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Abstract. Let G be a connected reductive algebraic group defined over adield¢haracter-

istic not 2,0 an involution of G defined ovek, H a k-open subgroup of the fixed point group

of o, Gk (resp. Hy) the set ofk-rational points ofG (resp. H) and G/ Hy the correspond-

ing symmetrick-variety. A representation induced from a parabdlisubgroup ofG generi-

cally contributes to the Plancherel decompositiori.%tGk/Hk) if and only if the parabolic
k-subgroup isr-split. So for a study of these induced representations a detailed description of
the Hy-conjucagy classes of thesesplit parabolick-subgroups is needed.

In this paper we give a description of these conjugacy classes for general symknetric
varieties. This description can be refined to give a more detailed description in a number of
cases. These results are of importance for studying representations for reahdiccsymme-
tric k-varieties.

Introduction

Let G be a connected reductive algebraic group defined over akfield¢haracteristic not 2
ando an involution ofG defined ovek. If H is ak-open subgroup of the fixed point group of
o, thenGy/ Hy is called a symmetrig-variety. HereGi (resp.Hyx) denotes the set dfrational
points of G (resp. H). In the last few decades the representation theory of these varieties
has been studied extensively for a number of base fields. Thekcas® is probably best
known. Here the representation theory and Plancherel formulas of symineaiteties (also
called semisimple symmetric spaces) has been studied by many people. Best known is the
work of Harish-Chandra [13], which has been extended to general real symingtieties
by many others, including Flensted-Jensen, Oshima, Sekiguchi, Matsuki, Brylinski, Delorme,
Schlichtkrull and van den Ban (see [9, 29, 28, 8, 1, 2]). More recently several attempts have
been made to begin a systematic study of the representation theory of symknetrieties
over other base fields. Examples of this are work of Lusztig and his students on symmetric
k-varieties over finite fields (see [26]) and a humber of preliminary results about the repre-
sentation theory of symmetricvarieties over local fields, see for example [25] and [22]. In
studying the representation theory of these symmeétriarieties one runs quickly into various
guestions about the structure and geometry of these symrketddeties. This paper deals
with some questions we encountered while studying induced representationadar sym-
metric k-varieties. This concerns the following. Letbe a parabolik-subgroup ofG with
Levi decompositiorP = LN, whereN is the unipotent radical oP. One considers continious
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irreducible representations p of P on aHilbert spacethat aretrivial on Ni. Let Indﬁk"(,o) denote
the representation of G obtained by inducing p from P to Gy. In order that the induced rep-
resentation Indgkk(p) contributes to the Plancherel decomposition of L?(Gy/Hy), it must have
Hy-fixed distribution vectors. This can only be true for generic p if P is o-split. Here one can
expect that the “most continuous part” comes from the minimal o-split parabolic k-subgroups.
Inthe case k = R, thisis known to be true by the work of van den Ban and Delorme using ideas
due to Harish-Chandra, see [1, 8, 10, 11, 12]. For a study of these Hy-fixed distribution vec-
tors a detailed description of the Hy-conjugacy classes of these o-split parabolic k-subgroups
is needed. Thisis exactly what most of this paper is about. We will first give a description of
these in the general case and after that give a more detailed description in the special case of
groups with a Cartan involution (this includes the case of real semisimple symmetric spaces).

Every o-split parabolic k-subgroup P of G can be characterized as P = P(F) with F afacet

of X.(A) ®z R and Aamaximal (o, k)-split torus of G contained in P. So, modulo the action
of the Weyl group of A, one can hope to characterize these o-split parabolic k-subgroups as
standard parabolic k-subgroups with respect to amaximal k-split torus, containing the maximal
(o, k)-split torus. Up to Hy-conjugacy of the maximal (o, K)-split tori, this is seen to be the
case:
Corollary 2.8. Let {A | i € |} be representatives of the Hy-conjugacy classes of maximal
(0, k)-split tori of G and for eachi € | let A? > A be a o-stable maximal k-split torus of G
and A' a o-basis of ®(A?). If P isany o-split parabolic k-subgroup of G, then there exists
i el,he Hg,ne Ng (A% N Ng, (A) and asubset A; of Al such that nhPh=n=1 = P,,.

Thisresult can be even more refined for minimal o-split parabolic k-subgroups, see Theorem
2.9for details.

Anacther way to characterize the Hy-conjugacy classes of minimal o-split parabolic k-sub-
groups isto look at the Hy-orbits on G/ P« which are contained in (H P) (see Theorem 3.1).
Here P isafixed minimal o-split parabolic k-subgroup of G. For k alocal field this corresponds
exactly to the open orbits:

Theorem 3.6. Assume k is a local field and let {A; | i € |} be representatives of the Hy-
conjugacy classes of maximal (o, K)-split tori of G. There is a one to one correspondence
between the open Hy-orbits on Gy/ P and Ui W(A) / Wi, (A).

To obtain amore detailed description of the Hy-conjugacy classes of the minimal o-split par-
abolic k-subgroups one will need first a description of the Hy-conjugacy classes of the maximal
(o, k)-split tori of G. Unfortunately, in general the maximal (o, k)-split tori of G are not con-
jugate under Hy. In fact in most cases there are infinitely many conjugacy classes. In a number
of special cases, like symmetric k-varieties over local fields, there are only finitely many conju-
gacy classes and for these one can get a more detailed characterization of these Hy-conjugacy
classes of maximal (o, k)-split tori (see[17, 18, 19]).

In the remainder of this paper we discuss some specia cases for which one can get a more
detailed description of the Hy-conjugacy classes of o-split parabolic k-subgroups. These are
symmetric k-varieties over local fields (see 2.11), symmetric k-varieties with anisotropic fixed
point group (see 3.7) and finally the the case of “groups with a Cartan involution” (see sec-
tion 4). The latter were introduced in [23] as a generalization of rea reductive groups. For
these groups there exists a second involution 6 (the Cartan involution) which commutes with
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o. Likein the case of real groups most of the structure of these groups can be derived from the
additional structure provided by this Cartan involution. In this case the Hy-conjugacy classes
of o-split parabolic k-subgroups can be reduced to Hy N Ky-conjugacy classes of of-stable
parabolic k-subgroups. In section 4 we first show that every o-split parabolic k-subgroup is
Hy-conjugate to a o6-stable parabolic k-subgroup (see Proposition 4.13). For the o6-stable
parabolic k-subgroups we can then reduce to Hx N Ky-conjugacy classes. In the remainder of
section 4 we usethisreduction to Hy N Ky-conjugacy classes of o6-stable parabolic k-subgroups
to refine the characterization of the orbits in the previous sections.

For k = R the Hx N Ky-conjugacy classes of o6-stable parabolic k-subgroups occur in the
study of the principal series representations associated with real symmetric k-varieties (see
[1, 8]). Theresultsin section 4 provide an algebraization of the resultsfor real reductive groups
and also a generalization to the setting of “Groups with a Cartan involution”.

A brief outline of this paper follows. In section 1 we set the notation and review some ba-
sic facts from [23] and [16] about symmetric k-varieties, (o, k)-split tori and o-split parabolic
k-subgroups. Then we prove some results which will be needed for the characterization of the
Hy-conjugacy classes of o-split parabolic k-subgroups of G. Section 2 is devoted to a charac-
terization of the Hy-conjugacy classes of o-split parabolic k-subgroups for general symmetric
k-varieties, while in section 3 we give a characterization in terms of the open orbits. The final
section deals with the case of “groups with a Cartan involution”.

We would like to thank the reviewer for a number of helpful suggestions.

1. Preliminaries and Recollections

In this section we set the notations and recall afew results from [23], [16] and [17]. We use
as our basic reference for reductive groups the papers of Borel and Tits[5, 6] and also the books
of Humphreys[24] and Springer [34]. We shall follow their notations and terminol ogy.

1.1. Given an agebraic group G, the identity component is denoted by G°. We use L(G) or
q, the corresponding lower case German letter for the Lie algebra of G. If H isasubset of G,
Ng(H) (resp. Zg(H)) isthe normalizer (resp. centralizer) of H in G. We write Z(G) for the
center of G. The commutator subgroup of G isdenoted by D(G) or [G, G].

An agebraic group defined over k shall also be called an algebraic k-group. For an extension
K of k, the set of K-rational points of G isdenoted by Gk or G(K).

If Gisareductive k-group and A atorus of G then we denote by X*(A) (resp. X.(A)) the
group of characters of A (resp. one-parameter subgroups of A) and by © (G, A) the set of the
rootsof Ain G. Let W(G, A) = Ng(A)/Zs(A) denote the Weyl group of G relative to A.
If @« € ®(G, A), then let U, denote the unipotent subgroup of G corresponding to «. If Ais
amaximal torus, then U, is one-dimensional. Given a quasi-closed subset i of ® (G, A), the
group Gy, (resp. Gj) is defined in [5, 3.8]. If GJ, is unipotent, v is said to be unipotent and
often one writes U, for Gj.

Throughout the paper G will denote a connected reductive algebraic k-group.

1.2. Involutions of G. Let G be a connected algebraic group, o an automorphism of G of
order two and G, = {g € G | o(g) = g} the set of fixed points of o. Thisis a subgroup of
G which is reductive if G isreductive. If G is semisimple and simply connected, then G, is
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connected, but in general G, is not necessarily connected. When G and o are defined over Kk,
the automorphism o will also be called a k-involution of G.
If Gisreductive and H a k-open subgroup of G,, then we call the variety G/H asymmetric
variety and the variety G/ Hy a symmetric k-variety. Symmetric varieties are spherical.
Defineamorphismt: G — G by 7(X) = xa(X)™%, xe G. Theimage t(G) is aclosed
k-subvariety of G and t induces an isomorphism of the coset space G/ G, onto t(G). Note that
7(X) = t(y) if andonly if y'x € G, and o (7(X)) = t(x)"* for x € G.

1.3. If Tisao-stabletorusof G, thenwewrite T," = (TNG,)°and T, = (X T | o(X) =
x~1}0. It is easy to verify that the product map

wiTIxT, = T, ot ) =t

isaseparableisogeny. In particular T = T;" T, and T, N T, isafinite group. (Infactitisan
elementary abelian 2-group.) The automorphisms of ® (G, T) and W(G, T) induced by o will
also be denoted by o.

Recall that atorus A is called o-split if o(a) = a=* for every a € A. To the symmetric
k-variety Gy/Hy one can associate a natural root system. To see this we consider the following
tori:

Definition 1.4. A k-torus A of G iscalled (o, k)-splitif it is both o-split and k-split.

Consider amaximal (o, k)-split torus Ain G. In[23, 5.9] it was shown that (G, A) isa
root system and Ng, (A)/Zg, (A) isthe Weyl group of thisroot system. We can also obtain this
root system by restricting the root system of G,. Namely let A° > A be a o-stable maximal
k-split torus of G. Then A = (A%) and ® (G, A) can beidentified with ®, = {«|A# 0| a €
® (G, A%)}. One can aso choose compatible orders on these root systems as follows:

1.5. Characterization of o. For each o-stable torus A, the morphism o : G — G induces
a natural action o on ® (G, A). For a proper description of this action we need to refine the
notion of linear order to this setting. Let A° be a o-stable maximal k-split torus of G and let
X = X*(A%, ® = ®(A% and Xo(0) = {x € X | o(x) = x}.

Definition 1.6. A linear order > on X iscalled ac-order if it has the following property:
1.0 if xye X, x>0, and x ¢ Xo(0), theno(x) < 0.

By [16, §2] o-orderson (X, @) exist. If 7 isthe natural projection from X to X/ Xy(o) and
Dp(0) = Xg(0) N, thenwecall d, = 7(P — Po(0)) the set of restricted roots of ® relative
too. If Aisabasisof ® withrespect toaoc-order on X, thenwewrite Ag(o) = A N ®Pg(o) and
Ay = 1(A — Ap(0)). Wewill dso call abasis of ® with respect to a o-order on X ao-basis
of (X, ®). We write Wp(o) for the Weyl group of ®q(o), which we identify with a subgroup
of W(A?).

1.7. Characterization of o on a o-basis. Let A beao-basisof (X, ®). In[16, §2] we have
shown that the action of o on ® can be decomposed as:

(1.2) o=—id-o" - wp(o)
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where wo (o) € Wy(0) isthelongest element of Wy (o) with respect to Ag(o) and
" e Aut(X, @, A, Ag(0)) = {¢ € Aut(X, @) | p(A) = A and ¢(Ag(0)) = Ag(0)},

(6*)? = id. Notethat if ® isirreducible, then o* = id or isanon-trivial diagram automorphism
of A. On A theaction of o can now be described as follows:

1.3 If @ € Ag(o), theno(a) = a.
(1.9 If o € A — Ag(o), theno(a) = —o*(a) + Bwitho*(a) € A and B € ®g(0).

For more details see[16, §2].
Note that in the case in which A is a maximal (o, k)-split torus and A’ 5 A ao-stable
maximal k-split torus of G, thenin fact ®, = ®(G, A) isa(not reduced) root system.

1.8. Properties of Zg(A). We will need severa properties of the centralizer of a maximal
(o, k)-split torus. The key result in the study of these is the following result (see [23, 4.5]).

Lemmal.9. Let A be a maximal (o, k)-split torus of G. Let C, L, L, denote the central,
anisotropic and isotropic factors of Zg(A) over k respectively. Then we have the following
conditions:
(i) Aistheunique maximal (o, K)-split torus of Zg(A).
(ii) Lo Cc H.
(i) If A% is any maximal k-split torus of Zg(A), then A is o-stable and moreover CL; C
Za(AY).

Using this result we can prove now the following property of the Weyl group Wo(o) of
(I)()(O').

Lemma 1.10. Let A be a o-stable maximal k-split torus of G with A~ a maximal (o, k)-split
torusof G. For « € ®(A) let U, denote the corresponding unipotent subgroup of G. Then we
have the following:

(i) U, C H,for all @ € ®g(0).

(il) Wp(o) hasrepresentativesin Hy.

Proof. (i). Write Zg(A~) = C - L; - L, asan amost direct product of k-groups where C, L,,
L, denote respectively the central, anisotropic and isotropic factors of Zg(A~) over k. Then
U, C L,. Sincewe know that by Lemma 1.9 L, C H, theresult isclear.

(ii). For o € ®(A) let G* = Zg((kerw)?). Thisis a restricted rank one k-subgroup of
G. Write G* = C; - G; - G, as an dmost direct product of k-groups where C,, G;, G, denote
respectively the central, anisotropic and isotropic factors of G* over k. Then the reflection
S. € W(A) corresponding to o has representatives in G,. On the other hand, if « € ®¢(0),
then G* C Zg(A™). S0 G, C L, C H. It followsthat for each o« € ®y(o) thereflection s, has
representativesin Hy. Since Wy (o) is generated by these reflections, the result follows. O

1.11. o-split parabolic k-subgroups. Associated with the (o, k)-split tori is a class of para-
bolic k-subgroups. This correspondence is as follows. Let A be a k-split torus of G, ® (G, A)
the set of rootsof Ain G and X, (A) the set of one parameter subgroups of A. By chambers and
facets of X, (A) ®z R, we mean those with respect to the hyperplanes ker(«), a € ®(G, A).
The parabolic k-subgroups of G containing A are in bijective correspondence with the facets of
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X, (A) ®z R. Given afacet F, the corresponding parabolic k-subgroup P(F) of G containing
Aisdetermined by

D(P(F),A) ={ae (G, A) | (X,a) >0, xe F}.

For A € X, (A), let
DA, A) ={ae G, A) |\ o >0}

If F()) isthefacet containing A, i.e. the facet of X, (A) ®z R determined by the hyperplanes
ker(a) witha € {a € ©(G, A) | (A, @) =0},then d(P(F (1)), A) = & (1, A). For simplicity,
we write P()) for the parabolic k-subgroup P(F (1)) of G containing A.

If Aisa (o, k)-split torus, then clearly any element A € X, (A) gives a o-split parabolic k-
subgroup P()). Conversely, since a parabolic k-subgroup contains a o-stable maximal k-split
torus of G, any o-split parabolic k-subgroup is of this form, as follows from the following
result.

Lemma 1.12. Let P be a o-split parabolic k-subgroup of G and A a o-stable maximal k-split
torus of P. Thenthereexists A € X,(A™) suchthat P= P(A) and PN o (P) = Zg(1).

For a proof of thisresult, see[23, 4.6].
The minimal o-split parabolic k-subgroups now are described by the maximal (o, k)-split
tori (see[23, 4.7]).

Proposition 1.13. Let P be a o-split parabolic k-subgroup of G and A a o-stable maximal
k-split torus of P. Then the following conditions are eguivalent:
(i) Pisaminimal o-split parabolic k-subgroup of G.
(i) PNo(P) hasno proper o-split parabolic k-subgroups.
(i) oistrivial ontheisotropic factor of PN o (P) over k.
(iv) A~ isamaximal (o, k)-splittorusof G and Zg(A™) = PN o (P).

The minimal o-split parabolic subgroups of G are conjugate under H, as follows from the
following result (see [23, 4.8]).

Lemma 1.14. Let P bea minimal o-split parabolic k-subgroup of G and Py a minimal para-
bolic k-subgroup of G contained in P. Then we have the following conditions:
(i) HOP = HOPR,.
(i) HOPyisopeninG.
Unfortunately the minimal o-split parabolic k-subgroups are not necessarily conjugate under

Hk. Similarly, the maximal (o, K)-split tori may not be conjugate under Hy. The best we can
do isthe following result (see[23, 4.11]).

Proposition 1.15. Let P be a minimal o-split parabolic k-subgroup of G. Then the following
conditions are equivalent:

(i) ge GkNHP.
(i) ge Gyand gPg!isa o-split parabolic k-subgroup of G.

For the maximal (o, k)-split tori we can prove adlightly stronger result (see [23, 10.3]).
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Proposition 1.16. Let A; and A, be maximal (o, k)-split tori of G and A a maximal k-split
torus of G containing A;. Then thereexists g € (H°Zg (A) )k such that gA;g~1 = A,.

The following example illustrates that in general, the minimal o-split parabolic k-subgroups
are not conjugate under Hy.

Example 1.17. Let G = SL(2), o(x) = 'x~1, B = the Borel subgroup of upper triangular ma-
trices and A the group of diagonal matrices. Then G, B, A and o are defined over Q, Bisa
minimal o-split parabolic Q-subgroup of G and A amaximal (o, Q)-split torus of G, whichis
also maximal @-split. If g=(25) € GL(2), then o(g) = (detg)~*( 4, °) and

a

_1 _ ) b? + d? —(ab+cd)
g 6(9) - (detg) ( _(ab+ Cd) a2 + C2 .

Soif ge SL(2),theng=to(g) € A~ = A= Nz a-(A) if and only if ab+ cd = 0. It follows
that g is of theform ('} 7¢) withu, v, t € @ and uv(1 + t?) = detg = 1. In this case we have:
1 VP (1+1%) 0

(1.5) g o9 = ( 0 u2(1+t2) )

Moreover from Proposition 1.15 it follows that gBg ™~ is a o-split parabolic Q@-subgroup of G.
That gBg~* does not need to be Hg-conjugate to B can be seen asfollows. Let y = hb e Hg B,
he Hg, b= (§,1) € Ba. Thenyto(y) = b lo(b) € Aimpliesthat ylo(y) = (a: ;‘2)
But from (1.5) it follows that g~to(g) is of thisform if and only if we can chooset € @ such
that 1 + t2 isasquare of arational number. It follows that gBg~ is not always conjugate to B
by an element of Hg. Notethat in this case G hasin fact infinitely many Hg-conjugacy classes
of minimal o-split parabolic k-subgroups and consequently a so infinitely many Hg-conjugacy
classes of maximal (o, Q)-split tori of G.

Remark 1.18. These o-split parabolic k-subgroups are of importance in the representation the-
ory of these symmetric k-varieties. For example, in the case that k = R, the representationsin-
duced from a parabolic k-subgroup P contribute to the Plancherel decomposition of L2(Gy/Hy)
if Pisao-split parabolic k-subgroup. The contributions to the most “continuous part” of the
Plancherel decomposition come from minimal o-split parabolic k-subgroups (see[1]).

1.19. Orbits of minimal parabolic k-subgroups on Gx/Hy. The orbits of the minimal par-
abolic k-subgroups on Gi/Hg play a central role in the study of the symmetric k-varieties.
They are also of importance for the study of the o-split parabolic k-subgroups. In the fol-
lowing we give a brief description of these orbits, which can be found in [23]. Let P be a
minimal parabolic k-subgroup of G, A a o-stable maximal k-split torus of P, N = Ng(A),
Z=2Zs(A) and W = W(A) = Ng(A)/Zs(A) the corresponding Weyl group. Asin [23,
6.7] set Vi = {x € G¢ | 7(X) € N¢}. The group Zx x Hy acts on Vi by (x,2)y = xyz 1,
(X,2) € Zx x Hy, Y € V. Let Vi be the set of (Zx x Hy)-orbits on V. If v € V, we let
X(v) € Vx be a representative of the orbit v in V. The inclusion map V¢ — Gi induces a
bijection of the set V of (Zx x Hyg)-orbits on Vi onto the set of (P« x Hg)-orbits on Gy (see
[23, §6]). The set V isin genera infinite. In a number of cases one can show that there are
only finitely many (P x Hy)-orbitson Gy. If kisalgebraically closed, the finiteness of Vi was
proved by Springer [35]. The finiteness of the orbit decomposition for k = R was discussed by
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Wolf [36], Rossmann [32] and Matsuki [27]. For general local fieldsthisresult can be found in
Helminck-Wang [23]. An example that in most cases the set V isinfinite can be found in [23,
6.12].

1.20. We conclude this section by addressing the following questions, which arises, in the
study of the induced representations associated with these symmetric k-varieties. “When can
aminimal parabolic k-subgroup P be embedded in a proper o-split parabolic k-subgroup and
when can P be embedded in a minimal o-split parabolic k-subgroup?’ The latter question is
to be related to the open orbitsin B\ G/ Hk (see aso Theorem 3.6). Thisal follows from the
following resuilts.

Proposition 1.21. Let Py bea minimal parabolic k-subgroup of G and let o be as above. Then
the following are equivalent.

(i) Thereexistsa proper o-split parabolic k-subgroup P of G with P > P.
(i1) Pyisnot o-stable.
(i1) PyH isnot closedin G.

Proof. (i) = (ii). Assume P > P, a proper o-split parabolic k-subgroup of G. Let AC Py
be a o-stable maximal k-split torus of G, which exists by [23, 2.5]. By Lemma 1.12 there
exists A € X, (A7), such that P = P(1). Since P = P()) is a proper o-split parabolic k-
subgroup of G there exists « € ®(A) such that («, A) > 0. If Py were o-stable, then by [23,
3.5] Zg(A) = Zg(A") and At isamaximal k-split torus of H. So aso (o(a), A) > 0. But
since P iso-split it follows that P and o (P) are opposite and hence (o(«), 1) < 0. It follows
that Py is not o-stable.

(ii) = (iii). If PyH is closed in G, then by [23, 1.7] Py N o(Py) contains a parabolic k-
subgroup of G and, since P, isminimal, it followsthat o (Py) = Py, which contradicts the fact
that Py is not o-stable.

(iii) = (i). Let A C Py beao-stable maximal k-split torus of G andtake . € X, (A™) regular.
Then, sinceo (L) = —A, the parabolic k-subgroup P(1) iso-split. If P(A) = G, then (o, ) =0
foral o € ®(A). Sincex € X,(A™) isregular, it followsthat A™ isamaximal k-split torus of
H and Zg(A) = Zg(A"). From [23, 3.5] it follows then that P, is o-stable. But then by [23,
1.7] PyH isclosed in G, which contradicts the assumption. O

Corollary 1.22. Let Py be a minimal parabolic k-subgroup of G and let o be as above. Then
Py is contained in a minimal o-split parabolic k-subgroup P of G if and only if HP isopenin
G.

Proof. Thisresult follows from Proposition 1.21 and [23, 9.2]. O

2. Hy-conjugacy classes of o-split parabolic k-subgroups

In this section we will give a characterization of the Hy-conjugacy classes of o-split par-
abolic k-subgroups. These conjugacy classes play a central role in the study of Hy-invariant
distribution vectors of representations associated with these symmetric k-varieties G,/ Hg, both
inthecasek = R (see[13]) and k = Q, (see[22]).
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21 Let Pbeaminima o-split parabolic k-subgroup and let P, ¢ P be aminimal parabolic
k-subgroup. By [23, 2.4] there exists a o-stable maximal k-split torus A in P;. The following
result will be useful in the characterization of the Hy-conjugacy classes of o-split parabolic
k-subgroups.

Lemma2.2. Let A; and A, be maximal (o, k)-split tori of G and A > A; maximal k-split tori
of G (i =1, 2). Then A; and A; are Hy-conjugate if and only if Afl’ and Ag are Hg-conjugate.

Proof. Assume first that h € Hy such that hAth=! = A,. Let A3 = hA%h~1. Then A and
A3 are maximal k-split tori of Zg(Az). Since (A9 and (A3)™ are maximal k-split tori of
Zs(Az) N H, there exists hy € (Zg(Az) N H)k such that hy(A)*hrt = (A)T. But then
h;hA%h~—thi! = A), what proves the result. O

Let {A | i € |} berepresentatives of the Hy-conjugacy classes of maximal (o, k)-split tori of
G. Every o-split parabolic k-subgroup is conjugate with one containing one of the A;.

Lemma 2.3. Any o-split parabolic k-subgroup of G is conjugate under Hg to a o-split para-
bolic k-subgroup containing one of the A;, (i € 1).

Proof. Assume P is a o-split parabolic k-subgroup of G. Let P, C P be a minimal o-split
parabolic k-subgroup and let A C P, be a o-stable maximal k-split torus of G, which exists by
[23, 2.2]. Then by Proposition 1.13 A~ isamaximal (o, k)-split torus of G. Let h € Hy such
that hA—h=t = A;, for somei € |. Then A, ¢ hPh~%, what proves the resuilt. O

Let {A|ie |} beasaboveandforeachi e | let Ai0 be a maximal k-split torus containing
A

LemmaZ2.4. Let A be a maximal (o, k)-split torus of G and P 5 A a o-split parabolic k-
subgroup. If A’ > A isamaximal k-split torus of G, then A? C P.

Proof. Let P, D A be a minimal o-split parabolic k-subgroup of G contained in P. From
Proposition 1.13 it follows that Zg(A) = PLNo(Py) € PNo(P) c P. So clearly A,-° -
Zg(A) C P. O

Lemma?2.5. Let Abeamaximal (o, K)-splittorusof G, Ay, A, maximal k-split tori of Zg(A)
and Py, P, minimal parabolic k-subgroups of Zg(A). Then we have the following.

(i) A;and A, are conjugate under (Zg(A) N H)y.

(ii) Ppand P, are conjugate under (Zg(A) N H)y.

Proof. Write Zg(A) = C- Ly - Ly as an amost direct product of k-groups where C, L;, Lo
denote respectively the central, anisotropic and isotropic factors of Zg(A) over k. Then A; and
A, are maximal k-split tori of C - L. Since L, € H (see[23, 4.5 (ii)]) theresult isclear.

As for (ii) note that we can write P, =C- Ly - Py, P, = C- Ly - P, with P;, P, minimal
parabolic k-subgroups of L,. Now the result follows from the fact that L, c H. O

In the following we will use the notion of “standard parabolic” asin[5]. In particular if A C
®(A?, G) is a fundamental basis and €(A?) the corresponding chamber, then the standard
parabolic k-subgroups of G are those P(F) with F a facet of €(A?). Note that, since the
facets of €(AP) correspond with subsets of A°, the standard parabolic k-subgroups can aso
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be described by using subsets of A°. For afacet F let A°(F) = {a € A® | «(F) = 0} bethe
corresponding subset of A°. Conversely if A; ¢ A%, then we denote the corresponding facet
of €(A?) by F,, and we will also write P,, for the standard parabolic k-subgroup P(Fy,).

Proposition 2.6. Let A beamaximal (o, k)-split torus of G, A? > Aj a maximal k-split torus
of G, A a o-basis of ®(A?), A, the corresponding basis of ®(A)) and A; C A. Then the
following are equivalent:

(i) Pa, isao-split parabolic k-subgroup of G.

(ii) Thereexistsasubset IT of A, suchthat A; = {¢ € A | a| A~ € TTU {0}}.
(iii) Ag(0) ={x€ Alo(ax) =a} C Ajand (A1) = P(A°) NZA; iso-stable.

Proof. Write X = X*(A") and & = ®(AD).
(i) = (iii). Assume P,, iso-split. By Lemmal.12 thereexists A € X, (A)) suchthat P= P(})
and PNO(P) = Zg(1). Moreover A; = {x € A | {a, A) = 0}. Since A € X, (A) we have

(a, 1) = (o(a), 0(1)) = (o(a), —A)

So clearly Ag(o) C Aj. It remainsto show that ® (A1) iso-stable.

Asin (1.2) writeo = —ido*wg (o), Where wo (o) € Wo (o) isthe longest element of Wy (o)
with respect to Ag(o) and o* € Aut(d, A, Ag(0)), (6*)?> =id. If @ € A1 — Ag(0), then by
(1.4) we have o () = —o™*(a) + B with o*(a) € A — Ag(o) and B € Pg(0). It sufficesto
show now that o* (a) € A1. But since Ag(o) C A we have (8, A) = 0 and hence

(0" (a), 1) = (—o(a) + B, A) = —(o(@),A) + (B, A) =0+0=0
It follows that o* () € A1 — Ag(o) and ® (A1) iso-stable.
(iii) = (ii). Let IT = {a| A | @ € A1 — Ag(0)}. Since A isaoc-basiswe have IT C A,. So
clearly Ay ={a € A |a|A” € ITU{0}}.
(i) = (iii). Since o (IT) = —IT it followsthat ® (A,) iso-stableand Ag(o) C Aj.
(iii) = (i). Let A € X, (A?) suchthat Py, = P(X). Then ® (A1) = ® (1) and (A, P,,) =
{ae ®|{a,A) >0}. Leta € Awith{a, 1) > 0. Thena € A — A;. Since Ag(o) C A weaso
havea € A — Ag(o). Similarly asaboveweget o(a) = —o™*(a) + Bwitho* (@) € A — Ag(0)
and 8 € ®g(0). Since P (A,) iso-stableit followsthat o* (@) € A — A1. But then

(o(a), 1) = (=0" (o) + B, 1) = — (0" (@), &) + (B, 1) = — (0" (@), ) <O
[t followsthat Py, No(Pa,) = Zg(A), and hence P,, iso-split. O

Every o-split parabolic k-subgroup of G containing one of the A; (i € I) is conjugate under
Ng, (A%) N Ng, (A) with astandard o-split parabolic k-subgroup, asfollows from the following
resullt.

Proposition 2.7. Let P be a o-split parabolic k-subgroup of G with P > A; for somei € I,
AP > A ao-stable maximal k-split torus of G and A a o-basis of ®(AP). Then there exists
n € Ng, (A?) N Ng, (A) such that nPn~! is a standard o-split parabolic k-subgroup.

Proof. Write X = X*(A”) and ® = ®(A?). Note first that it follows from Lemma 2.4 that
A0 C P. Let » € X,(A) suchthat P= P(1) and PN o(P) = Zg(A). Let d(1) = {a € @ |
(a, A) = 0} be the root system of Zg (1) with respect to A2. Since o(1) = —A it follows that
® (1) iso-stable.
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Let X(A) ={x € X | {x,A) =0}. Then X(1) is a o-stable cotorsion free submodule of
X. Let = be ao-order on (X(1), ® (1)) and extend this to an order on (X, ®) by choosing
an order on X/ X(1). Since X(1) D Xg(o) and X(A) is o-stable, it follows that > is a o-
order on (X, ®). Let A; be the basis corresponding to > and let A;(A) = A1 N ® (1) bethe
corresponding basisof ®(i). Notethat P = P(L) = Pa(y).

Since A and A, are both o-bases of @, they induce bases A, and (A1), of ®, = ®(A).
Since A isamaximal (o, k)-split torus of G, ®(A;) isaroot system there exists w € W(A)
such that w((A1),) = A,. Then w(A;) and A are o-bases of @, which induce the same
restricted basis of ® (A;). It follows now from [16, 2.5] that there exists wo € Wy (o) such that
wow (A1) = A. Letn,ng e NGk(A?) N Ng, (A) be representatives of w and wg respectively.
If Az = wow(A(X)) C A, then Pa, = nonPnny? is a standard parabolic k-subgroup of
G. Since wowo = ocwow it follows that ®(A5) = wewd (1) is o-stable. But since clearly
Ao(o) C Ay it follows now from Proposition 2.6 that @ (A») iso-split. O

Combined with Lemma 2.3 we get now the following result:

Corollary 2.8. Let {A | i € 1} be representatives of the Hy-conjugacy classes of maximal
(0, k)-split tori of G and for each i € | let A’ > A be a o-stable maximal k-split torus of
G and Al ao-basisof ®(AY). If P isany o-split parabolic k-subgroup of G, then there exists
(i€l),he H,ne Ng (A% N Ng (A) and asubset A; of Al suchthat nhPh—In=1 = P,,.

Proof. Thisresult isimmediate from Lemma 2.3, Proposition 2.6 and Proposition 2.7. O

For the minimal o-split parabolic k-subgroups of G we can even show a more detailed char-
acterization. If we denote the set of minimal o-split parabolic k-subgroups of G containing a
maximal (o, k)-split torus A by 43 (A), then we have the following result:

Theorem 2.9. For eachi € |, let Ay beamaximal (o, k)-split torus of G, A? > A a o-stable
maximal k-split torus of G, A! a o-basis of ®(A?) and Alj(0) = {a € A’ | o(a) = a}. Then
we have the following.
(i) For eachi e | PAiO(U) isaminimal o-split parabolic k-subgroup of G.
(i) If Pisany minimal o-split parabolic k-subgroup of G, then there exists (i € 1), h € Hg
and n € Ng, (A?) N Ng, (A) suchthat nhPh~n~t = Py .
(iii) Thereis a hijective correspondence between B (Aj) and the basesfor ® (A)).
(iv) For eachi € | thegroup W(A;) actssimply transitively on 5 (A).
(v) There is a bijective correspondence between the Hy-conjugacy classes of the minimal
o-split parabolic k-subgroups in B (A;) and W(A;)/ Wy, (A).

Proof. (i). Let P = PA{)(G)- Since @y (o) iso-stableit follows from Proposition 2.6 that P iso-
split. By Lemmal.12 thereexists A € X, (A;) suchthat P= P(1) and PNO(P) = Zg()). Let
D) ={a e ®(A) | (@, 1) =0}. Since Al(o) C ®(1) itfollowsthat & (1) = D (Ag(0)) =
®o(0). But then Zg(A) = Zg(A) and hence it follows from Proposition 1.13(iv) that P is
minimal o-split.

(ii). Let P be aminimal o-split parabolic k-subgroup of G. By Lemma 2.3 there existsh € Hy
such that hPh= > A for somei e |. The result follows now from Proposition 2.7.
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(iii). Since each w € W(A)) has arepresentativein NGK(AI-O) N Ng, (A) thegroup W(A;) acts
on P (A).

Let P € B(A) be aminimal o-split parabolic k-subgroup of G. By Lemma 2.4 we have
P > A and by Proposition 2.7 thereexistsn € Ng, (A?) N Ng, (A) suchthat nPn~! isstandard.
Let A; C A' be such that nPn~! = Pa,. From Proposition 2.7 it follows that Ay D Aio(o),
but since P is minimal o-gplit it follows from (i) that A; = A‘o(o—). We obtain a bijective
correspondence between the bases for ® (A;) and B (A).
(iv). Since W(A;) acts simply transitive on the bases of ® (A;), (iv) follows from (iii).
(v). Assume Py, P> € 8(A) are Hy-conjugate. Let h € Hy such that hP;h~! = P, and let
A=hA’h~1. Then Aand A are o-stable maximal k-split tori of P,. Since A~ € P,No(P2) =
Zs(A), itfollowsthat A~ A isa (o, k)-split torus of G. But since A; ismaximal (o, K)-split it
followsthat A~ = A;. So Aand Aio are o-stable maximal k-split tori of Zg(A;). By LemmaZ2.5
thereexistsh € (Zg(A) N H)y suchthat hAh—! = Aio. It followsthat P, and P, are conjugate
under Ny, (A%) N Ny, (A)) what proves the result. O

Remark 2.10. In order to give a more detailed description, or possibly even a classification, of
the Hg-conjugacy classes of minimal o-split parabolic k-subgroups, one needsfirst a classifica-
tion of the Hy-conjugacy classes of maximal (o, K)-split tori of G. This classification follows
from the classification of the Hy-conjugacy classes of o-stable maximal k-split tori of G. An
initial study of these conjugacy classeswascarried outin [17, 18, 19] (seeaso[20]). However a
full classification of these conjugacy classes has only been completed for k algebraically closed
or the real numbers. In order to classify these conjugacy classes over other base fields, one will
need first a classification of the symmetric k-varieties for those fields. Some of the necessary
fine structure related to these symmetric k-varieties was classified in [15] (see also [21]), but
a classification of the quadratic elements characterizing the isomorphy classes is still needed.
Once the classification of the symmetric k-varieties is finished, one can try to classify the Hy-
conjugacy classes of maximal (o, k)-split tori for a number of base fields. Note that in most
cases there are in fact infinitely many Hy-conjugacy classes of maximal (o, k)-split tori, as can
be seen from Example 1.17. In the case of local fields there are only finitely many conjugacy
classes and a classification will be feasible. In section 4 we discuss a specia case, where there
is only one Hg-conjugacy class of maximal (o, K)-split tori and for which we can give a more
detailed description of the Hy-conjugacy classes of minimal o-split parabolic k-subgroups. In
the case of local fields we can also give a slightly more detailed description of the conjugacy
classes as follows (see also Theorem 3.6).

2.11. Orbitsover local fields. Inthecasethat kisalocal field, we can refine some of the above
results. So for the remainder of this section assume that k isalocal field. Let A be amaximal
(o, K)-split torusof G, Ag D Aamaximal k-splittorusof G, P, > Aaminimal o-split parabolic
k-subgroup in B(A), P c P, aminimal parabolic k-subgroup of G with Ag C P. By [7]
there exists an “ Ap-good” maximal compact subgroup Ky of Gk such that Gy = K¢ P« = PcKg
(Iwasawa decomposition).

We have now the following generalization of Corollary 2.8 and Proposition 2.9(ii):

Proposition 2.12. Assume k is a local field, let {A | i € |} be representatives of the Hy-
conjugacy classes of maximal (o, k)-split tori of G. For eachi € | let A > A be a maximal
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k-split torus of G, A' a o-basis of ®(A?), AL(0) = {« € A" | o(a) = } and K| an A°-good
maximal compact subgroup of G¢ asin 2.11. If P is any o-split parabolic k-subgroup of G,
then we have the following:
(i) Thereexists (i € 1), h € Hy, n € Nk, (A%) N Nk (A) and a subset A; of Al such that
nhPh=in"1 = P,,.
(ii) If Pisaminimal o-split parabolic k-subgroup of G, then thereexists (i € 1), h € Hy and
n € Nk, (A% N N, (A) such that nhPh~in=! = Pl ()-
(iii) The number of Hy-conjugacy classes of minimal o-split parabolic k-subgroups s finite.

Proof. By Corollary 2.8 there exists i € | and h € Hy such that hPh—1 5 A®. Since by [7],
W(A?) has representativesin K!, (i) follows from Corollary 2.8 and (ii) follows from Propo-
sition 2.9(ii).

Finally (iii) followsfrom thefact that for k alocal field there are only finitely many Hy-orbits
on Gy/ Pk (see[23, 6.15]). O

3. Characterization of (HP)

Instead of Hy-conjugacy classes of minimal o-split parabolic k-subgroups one could study
the more general problem of Hg-orbits on G/ Pk (or equivalently Hy x Py-orbitson Gi). Natu-
rally not al parabolic subgroups contained in Gy/ Py are still o-split. Similar to [18], one could
define these to be “quasi o-split” (i.e. parabolic k-subgroups of G which are Gk-isomorphic to
ao-split parabolic k-subgroup). Using asimilar approach asin [18] and [23, §6] one can derive
a characterization of these Hy-orbits on Gy/ Py in terms of Hy-conjugacy classes of o-stable
quasi (o, k)-split tori (i.e. k-tori which are Gy-isomorphic to a (o, k)-split torus) and their Wey!|
groups. This characterization is quite technical and hard to derive. On the other hand for the
study of the principal series representations on these symmetric k-varieties we mainly need a
characterization of the “open orbits’, which is equivalent to a characterization of the Hy x P-
orbits in (HP)y, for P a minimal o-split parabolic k-subgroup of G. The following result
characterizes the orbits of Hy on G/ P« contained in the open orbit H P.

Theorem 3.1. Let {A | i € |} be representatives of the Hy-conjugacy classes of maximal
(o, k)-split tori of G. There is a one to one correspondence between the Hy x Bc-orbits on
G contained in (HP)y and Ui W(A)/ Wy, (A). In particular the orbits are characterized
by HknPx with n a representative for W(A;) / Wy, (A) in Ng, (A) (i € I).

Proof. If g € (HP)y, then gPg~! is o-split. Namely write g = hp withh e H and p € P.
Then gPg~! = hPh~! and consequently gPg~* and o (gPg~!) are opposite, which proves that
gPgliso-split.

On the other hand if Py is minimal o-split, then by [23, 4.11] there exists g € (H P)k such
that P, = gPg~!. It follows that we have a one-to-one correspondence between Hy\ (HP)y/
P« and the Hg-conjugacy classes of minimal o-split parabolic k-subgroups. By Lemma 2.3
every minimal o-split parabolic k-subgroup of G is Hy-conjugate with one containing one of
the A; (i € 1). But by Theorem 2.9(v) the Hg-conjugacy classes of minimal o-split parabolic k-
subgroupsin 43 (A;) correspond bijectively with W(A;) / Wy, (Ai), which provestheresult. [

Another way to characterize the sets W(A;) /Wy, (A)) is in terms of the restricted Weyl
group of G asfollows:
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Lemma3.2. Let A be a maximal (o, k)-split torus of G and A° > A be a o-stable maximal
k-split torus of G. Let W(A, A%) = W(A) N W(A®) = {w € W(A®) | w(A) C A}. Then

W(A)/ Wiy, (A) = W(A, A%) /Wi, (A°).

Proof. Let ®g(0) = {a € ®(A%) | o(a) = a}, Wo(o) the Weyl group of &¢(o), which we
identify with a subgroup of W(A?). From [33, Proposition 2.1.4] it follows that

W(A) >~ W(A, A% /Wy (o).
Since by Lemma 1.10 Wy (o) has representativesin Hy the result follows. O
The orbits which are not contained in the open orbit H P can be described as follows:

Proposition 3.3. Let P bea minimal o-split parabolic k-subgroup of G, A be a o-stable maxi-
mal k-split torusof Gwith A~ amaximal (o, k)-split torusof G and Hyg Py bean Hy x Py-orbit
on Gy which is not contained in (HP)y. Then there exists x € G such that HyxP« = HegPx
and xAx~ ! iso-stable and dim(xAx N H) > dim(A").

Proof. Let Py C P beaminimal parabolic k-subgroup with A ¢ Py. Then gAg—! isamaximal
k-split torus of gPog~t. By [23, 2.4] there exists h € (H N R,(gPog™1))k such that A; =
hgAg~th~!iso-stable. Let x = hg. Clearly HixP« = HkgPx and A; = xAx ! is o-stable. So
it remains to show that dim A} = dim(xAx 1N H) > dim(A"). If dim A] = dim(A"), then
Al isamaximal (o, k)-split torus of G. By Lemma 1.16 there exists y € (HZg(Aq) )k such
that yA1y~! = A. But then HxPx C (H P)y, what contradicts the assumption. O

3.4. Open orbitsover local fields. Inthe casethat k isalocal field we aso have the topology
on Gy induced from the field k and in this case Theorem 3.1 in fact characterizes precisely
the open Hg-orbits on Gy/ P«. So for the remainder of this section we assume that k is a local
field. We first recal the following characterization of the open orbits of a minimal parabolic
k-subgroup acting on the symmetric k-variety Gy/Hy (see[23, 13.4]).

Proposition 3.5. Let k be a local field, o an involution of G defined over k, H be an open
k-subgroup of G, and P a minimal parabolic k-subgroup of G. Assume the topology on Gy is
the oneinduced from that of k. Then the following conditions are equivalent:

(i) Piscontainedinaminimal o-split parabolic k-subgroup of G.

(i) PcHgisopenin Gy.

Combined with [23, 9.2] it follows from this result that HcgPy is open in Gy if and only if
HgP isaso openin G. This leads to the following characterization of the open Hy-orbits on
G/ P

Theorem 3.6. Assume k is a local field and let {A; | i € |} be representatives of the Hy-
conjugacy classes of maximal (o, K)-split tori of G. There is a one to one correspondence
between the open Hy-orbits on G/ P and Uic W(A) / Wy, (A).

Proof. If HkgPx isopen in Gy, then HgP isalso openin G. Thisyieldsthat HP and HgP are
the same open orbit of P in H\G, hence g € (HP)y. Conversaly if HyxP« € (H P)g, then by
Proposition 3.5 HyxPx isopen in G. The result follows now from Theorem 3.1. O
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3.7. Anisotropic fixed point group. In the case that H is anisotropic over k a lot more is
known about the structure and geometry of the corresponding symmetric k-varieties. Conse-
guently the representation theory of these symmetric k-varieties is studied before one attempts
the general case. For example in the case that k = R, the corresponding symmetric k-varieties,
also called Riemannian symmetric spaces, were studied long before the non Riemannian sym-
metric spaces (see [13]). In the following we show how the above results can be refined in this
special case. So in the remainder of this section assume that H is anisotropic over k. From [23,
10.5] it follows that all k-orbits are contained in the open orbit H P:

Proposition 3.8. Let o be an involution of G defined over k and H be an open k-subgroup
of G,. If [G, G] N H is anisotropic over k, then G, = (PH?), for any minimal parabolic
k-subgroup P of G.

3.9. Let Abeao-stable maximal k-split torus of G. Since H is anisotropic over Kk it follows
that Aisalso o-split. Contrary to the case that k = R, the torus A does not need to be maximal
o-split. Consequently one can not expect that all maximal (o, k)-split tori are conjugate under
Hk. To ensure these properties we need to impose additional conditions, which are satisfied in
the case that k = R and and also for some of the p-adic symmetric k-varieties.

Definition 3.10. Let o beaninvolution of G defined over k and let H be an open k-subgroup of
G,. Wewill call the symmetric pair (G, H) a (o, k)-anisotropic pair if it satisfies the following
conditions:

(1) [G, G] N H isanisotropic over k.

(2) All o-stable maximal k-split tori of G are maximal o-split.

(3) For any o-stable maximal k-split torus A of G we have

(3.1) (HOA) = H2 A
For these (o, k)-anisotropic pairs we can show now the following results:

Theorem 3.11. Let (G, H) bea (o, k)-anisotropic pair, A a o-stable maximal k-split torus of
Gandlet P> Abeaminimal parabolic k-subgroup with unipotent radical U = R,(P). Then
we have the following.

(i) (HZa(A)k = (H°A) = HA«.

(i) Gy = (HOP), = HyPR..
(iii) All o-stable maximal k-split tori of G are conjugate under Hy.

(iv) Ng (A) = Ny, (A) Zg (A).

Proof. Since Ais maximal o-split (i) followsfrom 1.9 and condition (3.1).
(ii). From [23, Lemma 10.2] it follows that
(HPP)k = (H°Zs (A) Uk = HiAkUx.

But then the result follows from (i) and Proposition 3.8.
(iii) isimmediate from (ii) and Lemma 2.5. Finally (iv) follows from (ii), (iii) and Theo-
rem3.1. O

Remark 3.12. Note that the condition that (G, H) is a (o, k)-anisotropic pair implies that the
group Gy has an Iwasawa type decomposition: Gy = Hy AxUk.
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4. Groups with a Cartan involution

In a number of cases one can give a more detailed description of the Hy-conjugacy classes
of o-split parabolic k-subgroups. In this section we discuss one such a special case, namely the
“groups with a Cartan involution”. This includes the case of real symmetric k-varieties, also
called reductive symmetric spaces.

4.1. Cartan involutions. In the study of real reductive groups and their representations the
Cartan involution has been one of the essential tools (see [14]). In [23] the notion of Cartan
involution was extended to groups defined over formally real fields satisfying the additional
condition (k)2 = (k*)*. Recall that afield is called formally real if —1 is not the sum of
squares (see [3, 30]). The Cartan involutions are defined as follows (see [23, 11.9]).

Definition 4.2. Let k be aformally real field, G a connected reductive algebraic k-group, 6 an
involution of G defined over k and A a maximal (60, k)-split torus of G. Let K = Gy be the
fixed point group of 6. We call 6 a Cartan involution of G (over k) if K is anisotropic over Kk,
—1¢ (k*)? = (k*)* and Gy satisfies one of the following equivalent conditions:

(i) Gk = KAKY.

(II) Gk = KkAkKk.
(ifi) Gk = UxAxK and t(Gk) consists of k-split semi-simple elements.

(iv) Gk = UxAK? and t(Gy) consists of k-split semi-simple elements.

(v) Gy = 1(Gy) Gy (k) and t(Gy) consists of k-split semi-simple elements.

Remark 4.3. The condition —1 ¢ (k*)? = (k*)* isnaturally satisfied in the case that k is “ real
closed”, i.e. kisformally real, but hasno formally real proper algebraic extension field (see[30,
3.2]). Infact in this case the Cartan involutions for the classical real reductive groups generalize
to reductive groups over real closed fields. It is an open gquestion if the Cartan involutions for
reductive groups over real closed fields are the same as those for the real reductive groups. An
example of a Cartan involution for a reductive group over areal closed field is given in the
following:

Example 4.4. Let k be areal closed field, G = SLp(k), 8(g) ='gtand K =Gy = {ge G|
tg =g} = SOx(k). The group A of diagonal matricesis amaximal (8, k)-split torus of G,
which isaso amaximal k-torus. Now 6 is a Cartan involution of G. For n = 2 this can be seen
asfollows. The set 7(G) consist of the symmetric k-matrices. If (25) e SL,(k) and (4 §) €

SOz (k), then x = (28)( %y §) = (g3 a3*3h) € 7(G) if and only if (a+d)g = (c—b)p. If
a+d=0wecantake p=0. If a+d # 0, then we can take q = {2 p and p € k such that

(a+d)
p?(1+ (‘;:Z;z) = p?+ g% = 1. Sowemay assume x € 7(G). But then by [30, 2.5] there exists

h € SO, (k) such that hxth € A. It follows from 4.2(v) that 0 is a Cartan involution of G.

For the groups with a Cartan involution as defined above, most of their structure can be
derived from the additional structure provided by the Cartan involution. A thorough discussion
of the groups with a Cartan involution can be found in [23, §11]. One of the main properties,
which we will use of these groups s the following (see [23, 11.17]).

Lemma4.5. If o € Aut(G) isak-involution, thenthereexistsa Cartan involution 8 € Aut(G),
which commutes with o.
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For the remainder of this section we assume o € Aut(G) isak-involution and 6 € Aut(G)
is a Cartan involution satisfying 06 = 6o. We will use the same notation as in section 1. In
particular H denotes a k-open subgroup of G, and K = Gq.

4.6. At the description of the relevant principal series representations for reductive symme-
tric spaces (see[1, 8]) Hx N Kg-conjugacy classes of o6-stable parabolic k-subgroups are used
and these are characterized in a similar way as is done in the previous sections for the o-split
parabolic k-subgroups. In the following we first establish the correspondence between the
Hy-conjugacy classes of o-split parabolic k-subgroups and the Hy N Ky-conjugacy classes of
o6-stable parabolic k-subgroups and use this to refine the characterization of the orbitsin 2.9
and 3.1. We note that for k = R some of the results about o6-stable parabolic k-subgroups can
befoundin[1]. However the proofs and arguments used here provide an algebrai zation of those
results and hold a'so in the context of “Groups with a Cartan involution” as defined above.

To establish the above correspondence we need to provefirst afew results about the o6-stable
parabolic k-subgroups. We recall the following result from [23]:

Proposition 4.7. Let o € Aut(G) beak-involution, 6 € Aut(G) a Cartan involution satisfying
06 = 0o, A amaximal (o, k)-split torus of G and A° > A a o-stable maximal k-split torus of
G. Then we have the following.
(i) AYis Hy-conjugate to a #-stable maximal k-split torus of G, which isalso maximal 6-split.
(i) All o- and 6-stable maximal k-split tori of G containing a maximal (o, k)-split torus of G
are conjugate under (H N K)p.

Proof. Thisresult followsimmediate from [23, 11.4] and [23, 11.18]. O
To show that o6-stable parabolic k-subgroups are in fact o-split we need the following:

Lemma4.8. Let P be a o6-stable parabolic k-subgroup of G. Then PN G, is a parabolic
k-subgroup of G,y. Moreover if P is a minimal o6-stable parabolic k-subgroup of G, then
PN G,y isaminimal parabolic k-subgroup of G.

Proof. Since P is o6-stable it follows from [23, Lemma 1.7] that PG?, is closed in G. Let B
be a Borel subgroup of P and consider the action of B on PH/H. Since PG?, isclosed in G,
B hasaclosed orbitin PH/H. It follows that thereis x € P such that BxH isclosed in G. By
[35, Cor. 6.6 (i)], X 1Bx is o6-stable and by [31, 5.1] x"1BxN G2, isaBorel subgroup of G2,
Since PN GY, D x~1BxN GY, it followsthat P N G, isa parabolic k-subgroup of G.
Assume next that P isaminimal o0-stable parabolic k-subgroup of G. Then by [23, Propo-
sition 3.5] there exists a o6-stable maximal k-split torus A of P such that A}, is a maximal
k-split torus of G, and ZG(A;,) isao0d-stable Levi k-subgroup of P. But then ZG(A;,) N Gy
isthe Levi k-subgroup of a minimal parabolic k-subgroup of G, and consequently PN G,g is
aminimal parabolic k-subgroup of G,,. O

Lemma4.9. Let o and 6 be as above. Then we have the following:
(i) 8|Gyp = 0|Gyp isa Cartan involution of G,y.
(ii) All 6-stable maximal k-split tori of G,4 are maximal (o, k)-split tori of G.
(iii) Every maximal k-split torus of G,y is conjugate under Gge(k) to a 9-stable maximal
(o, K)-split torus of G.
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Proof. (i) isimmediate from [23, 11.9].

Asfor (ii), assumethat A; is a0d-stable maximal k-split torus of G,4. Since 0|G, = o|Gyg
is a Cartan involution, it follows from [23, 11.4] that A; is a maximal 6-split torus of Gy.
Similarly A; isamaximal o-split torus of G,y. That A; isamaxima (o, k)-split torus of G
follows from the observation that G,, contains a maximal (o, k)-split torus of G. Namely, if
A, isa@-stable maximal k-split toruswith (Az); amaximal (o, k)-split, then by [23, 11.4] A,
isalso 6-split and (Az), C Gyp.

Finaly (iii) followsfrom (ii) and the fact that every maximal k-split torus of G,y is conju-
gate under G4 (k) to af-stable maximal k-split torus. This proves the result. O

The following result characterizes the facets corresponding to the o6-stable parabolic k-
subgroups of G.

Lemma4.10. Let P bea o6-stable parabolic k-subgroup of G, M a o6-stable Levi k-subgroup
of P and A a o6-stable maximal k-split torus of M. Then thereisa A € X,(A,) such that
P=P®)and M = Zg(A).

Proof. Let F be the facet with P = P(F). Since P(F) = ¢8(P(F)) = P(c6(F)), it follows
that c8(F) = F. Take § € X,(A) N F. Since 06(F) = F it follows that 06(§) € F and
L =38+ 00(8) € X.(Al,) N F. Then 1 satisfies the above conditions. O

Proposition 4.11. Every o6-stable parabolic k-subgroup of G is o-split.

Proof. Let P, be a o6-stable parabolic k-subgroup of G and P C P, be a minimal o6-stable
parabolic k-subgroup of G. By Lemma4.8, P N G,y isaminimal parabolic k-subgroup of Gy.
Let Abead-stable maximal k split torus of G, contained in P. It follows from Lemma4.9 that
Aisasoamaxima (o, k)-split torusof G. Let A; D A be a o6-stable maximal k-split torus
of P. From Lemma4.10 it follows that thereare 1, 11 € X, ((A1)7,) suchthat P = P(2) and
P, = P(1). Since Aisamaximal k split torus of G,4, we have (A1)}, = A. But then, since
Ais (o, k)-split, wehave o (L) = —A and o (A1) = —A1, and hence P and P, are o-split. [

The converse of this result is not true. However if a o-split parabolic k-subgroup of G
contains a 6-stable maximal (o, k)-split torus of G we can show the following.

Proposition 4.12. Let A be a #-stable maximal (o, k)-split torus of G, A° O A a 6-stable
maximal k-split torus and P > A a o-split parabolic k-subgroup of G. Then we have the
following:

(i) AYismaximal 6-split.

(i) Piso-split.
(iii) Pisoo-stable.

(iv) Pisminimal o6-stableif and only if P isminimal o-split.
Proof. (i) followsfrom [23, 11.4]. and (ii) followsfrom (i) and Lemma 1.12.

As for (ii), note that by Lemma 1.12 there exists A € X,(A) such that P = P(1). Since

A C AViso-splitit followsthat 6(A) = —X and therefore P is 6-split.
(iii) followsfrom (ii), since P isboth #-split and o-split and therefore

00(P) = o00(P(})) = P(cB(A)) = P(L) = P.
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(iv). Assumefirst that P > Ais minimal o-split. If P, ¢ P isminima o6-stable, then by
Proposition 4.11 P; is o-split and since P is minimal o-split it follows that P, = P.

Conversely assume P O A is minimal o6-stable. By Proposition 4.11 P is dso o-split. If
P, ¢ Pisaminimal o-split parabolic k-subgroup of G, then there exists a o-stable maximal
k-split torus A; C Py with A7 amaximal (o, k)-split torus of G. Similar to [23, 2.4] it follows
now that A° and A; are conjugate under h € (H N Ry (P))x. So we may assumethat A; = A,
But, then, since Py is o-split, it follows from Lemma 1.12 that there exists & € X, (A;) such
that P, = P()1). The result follows now from Lemma4.10. O

Although not every o-split parabolic k-subgroup of G is o6-stable, they are conjugate under
Hy with one which is o6-stable.

Proposition 4.13. Every o-split parabolic k-subgroup of G is conjugate under Hy with a o6-
stable parabolic k-subgroup.

Proof. Let P, be a o-split parabolic k-subgroup of G, P ¢ P, aminimal o-split parabolic k-
subgroup of G and A amaximal (o, k)-split torus of P. From Proposition 4.7 it follows that
thereisah e Hy suchthat A; = hAh~! is§-stable. But then it follows from Proposition 4.12
that A; isé-split and hPh—! is o6-stable. Similarly also P; is o6-stable. O

The above results give an adeguate characterization of the o6-stable parabolic k-subgroups.
What isleft isto show that we can restrict to Hy N Kg-conjugacy classes of o0-stable parabolic
k-subgroups instead of Hy-conjugacy classes. For thiswe first show the following:

Lemma4.14. Let A be a 6-stable maximal (o, k)-split torus of G. Then
Wo, (A)/ Wi, (A) = Wi, (A)/ Wi kg0 (A).

Proof. Let A° 5 A be a 6-stable maximal k-split torus. By Lemma 4.9 A° is also 6-split.
Similar to Lemma 3.2, we can write

(4.) W(A) ~ We, (A, A%) /W (o)

where We, (A, A% = W(A) N W(A®) = {w € W(A?) | w(A) C A} and Wy(o) isasin 1.7.
The group We, (A, A°) hasrepresentativesin Ng, (A, A)) = {n € Ng (A)) | nAn~t C A}. By
[23, 11.5] Ng, (A?) = AY - N, (A?) soit follows that also

(4.2) No, (A, AD) = A - Ni (A, AD).

Theroot system @ (o) can beidentified withtheroot system ® (A1, G1), where G, = D(Zg(A)) =
[Zs(A), Za(A)] and A; = (A°N Gy)°. By [23, 11.9] G, isalso agroup with a Cartan involu-
tion. Since Aisamaximal (o, k)-split torus of G, the torus A; isamaximal 6-split torus of G,
contained in H N G;. It follows from that [23, 11.5] that Wy (o) = W( A1, G;) has representa
tivesin (H N K N Gy) (k). Combining this with (4.2) we get:

(4.3) We, (A, A%) /Wy (0) = W, (A, A%)/Wo(o).
Combined with (4.1) we get:
(4.4) We, (A) 2= W, (A).
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Since all o-stable maximal k-split tori of Zg(A) are conjugate under (H N K N Zg(A))° and
since Wp (o) has representatives in (H N K N Zg(A)) (k) we aso have the following identifi-
cations:

(4.5) Wiy, (A) = Wh, (A, A% /Wo(0)
and
(4.6) Wikaryo (A) 2= Wigppo (A, A%) /Wo (o).

So it suffices to show that Wi, (A, A%) >~ Wiknny, (A, A%). So let h € Hy be a representative
of w € Wy, (A, A%). By (4.2) we can write

(47)  h=aaypkywitha; € (A%F =, ay e (A%, = A, pe t(K), ky € (KN H)L.

Since o(h) = hiit follows that a3 = p~2 and hence aj = p~* = id. On the other hand, since
a € A, pe Keandsince —1 ¢ (k*)2 = (k)%it followsthat we must havethat a2 = p=2 =id.
Sope (KNH)anda=aa, € (A°N H)y. It follows that

(4.8) Wiy (A, A%) = Wiknm), (A, A%)
which proves the result. O

Proposition 4.15. Let P; and P, be o6-stable parabolic k-subgroups of G. Then P, and P,
are conjugate under Hy if and only if they are conjugate under Hy N K.

Proof. Let h € Hy such that hP,h™ = P,. Assumefirst that P; and P, are minimal o6-stable
parabolic k-subgroups of G. Let A; C P respectively A, ¢ P, be 6-stable maxima (o, k)-
split tori of G. Then hAih~! C P, isa (o, k)-split torus of G. Since hA;h™1 is o-stable we
get: hA1h71 C PNo(P) =2Zs(A). SO hA1h71A2 C Zg(Ay) isa (o, k)-SplIt torus of G.
From the maximality of A, it follows that hA;h~ = A,. On the other hand it follows from
Proposition 4.7 that there exists hy € (H N K){ such that hy Ajh;! = A,. Let P = hyPhp?
and n = hhy! € Ny, (Az). Then both P and P, are contained in $8(A) and nPn~! = P,. It
follows now from Lemma4.14 that P and P, are conjugate under N(HQK)S(AZ), which proves
the result for P; and P, minimal o6-stable parabolic k-subgroups of G.

If P, and P, arenot minimal, thenlet P ¢ P, beaminimal o6-stable parabolic k-subgroup of
Gand A C P a#-stablemaxima (o, k)-split torusof G. Then hPh—t c P, isaminimal o-split
parabolic k-subgroup of G. Let P ¢ P, be aminimal o6-stable parabolic k-subgroup of G and
A C P af-stablemaximal (o, k)-split torusof G. SincehAh~and A ¢ P, aremaximal (o, k)-
split, there exists hy € (P> N H)y such that hihAjh—th;* = A. Now Py = h;hPh—thil c P,
isminimal o-split and A C Py. By Lemma 1.12 there exists A € X,.(A) such that Py = P(X).
Since by Proposition 4.7 A is 6-split it follows that (1) = —A and hence Py is 6-split. Since
Py isalso o-split, it followsthat Py is o6-stable. From the first part of this proof it follows now
that there exists hy € (H N K)Q such that P = hoPhy*. Let P, = hyPihyt. Then Py and P, are
conjugate under n = hlhha1 € Ny, (Ag). From Lemma4.14 it follows now that P, and P, are
conjugate under N(Hnmg(Az) and consequently P; and P, are conjugate under (H N K)?. [

Combining the above results with those of section 2, we obtain now the following result:
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Theorem 4.16. Let Abea 6-stablemaximal (o, k)-split torusof G, A° > A a 6-stable maximal
k-split torus of G, A ao-basisof ®(A%) and Ag(c) = {o € A | o(a) = «}. Then we have the
following.

(i) Thereis a bijective correspondence between the Hy-conjugacy classes of the minimal o-
split parabolic k-subgroupsin %3 (A) and the Hy N Ky-conjugacy classes of the o6-stable
parabolic k-subgroupsin 3 (A).

(ii) If Pisany minimal o6-stable parabolic k-subgroup of G, then thereexistsh e (HN K)E
and n € Nk, (A% N Nk, (A) such that nhPh=tn=1 = Py ().

Proof. (i) isimmediatefrom Proposition 4.15. Asfor (ii) notefirst that by [23, 11.4] NGk(A‘k’) =
AL NKS(AE)' Since W(A) ~ W(A, A% /W (o) it follows from Lemma 1.10 that W(A) has
representativesin NKE(AE). Now the result follows from Theorem 2.9. O

Similarly we have the following generalization of Theorem 3.1.

Theorem 4.17. Let A be a §-stable maximal (o, k)-split torusof G and P > A a minimal ¢6-
stable parabolic k-subgroup of G. There is a one to one correspondence between the Hy x Py-
orbitson Gy contained in (H P)x and Wi (A) / Wiy, nk, 0 (A). Inparticular the orbits are given
by Hkn P with n a representative for Wi, (A)/ W, k0 (A) in Ni, (A).

Proof. Note first that by Proposition 4.12(iv) P isalso minimal o-split. Since by Proposition
4.7 al maximal (o, K)-split tori are conjugate under Hy, the result follows from Lemma 4.14
and Theorem 3.1. O

We conclude this section with a generalization of Proposition 3.3 to the setting of groups
with a Cartan involution.

Proposition 4.18. Let A be a 6-stable maximal (o, k)-split torus of G, P > A a minimal o6-
stable parabolic k-subgroup of G and A° > A a 6-stable maximal k-split torus of G. If H,gPx
isan Hy x Pg-orbit on G, whichisnot contained in (H P)y, then there exists x € Ky, such that
HixP = HgPy, XA isboth 6- and o-stable and dim(xA°x~* N H) > dim((A%)*).

Proof. Let HygPx bean Hy x Ps-orbit on G, whichisnot contained in (H P)y. By Proposition
3.3 there exists x € Gy such that HxP = HegPy, XA%x 1 is o-stable and dim(xA°x~1 N
H) > dim((A%"). We need to show that we can actually choose x in Ky. By Proposition 4.7
there exists h € Hy such that hx A°x~*h~1 is maximal #-split. From [23, 11.4] it follows that
there exists k; € KQ such that ky A°%k;? = hxA%~th=1. Now Hy Py and HykyxPx are orbits
containing A, so there exists w € W(A, A%) such that kakIlXPk = H¢P«. By Lemma4.14
w has a representative k, € NKk(AO, A). From this it follows that HxP = HkklkglPk and
since clearly kik; 1 A%kok;t = hxAPx~th~1 is6- and o-stable and dim(k k; 1 A%koki P N H) >
dim((A%)*), the result follows. O
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