i
From§ad + be+ § fc =0, it follows thate = —%. Therefore

L
y y

2 2 £2~2

X xa 2xzacf z-f<c z

— ~d? ——) d? d+—— +-f2-1=0
y +(yb) +( yb ) - y?b? +y

= (xyb’ + x%a%) d® + (2xzacf d + 22?2 + yziF {2 — y?b* = 0

Solve

= M, whered is 1 or — 1.
xa? + yb?

Then .
xad+ zcf B oxai + zbcf

yb T xa?+yR?

Furthermore, we have ,
ag+ Ybh=2ci=0
X X

and
“d+eh+ Zfi=0
y y
So .
z(ce— bf)i
- y (bd — ae)
z(af —cdyi
- y (bd — ae)
Also, if we plug ind ande into db — ae, we havedb — ae = di. So
z(aci + obf)
g=oz(ce—bf) = —W
and

oz z(oxaf — ybci)
h=—(af —cd) =
y ( ) y (x&? + yt?)
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Lemma 26. For matrix C = Mn p s, ps, and—1 € Q?, the fixed point group
of 8 Innc is noncompact.

Proof. The ma‘trix(lr‘o3 g) is in the fixed point group if and only iB; is
3

the form of Lemma 25. For-1 € Q2, we can choosa, b andc as large as
we want to satisfy Lemma 24. O

Lemma 27. Assume-1 ¢ Q%. For the matrix C= My 1 pp Withn > 5, or
C = Mn_p,p.s, With n > 6, the fixed point group d@f Innc is noncompact.

Proof. The result follows with a simular arguments as in Lemma 20, using
Lemma 17. O

This proves that for each choice of the matri€ Sections 4.1.6 and
4.1.7, the fixed point groups are noncompact except in the case that the rank
of Gis 4 and—1 ¢ Q2, where it is compact from the following lemma.

Lemma 28. For the matrix C= My p, and -1 ¢ Q%, the fixed point
group ofé Innc is compact.

11 2 13 A4
|6121 A2 Az3 a4
dz1 Az az3z azs
g1 Q42 A3 A4a

Proof. The fixed point group is the set of , Where

a1 a2 Paz Paia a1 a2 13 g
do1 A2 Pag3 Papa Ax1 Ay Axz Ay
§331 %EQZ dzz3 Aazs dzp Az dz3z Az
pa41 a2 Az Asm Au1 g2 43 A4g

Since—1 ¢ Qp, x? + y? begins with even power of if we write it in the
standard form. So consider the diagonal element in the above matrix identity.
az, + a2, + pa; + paZ, = 1 can only occur inside the unit ball (with norm
less or equal 1). A similar argument holds for the other rows. O

7.1. SUMMARY OF THE COMPACT FIXED GROUPS

For R, we proved that the only compact fixed point group is the one for the
involutiond, and that forQ,, with p # 2, the involutions with compact fixed
point groups are

(1) rankG) = n = 3:6Inny;,, , andod INNy , ; . -

(2) rankG) =n=4:61nny,, , , if =1 € Q3.
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(3) rankG) = n > 4. None.
Finally for Q, the involutions with compact fixed point groups are
(1) rankG) =n=3:0,01Inny,,,,, 0NNy, ,, ;andd Inny, , .
(2) rankG) =n=4:6.
(3) ranKG) = n > 4. None.

8. Involutions and k-inner elements

In this section we discuss the connection between the classificati@n of
involutions of SL(n, k) in this paper and the characterization in [7] of the
isomorphism classes &finvolutions of arbitrary reductive algebraic groups
G defined over a fielk of characteristic not 2. In [7] these isomorphism
classes were characterized by essentially using the following 3 invariants:

(1) classification of admissibl@", ¢ )-indices.

(2) classification of the&s,-isomorphism classes d@involutions of thek-
anisotropic kernel of5.

(3) classification of th&y-isomorphism classes &tinner elements o6.

For more details, see [7]. The admissilflg ¢ )-indices determine most of

the fine structure of the symmetkevarieties and a classification of these was
included in [7] as well. To complete this classification it remains to classify
the second and third invariant. As was shown in [7] a classification of the
k-inner elements depend on the base fietthd for general a classification

of this second and third invariant can be quite complicated.kFer R the
k-inner elements were classified in [6] by using signatures as an invariant. For
other fields additional invariants are needed. To get a good idea of the kind
of invariant that might be needed we study first the case@istk-split. In

this case there is a maximal torlisvhich isk-split and hence there is ne
anisotropic kernel. So in this case we only need to classify the third invariant:
the Gg-isomorphism classes &finner elements. The grodpx = SL(n, k) is
k-split and in the previous sections we gave a characterization of the isomor-
phism classes df-involutions and classified them féralgebraically closed,

the real numbers, the-adic numbers or a finite fiell,. This classification

was independent of the characterization in [7]. To be able to use these results
as an indication of how to proceed with a general classification df-iheer
elements we need to translate the classification in this paper to fit the in-
variants/ characterization given in [7]. In particular we need to determine the

sl-fin.tex; 13/09/2004; 21:06; p.29



30 Aloysius G. Helminck, Ling Wu and Christopher E. Dometrius

Table VI. (T, o)-indices for Sk(n, k)

1 2 n-1 n
AN 55 o0
€ . 1 n
Artran(D: @&—O0—e@----0—e
1 2 p
ASATID) 2 o ,r
P
O—O - 1
1 2 n-1
1 n
Agn)—l,Zn—l(lllb): o* I I I
O—O -

the maximal(o, k)-split tori and the they-isomorphism classes &finner
elements. We discuss this in this section.

8.1. (o, k)-SPLIT TORI AND K-INNER ELEMENTS

Since the group i&-split the (T, ¢ )-indices are exactly the-indices of the
case thak = k, only with an additional label’ under all the black nodes in
the s -index. The latter were classified [6, Table 1I]. We recall thatkee k
there is a bijective correspondence between the isomorphism claskes of
involutions and the congruence classes andices (see [6, Theorem 3.11]).
The (T, o)-indices for Skn, k) are listed in Table VI.

For notations on therI’, o)-indices we refer to [7, Section 5]. The involu-
tions of G = SL(n, k) corresponding to thesé&, o )-indices are respectively
0, 6 1Inny, and Iny with Y is one ofl_;i,i =1,2,..., r”%l]. The latter
two (T, o)-indices are both related to the involutions of inner type, but since
the restricted root system for the related symmetni@riety is of a different
type both(T", ¢ )-indices occur in the list ofl", ¢ )-indices.

8.1.1. k-inner elements

Let T be ac-stable maximak-split torus ofG containing a maximale, k)-
split torus A of G. Recall that a torus is-split if c(a) = a~* for all a €

A and (o, k)-split if it is both k-split ands-split. SinceG is k-split T is a
maximal torus ofG as well. Moreover it follows from [7, Theorem 8.33] that
we have the following characterization of the isomorphism classes:
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Theorem 10 ([7, Theorem 8.33]).Any k-involution of G is isomorphic to
one of the fornw Inn,, wheres is a representative of &-isomorphism class
of k-involutions, A a maximdb, k)-split torus and ac A.

Theset of k-inner elements of iA defined as the set of thoaes A such
thato Inn, is ak-involution of G by Innc¢(A). We recall that from [7, Lemma
9.7] it follows that one can find a set of representatives for the isomorphism
classes of the involutions Inn, in the set Inn(A)/Aﬁ. Here A is the set a
k-regular elements of and A2 = {a? | a € Ay}.

In the remainder of this section we will rewrite the representatives for the
isomorphism classes in the fourinn, with ¢ one of the representatives from
the algebraically closed case and in particular find a setioher elements of
Arepresenting these isomorphism classes. This will lead to a set of invariants
classifying these elements in the cases that SL(n, k).

8.2. COMPUTING THE MAXIMAL (o, K)-SPLIT TORI

For each of the different types of involutions over the algebraically closed
field k we will compute in the following first the maximab, k)-split torus

A and after that th&-inner elements representing the different isomorphism
classes of involutions. In the following |8t be the maximal k-split torus
consisting of all the diagonal matrices.

(1) If ¢ = 0, then the maximalo, K)-split torus is§, = T, = {t € T |
ct)=t1 =T.

(2) If ¢ = 1nny,, then letT’ = BT B with B € SL(n, k). We need to
chooseB such that, = T = {B"%tB |t € T, (B~!tB) = (B~'tB)~1}°

has maximal dimension. Note that

c(B7'tB) = (B™'tB)"* = #Inny, (B~'tB) = Bt 'B
= L, (B7'tB)bhn=0(Bt!'B)=B"t(B")*
= BhnB't =tB%yB'.
For B = I, the dimension of\; is maximal and equal t§. In particular the
maximal (o, k)-split torus is:
Ay = {diaga, @, ..., @) a1 =@, 83 =a4,... a1 = an} .

(3) If ¢ = Inna with A one of l,_i;, i = 1,2,...,[%5], then letT’ =
B~1T B with B € SL(n, k). We need to choosB such thatS_i; =T, =
(BB |t eT,o(B~tB) = (B~'tB)~1}° has maximal dimension.

For the maximale, k)-split torus and their dimensions, we have

Lemma 29. The maximal(o, k)-split torus for ki, i = 1,2,..., [”%11
can be chosen as:

A.ii = {B'diaga,...,a,a %, ...,a % 1,...,1)B},
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J 0

where B satisfies BAB = (
0 In—2i

(o, k)-split torus is of course i.

). The dimension of the maximal

Proof. Note that
c(B7'tB) = (B7'tB) ' = Inna(B™'tB) = B t~!B
= A(B'tB)A=B"'t'B
=tBAB'=BAB 't

Sincet is conjugate td~1, then highest possible dimension can only be less or
equal to}). Also, if t = diagay, ..., a,a % ...,a; 5 1,..., 1), andtY =

Yt1, then we havey = (J 0

, therefore, if the(o, k)-split tori has
0 Yn—2i

dimension ofi, the correspondingy,_; j has to be conjugate lég YO )
n-2i

Hence a(o, k)-split torus has dimensionif and only if the corresponding
In—j,j such thatj > i, i.e. the maximale, k)-split tori has dimension for
Infj,j . ]

8.3. COMPUTING K-INNER ELEMENTS REPRESENTING ISOMORPHISM CLASSES

From [7, Theorem 8.33] we know now that akymvolution is conjugate to
one of the following:

D oInn@), ae §=T,,
(2) 0Inny,, Inn(a), ae S,
(3) Innalnn(@), A= lp_ij,ae Siij.

Next we will compute thé-inner elements corresponding to the representa-
tives of the isomorphism classes of involutions in Sections 4 and 5. Note that
for k = R a classification of theske-inner elements can also be found in [6,
Table Il and 1V], where they are called quadratic elements.

(1) k = R: the real numbers (see Sections 4 and 5)

a) fisin case (1) witha = 1.

b) Inna is in case (3) wita = 1.

c) Inny isincase (3) witta = B~1tB ¢ A%,%,Wheret =diag(i,...,i,—i,...,—1).
d) 61Inny, isin case (2) witha = I.

e) 6 Inna is in the case (1) witla = A.
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(2) k = Qy: thep-adic numbers (see Sections 4.1.7 and 5)
a) #isin case (1) witta = 1.
b) Inna is in case (3) witra = I.

€) d1nny is in case (1) witta = A.

d) Inng isin case (3) witta = B~'tB € Ay 5, wheret = (/x)'diag(x, ..., x,1...

andxis p, S, pS, for p # 2 and-1, -2, —3, —6, 2, 3, 6 for Q5.

e) 0 1Inny, isin case (2) witra = | .
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