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ABSTRACT. In this paper one considers a unimodular second countable locally compact group
G and the homogeneous space X := H/G, where H is a closed unimodular subgroup of G.
Over X complex vector bundles are considered such that H acts on the fibers by a unitary rep-
resentation p with closed image. The natural action of G on the space of square integrable
sections is unitary and possesses an integral decomposition in so-called spherical distributions
of class p. The uniqueness of this decomposition can be characterized by a number of equiva-
lent properties. Uniquenessis shown to hold for a class of semidirect products. In the case that
H is compact, the multiplicity free decomposition is shown to be equivalent with the commuta-
tivity of a suitable convolution algebra. As an example, one takes for X a symmetric k-variety
Hi/ Gk, With k alocally compact field of characteristic not equal to two. Here § is areductive
algebraic group defined over k and # is the fixed point group of an involution o of § defined
over k. Itisshown then that the natural representation .£ of Gy on the Hilbert space L? (/%K)
ismultiplicity freeif #¢ isanisotropic. Next acriterion is derived that leads to multiplicity one
aso in the noncompact situation. Finally, in the nonarchimedean case, a general procedure is
given that might lead to showing that apair (G, #k) isageneraized Gelfand pair. Here ¢ and
J¢ are suitable algebraic groups defined over k.

1. INTRODUCTION

Let G be alocaly compact group and H be a closed subgroup. Now one is interested in
unitary representations of G related to the homogeneous space X := H/G. If both groups are
unimodular, then inducing unitary representations p from H to G gives you an ample variety
of examples of unitary representations R, of G.

In the paper [HHO2] we presented for a second countable group G and for irreducible rep-
resentations p with closed image a decomposition of this induced representation in Hilbert
subspaces of a certain space of distributions. The representations relevant for this decompo-
sition were shown to be determined by an extension of the notion of spherical distribution,
which leads to a description of the decomposition on the level of these distributions.

The present paper is concerned with the uniqueness of the decomposition presented in
[HHO2]. It can be characterized by a number of equivalent properties. They hold for certain
classes of semi-direct products. In the case that H is compact, the multiplicity free decom-
position is shown to be equivalent with the commutativity of a suitable convolution algebra.
As an example, one takes for X a symmetric k-variety #x/Gk, with k alocally compact field
of characteristic not equal to two. Here § is a reductive algebraic group defined over k and
J is the fixed point group of an involution o of § defined over k. It is shown then that the
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natural representation £ of g, on the Hilbert space L?(Hx/4k) is multiplicity free as soon
as J is anisotropic. Next a criterion is derived that leads to multiplicity one aso in the non-
compact situation. Finally ageneral procedureis given in the nonarchimedean case that might
lead to showing that a pair (G, #x) isageneralized Gelfand pair. Here ¢ and # are suitable
algebraic groups defined over k.

The precise content of the various subsections is as follows:. the first subsection recalls the
type of homogeneous spaces H/ G we will work with, describes the class of geometric rep-
resentations R, that will be decomposed and the realization that we will use. The second
subsection presents the decomposition of the representation, the uniqueness of which forms
the topic of this paper. There one aso finds the ingredients of the theory of Hilbert subspaces
necessary to discuss the uniqueness. The Hilbert subspaces that are candidates for the com-
ponents in the decomposition can be described in terms of certain distribution vectors or as a
class of distributions on the group possessing certain invariance properties. Both descriptions
are recalled in subsection 4. The properties characterizing multiplicity free decompositions
can be found in subsection 5. The next section is devoted to the compact case. It isshown then
that multiplicity one is equivalent to the commutativity of a specific convolution algebra. As
an example the symmetric k-varieties #x/ Gk with anisotropic #¢ are shown to be multiplicity
free. Thefinal section containsfirst of all the criterion that yields multiplicity one aso in non-
compact situation. The paper finishes with showing how this criterion can be used for spaces
H«/ Gk with a nonarchimedean locally compact k.

2. THE REPRESENTATIONS

In this paper all locally compact groups will without any further mentioning be assumed to
be second countable in order to be able to apply the results from e.g. [Tho78]. Let G be a
unimodular locally compact group and consider a closed unimodular subgroup H of G. On
G resp. H we have Haar measures dg resp. dh. It is well-known then that the homogeneous
space X := H/G possesses a positive right G-invariant measure dx such that for all f inthe
space C.(G) of continuous functions on G with compact support

(2.0.1 /f(g)dg:/ {/ f(hx)dh} dx.
G x LJH

A standard example of this setting is usually referred to asthe “ group case’ .

Example 2.1. One starts out with aunimodular locally compact group G1 and chooses G equal
to the product group G1 x G;. For H we take the diagonal subgroup

H=1{(9.9)Ig € G1}.

Clearly, both H and the variety X are isomorphic to G; and under this identification one can
take for dx the Haar measure dg;. The action of the group G on the space X consists then of
the left and right trandations from G;.

A wide variety of examples of this situation is furnished by the following setting:

Example2.2. Consider an affine algebraic group 4 defined over alocally compact field k. Then
G := Gy, the group of k-rational points of g, is the candidate locally compact group, which
isunimodular e.g. if 4 isreductive or unipotent. Usually one takes H equal to #¢, where #
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is a suitable algebraic subgroup of § that is defined over k. In this situation it is customary to
denote the homogeneous space as Xx = #k/%k. For the class of reductive algebraic groups
defined over afield k of characteristic not equal to two, let o : G — G be an involution of
G and choose # equa to 4, the group of fixed points under o. According to [HW93], the
group # is defined over k if and only if o is defined over k. So, for the involutions defined
over k we can consider the group #x. As the fixed point set of an automorphism of finite
order of a reductive algebraic group is reductive, see [Ste68], the choice H = # gives you
an unimodular subgroup. Analogous to the real situation, we call the variety Xyx a symmetric
K-variety.

A concrete example of this case isthe following: consider afinite dimensional vector space
V over k. Let Q beanon-degenerate quadratic form on V and let B be the associated symmetric
non-degenerate bilinear formon V, i.e.

1
B(x,y) = 5(Q(X+ y) — Q(x) — Q(y)), forxandy e V.

For g € GI(V), we denote the adjoint of gw.r.t. Bby gT. Astheinvolution o of Gl (V) wetake
now o(g) = (g")~1. Then the group of fixed points of ¢ is the orthogonal group associated
with Q, Ogq, and the space X maps into the non-degenerate matrices that are symmetric w.r.t.
B by the mapping gHx — g'g.

Another class of examples can be found inside the category of semi-direct products.

Example 2.3. Let G be the semi-direct product L x M of the locally compact groups L and
M. The action of an element | € L on M is denoted by «(l). If dl and dm are left invariant
Haar measures on L resp. M, then dldm is a left invariant Haar measure on G. From this
one concludes that G is unimodular if and only if M is unimodular and A (1)=|a(l)] for all
| € L. Thislast property holds e.g. if L is compact or equal to its commutator subgroup.
As the subgroup H one chooses a subgroup of the form L(0) x M(0) with L(0) a closed
subgroup of L that normalizes the closed subgroup M (0) of M. It isunimodular under the
same conditions. A concrete nontrivial example that will occur in the sequel is the Heisenberg
group A(G) associated to any abelian locally compact group G, see [Wei64]. If St denotes
the unit circle in the complex plane and < .|. > denotes the natural pairing between G and its
dual G, then the group A(G) isthe topological space G x G x St with the multiplication

(23.1) (91, d1, t1) (g2, d2, t2) 1= (9102, d1dy, t1tz < di[g2 >).

The group A(G) is the semi-direct product of the groups G and G x S, where these groups
are viewed as embedded in A(G) as

(2.3.2) {(9,1,1)|ge G} resp. {(1,d,t)|d e G,t e SH.

It is unimodular since it is two-step nilpotent. For each closed subgroup H of G, the group of
characters that are trivial on H is denoted by H-. Thegroup H = H x H' x Stisamaximal
commutative subgroup of A(G) and in particular it is unimodular.

Natural geometric objects related to the homogeneous spaces X are complex vector bundles
V over them. Here only vector bundles are considered for which the structure group reduces
to the unitary group. The representation of G on the square-integrable global sections of this
bundle is then a natural unitary representation. Concretely this means that one has a unitary
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representation p of H on the finite dimensional space of fibers V,,. Global sections correspond
then bijectively with functions f : G — V, such that

(2.3.3) f(hg) = p(h)(f(9))

Consider now the space L?(p, X, dx) of classes of measurable f : G — V, satisfying the
condition (2.3.3) and

(2.3.9) f < f(x), f(x) >,dx < oo,
X

where < ., . >, denotes the inner product on V,. On this space L2(,0, X, dx) we have the
inner product

(2.35) < f,g>:/ < f(x), f(x) >, dx.
X

The group G acts on this space by right translations and this representation we denote by R,
Thanks to the right G-invariance of dx, this representation is unitary.

Sincethe (unitary) representation p iscompletely reducible, it sufficesfor the decomposition
of the space L?(p, X, dx) to consider irreducible p and this assumption we make from now
on, unless otherwise stated.

Let Ho be the kernel of p and let dhy be a Haar measure on Hp. The group Hg is aso
unimodular, being a normal subgroup of an unimodular group. Hence also the homogeneous
manifold Xg := Ho/ G possesses a positive right G-invariant measure that is denoted by dxg
and isrelated to dg and dhg by aformulalike (2.0.1). We denote the inner product of ¢1 and
@2 in L2(Xo, dxo) by < ¢1, 92 >0 and the action of G by right translations on L2 (X, dxg) by
R.

Likein [HHO2] we assume throughout the rest of this paper the following :

Property 2.4. The group H/Hg is compact.

Clearly this condition does not always hold, but it enables one to exploit the representation
theory of the group H/Hp and the condition was surely satisfied in the examples treated in
[vDS00] and [Sha00].

Example 2.5. Let G be asemi-direct product likein example (2.3). Let (p1, V1) resp. (o2, Vo)
be finite dimensional irreducible unitary representations of L(0) resp. M (0) that satisfy prop-
erty (2.4) and assume that L (0) centralizes p,, then p = p1 ® p» isawell-defined irreducible
unitary representation of H = L(0) x M(0) that satisfies this property too.

In the case of the Heisenberg group A(G) and the subgroup H = H x H+ x S! concrete
examples of such representations are the pm((h,k, 1)) =t me Z,thecasem=1,H =G
being the Schrodinger representation of this group. Note that for [m| = 1 the groups H =
H x HL x St arethe centralizersin A(G) of the character pm. Hence, according to atheorem
of Mackey, see [Mac68], the representations R ,,, for these m are irreducible. For |m| > 1, let
Um be the group of |m|-th roots of unity in the complex plane and let H,, be the subgroup of
G defined by

Hm={ge G| <hg>eUnfordl heH}.
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Let H(m) bethe quotient group Hm/H. Then for each character v in H (m) one can define the
one dimensional representation ¥ ® pm of Hy x HL x St by

¥ ® pm((hm, k, 1)) = ¥(hm)t™, hm e Hm, ke H- andt € S

They are exactly the components of the representation obtained by inducing pny, from H to
Hm x H x St. Inducing the ¢ ® pm to the group A(G) gives you irreducible representations
of A(G) that areinequivalent for different v, see [Hel]. Thus the representation R ,,, decom-
poses into irreducible representations that each occur only once. This phenomenon occurs for
awide class of semi-direct products as we will see.

We have a closer ook at the extreme casesi.e. L = L(0) and M = M(0), where one can
realize the representation as functions on one of the components. If L = L(0), L isunimodular
and |a(l)] = 1 for dl | € L, then the right M-invariant measure dmon X = M(0)/M is a
right G-invariant measure on X. With this choice, restricting to M gives you an isomorphism
between L2(p, X, dx) and L2(1 ® p», M(0)/M, dh). The action of M on this last space is
simply by right translations and that of | € L isgiven by

(25.1) Rp(N(F) (M) = p1(H) @ 1(f (a1~ H(m)))

Assume now that M = M(0) and that L and L(0) are unimodular. The right L-invariant
measure di on X = L(0)/L is aso right G-invariant. Like in the other extreme case, taking
the restriction to L gives an isomorphism between LZ(p, X, dx) and L2(p1 ® 1, L(0)/L, di).
On the last space L acts by right translation and the group M by

(25.2) Rp(M)(F) (1) =1 & p2(ec() (M) (F(1)).

Thus, the representation of A(G) obtained by inducing pm from H = G x St can berealized
on L2(G) and that from H = G x St on L2(G1).

For the general case we will use another realization of R, that we will briefly describe next.
The group H acts by left trand ations on the space Xg and by transposition on the functions
on Xp. Since dg is also left G-invariant, one sees from relation (2.0.1) that

(2.5.3) L) (F)(x) = f(h™1x),

defines a unitary representation of H on L2(Xg, dXg). It clearly factorizes over H/Hg. Let
dh denote the normalized Haar measure on H/Hg. Then we have an algebra morphism from
the convolution algebra of continuous functions on H/Hg to the bounded linear operators on
L2(Xo, dXp). It is defined by

(2.5.4) L () (f)(x0) = fH/H p(hyL(h) (f)(xo)dh=: ¢ * f(x0),
0
with ¢ continuous on H/ Ho.
Foru, v € V,, let e,y be the matrix coefficient of the representation p of H/Hg given by
(25.5) e,u(h) =d, < p(h)(U), v >,

where d, = dim(V,). Let {fi| 1 <i <d,} be an orthonormal basis of the space V,. For
smplicity, we denote for each i and j the function ey, f] by &j. Inside L2(Xo, dXg) consider
the following G-invariant closed subspace

(2.5.6) L2(e11, Xo, dXo) = {¢ | ¢ € L?(Xo, dXo), €11 * ¢ = L(€11) (¢) = ¢}.
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By using the orthogonality relations for the &; one shows that for each ¢ L2(e11, Xo, dXo)
the function

d

1 14
(25.7) Alp) (= — ej1x ¢) fi
Y

satisfies (2.3.3). If the measures dx and dxg are chosen such that dhdx = dxo, then one can
show that the map A : L?(e11, Xo, dXo) — L2(p, X, dx) is a norm preserving bijection that
commutes with the right G-action on both spaces. Therefore we will work from now on with
(R, L2(e11, Xo, dx)) instead of (R, L2(p, X, dx)).

3. HILBERT SUBSPACES OF DISTRIBUTIONS

Recall that Bruhat, see [Bru61], has introduced for each locally compact group G; and each
homogeneous space F/G1, where F is a closed subgroup of G, the spaces of test functions
D(Gp) and DH(F/Gy) with an appropriate topology. It unifies the cases that G; is a Lie
group, where it equals the space of C*°-functions with compact support, and that of totally
disconnected spaces, in which case it consists of the locally constant functions with compact
support. Therefore the notations C2° (G ) respectively C°(F/Gz) are also common in this
last setting. The elements of their continuous antilinear duals are called distributions on G
resp. F/ Gy and these spaces are denoted by D1 (G1) and D1(F/Gy).

The group G acts on D (Xp) by right trandlation and it leaves the subspace

(3.0.8) D (€11, Xo) = {¢ € D(Xo) | €11 % ¢ = ¢}.

invariant. By transposing this representation R, of G on D (Xp) one arrives at the represen-
tation R_, of Gon DL(Xp),i.e. for T € DL(Xo)

R0 (@ (T)(9) = T(Roo (g7 H9).

Likewise one can dualize the left H-action on D (Xp) to a representation .L_, of H on
D1(Xp) and one verifies directly that the antilinear dual of the subspace D (e11, Xo) can be
identified with
(3.0.9) Dl (e11, Xo) = (T € D (Xo), ” en1(h)L_o () (T)dh = T}.

/Ho

Hence, if we take an f € L2(eq1, Xo, dxg) and consider the distribution T = f (x)dx on X,
then it belongsto D (e1, Xo) and

R (@) (F(x)dx) = f(xg)dx.

In other words the embedding j : f(x) — f(x)dx of L?(e11, Xo, dXo) into Di(eyr, Xo) isa
G-morphism. Therefore L2(e11, Xo, dXg) is a G-invariant Hilbert subspace of D1(e11, Xo).
Let Hilbg (D (e11, Xo)) bethe collection of G-invariant Hilbert subspaces of D1 (e1, Xo). It
iswell-known, see [Sch64a], that the Hilbert subspaces of D (Xg) are completely determined
by their reproducing kernel jj* : D (Xo) — D1(Xo), where j* isthe adjoint map of the embed-
ding j : # < D1(Xp). From the Schwartz kernel theorem [Sch64b] one sees that each such
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a Hilbert subspace # of D(Xg) corresponds bijectively to adistribution K € D1(Xo x Xo)
defined by

(3.0.10) Klp®¥) =< [i" (@), ¥ >= (i*¢, ")

Here (-, -) % istheinner product on # and < -, - > isthe natural pairing between D (Xp) and
itsantilinear dual. From this relation one sees directly that K is adistribution of positive type

Kle®®) = (j*(¢) | i"(¢)) 3 = 0.
The G-invariance of the corresponding Hilbert subspace trandates into
KR (@ ® R(QY) = Kle®¥).

Finally, one has to require of the distribution K that it renders you a G-invariant Hilbert sub-
spaceof D1(er1, Xp), notjust of D(Xo). Thereforeit hasto satisfy still thefollowing relation

(3.0.11) Kenrxp®enx¥) =Ko y).
Let £ be the space of all G-invariant distributions in D1 (Xg x Xo) that satisfy property
(3.0.11) and are hermitian, i.e. for al ¢ and ¥ € D (Xp) there holds

K@) =Ky ®9).

Then ¥ isarea vector subspace and we denote the subset of those of positive type by I'c.
It corresponds bijectively to Hilbg (D1 (e11, Xo)). In particular, for each K € I'g that corre-
sponds to Hk € Hilbg (D (e11, Xo)) and each « > 0, the distribution «K corresponds to the
space o Hk consisting of the space Hk with the inner product

1
(h1, ) Hy .o = a(hl, h2) Hy -

the subset I'g forms a convex cone in & that is used to put a partial order on #. It is defined
by

(3.0.12) Ki <Ky K —KoeTlg.
Let ext(I'g) bethe set of extremal rays of I'g. Those are the distributions K that satisfy
(3.0.13) 0<K!'<K,Klerg= Kl=caK.

Therelevance of ext(I"g) follows from

Theorem 3.1. Let (;r, #,) bea G-invariant Hilbert subspace of D1(e1q, Xo) andlet K, € T'g
be the corresponding distribution. Then there holds

(7, ;) isirreducible < K, isextremal

A proof of thistheorem can be found in [Kla79] or in [Tho79]. Since the group G is second
countable, we know that D1(e11, Xo) isthe dual of anuclear barrelled space. Hence, accord-
ing to [ Tho84], there exists a Hausdorff topological space Sand an admissible parametrization
of ext(I'g), s— Ks, independent of Hilbg (D1 (e11, Xo)), such that, if #s isthe Hilbert space
corresponding to Ks, then there holds
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Theorem 3.2. For every # < Hilbg (D (e11, Xo)) there exists a Radon measure mon Ssuch
that

®
(3.2.1 H = / Fsdm(s).
s

In particular for the Hilbert subspace L2 (e11, Xo, dXo) this theorem gives you a decomposi-
tion of L2(e11, Xo, dXg) in minimal unitary G-models. In view of Theorem 3.2 it isimportant
to have an idea of which representations can be realized as a Hilbert subspace of D1 (e11, Xo).
In the real case, these are the representations that possess a non-zero cyclic H-invariant distri-
bution vector. A similar notion will be introduced in the present setting together with a useful
characterization.

4. C°°-VECTORS AND DISTRIBUTION VECTORS

Let (7, #;) be acontinuous representation of G on the Hilbert space #,. In [HHOZ2], we
introduced the space #.° of C*°-vectors of #, as

(4.0.2) H = 1im Hr (In)
I<n

where {I<p} is a sequence of compact normal subgroups in an open Yamabe subgroup of G,
that converges to the identity, and, where the spaces #,, (<) are given by

Ha(Kn) = {v € Hy | 7(Kn)v =vand g — m(g)v € C*(G/Kn, Hx)},

It has a natural Fréchet topology and the natural embedding #2° — #;, is continuous and has
adenseimage. For more details we refer to [HHO2].

Example 4.1. According to example 2.5 the Schrodinger representation of the group A(G) can
be realized on L%(G). It is shown in [Hel] that the space of C>°-vectors of this representation
is exactly the space 8 (G) of Schwarz-Bruhat functionson G.

The topological antilinear dual of #2° is called the space of distribution vectors of (r, #5)
and is denoted by #,°°. Since #2° is densein #,, we get a continuous embedding #, —
H; °°. The space #° is G-invariant and the restriction of 7 to #2° is also denoted by 7.

By transposition we have a representation 7_, of G on #°°, i.e.

(4.1.1) (T—00 (@) T, v) = (T, Teo (g 1))

Examples of C*°-vectors are easily obtained. For each ¢ € D (G) and each v € #,; the vector
(p)v belongs to #2°. Moreover the space G(#;) spanned by all these vectors is dense in
F2°. 1tis caled the Garding space of (7, #y).

The foregoing fact enables you to define for each ¢ € D (G) andeach T € # *° the distri-
bution vector 7_, (¢)(T) € H°° by

(M0 (@) (T), V) =/ @(9)(7T-~(9)T, v)dg
(4.1.2) Gr
= (T, oo (¥0) (v)).

for al v e #°. Here ¢ isdefined by ¢(g) = ¢(g™1). Asinthe Lie group case there holds
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Lemma 4.2. The distribution vector 7_.,(¢)(T) for ¢ € D(G) and T € H#_,°>° belongs to
F°.

Henceeach T € #_°° definesalinear map At : D(G) — H, by At(¢) = m_oso (@) (T).
By reduction to the Lie group case one shows that it is continuous. With respect to left trans-
lations on D (G) the map At behaves as follows

(42.2) AT(eg* @) =TT 0o (P)Too(@ DT,

for al g € G. Themap At aso intertwines the action of G by right trandlation on D (G) and
by the representation =z on #,, i.e. foral ge Gandal ¢ € D(G)

(4.2.2) At(p*xeg-1) = (9) (AT(9)).

All continuous maps from D (G) to #, with the property (4.2.2) have this form, for there
holds analogous to the Lie group case:

Theorem 4.3. Let A: D(G) — FH, be a continuous map that satisfies for all g € G and all
9 € D(G), Alp*eg-1) =7(9) (AT(9)). Then thereisauniquedistribution vector T € >
such that A = Ar.

Now that we have the action of G on #¢,;*° we define
T_o()T =T foral he Hy,
Tooo(&)T =T '

Note that, if H is compact, then 7 (e11) is a well-defined orthogonal projection of the space
Jt and the conditionsona T € (ﬂ;”)”o(ell) simply mean that it factorizes over w(e11).
Hence

GQWW%mﬁ:{Teﬂ;W

Lemma 4.4. For compact H, we have (J(’;OO)HO(ell) = m(e11) (Hy) ™.

Clearly in the noncompact case the operator 77 (€11) can not be given a sense and that is why
one hasto proceed more carefully. Before coming to the characterization of Hilbg (D (e11, Xo))
in terms of distribution vectors we introduce still

Definition 4.5. A distribution vector T in #_ > iscaled cyclic if the space

{00 (@)(T) | ¢ € D(G)}
islying densein #;.

With the help of this notion, one can see from the space (#;°°)Mo(ey1) if aunitary repre-
sentation is a Hilbert subspace of D1 (e11, Xo), for there holds

Theorem 4.6. Let (7, #,) be a unitary representation of G. Then the set of non-zero cyclic
elements of (#,°°) Ho(e11) isin bijective correspondence with the continuous G-equivariant
embeddings j : #, < D1(e1r, Xo).

For a proof we refer to [HHOZ]. We will call the nonzero cyclic elements of (#, *°) Ho(e1q)
the (p, H)-spherical distribution vectors of (, ;) or spherical distribution vectors of class
p-

If (7, #,) is a unitary representation of G and j : #, — D(ew1, Xo) a continuous G-
equivariant embedding, then we denote the to j corresponding non-zero cyclic element of
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(H->)Ho(e11) by T. Asin the real case we can associate with T a special distribution o1
on G. For ¢ € D(G) we know from Lemma4.2 that 7_, (¢) (T) € F#:° and then we define
o1 € D1(G) by

(o1, 90) = (T, m_0c (@) (T)).

Remark 4.7. If H iscompact and T corresponds to a cyclic vector v € w(e11) (#y), then the
distribution o1 equals

(0T, 9) =/G@(U,JT(9)(U));TO|9-

In other words, we have o1 = (v, 7(g) (v)),dg. Following the terminology of the invariant
context, this last function is called the spherical function of class p of the representation.

Now the distribution o1 on G is nonzero, positive definite and bi- Hp-invariant. Moreover it
satisfies
(4.7.1) 95_1 * 0T = OT * 911 =O0T.

Reversely, let o be such adistribution on G. Then it is shown in [HHO2] that o determines a
G-invariant Hilbert subspace #, of D1 (e11, Xo). We call the class of positive definite bi-Ho-
invariant distributions o on G, satisfying equation (4.7.1) that of (p, H)-spherical distributions
or spherical distributions of class p. The foregoing can be summarized as follows

Theorem 4.8. The map o — F#,, that associates with each (p, H)-spherical distribution the
unitary G-module #,, isa bijection between this class of distributions on G and the collection
of G-invariant Hilbert subspaces of D (e11, Xo).

Example 4.9. Our main interest is in the Hilbert subspace L2(e11, Xo, dxo) of D1(er1, Xo).
The positive definite bi- Hp-invariant distribution in this caseis

491)  to(e) = €11 * Puy(@)(6) = { / ens®{ [ P(E ho)dho}d,
H/Ho Ho

where e isthe point Hg of Xg. If we combine the theorems 3.2 and 4.6, then we get a decom-
position

®
(4.9.2) 0 = / osdm(s),
S

wherethe os arethe (p, H)-spherical distributions corresponding to the irreducible G-modules
st, se S

5. MULTIPLICITY ONE

In this section we want to discuss the uniqueness of the integral decomposition in Theorem
3.2. Hereby we do not want to make a distinction between

(&) (]
H=/ Hsdu (S) andH:/ (aHs)dM(S), fora > 0.

o
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So, given an admissible parametrization S of ext(I"'g), we call an integral decomposition of a
H e I' in extremal generators unique, if for 2 Radon measures 1 and w2 on Sthere holds

P D
H = / Heda(S) = / Hedua(s) — 11 = pa.

Thomas has given a number of equivalent criteria for multiplicity-free decomposition in the
case of the trivial representation p, see [Tho84]. They extend to the present context

Theorem 5.1. Let G, H and p be asin section 2 and let S be the Hausdorff topological space
that gives an admissible parameterization of ext(I"g) asin theorem 3.2. e have the following
equivalent properties

(D If Hy and H» are minimal G-invariant Hilbert subspaces of D (e11, Xg), which differ
as linear subspaces, then the irreducible unitary representations of G on H; and H»
are inequivalent.

(2) If (m, #;) isany G-invariant Hilbert subspace of £ (e11, Xp), then the commutant of
{R- (DI, | g € G} isabelian.

(3) The convex cone I' of all G-invariant positive kernels on Xg x Xg that satisfy the
condition (3.0.11) is a lattice cone, i.e. for each pair of points (y1, y2) on the cone
there exists a least upper bound and a highest lower bound on the cone.

(4) For each K € I'g there exists a unique Radon measure 1 on Ssuch that

K:/stu(s).

(5) For every G-invariant Hilbert subspace H of D (e11, Xo) there exists a unigue Radon
measure p on Ssuch that

®
H :f Hsdu(s).

Proof. To show that property 1 implies 2, consider a maximal commutative van Neumann al-
gebra Az in the commutant C of the {R _~,(9)|H, g € G}. If we can show that al the unitary
operatorsin C belong to A;, then C = A4, since the unitary operators in avan Neumann alge-
bra span the algebra. Let U be aunitary operator in C, then A, = UA;U~1 isanother maximal
commutative van Neumann algebra with the same spectrum S. Let u be a positive basic mea-
sure on S, then the space H decomposes in two ways, corresponding to the diagonalization of

Az resp. Az . o
H = /S He(1)dpu(s) = f He(2)dpu(9).

s
Since the operatorsfrom C commute with the {R _»(g)|H, g € G}, it followsthat the spectral

measures wi (X, y) = ki(x,y,s)du(s),xand y € H, i=1,2, satisfy
(5.1.1) ki (R0 () (X), R_(9)(Y), 8) = ki(X, Y, ) for amost al s.

Now the functions k; are used to build the inner product on the spaces Hs(i), so that almost
al the Hg(i) are G-invariant. From the construction one sees moreover that they are Hilbert
subspaces of D (e11, Xp). Since both A; and Az are maximal commutative in C, there follows
from Mautner’s theorem, see [Mau68], that almost all the Hs(i) are irreducible G-modules.
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FromUTo(f)U~t=Ty(f)foral f e L>(S, du), followsthat U isadecomposable operator,
see [Dix96], i.e.

D
S

From the fact that for almost all s
(5.1.2) ka(X, ¥, 9) = ka(U™2(x), U™L(y), ),

one sees that amost all Ug are unitary. By combining the relations 5.1.1 and 5.1.2 one gets
that almost all the Us also intertwine the G-actions on Hg(1) and Hs(2). Due to property 1
one may conclude now that for ailmost al s € Sthe spaces Hs(1) and Hs(2) are amultiple of
each other and thus the Us a multiple of the identity, thanks to Schur’s lemma. Thisimplies
that U belongsto A; and hence C is commutative.

The equivalence of the properties 2 and 3 holds more generally for a group G of automor-
phisms of a quasi-complete locally convex space E and can be found in [Tho79]. There and
in [Tho78] one finds that the properties 3 and 4 are the same as soon as your space E is the
strong dual of abarrelled nuclear space. In particular, it holdsfor £ (e11, Xg). Theimplication
410 5 being immediate, one is |eft to show that 5 implies 1. This argument holds again in fair
generality and can be found in [Kla79] O

Definition 5.2. The space D (e11, Xo) is said to decompose multiplicity free if one of the
equivalent properties from theorem (5.1) holds. It is also customary to say that multiplicity one
holds for this space or thetriple (G, H, p).

Example 5.3. The first example is that of a commutative G. For example criterion (1) of
Theorem 5.1 isthen clearly fulfilled, since the minimal G-invariant subspaces are characters of
G. Assoon as onetakes G not necessarily commutative, then multiplicity free decompositions
are not the rule as the example of the left regular representation of a finite nonabelian group
shows.

Example 5.4. Consider the semi-direct product G = L x M like in example (2.3) with the
subgroup H = L x M(0). Let (p1, V1) resp. (p2, Vo) befinite dimensional irreducible unitary
representations of L resp. M(0) asin example 5.4. Since M acts by right trandations on
L2(1® p2, M(0)/M, dm), this space decomposes w.r.t. the M-action as the direct sum of
dim(V4) copies of L2(p2, M(0)/M, d). If C, denotes the commutant of the M-action on
L2(p2, M(0)/M, d), then the commutant of the M-action on L2(1 ® p2, M(0)/M, dm) is
End(V1) ® Co. To get the commutant for the G-action the operators in End(V1) ® Co still
have to commute with the L-action from (2.5.1). Since p; is irreducible, one can conclude
that the G-commutant is abelian as soon as Cs is. Thanks to the second criterion in theorem
5.1, one knows that multiplicity one holds for this triple (G, H, p). Thanks to the foregoing
examplethisholdsfor sureif M isabelian. Thisisan extension of the result that was observed
aready for the Heisenberg group. In thislast case one concludes from the Stone-van Neumann
theorem, see e.g. [Hel], that the Schrodinger representation is unitarily equivalent with the
representation obtained by inducing p; fromany H = H x HL x St Thisimpliesin particular
that up to a constant the Schrodinger representation has a unique H x H--fixed distribution
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vector and it is given on 4, its space of C*°-vectors, by

(5.4.1) ©— / o(h)dh.
H

If one takes for G = R" and H = Z" a redlization of the Schrodinger representation on a
space of entire functions on C", the so called Fock representation, then this distribution vector
corresponds with a theta function and its uniqueness reflects characterizing transformation
properties of this function. For details, we refer to [Hel]. This distribution vector gives also
rise to an important class of automorphic forms on the metaplectic group , see [Wei64].

Likewise one can consider the other extreme case, namely M = M(0). The L-action on
L2(p1® 1, L(0)/L, d) isby right translations and therefore this space decomposesin dim(V5)
copies of L?(p1, L(0)/L, di). If C; denotes the commutant of the L-action in this last space,
then the G-commutant consists again of the operators in C; ® End(V2) that commute with
the M-action from 2.5.2. In particular if C, is commutative, then we have again reduced
multiplicity onefor (G, H, p) tothat of (L, L(0), p1). In view of example 5.3, this holds for
sure, if L isabelian.

Example 5.5. The third example of a multiplicity free decomposition is the group case. Here
one proves readily the criterion (2) of Theorem 5.1. For in that case X = G1 and G1 x G1 acts
on N1(Gy) by means of left and right translation

U (91, 92) = L(91) R(Q2).

If one denotes the commutant of a representation with an accent and one writes & (L) for
the van Neumann algebra generated by the left trandations from G1, then we know from the
theorem of Segal-Godement that R = ./ (L). Hence we have

U=LNR=LnN~N().

As N (L) N L’ isclearly acommutative algebra this proves the result. Various other examples
of multiplicity free representations for trivial p can be found in [Kla79] and [vD94].

By combining the description of the G-invariant Hilbert subspaces of D (eq1, Xg) in Theo-
rem 4.6 with the first characterization from Theorem 5.1 of a multiplicity free decomposition,
one obtains:

Corollary 5.6. If for all irreducible unitary representations (, #,) of G, the dimension of
the space (#, *°) Ho(ey1) is maximally one, then the integral decomposition of D1(eq1, Xo)
in Theorem 3.2 is unique.

6. THE COMPACT CASE

The criterion in 5.6 applies well in the case that H is compact. For, then we know from
Lemma4.4 that (F,°°) Ho(e11) = m(&11) (Hx). On this subspace we have a natural action of
the subalgebra

L1 (811, Xo) = {f | f € LY(G), f =& * f &)
of the convolution Banach algebra L1 (G). The subalgebra L1 (&1, Xo) is aso involutive, for
if wedenotefor an f € L1(G) theelement f* e L1(G) by f*(g) = f(g~1), then f* belongs
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to L1(&11, Xo) assoon as f does. Since for each f e L1(&11, Xo) the operator r( f) satisfies
n(f) = fG f(g)m(g)dg = 7 (&) 7( F)m(&rn).

itisclear that 7w ( f) maps #, to w(é11) (H;). Hencethemap f — z(f)|m(€11) (H;) defines
as-representation of L1 (&1, Xo) onto 7 (&11) (#). Hereby irreducibility is preserved, for

Lemma®6.l1. If (7, #,) isanirreducible unitary representation of G such that 7 (€11) (#5) is
non-zero, then the representation of L1 (&1, Xo) on 7 (&11) (H#,) istopologically irreducible.

Proof. Choose anon-zero vector v € w(€11) (#,). Now the G-module F#¢,, isirreducibleif and
only if the L1(G)-module #, is irreducible, see [Dix94]. Therefor the subspace {7 (h) (v) |
h e L1(G)} is a dense subspace of #,. Consequently its image under 7(&1) is dense in
7(611) (H,) and that equals

{7 (&11) (w(h)(v)) | h e LYG)} = {m (&) m(h)m(&11) (v) | h e LY(G)}
= {m(&11 % h* &1)(v) | he LY(G)}
= {m(f)(v) | f e L (&, Xo)}.

In other words, every non-zero vector in (611) (F#5) is cyclic for the action of L1(&11, Xo).
This proves the claim of the lemma. 0J

So, in the case of a compact H, we have a multiplicity-free decomposition if and only if
dim(z(é11) (#,)) < 1for al irreducible unitary representations of G. If the Banach x-algebra
L1(&11, Xp) is commutative, then it follows from the work of Gelfand and Naimark that every
topologically irreducible x-representation of L(&11, Xo) is one dimensional. The foregoing
Lemma gives you then the desired estimate. However, also the reverse holds, for we have

Proposition 6.2. If H is compact, then D (e11, Xo) decomposes multiplicity free if and only
if L1(&11, Xo) is commutative.

Proof. We merely have to show the necessity still. Here we use the fact that the non degenerate
irreducible x-representations of the algebra L1 (G) separate the points of L1(G), see[Nm70].
In particular, for each f £ 0in L1(G), there is a non degenerate irreducible x-representation
(7, H,) of L1(G) suchthat 7r( f) # 0. According to [Dix94] each non degenerate irreducible
s-representation of L1(G) corresponds bijectively to an irreducible unitary representation of
G. Take any two elements f1 and foin L1(&11, Xo) and consider f = fyx fo — fox f1. If fis
always zero, then we have the desired result. Assume that thereisanon-zero f. Thenthereis
an irreducible unitary representation (, #;) of G such that 7 (f) # 0. Asz(f) maps J, to
7 (611) (H,) thisimpliesthat 7 (€11) (#;) isnhon-zero. By assumption, the space 7 (€11) (H5)
isone-dimensional and spanned by a scalar A on v:

m(h)(v) = An(v)

and, since r( f) isnon-zero the scalar A ¢+ hasto be non-zero. However, f = f1 % fo — fo % fq,
so that there holds

() (v) = n(f)r(f2)(v) —7(f)m(f1)(v) = At hr, — Ah 1) (v) = 0.
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This contradiction is due to the assumption f is non zero. Therefore L1 (&1, Xg) can not be
but commutative. O

Remark 6.3. If H is compact and the algebra L1 (H\G/H) is commutative, then the pair
(G, H) iscaled a Gelfand pair. Still for a compact H, but for a not necessarily trivial o one
can spesk of a Gelfand pair of class p if the algebra L1 (811, Xo) is commutative. In case that
H isno longer compact it is therefore natural to speak of a generalized Gelfand pair of class
p if one of the properties (1)—(5) of Theorem 5.1 holds. If p istrivial, then the adjective “ of
class p” isleft out.

The commutativity of algebras like L1(&11, Xo) is often proved by showing that an anti
algebra morphism is in fact an algebra morphism. We illustrate this with a subclass of the
symmetric varieties Xy = #k/%k. The subclass that we consider are the symmetric varieties
for which the group #¢ is anisotropic over k. Thisyieldsin the real situation the Riemannian
symmetric spaces that are known to be multiplicity free. In full generality, there holds:

Theorem 6.4. Let Xy = Ftk/Gk be a symmetric variety defined over a locally compact field
of characteristic not equal to two and assume that H is anisotropic over k. Then the following
properties hold:

(& Thegroup H is compact.

(b) Every classin the double coset space #x\ G/ Hk can be represented by an element x
in gy such that o(x) = x~ 1.

(c) Thepair (4k, #x) isa Gelfand pair

Proof. Part (4) isageneral fact for the k-rational points of an anisotropic group defined over a
locally compact field k.

As for (b) note that by [HW93, 6.7] #«/%k =~ Q« = {go(9) ™1 | g € Gk} and Hi\Gk/ Hx
corresponds with the set of F-conjugacy classes in Qk, which clearly have a representative
in Qx. Now one can use property 6.4 (b) to show that L1 (#\Gk/Hx) is commutative. For a
function f on gk we define the functions f? and fY by

fo(x) = f(o(x)) and fY(x)= f(x ).

Because of property (b) we have for al H-biinvariant f € L1(gy) that f = fV. On the
other hand f — ¢ isan algebra-isomorphism of L(#\G«/Hk) for

(fix f2)7(x) = [ fi(c(0y) f2(y Hdy
= [ fi(c(0)0?(y)) f2(0?(y)"Hdy
= [{I(xo(y) 5 (o(y)"Hdy
= [ foxt) fgthat
f7x £5(x),
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but f — fV isan anti-algebra homomorphism:

(fox f2)V00 = [o fuxty) fay Hdy
= [y, LM fa(t)dt
Jo fotx—1) fo(t~Hdt
Jo, B2 7 H £ (Dt
Jg, f5 (xu) f;/(u=t)du
5 % 17 (X).
Hencewe havefor all f1 and fp € LY(H\Gi/H) that £/« £ = £ x ). Inother words
this convolution algebrais commutative. This concludes the proof.

O

Example 6.5. If Q is an anisotropic quadratic form over k, then Oq is anisotropic and in that
casethe pair (Gln(k), Og(k)) from example 2.2 is a Gelfand pair.

7. A GENERAL CRITERION

In the case of anon compact H, the commutativity of these convolution algebrasisno longer
a means to obtain multiplicity free decompositions. As a substitute, one has the following
useful criterion, which is the extension to the present setting of one by Thomas, see [ Tho84]

Theorem 7.1. Let J be an anti-automorphismof D1 (e11, Xo) such that J# = F for all min-
imal G-invariant Hilbert subspaces # of D1 (e11, Xo). Then the pair (G, H) isa generalized
Gelfand pair of class p.

Proof. From the integral decomposition in Theorem 3.2 it follows that as soon as each min-
imal subspace in Hilbg(D1(e11, Xo)) is invariant under J, the same holds for any # €
Hilbg(D1(e1r, Xo)). Take any # € Hilbg(D1(e11, Xo)) and let A be the commutant in
L(FH) of the {R_(9)|5 | g € G}. Thisisavon Neumann algebra. Just as for linear opera-
tors we define the antilinear automorphism J* of D1 (e11, Xo) by

(T, J0) = (I(T), ).

Let j: # — DL(eyr, Xo) bethe embedding and K = jj* be the corresponding kernel. Since
J(H) = F, thisimpliesthat the kernel K satisfies

JKJ* =K.
As J is antilinear, this relation gives you that J| s is anti-unitary and in particular (J|z) =
(Jlg)*. In the von Neumann algebra 4 the spectral components of a Hermitian A; € A4,

belong again to 4, see [Dix96]. Since A; commutes with all the {R_.,(9)|5 | g € G}, the
corresponding kernel K1 given by

(Ka(p), ¥) == (A(j" (@), J*(¥))

is again G-invariant and corresponds to a G-invariant Hilbert subspace #1 < #. This sub-
space F1 satisfiesagain J(#f1) = #¢1 and thus there holds

IK J* = JjALj* 3 = jAL™.



REPRESENTATIONS RELATED TO SPHERICAL DISTRIBUTION VECTORS 17
Thisrelation in its turn implies that
e AdlZt = Ar = A
|7 ALl = AL = Al

Since the orthogonal projections in A generate the algebra A and the map J| 5 is antilinear,
we see that for al A € 4 there holds

Jse Ad|7 = A"
Applying this formulato the product of two operators A and B in 4 gives
A*B* = J] 5 Ad| 511 % BJl5 = (AB)* = B*A*,

In other words the algebra A is commutative. This shows the second characterization of a
multiplicity-free decomposition. O

IvExampIe7.2. Let G be commutative. Then we know that for each ¢ € D (e11, Xo) thefunction
@ belongs again to D (e11, Xp) and the formula

J(T)(p) = T(p), for T € D (e, Xo),

defines then an antilinear automorphism of D1 (ey1, Xo). Now the distribution Ty that corre-
spond to a character v of G hasthe form

Ty (¢) = fG #(Q)v (g Hdg.

Those relevant for D (eq1, Xo) are the ones such that the restriction of v to H is equal to p.
It isadirect verification that they are invariant under J and thus one sees once again that we
have multiplicity one. For several of the classes of semi-direct products one can define similar
J. Thisisleft to the reader as an exercise.

For real symmetric spacesthiscriterion wase.g. used to show that (SL,(R), GL,—1(R)) for
n > 3isageneralized Gelfand pair, see[vDP86]. Toillustrate its potential in another direction,
one considers from now on the homogeneous spaces Xy = #k/ %k, with k a nonarchimedean
local field. It will be shown that theorem 7.1 can be applied as soon as one has sufficiently
many F-invariant distribution vectors coming from the construction that is described next.

The general construction that renders F-invariant distribution vectors starts from decent
FHy-invariant functions on Xx. Assume Y isap-adic variety and P : Xy — Y isasubmersion
suchthat P(hx) = P(x) for all h e Hyx and x € Xx. Let dy be avolumeform on Y. According
to [HC70] thereis asurjective linear mapping Mp from £ (Xp) to D (Y) such that

(7.2.1) /X o () (P(0)dx = fY Mp () (Y)a(y)dy
K

foral g € D(X) andal a € D(Y). Let ME : DL(Y) — DL(Xy) bethe dua mapping. Then
we have

Lemma 7.3. The elements of M;;(;Dl(Y)) are Hy-invariant distribution vectors.
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Proof. By definitionwehave Mi(T) = ToMpand £ _ o (h)(ME(T)) =T o Mpo Loo(h™1).
From the left Fy-invariant of P we concludefor all @« € D(Y) and ¢ € D (X)

/(P(X)Ot(P(X))dX=/ @(hx)a (P(hx))dx

Xy X

= /X<P(hX)01(P(X))dX=/YMP(oCoo(h_l)(w))(Y)Ol(Y)dy
K

= /YMp(w)(y)oe(y)dy.

Hence Mp o £+ (h™1) = Mp and this proves the desired property. O

Remark 7.4. In case that the analytic map P is only a submersion on a dense subset X& of X,
then we can still obtain Hy-invariant distribution vectors by this construction, if the map Mp
can be extended from J)(Xl}) to D (Xx) insuch away that formula (7.2.1) holds. The image
of this extended map Mp can of course be wider than O (Y) in that situation. We mention a
few examples.

Example 7.5. Takefor § the group SLj. Let J be the matrix
-1 0
J = .
0 | 1

Consider theinvolution o(g) = JgJ~* of 4. Then one verifies directly that

* 0 ... O
0 x ... % -1

It = Do : €Sln¢ = {( det(g) 8)|9€G|—n—1}
0 * ... %

Let Z be the p-adic manifold given by
Z = {x e Mp(k) | rank(x) = 1, trace(x) = 1}.
The group Gk actson Z by conjugation. In Z we take the element

10 0
00 0
yO::_ .
00..0

Then one verifies by direct computation that the stabilizer of yp is #x and that G acts
transitively on Z, in other words #x/ Gk >~ Z.
One defines an analytic map P : Xx — k by

P(X) = Tr(xyo).
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This map satisfiesfirst of al for al h e F#x
P(hxh™1) = Tr(hxh™tyg) = Tr(hxh~tyohh™! = Tr(xyp) = P(x),
since hyph™! = yo. A second property isthat for al g € G
P(g™'yog) = Tr(g " yogyo) = Tr(gyod ‘yo) = P(gyog ).

The map P is a submersion on a dense open submanifold and we refer to ([Bos92]) for the
proof that the map Mp extendsto D (Xk).

Example 7.6. Let J, bethe 2n x 2n-matrix given by
0 Id
= ( —1d 0 )

Sp(n) = {g € GLan | 'gdng = Jn}.
Asusual Ejj denotesthe 2n x 2n-matrix with a1 at the (i, j)-th entry and zeros elsewhere. If

we define J = 1d —2En, — 2E2n2n, then we have an involution o of § defined by o(g) = JgJ.
A direct computation shows

For g we take the group

( 0 0\
01 5 02 : .
0 0 192 Sp(n—1
0...0ao b (9394)6'0(“)
J(:i
0 0 ab
03 : 04 : (Cd) = 0
0 0
\0 ... 0cO0..0d)}

The space X can berealized as
Xq = {A € Man(k) | JnAJ-L = A rank(A) = trace(A) = 2}

on which G acts transitively by conjugation. Thus Xk = G - Yo with Yo = Enn + Eonan.
Asin the foregoing example one defines the analytic map P : Xy — k by

P(x) = Tr(xyo)
and one shows that it satisfies
P(hxh™h) = P(x) and P(g™'yog) = P(gyog ™).
Also this map has the required properties, see ([B0s92)).

Let 1« be an automorphism of gy such that for all h € # we have u(h) = h. Note that
u = ldisaways an option but there can be others. In the case of the symmetric varieties e.g.
one can aso take u = o. To u is associated a natural anti-automorphism J,, of DL(Xy). The
map J, : DL(Xy) — DL(X) isdefined by

(7.6.1) (Ju(T), ) = (T, @"),
where p* € D (Xy) isdefined as p* (X) = p(u(X)).
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Assume now that one has an Jfx-invariant analytic map P : Xy — Y asin remark 7.4 that
satisfiesfor all g € Gk
(7.6.2) P(Hu(9)) = P(Hkg ).
Then there holds
Proposition 7.7. For all r in theimage of My, there holds J,,(7) = 7.

Proof. Let T bet = M5(€) = & o Mp in DI (X) . If Py, : D (Gk) — D(X) isthe natural
projection given by

Py, () (X) = f o(hxydh

Hk
Then we write £ for the element 7 o Py, in D1(Gk). Likewise we see P as an analytic map:
gk — Y and then formula(7.2.1) givesfor al ¢ € D (k)

fg p(Q)ao P(g)dngYMpo P (@) (V) (y)dy.
k
By equation (7.6.2) the left hand side equals
f?ﬁw(u(g))aoP(u(g))dg = /gw“(g)aoP(g‘l)dg
k k

_ / o1 (@) o P(g)dg
Gk
_ /Y Mp o Py, () (Y)ar(y)dy

_ /Y Mp o Psg, () (y)er(y)dy.

Since « is arbitrary, we may conclude Mp o Py, (¢) = Mp o Pﬂk(é“). Thus we get that for
al g in D(Gk)
\4
E(p) = &(9M).
Thereforeit sufficesto show that for all ¢ € D (Gk), £E(p) = g(é) and thisisageneral property.
For ¢ — &(p) is clearly a positive definite bi-#y-invariant distribution on gy. As, for al
¢ € D(%k) ~
PHP(X) =G (XD,
we see that

(7.7.1) E(@x9))=E(@*9) =E@*9) >0

so that ¢ — é(é) is also a positive definite bi- #y-invariant distribution Gx. From (7.7.1)
followsthat for al ¢ € D (Gk) and al ¥ € D (Gk)

E(p*xyY)Y) =E((pxv)).

Asthe elements ¢ * ¥ span D ($k), weget for al ¢ € D (Gk), £E(@) = S(é). Thisisthe desired
result. O
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For t as in proposition 7.7, let #, be the Hilbert subspace of D(X). From the Jyu-
invariance of 7 followsthat J, #; = #;.
Hence we may conclude now

Theorem 7.8. Let B, i € |, beanalytic mapsthat satisfy first of all the requirementsin remark
7.4 and equation (7.6.2) for the same w. If the images of the M§5 span D(X)H, then
(Gk, Hx) isa generalized Gelfand pair.

Example 7.9. We return to the examples 7.5 and 7.6. With the P’s from these examples,
Bosman proved following the procedure set out above that in both cases (G, #k) IS a gener-
alized Gelfand pair for n > 4, see [Bos92].
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