ALGORITHMS FOR COMPUTATIONS IN LOCAL SYMMETRIC SPACES
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Abstract. In the last two decades much of the algebraic/combinatorial structure of Lie groups, Lie
algebras, and their representations has been implemented in several excellent computer algebra pack-
ages, including LiE, GAP4, Chevie, Magma and Maple. The structure of reductive symmetric spaces or
more generally symmetric k-varieties is very similar to that of the underlying Lie group, with a few ad-
ditional complications. A computer algebra package enabling one to do computations related to these
symmetric spaces would be an important tool for researchers in many areas of mathematics, including
representation theory, Harish Chandra modules, singularity theory, di Cerential and algebraic geometry,
mathematical physics, character sheaves, Lie theory, etc. However, until a few years ago only very few
algorithms existed for computations in these symmetric spaces. This is in part due to the fact that
the algebraic/combinatorial structure of these symmetric spaces is much more complicated and also
much of this structure was traditionally proved using analytic and geometric methods, which do not
lend themselves to designing algorithms. About 15 years ago the concept of real symmetric spaces was
generalized to symmetric spaces over general fields of characteristic not 2 and it was shown that these
generalized symmetric spaces (called symmetric k-varieties) have many algebraic/combinatorial prop-
erties similar to those of the classical real symmetric spaces. Most of this work mainly used algebraic
and combinatorial methods, which lend themselves excellently to designing algorithms; and based on
these results some of the first algorithms for symmetric spaces were developed a few years ago (see
[Hel96, Hel0O0]). In this paper we lay the groundwork for computing the fine structure of symmetric
spaces over the real numbers and other base fields, give a complete set of algorithms for computing
the fine structure of symmetric varieties and use this to compute nice bases for the local symmetric
varieties.

1. Introduction

Real reductive symmetric spaces have been studied for almost a hundred years and they are of
importance in many areas of mathematics and physics. They can be defined as the homogeneous
spaces G/H, where G is a reductive Lie group of Harish Chandra class and H is an open subgroup of
the fixed point group of an involution of G. Initially one mainly studied the Riemannian symmetric
spaces, i.e. the symmetric spaces for which H is a maximal compact subgroup of G. In the last 25
years the emphasis has shifted to include the general reductive symmetric spaces. Symmetric spaces
are best known for their role in representation theory and many have studied the representations
associated with these real reductive symmetric spaces (see for example [HC84, FJ80, 0S80, OM84,
BD92, vdBS97, Del98])).

Similar spaces over other fields occur throughout mathematics. For any field k of characteristic
not 2 a symmetric k-variety is defined as the homogeneous space Gk/Hg, where G is a reductive
algebraic group defined over k and H = G° the fixed point group of a k-involution o of G. Here
we have used the notation Ky for the set of k-rational points of an a Cneklgebraic group K defined
over k. Similarly the p-adic symmetric k-varieties are also called reductive p-adic symmetric spaces
or simply p-adic symmetric spaces. The symmetric k-varieties over algebraically closed fields are
also called symmetric varieties. Instead of these global symmetric spaces it often su [ced to study
the corresponding subspaces in the Lie algebra. If g is the Lie algebra of G, then o also induces an
involution of g which we will also denote by o. Then g = h [Cglwhere h resp. g are the +1 and
—1-eigenspaces of ¢ in g. The subalgebra h is the Lie algebra of H and the subspace q is the tangent
space in the identity of the subvariety Q = {xo (%)™ | x G} which is isomorphic to G/H. Similarly
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we have a decomposition gk = hx [qd of the Lie algebra of Gk in eigenspaces of o. The subspace gk
is called a local symmetric k-variety or also a local symmetric space.

Symmetric k-varieties over base fields, other then the real numbers, occur in many problems in
representation theory (see [BB81] and [Vog83, Vog82]), geometry (see [DCP83, DCP85] and [Abe88]),
singularity theory (see [LV83] and [HS90]), the study of character sheaves (see for example [Lus90,
Gro92]) and at the study of cohomology of arithmetic subgroups (see [TW89]). The p-adic symmetric
spaces are also of importance for the study of automorphic forms.

Reductive groups over algebraically closed fields have a natural fine structure of a root system
with its Weyl group coming from a maximal torus. If the group is defined over a field k which is not
algebraically closed then there is a second root system and Weyl group which characterizes the k-
structure of the group. This additional fine structure comes from the root system of a maximal k-split
torus A of G together with its Weyl group and the multiplicities of the roots. The maximal k-split torus
Ais contained in a maximal k-torus T and the root system and Weyl group of the maximal k-split torus
A can be identified with the projection of the root system of T to A and similarly the Weyl groups can
be identified with the quotient of two subgroups of the Weyl group of T. This fine structure of the
two root systems with their Weyl groups and multiplicities of the roots plays a fundamental role in
all studies of reductive k-groups and their applications (representations). Symmetric k-varieties (or
symmetric spaces) have a similar fine structure, which plays an equally important role in the study of
these symmetric spaces and their applications as their counterpart in the groups case. However the
fine structure of these symmetric spaces is much more complicated since it involves the integrate
relations of 5 root systems and their Weyl groups instead of just one or two. Before we describe
these we need a bit more notation. For a subgroup K of G and a torus S in K let ®(S, K) denote the
set of roots of S in K and let W (S, K) = Nk (S)/Zk(S) denote the Weyl group of S in K, where Nk (S)
is the normalizer in K of S and Zk (S) is the centralizer in K of S. In the case that K = G we will also
write ®(S) for #(S,G) and W(S) for W(S, G). If S is a k-split torus, then ®(S,Gk) = ®(S,G). The 5
root systems of a symmetric space are the following. First there is the natural root system associated
with these symmetric k-varieties. This root system is the set of roots of a maximal k-split torus of
G contained in the symmetric variety Q. The k-split tori in Q are also called (o, k)-split tori and in
[HW93] it was shown that the set of roots of a maximal (o, k)-split torus A is actually a root system
with Weyl group W (A) = Ng, (A)/Zg, (A). The second root system is that of a maximal k-torus A;
contained in Q. Since this torus is split over the algebraic closure k it follows similar as for the
maximal (o, k)-split tori that ®(A1) is a root system with Weyl group W (A1) = Ng(A1)/Zc(A1). The
torus A; is also called o-split and it can be chosen to contain A. The third root system comes from a
maximal k-split torus A, of G, which again we can choose containing A. In [HW93] it was also shown
that there exists a maximal k-torus T of G which contains A, A; and A,. This maximal torus gives
us our fourth root system. Finally the fifth root system is the subsystem ®g of ®(A, Gk) = ®(A,G)
consisting of those roots a [CO{A, G)) for which the corresponding reflection in the Weyl group has
a representative in Hx. The Weyl group of ®q is precisely the subgroup W (A, Hk) = Np, (A)/Zn, (A)
of W(A, Gk). The root systems ®(A, Gk), P(A1) and P(Az, Gk) can be identified with the projections
of ®(T) to A, A1 and A, and similarly the Weyl groups can be identified with the quotient of two
subgroups of the Weyl group W(T) of T. The root system ®(A, Gk) can also be identified with the
projections of ®(A1) or ®(Az, Gk) to A and similarly the Weyl group W (A, Gk) can be identified with
the quotient of two subgroups of the Weyl group W (A1) of A; or of the Weyl group W (A2, Gi) of Aa.
The integrate relations between all these root systems and their Weyl group plays a fundamental role
in the study of these symmetric spaces. An example of how one can use this fine structure to derive
properties of the symmetric space is illustrated by Theorem 1, where we show that a real symmetric
space is Riemannian if and only if g = ®(A, Gk) = (A1, Gk) = (A2, Gi).

In the group case the integrate fine structure related to the root systems with their Weyl groups
has been implemented in several symbolic computation packages, like LiE, Maple, GAP4, Chevie,
and Magma. These packages have become an indispensable tool for scientists in many areas of
mathematics and physics. For symmetric spaces none of this fine structure has been implemented
yet in an computer algebra package, although such a package would be extremely useful for many
scientists as well. There are several reasons for this. Not only is the fine structure of these symmetric
spaces a lot more complicated than that of the Lie groups, because instead of just 1 root system,
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there are 5 root systems which are closely entangled. Also a lot of their structure was traditionally
proved using analytic and geometric methods, which do not lend themselves very well for designing
algorithms.

In this paper we make the first step towards building a computer algebra package with which one
can compute the fine structure of these symmetric spaces by considering first the case of symmetric
varieties. In section 2 we will show that the fine structure of these is the same as that of the Riemann-
ian symmetric spaces (see Corollary 1), which is the same as the fine structure of real semisimple
Lie algebras. In a forthcoming paper we will describe algorithms for the fine structure of general
real symmetric spaces. All this fine structure of these symmetric spaces can also be computed in
the Lie algebra setting what simplifies some of the computations. To compute the fine structure of
these symmetric spaces it does not su [ceto compute all the root systems involved together with
their Weyl groups. In many problems about these symmetric spaces one needs to know which roots
project down to a root in a restricted root system and also one often needs representatives for el-
ements of the Weyl group of one of the restricted root systems in terms of representatives of the
Weyl group of the related maximal torus. For example to compute nice bases for h and q one needs
to decompose all root subspaces for roots of a maximal toral subalgebra a [Cglas a sum of root
subspaces of a maximal toral subalgebra containing a. From the o -diagram of the involution one can
easily do this for the roots in a basis, but for all other roots we need the Weyl group and its action
on the root subspaces of the maximal toral subalgebra to compute the decomposition of the root
subspace of an arbitrary root of a. So computing the fine structure of these symmetric spaces will
include computing representatives for the restricted Weyl groups in terms of Weyl group elements
of the maximal toral subalgebra and also computing all the roots that project down to a root in a
restricted root system.

A classification of the involutions of semisimple Lie algebras defined over an algebraically closed
field was given in [Hel88]. In this paper it is shown that the isomorphy classes of these involutions
can be represented by a o-diagram (see section 3.4) which essentially represents the action of the
involution on the root system. For g simple there are 24 types of local symmetric spaces and the
corresponding o-diagrams are called absolutely irreducible. For each of these 24 types of local
symmetric spaces we give an algorithm to compute their fine structure, which is roughly as follows:

(i) For each case, recover the action of the involution on the original root system from the o -
diagram as given in [Hel88].
(i) Determine all the positive roots that project down to each root in the base for the restricted
root system.
(iii) Find representatives in the original Weyl group for each element in the restricted Weyl group.

(iv) Use the Weyl group representatives to find a complete list of positive roots in the restricted
root system.

(v) Determine all the positive roots of g that project down to each root in the base for the
restricted root system using the restricted Weyl group and the representatives of its elements
in the original Weyl group as in (iii).

In the latter part of this paper we show how the computation of this fine structure can be used to
compute nice bases for the eigenspaces of o: h and g. The algorithm to compute these bases adds
two steps:

(vi) Write the eigenspaces for each root in the restricted root system as the direct sum of eigenspaces
from the original root system.
(vii) Determine basis for q by using the projection map and eigenspace decomposition.

This algorithm can be implemented in any of the computer algebra packages in which the structure
of Lie algebras and Lie groups has already been incorporated. We included tables for the data needed
in the various steps of the algorithm and we worked out an example illustrating the algorithm (see
section 9).
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2. Riemannian symmetric spaces and symmetric varieties

In this section we introduce the notation and show that the fine structure of the real Riemann-
ian symmetric spaces is the same as that of the symmetric varieties. For this we review first the
relation between real symmetric spaces and pairs of commuting involutions and introduce the real
Riemannian symmetric spaces.

2.1. Relation between real symmetric spaces and pairs of commuting involutions. Let G be a
reductive group defined over a field k, let Gk denote the set of k-points of G and let g denote the Lie
algebra of G.

If the base field k is the real numbers, then the Galois group I' has order 2. If d # id [TJthen o
acts on the complex Lie algebra g of G as a conjugation, i.e. it has order 2 and it is linear with respect
to addition and conjugate linear with respect to scalar multiplication. We denote this conjugation by
S as well. The set of fixed points g% = {X [g]| 8(X) = X} of the conjugation 3 is exactly the (real)
Lie algebra of the group Gg. The Lie algebra g° is called a real form of g and there is a one-to-one
correspondence between real forms of g and conjugations of g.

Let c [CAUt(GRr) be a R-involution. We denote the involution of g° induced by o also by . By
extending the base field we can lift our involution o from Gg to G and similarly from g° to g. Since
o is an involution of g% we can write g3 = h + q as a sum of eigenspaces, i.e h={X [gd| o (X) = X}
and g = {X [g3]| o (X) =—X}. The space q is called a local reductive symmetric space or also a local
a [nekymmetric space. From o (g®) = g° it follows that o and & commute. Instead of considering
the action of o on g% one can consider the action of the the pair (o, ®) on the complex Lie algebra
g. This can be simplified even further. Instead of considering the pair (o, d) of an involution and a
conjugation commuting with it, we can instead switch to a pair of commuting involutions by replacing
3 with the Cartan involution corresponding to g2. For this we have to consider a compact real form.
Up to isomorphy there exists a unique compact real form u defined by the fact that the Killing form
is negative definite on u. In particular it was shown in [Hel88, 10.3] that there exists a compact real
form which is & and o-stable. Let T be the conjugation of this compact real form u. The condition
that u is d and o-stable is equivalent to 6T = to and 3T = 1d. Let © = 3T = 1d. Since bothdand T
are conjugations it follows that 6 is an involution of g% and g and 0|g° is called a Cartan Involution
of g3. This involution is characterized by the fact that k = g% n ¢® = g% n u is a maximal compact
subalgebra of g®. In this case we write g% = k+ p, where p = {X [gd | 6(X) = —X}. The involutions
o and 6 of g commute and there is a one to one correspondence between the isomorphy classes of
the pairs (o, d) of an involution and a conjugation commuting with it and the isomorphy classes of
pairs of commuting involutions (o, 6) with 6 a Cartan involution (see [Hel88]). Conversely given any
pair of commuting involutions (o, 8) of g, then there exists a o and 0-stable real form go of g such
that B|go is a Cartan involution. This can be accomplished as follows. Let u be a compact real form
of g which is o and B-stable and let T be its conjugation. Then & = T8 is a conjugation and 0|g®
is a Cartan involution of g2. This establishes a bijective correspondence between isomorphy classes
of ordered pairs of commuting involutions of complex reductive Lie algebras, isomorphy classes of
involutions of real reductive Lie algebras, and isomorphy classes of real reductive symmetric spaces.

In the case that o = 0 we call the symmetric space p = q = {X [gd ] 6(X) = —X} a local Riemann-
ian symmetric space and both the involution and the symmetric space are completely determined by
choosing a maximal compact subalgebra of g°. Since the Riemannian symmetric spaces correspond
to the pairs (6, 6) of g we get a bijective correspondence between the Riemannian symmetric spaces
and the complex symmetric varieties, where the complex symmetric varieties are complexifications of
Riemannian symmetric spaces. To emphasize this relation between complex symmetric varieties and
Riemannian symmetric spaces we will use 8 [CAut(g) as the involution defining a complex symmetric
variety and write g = k + p as a sum of eigenspaces of 6.

In the remainder of this section we will show that the fine structure of the Riemannian symmetric
spaces is the same as that of the complex local symmetric varieties coming from a complex semisim-
ple Lie algebra with an involution.

2.2. Fine structure of Riemannian symmetric spaces. In this subsection we show that the fine struc-
ture of the reduced root systems with Weyl groups and multiplicities for a Riemannian symmetric
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space is the same as that of the symmetric varieties. First we will give a criterium to check whether
a real symmetric space is Riemannian or not. This criterium only depends on the structure of the 5
root systems with their Weyl groups of these symmetric spaces. We use the same notation as in the
introduction.

Theorem 1. Let G be a real reductive Lie group and o an involution of G with H = G°. Let A [Glbe
a maximal (o, R)-split torus, A; [CAla maximal o-split R-torus, A, [CAla maximal R-split torus of G
and T a maximal R-torus T of G which contains A, A; and A,. Then the following are equivalent.
(i) G/H is a Riemannian symmetric space.
(i) o is a Cartan involution of G.
(iii) ®o = ®(A,Gr) = P(A1) = ®(A2,GR).

Proof. The equivalence of (i) and (ii) is well known and can be found in [Hel78] and in slightly more
generality in [HW93].

(i) O{di). If o is a Cartan involution of G, then any o-split R-torus is also R-split (see [HW93]).
Moreover any R-split torus is also split for some Cartan involution of G and since all Cartan involu-
tions are conjugate, it follows that A = A; = A,. Finally since any maximal o-split torus in G has
representatives in H we get (iii).

(iii) O—qf). From ®(A,GRr) = ®(A1) = P(A2,GR) it follows from [Hel88] that up to a quadratic
element o is a Cartan involution of G. Since ®g = ®(A, Gr) the Weyl group W (A) has representatives
in Hr and hence (o, 0) is a standard pair in the sense of [Hel88, Section 6], and hence by [Hel88] o
is a Cartan involution. O

Corollary 1. Let G be a reductive Lie group defined over R and o an involution of G with H = G°.
Assume that o is a Cartan involution of G = Gg. Then we have the following:

(i) the fine structure of the Riemannian symmetric space G/H can be identified with that of the
corresponding symmetric variety G/H.

(ii) the fine structure of the Riemannian symmetric space G/H can be identified with that of the
real group G.

Proof. (i): Let A [Q be a maximal (o, R)-split torus, A; [CAla maximal o-split R-torus, A, [CAla
maximal R-split torus of G and T a maximal R-torus T of G which contains A, A; and A,. By Theorem
1 dg = d(A1) = ©(A2,GRr) = ®(A,GRr) and since A is R-split we have = ®(A,Gr) = ®(A, G), what
proves (i).

(ii) is well known. For a proof see [Hel78]. O

3. Preliminaries and Recollections

In the previous section we showed that the fine structure of the real Riemannian symmetric spaces
is the same as that of the symmetric varieties over algebraically closed fields. In the remainder of this
paper we will determine algorithms to compute their fine structure. For this it su [ced to consider
the local symmetric spaces.

3.1. Symmetric spaces. For the remainder of this paper G denotes a reductive algebraic group over
an arbitrary field k of characteristic not 2, 8 [Aut(G) is an involution, i.e. 82 = id and write
K = {A G| 6(A) = A} the fixed point group of ® and P = {AB(A)™! | A CGl}. The variety P is
called a symmetric variety or also a reductive symmetric space. If G is semisimple, P is also called a
semisimple symmetric space.

Let g denote the Lie algebra of G and denote the involution of g induced by 6 also by 6. Then
g = k [Cplwhere k = {x [g]] 68(x) = x} is the Lie algebra of K and p = {x [g] 6(x) = —x} is the
tangent space in the identity of P.

3.2. Root space decomposition. If V is a vector space, then we denote its dual by V =Let h be a
toral subalgebra of the Lie algebra g. For a [Chit et go = {x [g] [h,x] = a(h)x for all h [h}and
let ®(h) = {a At {'gy # 0}. The elements of ®(h) are called roots and the subspaces g4 are called
root-subspaces. Then —
g=do L1 da.
o o)



6 JENNIFER R. FOWLER AND ALOYSIUS G. HELMINCK*

Here go = Zg4(h) is the root space for a = 0, which is exactly the centralizer of h in g. For t a maximal
toral subalgebra in g we have t = gp and dimgyg = 1 for all a C®@{t).

Remark 1. For some toral subalgebras h the set of roots ®(h) is a (reduced) root system in the sense
of [Bou81]. Examples of this are h = t a maximal total subalgebra and h = a [Cpla maximal toral
subalgebra of p (see [Ric82]).

3.3. Root space decomposition for a local Symmetric space. In the following we recall a number
of results from Richardson [Ric82] and Helminck [Hel88], which we will need for our analyses of the
fine structure of the symmetric space. In the following let a be a maximal toral subalgebra in p. We
use the root space decomposition —

g=go L1 ga

A [0(a)

with respect to a to find a basis for k and p. Here g\ = {x [gl] [t,x] = A(t)x forallt [a} and
d(a) = {\» CalJ'A # 0 and g, # 0}. We also have the root space decomposition of a maximal toral
subalgebra containing a, which satisfies:

Lemma 1 ([Ric82]). Let t [abe a maximal toral subalgebra of g. Then we have the following:
(1) tis B-stable.
(2) t=1t, 1 where t. = {x 1] 6(x) = £x}.
(3) t- =aand t,. K1

Notation 1. To avoid confusion between roots in ®(t) and roots in ®(a), we will reserve a for roots
in ®(t) and A for roots in ®(a).

3.3.1. Nice basis. Let R(t) = Zspan{® (1)} be the root lattice of ®(t) and E £ e the Euclidean space
spanned by ®(t), i.e. E = R(t) [z R. Since k and p decompose g orthogonally, we are looking at the
projection of E onto a =-The next natural question is how are the roots in ®(t) and the roots in ®(a)
related?

Lemma 2. Let a [C®[t) and A = aja. Then A [®{a) [[{0} and g4 [l

Let A(t) be a basis for ®(t) and A(a) be a basis for ®(a). For A; [@(a), we have that g, =
Jo;, [Gd,, L1 [gd, . We need to find all roots ai,, ai,, ..., i, in ®(t) with aj;|a = Aj and all roots
that project to zero. Ideally we would like the natural projection map 1t : g=2% pS-Hdefined by
m(a) = %(0( — 8 M) to satisfy TT(A(t)) = A(a). This will only be the case with a special choice of
basis for o (t) (see 3.3.3).

Lemma 3. If a [C®{t) with aja =0, then g4 [gd.
L1
Now denote &g = {a [@(t) | aja=0} and m = t+ [ rggYa-
Lemma 4 ([Ric82]). Let t [abe a maximal toral subalgebra of g. Then we have the following:
(1) ®o is a cloged-sybset of ®(t), -e5o is a root system.
(i) go=t 1] gg=a [XI1[1 gy=a [ml
a[@d alod
(ili) m CK1
3.3.2. Root systems and Weyl groups. 8|t induces an involution on t ~and hence on @(t). By abuse of
notation, we will denote the restricted involution also by 6. Conversely an involution 8 of (R(t), ®(t))

will be called admissible if there is an involution 8 of (g, t) such that 6 induces 6 on (R(), (1)) and
such that tg = {X 1] 6(X) = —X} is a maximal toral subalgebra contained in p.

Lemma 5 ([Hel88]). Let Xo(B) ={x [R{t) | 6(X) = x} and ®g(B) = d(t) n Xo(B) . Then
(1) Xo(B) and 9o(0) are B-stable.
(2) 9o(0O) is a closed subsystem of ®(t).
(3) ®o(8) = Po.

Definition 1. For a subset S [®@It), we let W(S) denote the subgroup of W (®(t)) generated by the
reflections sq with a CS1
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Identify Wo(0) with the subgroup W (¢¢(8)) of W (P (t)). Let
W1(0) = {w LW(@(1)) | w(Xo(8)) = Xo(0)}.
Let ® = 1T (P(t) — Po(B)) denote the set of restricted roots of ®(t) relative to 6.

Denote Xg = R(t)/Xo(0) and define the projection: 1™ : X - Xg by m(a) = %(G —08(x)). All
w [W1(6) induce a mapping 1t(w) [CAut(Xg) such that t(w(x)) = t(w)(@t(x)). Define W =
{rt(w) | w [CWh(8)}

Notation 2. Let W (a) denote the Weyl group of the restricted root system ®(a).

Proposition 1 ([Hel88]). Let ®, W, etc. be as above. Then
(1) @ =o(a).
(2) W(a) =W [Wh(6)/Wo(6).
Definition 2. W (a) is called the restricted Weyl group with respect to the action of 6 on R(t).
3.3.3. 6-ordering. Define a 6-order on ®(t) related to the action 6 by
if x CR{(t),x >0, and x [Xb(6), then 6(x) <O.
Remark 2. A basis A(t) for ®(t) with respect to the 6-order will be called a 6-basis of ®(t).
Proposition 2. TT(A(t) — Ap(t)) = A(a), where A(a) is a basis for ©(a).
Proposition 3 ([Hel88]). Let A be a 8-basis of ®, wp(0) [WWLH(0) the involution such that wg(0) (Ao (1)) =
—DNo(t) and 62 —id <6 = wp(8). Then
(i) wo(8)8 dnd —id commute.
id
Dynkin diagram automorphism of order 2

3.4. O-diagram. If 6 CAUt(R(t), @) is an involution and A a 6-basis of @, then 6 is determined by the
quadruple (R(t), A, Ao(0),6 D'because 8 = —0 twlg(8). We call such a quadruple (R(t), A, Ag(8),86 5!
a 0-diagram.

As in [Hel88] we make a diagrammatic representation of the 8-diagram of 6 by coloring black those
vertices of the ordinary Dynkin diagram of 6, which represent roots in Ag(6) and indicating the action
of 8~dn A — Ag(0) by arrows. We omit the action of 8 =dn Ay(8) because 8 HAy(8) = —w(0) is
completely determined by the type of ®¢(0). An example in type Dy is:

(i) 62

e

Lemma 6. The involution of (R(t), ®)can be recovered from the 6-diagram by
6 = —id -6 “'wp(0).

To use these B-diagrams in the characterization of isomorphy classes of involutions, we need a no-
tion of isomorphism between these diagrams. Two 8-diagrams (X, A, Ao(81), 8)and (X, A5AN(82), 65)
are said to be isomorphic if there is aw [WI(®), which maps (A, Ap(61)) onto (AE,'ARGZ)) and which
satisfies wO [ (A)w ! = 0. (AD.

Theorem 2 ([Hel88]). Assume that g is semisimple and t is a maximal toral subalgebra of g. Then
there is a bijection between the set of isomorphy classes of involutorial automorphisms of g and the
isomorphism classes of 8-diagrams of admissible involutions of (R(t), ®(t)).

A classification of involutions, reductive algebraic groups, and their associated Lie algebras using
these B-diagrams is given in [Hel88]. For the simple Lie algebras we list in Table 1 below the type
of the Lie algebra and its involution, the 8-diagram, and the Dynkin diagram of the resulting root
system ®(a). These diagrams, called absolutely irreducible 6-diagrams, will play a fundamental role
in the algorithms to compute the structure of these symmetric spaces.
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Table 1: 6-diagram

Type 6 6-diagram A(a)
Al 1 2 I-1 1 1 2 I-1 1
C O,,,() () }—()7,,,() (>
All 1 | 1 2 1-1 1
o —O—@& - O—0 o——:GC----0—=0
1 2 P
Allla )
(AIV (p = 1)) 0 | N S <
l<2p=<l) ®
1 2 1-1
Alllp | 12 -1
] b e
o—oO -
Bl
— 1 2 P 1 2 p1 p
B11 (p = 1)) O—O O—e - -e==e O—0 - -0==0
(1=21<p<)
Cl 1 2 -1 1 1 2 1-1 |
Cllg
(1=3) rl\ p 1 2 p-1 p
(1<p<;(|_1)) ® O @ ---O L o - -0=—0 oO—=0C----C——0
=P=3
Cllp 1 -1 | 1 2 1—1 1
(1=2) o—O—@ - O—==0 O—0O - -O==0
Dla 1 P
— 1 2 p-1 p
(DIl (p =1)) SO -
(=4, 1<p<l-1)
-1 -1
Dlp
(=4
Dlll,
(1=2)

continued on next page
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Table 1: continued

Type © O-diagram A(a)
Dlily 1 1-1 1 2 1-1 1
(=2 O —o - O—O0 - -0==0
2 2
El j)
1 3 4 5 6 1 3 4 5 6
O O O O O O O O O
1
Tz 3 4 1 2 3 4
Ell O O Oo—=o0O O—O0==0—20
L 4
r —
1
T 2 1 2
Ell O { L O O==0
L 4
r —
1 2
EIV 1 I 2 o—o0O
O L L 4 O
2 2
O
EV
1 3 4 5 6 7 1 3 4 5 6 7
O O D O O O O O O O O
®
1 2 3 4
EVI N ) 3 4 O—O0==0—0
©; O O ® O ®
®
1 2 3
EVII 1 2 3 O—C==0
O L 4 L L O O
2 2
EVIII I T
1 3 4 5 6 7 8 1 3 4 5 6 7 8
O—O0 O—O0—0—0 O0—o0 O—O0—0—>0
1 2 3 4
EIX a 3 2 1 O—O==0—20
O ® o O O O
El 1 2 3 4 1 2 3 4

continued on next page
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Table 1: continued

Type © O-diagram A(a)
Fll o oo O o)

1 2 1 2

G O==0 O==0

4. Algorithms

After recovering the action of 8 on ®(t) and explicitly determining each A, there is a beautiful
seven step algorithm that we can follow to compute the fine structure of the symmetric varieties and
also determine a “nice" basis for the local symmetric space p. We first need some more notation:

Definition 3. For all A in ®(a), we define
®A) ={a LO(Y) | ala = A}.

Main Algorithm.
Step 1. For each absolutely irreducible 6-diagram as given in Table 1, recover the action of the invo-
lution on the original root system.

Step 2. Compute ®(A) for all A in A(a). Essentially we are computing all roots a [C®{t) that project
down to each A. This also gives us the multiplicity of A.

Step 3. Recall from Proposition 1 that
W(a) LW (6)/Wo(B).

It becomes advantageous to compute representatives w; in W1 (0) for each sy, in W (a).

Step 4. Compute the list of all positive roots in ®(a) by using the Weyl group representatives w;
applied to all A in A(a).

Step 5. The next step is to compute ®(A) and the multiplicity of all the roots A in ®(a). Here we use
the fact that
O(sx, (A))) = O(Aj — [, 0 &) = Wi (P(A))).
Essentially, we use the same Weyl group representatives that we used in Step 4 to compute the list
®(a)™*, but this time we apply them set-wise to the ®(A;) from Step 2.
The above algorithm computes the fine structure of the symmetric space. In the remainder of this

paper we work out these steps of the algorithm in detail. Using this fine structure we also obtain an
algorithm to compute nice bases for k and p as follows:

Step 6. We have that g\ = go;, [0d;, L1 [gd, . All we need to do to co%e each g, is to note that
each element in ®(A) will be in the direct sum decomposition, i.e. gx = o) Ja-

Step 7. Since Xq [gd implies Xq + 0(Xq) CKhnd Xq — 08(Xy) [Cplve have:
a basis for k = {x% + 8(x})}a rom)+ + {X4}aroge) + a basis for to and

a basis for p = {x}, — 0(x})}aro@)+ + a basis for a.

Remark 3. These last 2 steps provide an easy algorithm to compute a basis for p and k in terms of
Xa [gd and 6(Xq) [Qd(q). It does not compute the structure constants for 8, which are the set of
Ca,e [Klsuch that 8(Xq) = CqeXe(a)- As in [Hel88] one can prove that the vectors X [Cgd can be
normalized such that cq e = £1. The algorithm does not compute these structure constants for 0,
since they do not only depend on the fine structure, but also on the involution and the Lie algebra.
We hope to give an algorithm to compute these structure constants for 0 in a future paper.
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5. Computing the action of 6 on ¢(t)

Before the restricted root system, ®(a), can be realized there are still some preliminary steps that
must be taken. First, the longest Weyl group element wo(6) must be computed and consequently the
action of the involution recovered. Then using the involution and the action of the natural projection
map, t(a) = %(a — 0(a)), the roots in the basis, A(a), can explicitly be determined.

5.1. The involution wg(8) can easily be derived from the 6-diagram as follows.

Algorithm 1. (i) Write ©9(0) = ®; 1. @, as a union of irreducible components. Bases of
the irreducible components ®; are those subsets A; of roots of Ag(8) which correspond to
connected components of the black dots in the 6-diagram.

(if) Let w; [CWM(®;) be the longest involution of W (®;) with respect to the basis A;. Identify the
group W (®;) with the canonical subgroup of W (®(t)). Then wo(8) = w1 ... w,.

Note that the involutions w1, ..., w, commute, since they correspond to di Cerknt irreducible com-
ponents of ®¢(0). So the involution wp(B) is independent of the order in which the involutions w; are
computed and multiplied. The involutions wg(0) derived from the absolutely irreducible 6-diagrams
in Table 1 are listed in Table 2.

Table 2: wp(0)

Type 8  wo(6)

Al id
All Sot; Saig ---Sazyr
Allly S0tp+1S0p+2S0p+1 S0p+3 SAUp+2 SAp+1
- Sap+msap+m—l - Sdp+1
Alllp id
Bl SC(p+1sap+250(p+3 T SC(p+m—1s(3(p+mSC(p+m—1 T
SGp+3SC(p+2S(Xp+1S(Xp+2SC(p+3 T S(}(p+m e
Sap+3sup+2 U quer,Zquer,ngerm

SUp+m71 sGp+m72 SGp+m71 Sap+m SGermfl sap+m

Cl id
C“a Sa; Sag - 7 SGZp—1502p+1SG2p+2SGZp+3 T
s0(2p+rn—1S'J(2|c:+mSO(szrm—l ot sO(zp+3SO(2p+2
SO(zp+1SOlzp+2SO(2p+3 e Sa2p+m e SO(zp+3
SO(2p+2 T SO(2p+m—2SC(2p+m—150(2p+m
SG2p+m—1SC(2p+m—2SO(2p+m SO(zp+m—1SO(2p+m
Cllp Sy Sais - Sotpy_3 Saiz—1
Dl, Sttp+1 S0p+2S0Up-+1 S0p+3SAp+2 SAp+1 SOAp+4 STAp-+3
sO(p+2SO(p+1 - Sap+m—1sap+m—2 P sap+1
qu+msap+m_2 .. SC(p+1SCXp+m—1 - Sap+2
Sop+mSap+m—2 * * " SAp+3S0p+m-1 * " Soip+4
Sltp+mSOpsm-2 * * * Sopss * *
Dllla Sa; Saz++-Sasy_g
Dlllp S Saz---Sam_y
El id
Ell id
Ell SazSay Sas Say Saz Say
EIV S, Sas Sa, Sa, Saz Say Sas Sa, Sa, Saz Say Sas
EV id
EVI Sa,SasSay

continued on next page
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Table 2: continued

Type 8  wo(6)

EVII S, Sais Sas San Sas Sy Sais Sai, San Saiz S Sas
EVIII id

EIX Sai, Sas Sa, Sap Sas Sas Sas Sau Sa Sas Sa, Sas
FI id

Fll Sy Sap Sat; Saiz Sa, Sy Sais Sar, Sais

G id

5.2. Roots of A(a) in terms of roots in A(t). The roots in A(a) are projections of the roots in A(t)
and hence can be expressed as a linear combination of the roots in A(t). These projections can be
computed from the 8-diagram as well as is illustrated in the following example:

Example 1. Type Allly

1 2 p

: '

®
Here we start with the Lie algebra g = Azp+m. The root o+ is fixed for i =1, - - - ,m. Therefore,
wo(0) = Soip+1S0p+2Saip+1S0tp+3S0p+2S0p+1 * T T Sttprm SOp+m—1 * * " SOp+1
and 8 = —wp(0)8 =
For Aj in A(a) withi=1,---,p —1, notice that there are two base roots that project down to A;.
Basically we find that
1 N
T0(Ai) = TT(O2p+m+1-i) = Aj Where Aj = E(ai + Ozp+m+1-i) fori=1,--- ,p—1and
1
T(0p) = TT(Ap+m+1) = Ap = E(Gp + Op+1+ - - - + Op+m + Op+m-+1).

5.3. The above example illustrates the following general procedure for computing the roots of A(a)
as the projections of the roots in A(t) — Ag(08):

Algorithm 2. (i) If the white dot in the ©-diagram, representing a CAl[t) —Aq(0O) is not adjacent
to a black dot, then A = 1t (a) = %(a + 0 M) CAa).
(ii) If the white dot in the 6-diagram, representing a [A(t) — Ag(0) is adjacent to a black dot,
then A =1t(a) = %(cx —wp(0)0 H(é)) [CAla), where wq(B) is as in table 2.

Since a white dot in the 6-diagram is adjacent to at most 2 black dots, i.e. 2 irreducible components
®; resp. ®, of p(B), it su [ced for this second step to compute T(a) = %(a — w1w50 H&)) where
wj resp. w; are the longest involutions in W (®1) resp. W (®,) with respect to the bases ®; n Ag(0)
resp. ®> n Ap(O).

Using this procedure we obtain the expression of the roots of A(a) in terms of roots in A(t) for
each of the 8-diagrams in Table 1. The results are given in Table 3 below.

Table 3: Basis of ®(a) in terms of basis of ®(t)

Type © A
Al Ai=a; OO
All Ai = 5(O2i—1 + 2002i + Opi+1) L]

continued on next page
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Table 3: continued

Type © A
Alll, Ai = Z(Qi + Q1) fori=1,---,p—1
)\p = %(Gp +Op+1+ - -+ Op+m + ap+m+1)
Alllp Ai=3(Qi+0pe—) fori=1,---,1—-1
Al =0
Bl Ai=aqj fori=1,--- ,p—1
Ap =0Op +Op+1 + - - - + Op+m-1 + Op+m
Cl Ai=a; O
Clla Ai = Z(O2i—1 + 2002 + Ogis1) fori=1,---,p—1
Ap = %(GZp—l +20pp + - - - + 202p+m-1 + O2p+m)
Cllp Ai = 5(O2i—1 + 200 + Ogis1) fori=1,---,1—1
Al = Oz1—1 + Olp
Dla Ai=qgjfori=1---p—1
Ap = %(Zap +20p+1 + - - - + 20p+m—2 + Op+m-1 + Ap+m)
Dlp Ai=a; O
Dlll, Ai = 3(0t2i—1 + 200i + Oir1) fori=1,---,1—1
Al =0y
Dillp Ai = 3(O2i—1 + 200 + Ogjaq) fori=1,---,1—1
N = 2(021-1 + O + O2141)
El Ai=a; O
Ell A1 =0ap
Ao =0y

Az = 3(03 + ais)

A= %(0(1 + Q)

Ell A1 = 3(20; + a3 + 204 + O5)
A2 = 3(0y + O3 + Oy + O + Og)
EIV AL = 3(204 + ap + 203 + 2014 + Oi5)
Ao = %(02 + a3 + 204 + 205 + 206)
EV Ai=a; O
EVI AL =01
A2 =03

As = 3(02 + 204 + ass)
A4 = 3 (05 + 206 + a7)

EVII AL = %(20(1 + Oy + 203 + 204 + (X5)
A2 = 2(02 + O3 + 204 + 205 + 20i6)
A3 =07
EVIII Ai=a; OO
EIX A1 = 0ag
A2 = a7

A3 = 3(02 + O3 + 204 + 205 + 2016)
A2 = 2(201 + Oz + 2013 + 2014 + Ol5)

Fl Aii=a; O

Fll A1 = 3(01 + 20 + 303 + 20)

G Ai=a; O
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6. Computing ®(A\) for A [CAla)

Now that we have explicitly computed each A in A(a) we will explore the structure of ®(a). We
start by computing all the roots that project down to a root A in A(a). We denoted the set of these
roots by ®(A). In finding this set, we are also computing the multiplicity of A. We first illustrate the
procedure with an example:

Example 2. Type DI,

1 p

Here the multiplicity of each A; is

my, =1 fori=1,---,p—1

my, = 2m
We have that

o) ={aj}fori=1,--- ,p—1and

(D()\p) = {Gp. Qp+0p+1,- -+ ,0p+0p+1+:- - - +0Op+rm—-1,0p +Op+1+ - - - +Up+m—2+Up+m, Op +Op+1+
-+ + + Op+m-2 + Op+m—-1 + Op+m, Op + Op+1 + - - - + Ap+rm—-3 + 20p+m—-2 + Op+m—-1 + Op+m, - -+ ,0p +
20p+1 + - - - + 20p+m-3 + 20p+m-2 + Ap+m-1 + Op+m}-

6.1. The above example illustrates the following general procedure for computing the set ®(A) for
A [CALa). Write ®g(8) = &1 1P, as a union of irreducible components.

Algorithm 3. (i) If A =1t (a) where a corresponds to a white dot in the 8-diagram, which is not
adjacent to a black dot, then
(1) o) ={a,6 &)} if 6 <(&) = a.
(2) d(A) = {a}if 6 ) = a.
(ii) If A = () where a corresponds to a white dot in the 6-diagram, which is adjacent to one
black dot which corresponds to a root in ®; [ Dy(8), then d(A) = {a+p CD(t) | B 1
o, [d, B 0}.
(iii) If Aj = 1t () where a corresponds to a white dot in the 8-diagram, which is adjacent to two
black dots which correspond to a root in ®; and ®j, then ®(A) = {a+p+y CO(t) | B 1
o, [d,BC*0,y Eq“ [d, y (= 0}.

Since the computation of the Cartan integers [d, Bis a standard procedure the above gives an
easily algorithm to compute the sets ®(A) for the simple roots A [CAa). The results are given in
Table 4 below.

Table 4: O(\;)
Type 6  @(Ai) My,
Al d(Ai) ={a;} 1
All D(A;) = {00j, Azj + Oj+1, O2j—1 + O2j + O2j+1, O2j—1 + O2j} 4
Allly oA ={aj, Ajs1—jpfori=1,--- ,p—1 2
D(Ap) = {dp, Op+m+1, Op+0p+1, Op+m+Op+m+1, - = = , Op+Op+1+- - -+0p+m, Op+1+  2(M+1)
e+ Gp+m+1}
®2Np) ={0p + Op+1+ - - - +Op+m+1} 1
Alllp O(A)) ={aj,az—j}fori=1,---,1-1 2
o(A) = {ou} 1
BI dA) ={a;}fori=1,--- p—1 1
O(Ap) ={adp,0p + Op+1,- -+ ,0p + -+ -+ Op+m, Op + - - - + Op+m—-1 + 20p+m, " * -, 2m+1

Op + 20p+1 - - - + 20p+m—-1 + 20p+m}

continued on next page
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Table 4: continued

Type 8  ®(Ai) my,
Cl o(Ai) = {ai} 1
Clla  ®(A;) = {aoj, O2i—1 + O2j, O2j + Ogj+1, Ozi—1 + Opj + Ogiy1}fori=1,--- ,p—1 4
®(Ap) = {azp,02p + Oop+1,- -+ ,02p + - -+ + O2p+m, Oop—1 + Ozp,O2p—1 + Olop + 4m
Olop+1,* * *, Olop—1 +0lpp + - - - +0p+m, Ozp + - - - +200p+m—1 + O2p+m, O2p +
-+ -+ 200p+m-2 + 202p+m-1 + O2p+m, = = = , Olop +2000p+1 + - - - +202p+m-1+
Olop+m, Olop—1+0op+- - - +202p+m—1+02p+m, O2p—1+0p+- - - +202p+m-2+
20p+m-1 + O2p+m, - - -, O2p—1 + O2p + 202p+1 + - - - + 202p+m—1 + O2p+rm}
D(2Ap) = {202p + 202p+1 + - - - + 202p+m—1 + A2p+m, A2p—1 + 202p + 200p+1 + - - - + 3
200p+m—1 + Oop+m, 202p—1 + 202p + 202p+1 + - - - + 202p+m-1 + Qop+m}
Clly,  ®(Aj) = {azi, Oj—1 + Oloj, Ozj + Oloj+1, Ooj—1 + Oj + Ozj+1} fori=1,---,1-1 4
P(A) = {az1, 0211 + A2y, 2021—1 + 021} 3
Dl o) ={aj}fori=1,--- ,p—1 1
O(Ap) ={dp,0p +0p+1,- - - ,Op+O0p+1+- - -+ 0p+m-1,0p +O0p+1+- - -+ Up+m—2+ 2m
Op+m, Op+0p+1+- - - +0p+m—2F+Ap+m-1+0p+m, Ap+0p+1+- - - +0Op+m-3+
20p+m-2 + Op+m-1+ Ap+m, - - - ,0p +20p+1 + - - - + 20p+m-3 + 20p+m-2 +
Op+m-1 + Op+m}
DIy @A) =A{ai} 1
Dllla  ®(Aj) = {02i, 0i—1 + A2j, O2j + A2j+1, O2j—1 + Opj + Olgj+1} fori=1,---,1—1 4
o(N) = {oa1} 1
Dllly,  ®(Aj) = {02i, O2i—1 + A2j, O2j + Ozj+1, Oloj—1 + Oloj + Opj+1} fori=1,---,1—1 4
O(A) = {az, O2j+1, Ol21—1 + Ol2p, A2)—1 + Ol21+1} 4
®(2N)) = {0z1—1 + Oz + A2141} 1
El o(Ai) = {ai} 1
Ell CD()\]_) = {Gz} 1
O(A2) = {oaa} 1
®(A3) = {as, a5} 2
P(A4) = {01, 06} 2
Elll ®d(A1) = {az, 02 +0ay, 02 +03+ A4, 02 + 04+ s, A2 + A3+ 04+ A5, A2 + 03 +204 + s} 6
®(A2) = {a1, ag, a1 + Az, A1 + A3 + 04, A1 + Az + A4 + A5, 05 + A, A4 + A5 + Ag, A3 + 8
04 + 05 + dg}
®(2A2) = {01 +az + as + a5 + Ag} 1
EIV ®(A1) ={ai,a; +az,A; + Az + 04,01 + O + A3 + g, A + O3 + 04 + A5, A1 + Ay + 8
G3+G4+CX5,C(1+O(2+C(3+2(14+G5,CX1+C(2+2G3+2G4+G5,}
®(A2) = {de, 05 + A, 04 + A5 + A, A3 + Ol + 05 + g, A2 + A4 + A5 + O, A2 + Oz + 8
a4 + a5 +ag, 0o + 03 + 204 + A5 + Ag, Ao + A3 + 204 + 205 + Ag, }
EV ?(Ai) = {ai} 1
EVI qf’(}\]_) = {C(l} 1
O(A2) = {as} 1
®(A3) ={04,02 + 04,04 + As5,02 + 04 + A5} 4
®(A4) = {0, 05 + O, O + 07, 05 + Ol + A7} 4
EVII qf’()\l):{0(1,0(1+O(3,(];|_+G3+G4,C(1+C(3+C(4+C(5,G1+G2+G3+G4,G1+Gz+ 8
a3+ a4 + 05,01 + 02 + 03 + 204 + 05,01 + 02 + 203 + 204 + A5}
®(A2) = {a6, 05 + 06, 04 + 05 + O, O3 + Ol + O + O, A2 + O3 + Ol + O + O, Oz + 8
a4 + as + Og, 02 + O3 + 204 + As + Og, O + O3 + 204 + 205 + A}
P(A3) = {az} 1
EVIIL O(A;) = {oi} 1
EIX  ®(A) ={0s} 1
®(A2) = {az} 1
®(A3) = {de, 05 + O, 04 + 05 + Ap, O3 + 04 + A5 + O, Oz + A3 + 04 + 05 + O, 02 + 8

Oy + 05 + g, Op + O3 + 204 + A5 + O, Oy + A3 + 204 + 205 + Ag}

continued on next page
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Table 4: continued

Type 6 ®(A;) my;

®(Ay) ={aj, 01 + 03,01 + O3 + 04, 01 + O3 + 0Oy + 05,01 + Oy + O3 + Oy, O + 02 +
O3+ 04+ 05,01 + 0o + 03 +204 + 05,07 + 0 + 203 + 204 + A5}

FI Qi) = {ai}

Fll ®d(A1) = {a4, a3 + Ay, Oz + A3z + g, Az + 203 + 04, A1 + A2 + O3 + Oy, O + Az + 203 +
Oy, 01 + 205 + 203 + A4, 01 + 202 + 303 + 04}
®(2A1) = {az +203+ 204, A1 + 02 + 203 + 204, A1 + 202 + 203 + 204, O + 202 + 303 +
204,01 + 205 + 403 + 204,01 + 30> + 403 + 204,201 + 30> + 403 + 204}

G P(Ai) = {ai}

7. Computing The Weyl Group

To compute ®(A) for all A [Di(a) we use an element w in the Weyl group W(a) to map to A
from a root A; in the basis A(a). If W is a Weyl group representative in W;(8) [CW(t) for w, then
O(A) = d(w(Ai)) =W (DP(Aj)). So we need to compute representatives in W1 (6) [W(t) for the Weyl
group elements of W (a). Since W (a) is generated by the reflections in the simple roots, it su [cedto
compute representatives w; [Wh (0) for each sy, A;j in A(a). We give an algorithm to compute these
in this section. In the next section we give algorithms how to compute the positive roots from a basis
using the Weyl group representatives of the reflections in the simple roots. First an example.

Example 3. Type Clly

1 p

We start with the Lie algebra g = Cop+m. We have

1 .
Ai = E(GZi—l + 20 + dzj+1) fori=1,--- ,p—1
1
and Ap = E(GZp—l +202p + - - - + 202p+m-1 + O2p+m)
Wheni=1,---,p—1, the Weyl group representatives are only
Wi = Sapi Sazir1 Sapi—1 Sap; -

The representative for Ay is

Wp = SOKZpSC(zp+1 T SOlzp+m—1SO(2p+mSO(2p+m—1 T SOlszC(zp—lsdzp T

Scx2p+m—150(2p+mSC12p+m—1 T S'312p+130(2p'

7.1. The above example illustrates that computing representatives w; [\ (8) for each sy, with A;
in A(a) will depend strongly on the type of the 6-diagram. Most of the cases can be derived by the
following procedure, but a few cases will need to be dealt with separately. Write ®o(0) = ®; [1®;
as a union of irreducible components.

Algorithm 4. (i) If Aj = t(a) where a corresponds to a white dot in the 6-diagram, which is
not adjacent to a black dot, then
(1) wj =sqife2id.
(2) Wi = saSer@y if 02 id.
(ii) If Aj = t(a) where a corresponds to a white dot in the 8-diagram, which is adjacent to two
black dots which corresponds to a root 3 in ®, and y in ®g, then
(1) if . and s are both of type Ay, then 8= id and w; = SaSSySa-
(2) if d, is of type A; and s is of type C, then 8 =2 id and

Wi = SaSy; * * * Sym-1SymSym-1 " * * SaSSa * * * Sym-1SymSym-1 * * * Sy1Sa,

where y1,...,Ym are an ordered basis for s with y; =v.
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(iii) If A = 1t (a) where a corresponds to a white dot in the 8-diagram, which is adjacent to one
black dot which corresponds to a root (3 in @, which has an ordered basis B1,...,Bm, then

(1) if &, is of type Am and 82 id, then m = 1 and w; = SaSpSa-

(2) if o is of type Am, 8 5&) # a, then wi = Sgr@)Sp,., - - - Sp.SaSE: - * - SpmSe @), Where
B1,...,Bm are an ordered basis for ®, with 31 = 3.

(3) if o is of type Am, 65&) = a and 62 id, then m = 3 and Wi = SuSp,SpsSE:Sp,Sas
where B1, B2, B3 are an ordered basis for ® with 3, = 3.

(4) if @, is of type By and B is a long root, then w; = s _Sg.,_, - * - SE,SaSE;1 * * * SBm_1SPm"
where B1,...,Bm are an ordered basis for ®, with 3; = 3.

(5) if &, is of type B, and (3 is a short root, then m = 3 and

Wi = SaSBsSB,SB1SB3SR2SaSpsSaSE, SRz SP1SR2SpsSa:
where B1, B2, B3 are an ordered basis for ® with B3 = 3.

(6) if @, is of type Dm, then 6 5(&) = o and Wi = SaSp, - * * SEm_5SBm_15BmSBms * * * SB1Sas
where B1,...,Bm are an ordered basis for ®, with 3; = 3.

The results are given in Table 5 below.

Table 5: W(a)
Type © S);-representative
Al Wi = Sq; 1
All Wi = Say; Sagi_ Seigies Soy L]
Allly Wi = Sq;Says,; fOri=1,---,p—1
Wp = Sop+m+1S0p+m * * " Sap+1SapSapsr 7 7 Soprm Satpama
Alllp Wi = Sq;Sayy; fOri=1,---,1-1
W| = Sq
Bl Wj=5q fori=1,--- ,p—1
Wp = SopsmSaprm-1 * * * S0p+150pSaps * * * SAp+m-1S0pem
Cl Wi = Sq; o1
Clla Wi = Sa;Saziri Sas_1Sa; fOri=1,---,p—1
Wp = SazpSozp+1 * * * SOzp+rm-1502p+m SOzp+m-1 * * * SoizpSazp-1Sazp * 7
SO(2p+m—1SC(2p+mSO(2p+m—1 T SOlzp+150(2p
Clly Wi = Saiy; Sagirs Sazi_1Say; fOri=1,---,p—1
W[ = SaySaz-1Say
Dlg wij=agjfori=1---p—1
Wp = SapSapss * * * SOprm-2S0p+m-1S0p+m SOprm=2 * * * Sop+1 Satp
Dlp Wi = sq; O
Dllla Wi = Sqy; Satgirs Sasj_Sap; fOri=1,---,1—-1
W] = Say,
Dlllp Wi = Sq;Satgirs Sasi_Sap; fOri=1,---,1—-1
W1 = Sayye1 Sap Sopi—1 Soz Sag+y
El Wi = sq; O
Ell W1 = Sq,
W2 = Sq,

W3 = Sa3Sas
Wy = 80150(6
ElI Wi = SC(ZSC(4SC(SSC(3SG4SGZ

W2 = Salsa35a43a53a65a53q45q3 Sal
EIV Wl = Salsa33a43a25a55048a3 SU]_
W2 = SogSasSasSa,SasSas Sas Sag

continued on next page
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Table 5: continued

Type © S);-representative
EV Wi = Sq; 11
EVI W1 = Sq,

W2 = 303

W3 = SG4SC(ZSC(5SG4
W4 = Sa63a55a7 SGG

EVII W1 = Sqy, Sog o Sarp Sas Sais Sarg Saiy
W2 = SqgSas Sau Sa, Sas Sas Sas Sag
W3 = Sq
EVIII Wi = sq; O
EIX W1 = Sqg
W2 = Squ5,

W3 = SogSasSasSa,SasSas Sas Sag
W4 = Sqlsq33q45Q25a5504Sa3 SC(1

FlI Wi = sq; O
Fll W1 = Say,SasSa,Say Sas Sas Sa, Sas Sas Sas Sas Say Sa, Sas Sa,
G Wi =Sq, O

Using the above Weyl group representatives for the reflections in the simple roots, one can easily
compute a Weyl group representative in W1 (0) for any w [WI(a) using any of the symbolic packages
in which Weyl group algorithms have been implemented.

8. Algorithms to compute ®(a)* and ®(sy, (Aj))

To compute the sets ®(A) for A I2a) we need to generate the roots using the Weyl group. It
su [ced to generate the positive roots, since ®(—A) = —®(A). The usual algorithms to compute the
positive roots of a root system do not use the Weyl group to compute them. This section contains
algorithms for computing both the positive roots of ®(a) and the spaces ®(w(A;)). In all of these
constructions |A(a)| = n. We note that it su [ced to compute ®(w(A)) for the symmetric varieties
for which ®(a) # ®(t) (i.e. the involution 0O is not split.) For these only the root systems of type Ap,
Bn, Cn, BCh and F4. In the following we give algorithms to generate the positive roots in these cases.

8.1. Type A construction.

Algorithm 5. A root system of type A can be found by letting the weyl group elements s, [W(a)
act on the roots in A(a). Roots of length | can be computed by

SAivie1 * * * Shiea (D)
wherei [({1,--- ,n}and 1 [(2,--- , n+1—1i}.
8.2. Type B construction.

Algorithm 6. The root system of type B, can be computed in two steps
B.1 Roots of length | with coe [ciehts in {0, 1} can be computed by

ShAicta1 * * " Shizs (AD)

wherei [{1,--- ,n}and | [{2A,--- ,i}.
B.2 A root of length 2 with coe [ciehts in {0, 1, 2} can be computed by

San(An-1),
while roots of length I with k coe [Ciehts equal to 2 can be computed by

SAn—k+1 * " T SARSAno S)\n—z()\n_l)'
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8.3. Type C construction.

Algorithm 7. The root system of type C, can be computed in three steps

C.1 Roots of length | with coe [ciehts in {0, 1} can be computed by using the A construction.
C.2 Roots of length | with the leading coe [Cieht equal to 2 can be computed by

S)\n—|+1 T S)\n—l ()\I’l)

where | {2, - - - ,n}. Note that roots of length | computed in this way have | — 1 coe Lciehts

equal to 2.
C.3 A root of length 3 with one coe [cieht equal to 2 can be computed by

SAn-15AnSAn_2 (An-1),
while roots of length | with k coe [ciehts equal to 2 can be computed by
SAnck " " SAnctSANSAn_t * " SAnoree An—141)
where | [{4,--- ,n}
8.4. Type BC construction.

Algorithm 8. The root system of type BCy, can be computed in three steps

BC.1 Roots of length | with coe [ciehts in {0, 1} can be computed by using the B.1 construction.

BC.2 Roots of length | with the k coe [ciehts equal to 2 and k < | can be computed by using the
B.2 construction.

BC.3 Roots of length I with all the coe [ciehts equal to 2 can be computed by

S}\n—l+1 o s}\nfl (2)\7'1)'
where | [{2,--- ,n}.
8.5. Type F construction.

Algorithm 9. A root system of type F4 can be computed in these steps.

Roots of length 2:

Sa(A2) = A1+ A

S (A3) = A2+ A3

Sas(Ag) = A3+ A4

Sh; ()\2) = }\2 =+ 27\3
Roots of length 3:

SASA (A3) = A1+ A + Az
SaSAs(Ag) = A2 + Az + Ay
SaSAs(A2) = A1+ A2+ 2A3
SAsSASAs(Ag) = A2 +2A3 + N
SA2SASAs (A2) = A1 + 2A2 + 23
SAsShs ()\2) = )\2 + 2)\3 + 2)\4
Roots of length 4:
S SASA(A4) = A1+ A2+ A3+ Ag
SAsSASASA; (A2) = AL+ A2 +2A3 + Ay
SAsSA3SA; SA,SAs (Ag) = A1+ 2N + 2A3 + Ay
SASASAs(A2) = A1+ A2 + 2A3 + 2)\y
SAsSA2SAzSA SASAs (A4) = A1 +2A2 + 3Nz + A4
SALSASAL SAs (A2) = A1 + 22 + 23 + 24
SASA3SA2SAzSALSA,SAs (A4) = A1 + 2A2 + 3A3 + 24
SAzSALSASALSAz (A2) = A1 + 2 + 4Nz + 2y
SA2SA3SA,SA2SA; SAz (A2) = A1 + 3A2 +4A3 + 24
SA1SA2SA3SA,SA,SA; S5 ()\2) =2A1 + 3N +4N3 + 2\,
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8.6. Computing ®(A) for all A [d(a)*. Now we apply the w used above in Algorithms 5, 6, 7, 8,
and 9 setwise to the ®(A), A CAla).

For w [W(a), we found the Weyl group representative W in W1(0). So we compute the ®(A) in
this way

PA) = P(W(Ai)) = W(P(Ai)).

Example 4. Restricted Root System of type A
We compute the ®(A) in this way

D(Shirict * * = SAjas (A1) = Wini—1 - - - Wi+1(P(Ai)).

9. Example A3(Il)

Recall from [Hel88] that the notation A%(II) means that the original root system, ®(t) is of type A7,
the involution 8 is 8(A) = J(—A)TJ ™ where
1 1
0 la
= . 0

which is a type Il involution in [Hel 78], and that the resulting restricted root system satisfies |A(a)| =
3.

9.1. Step 1: First we need to recover the action of the involution on ®(t) and find the formulation
for the A in ®(a) in terms of the a in ®(t). The 6-diagram in this case is:

o—O o—O o—O—O

We notice that
No(B) = A1 CAY CA} LAY ={a} [d} [{dis} [H{dr]}.

We have wg(0) = Sq, SasSasSa; and the involution 8 on A(a) is
9 = _SqlSq3SQSSQ7.
We have that aq, as, as, and, ay are fixed by 8 while

06(az) = —(a1 + az + ag),
8(ay) = —(az + a4 + as), and
0(ae) = —(as + ag + a7).

Now using the natural projection map t(a) = %(or —0(a)), we find that
(o) = %(0(1 +20; +03) = Ag,
(o) = %(0(3 + 204 + Os) = A2,
t(ap) = %(a5 + 20 + a7) = Az, and
mt(ay) = m(az) = 1(as) = 1(az) = 0.

9.2. Step 2: We defined ®(A;) = {a [@(t) | ala = Aj}. For this example, we have

®(A1) = {az, 02 + a3, 01 + 02, A1 + A2 + Az},
®(A2) = {04, 03 + 04,04 + 05,03 + Oy + 05}, and
®(A3) = {a, a5 + A, A + 07, A5 + Ol + O7}.

So the multiplicities are my, = my, = m;, = 4.
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9.3. Step 3: The representatives in W1(0) for s,,, S), and s,, are
W1 = 502501503802
W2 = Sq,SasSasSa, and
W3 = SGSSG55G7 S(Xe'
9.4. Step 4: Next we find the list of positive roots, ®(a)*, by using sy,, Sx,, and sy, applied to each A.
Here we have
Sh, (}\1) = )\l + )\2
Sas(A2) = A2 + A3
SAsSA (A1) = A1+ A2+ Az
Therefore, (D(a)+ = {7\1, Ao, A3, A1 + A2, A0 + A3, A1 + Ao + )\3}.
9.5. Step 5: Now we need to compute ®(A;j) for all A; in ®(a)™. This is easily accomplished by looking
at the previous step. We must compute
®(A1 + A2) = O(sx, (A1) = W2(P(A1)),
P(A2 + A3) = P(s);(A2)) = wa(®(A2)), and
P(A1 + A2 + A3) = P(SpsSn, (A1) = Waw2(P (A1),

We arise with

D(sxn, (A1) =P(A1 +A2) = {02 + O3 + 04,02 + O3 + 04 + A5, 01 + O + O3 + O4, 01 + A2 + O3 + 04 + Os}
D(sh;(A2)) =P(A2 +A3) = {aoa + a5 + O, O3 + 04 + 05 + A, Olg + A5 + O + O7, 03 + 04 + A5 + O + 07}
P(sA38h, (A1) =P(A1 + A2 + A3) = {02 + O3 + 04 + 05 + Op, 02 + O3 + Oy + 05 + A + A7,
oy + 0+ a3+ 04+ as + O, A + 0 + O3 + 04 + As + Og + 07}

9.6. Step 6: The eigenspaces are
g}\l = gC!z @2*’03 I@1+0(2 @1+a2+a3
g)\z = gG4 @3‘*‘(}4 Im4+05 @3+u4+a5
g)\3 = gae @5+06 I@5+07 I@5+(]6+C(7
g)\1+)\2 = gCXz+CX3+CX4 Im2+03+04+05 @1+a2+a3+a4 Ije‘l+cx2+cx3+0(4+0(5
g7\2+7\3 = gG4+G5+G5 @4+a5+a6+a7 @3+a4+05+a6 I@3‘*’04+05+G6+G7
g7\1+)\2+)\3 = ga2+a3+a4+a5+ae Im2+03+04+05+de+C(7 @1+a2+a3+a4+a5+a5 Iml+C12+G3+C(4'|'(15+06+CX7
9.7. Step 7: For the basis of A7, we will choose {E;jj, i # j} and the maximal torus
t =[Eh1 — Ess, —E11 + E2p, —E2o + Ees, —Eee + E77, Ezz — E77, —E33 + E44, —E44 + Egg[]
=[ej} —es,—e; +ep,—€x + €6, —€6 +€7,83 —€7,—€3+€4,—€4 +egl]
The corresponding 6-basis of the root space is
A(Y) = {4} l-0LH Ll-LhH l-H [Zl 1 [Z]-H L ]-LH g}
We will denote these roots by:
A(t) = {ay, 0z, az, a4, Os, A, A7}
From
g)\l = gaz @zﬁ'ﬂg @14-02 @1+a2+cx3.

we consider gq, = {E21}. We know that Ex; —0(E21) [Cphnd Ep; +0(Ez1) CKITherefore Ezy +Ese [l
and E»; — Esg [kK1Continuing on in this fashion we find that:

p C{H»; + Ese, Exs — E16,Es1 — Es2, E12 + Ees} and
k [H>1 — Ese, Eos + E16, E1 + Es2, E12 — Egs}-
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From
Ox, = Yo, [0d;+a; [Od,+as [9d;+ou+as,

we have that

p [{Hz3 + E76, Ezs — E27, E72 — Ee3, E32 + E7} and

k [{Hz3 — E76, Eze + E27,E72 + Eg3, E32 — Ee7}-
From

Ons = Jos [Ods+0s [Ods+a; [Ods+as+ay,

we have that

p [{Hs3 + E7g, Ea7 — E3s, Eg3 — E74,E34 + Eg7} and

k [{H43 — E7g, E47 + Egg, Eg3 + E74,E34 — Eg7}-
From

On+xe = Jop+os+as LOd,+os+as+as [Odi+ar+az+a, [0 +ay+az+os+as

we have that

p [{H3s — E17,E31 + Es7, E13 + E75,E71 — Es3} and

k [{H35 + E17,E31 — Es7,E13 — E75,E71 + Ess}-
From

Ono+2s = Jau+as+os LOd,+as+as+ar; LOds+as+as+as [Ods+as+as+as+ar

we have that

p [{Hse — E2s, E42 + Egs, E24 + Egs, Es2 — Es4} and

k [{He + E2g, E42 — Ees, E24 — Ege, Eg2 + Esa}-

From

OA+A2+A3 = Jop+az+oy+as+as Imz+0(3+C(4+C15+O(e+0(7 Im1+0(2+C13+O(4+C(5+G(5 Ij&‘l+02+0(3+0(4+05+06+0(7

we have that

p C{H41 + Esg, Eas — E18,Es1 — Es4,E14 + Egs} and
k [{H41 — Esg, E4s + E18,Eg1 + Es4,E14 — Egs}.

From Ag(0) = {a1, as, as, a7}, we get
k C{His, Es1, Ezs, Ee2, Ea7, E73, Eas, Esa}

A basis for a is {—E1; + Eo» + Ess — Egg, E22 — Ezz — Ege + E77, —E33 + E44 + E77 — Egg} and a basis for
to is {E11 — Ess, —E22 + Ees, E3z — E77, —Eas4 + Egs}.

Putting all this information together, we arise with the following “nice" bases for both k and p.

p = [3E11+E2o+Es5—Ee6, E2o—E33—Ees+E77, —E3z+E44a+E77—Ess, E21+Ese, Eos—E16, Ee1—Es2, E12+
Ees, E23 + E76, E3s — E27,E72 — E63, E32 + E67,E43 + E78,E47 — E3g, Eg3 — E74, E34 + Eg7,E35 — E17,E31 +
Es7,E13+E7s5, E71 —Es3, Ea6 —E2s, Ea2 +Egg, E24 +Egs, Eg2 —Eea, E41 + Esg, Ea5 —E1g, Eg1 —Es4, E14 +Egs [

k = [Eh1—Ess, —E22+Esge, Esz —E77, —E44+Egs, E21 —Ese, E25 +E16, Es1 +Es2, E12 —Ees, E23—E76, Ezs +
E27,E72+Eg3, E32—Ee7, Ea3—E7s, E47+E3s, Eg3+E74, E3a—Esg7, E3s+E17, E3a1—Es7, E13—E75, E71+Es3, E46+
E2s, E42—Egg, E24—Esge, Eg2+Ee4, E41—Esg, E4s+E1g, Eg1+Es4, E14—Egs, E15, Es1, E26, E62, E37, E73, E4g, Ega [

With our choice of B-basis, we have structure constants Cq; 0 = Caz6 = Cas0 = Ca;6 = 1 and
CC(z,Q = CC(4,9 = C(}(e,e =-1.
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