THE STRUCTURE OF
HILBERT FLAG VARIETIES

A.G. HELMINCK AND G.F. HELMINCK

Abstract. In this paper we present a geometric realization of infinite dimen-
sional analogues of the finite dimensional representations of the general linear
group. This requires a detailed analysis of the structure of the flag varieties in-
volved and the line bundles over them. In general the action of the restricted linear
group can not be lifted to the line bundles and thus leads to central extensions of
this group. It is determined exactly when these extensions are non-trivial. These
representations are of importance in quantum field theory and in the framework
of integrable systems. As an application, it is shown how the flag varieties occur
in the latter context.

1. Introduction

Let H be acomplex Hilbert space. If H isfinite dimensional, then it is a classi-
cal result that the finite dimensional irreducible representations of the general lin-
ear group GL(H) can be realized geometrically as the natural action of the group
GL(H) on the space of globa holomorphic sections of a holomorphic line bundle
over a space of flagsin H. By choosing a basis of H, one can identify this space
of holomorphic sections with a space of holomorphic functions on GL(H) that
are certain polynomial expressions in minors of the matrices corresponding to the
elements of GL(H). Infinite dimensional analogues of some of these representa-
tions occur in quantum field theory, see e.g. [?]. Infinite dimensiona Grassmann
manifolds play an important role in the framework of integrable systems. The first
person to realize this was Sato, see[?].

In this paper we will give an infinite dimensional analogue of all these represen-
tations. Thereto we take a separable Hilbert space H. In H we consider a collection
of flags that generalizes the Grassmanian from chapter 7 in [?]. This flag variety
carries a natural Hilbert space structure and there exist line bundles over it that are
similar to the finite dimensional ones. Thisincludes the determinant bundle and its
dual from [?]. In the “dominant” case the space of global holomorphic sections of
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such aline bundle turns out to be non-trivial. However, the action of the analogue
of the general linear group can, in general, not be lifted to the line bundle under
consideration and one has to pass to a central extension of this group. Besides of
the introduction, this paper consists of three sections. In the first section we give
the definition of the flag variety § and we treat some properties of . The second
section is devoted to the construction of the holomorphic line bundles, to a de-
scription of the corresponding central extensions and to the analysis of the space of
global holomorphic sections. As an application, we show in the final section what
role the geometry playsin the context of some integrable systems. A more detailed
description of the content of the different sectionsis as follows.

Thefirst subsection of section 2 discusses the type of flagsin H that will be con-
sidered. Here the model for the size of theflagsisthe basic flag F(© corresponding
to a finite orthogonal decomposition of H. The flag variety % is a homogeneous
gpace for a certain unitary group Ures(H). As in the finite dimensiona case it is
convenient to see ¥ aso as a homogeneous space for a larger group of automor-
phisms of H, namely GL,es(H). Thisis the analogue of the general linear group
in this framework. Analogously to the finite dimensional case the group Uyes(H)
is the unitary component in the polar decomposition of GLes(H). In the second
subsection we give an explicit description of the manifold structure on § and we
discuss decompositions of certain open subsets of GLes(H). A first difference
with the finite dimensional situation appears at the description of the connected
components of % in the third subsection. The fourth subsection contains the techni-
cal prerequisites for the construction of the line bundles. First we choose a suitable
orthonormal basis of H, we order its index set conveniently and we introduce the
Weyl group W of GLes(H). Next we show that the charts around the pointsin the
W-orbit through F© cover §. By using this covering one obtains a stratification
of % into parts that are all homeomorphic to a Hilbert space. On the group level
this gives you the Birkhoff decomposition for GLes(H).

Let §© be the connected component of & containing F(9. From the foregoing
results one deduces that 3© is a homogeneous space for a Banach Lie group §
that permits you to take suitable minors. As a group the group 4 is a subgroup
of GLes(H), but itstopology is stronger than the one induced by GLes(H). The
description of g and its topology can be found in the first subsection of section 3.
There we introduce also the maximal torus T(N) of § and its group of analytic
characters T. In the second subsection we introduce a dense tower of finite dimen-
sional flag varieties in 3®. The next subsection shows how you can associate to
certain elements v, k € Z™, of T aholomorphic line bundle L (k) over §©. Fur-
ther it is shown there that, if onetriesto lift the action of the connected component
GLﬁgS)(H) of GLes(H), one might meet obstructions and that one can only lift

the action of a central extension of GL%) (H). The natural question that comes up
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then is “how essentia is this extension”. This question is treated fully in the next
subsection. Then one has come to the final subsection of this section. There we
determine, when L (k) has global non-trivial sections and we show that the action
of § on this space defines an irreducible §-module of highest weight v.

Section 4 is an illustration of the fact that the geometry of the foregoing sec-
tions plays arole in the theory of integrable systems. The system we will consider
is the multicomponent KP-hierarchy. The first subsection describes the flows in
GLes(H) corresponding to this system. The algebraic framework for this system
of equations is given in the second subsection. In the final subsection of this pa-
per we indicate how the flag varieties form the starting point of the construction of
solutions to the equations of the multicomponent KP-hierarchy and the modified
versions of the KP-hierarchy.

We would like to thank the referee for bringing to our attention papers by Falt-
ings [?] and Kashiwara [?], who give an algebraogometrical approach to infinite
dimensional flag varieties.

2. Properties of Hilbert flag varieties

2.1. The flag variety. Let H be a separable complex Hilbert space with inner
product < -,->. We will consider certain finite chains of subspaces in H and
we will call them flags as in the finite dimensional case. First one has to specify
the “size” of the components of the flag. Therefore we start with an orthogonal
decomposition of H,

@D H=H1®...®Hn whereH; L Hjfori# j.

We assumethat my = dim(H;) satisfies1 < m; < oo. An example of adecomposi-
tion occurring in quantum field theory is the one corresponding to the positive and
negative spectrum of the Dirac operator, see[?] and [?]. In the context of integrable
systems we have:

Example2.1.1. Let (-, -) be the standard inner product on C". The Grassmann
manifold Gr (H) that is crucia at the construction of solutions of KP-type hier-
archies in [?], [?] and [?] corresponds to the case that H is the space of power
series

H=L%S,C) = {Zanz”,an eC', Z(an,an) < oo},

neZ neZ
le{Zanz”e H} and sz{Zanz”eH}.
n>0 n<0

If onetakesr = 1 and k and | in Z with k > |, then the basic manifold corre-
sponding to the (k, I')-modified KP-hierarchy is the flag variety corresponding to
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H = L2(S!,C) = Hy @ Hy & Hs, with
k—1
Hy = {Zanz” c H}, Hy, = {Zanz“ c H} and Hz= {Zanz” € H}.
n>k n>| n<l

This correspondence is described in the fourth section.

Let pi, 1 <i < m, bethe orthogonal projection of H onto H;. Then we will use
throughout this paper the following

Notation 2.1.2. If g belongsto B(H), the space of bounded linear operators from
Hto H, then g = (gjj), 1 <i <mand 1 < j < m, denotes the decomposition of g
w.rt. the{Hj | 1 <i <m}. Thatistosay gij = pio g | Hj.

Remark 2.1.3. Let K, i = 1, 2, be Hilbert spaces with inner products <, >j, i =
1, 2. If Abelongsto B (K1, K2), the space of bounded linear operators from Kj to
Ko, thenitsadjoint A* : K, — Kj isdefined by

< A(kp), k2 >2=<kq, A" (k) >1.
If g = (gij) asin notation ??, then we have for its adjoint g* the decomposition

2.1.4. To the decomposition (??) we associate the basic flag F(@ given by
r
OcHic...c@Hjc...cH.
=1

Now we consider in H flags F = {F (0), ..., F(m)}, that isto say chains of closed
subspaces of H,

{0)=FO)cCcF@Q)c...c F(m =H,
that are of the same “size” asthebasic flag F(©, i.e foralli,1 <i <m,
dim(F(i)/F(@i — 1)) = dim(H;).
To such aflag F is associated an orthogona decomposition of H,
H=F1®...®Fn, wheeF =F(®)nF@i-1"%.

Wewill denotesuchaflagF by F = {F(0),..., F(m)}aswellasF = {F4, ..., Fn}.
The class of flags one obtains in this way is still too wide and we will require
that our flags do not differ too much from the basic flag. One can express this
“nearness’ in various ways. Our choice is a natural generalization of that used in
[?] for the Grassmann manifold. However, alot of the constructions given here for
that case can be carried out with some minor adjustments also for other choices.
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We start by introducing notations for some spaces of compact operators that occur
in the sequel.

Notation 2.1.5. If Ky and K> are Hilbert spaces, then we denote the space of Hilbert-
Schmidt operators from Ky to Ko by HS (K1, K) and the Hilbert-Schmidt norm
by || - [ls. We will write N(K1, Ky) for the space of nuclear operators from Ky
to Ky and the trace norm on it will be denoted by || - ||. The space C(K1, Ky) of
compact operators from Kj to K» will be assumed to have been equipped with the
operator norm. Then we have the following chain of continuous inclusions:

N(K1, K2) € H8(Kq, K2) C C(Kq, K2).

In each of these spaces the collection of finite dimensional operators F(Ky, K2)
liesdense. If K, isequal to K1, then we simply write (K1), N(Ky), HS (K1) and
C(Kyp) for respectively F (K1, K1), N(K1, K1), HS8(K1, Ky) and C(K1, K1).

Definition 2.1.6. Let ¥ be the collection of flags F = {F, ..., Fy}, satisfying
dim(F) = dim(H;), and for al i and j with j # i, the orthogonal projection p; :
Fi — Hj isaHilbert-Schmidt operator. We call ¥ the flag variety corresponding
to the decomposition (?7?).

Remark 2.1.7. If only one my isinfinite, then the Hilbert-Schmidt condition is su-
perfluous. E.g. the space of flagswithm; < oo forall i < m, playsarolein[?] at the
construction of irreducible representations of the Hilbert Lie group U (9)2. Thisis
the unitary part of the group of invertible transformations of the form “identity + a
Hilbert-Schmidt operator”.

Remark 2.1.8. Instead of the condition p;j : i — Hj,i # ], belongsto HS(F;, H)),
one could also consider flags such that this map belongsto N (F;, Hj) or C(F, Hj).
The flag varieties one obtains in this way we denote by & (N) respectively F(C).
A more asymmetric condition is considered in [?] where it is required that merely
fori < j the projection p; : Fj — H; is Hilbert-Schmidt. In this way we get the
flag manifold % (B). Because of the inclusions mentioned above, we have a chain
of injections

SN) CF CF(E) CHF(B).
For m = 2 more general versions of flag spaces are considered in [?].

Remark 2.1.9. In[?], they associate a Banach Grassmann manifold to each Banach
Jordan pair. It would be interesting to see if, and if so, how the flag varieties
introduced here fit into their framework.

2.1.10. The space % is a natural generalization of the Grassmann manifold in-
troduced in section 7.1 of [?]. The flag variety % is a homogeneous space for an
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analogue adapted to this situation, of the general linear group. The Banach struc-
ture of this group follows directly from that of its Lie algebra. Therefore we start
with the analogue of the Lie algebra of the general linear group.

Definition 2.1.11. A restricted endomorphism of H isau = (ujj) in B(H) such
that ujj is a Hilbert-Schmidt operator for al i # j. We denote the space of all
restricted endomorphisms of H by Bres(H).

For all i and j, we extend the elements of HS(H;, H;) outside H; by zero and
obtain thus a natural embedding of H{S(Hi, Hj) into H8(H). The space Bres(H)
is a subalgebra of B(H) since the collection of Hilbert-Schmidt operatorsis a 2-
sided ideal in B(H). Henceit is aso a Lie subalgebra of the Lie algebra B(H).
The algebra Bes(H) becomes a Banach algebraif we equip it with thenorm || - |2
defined by

lullz = [lull + > lluijllss.
I#]
Since the adjoint of a Hilbert-Schmidt operator is again Hilbert-Schmidt, it is
clear that Bres(H) is stable under “taking adjoints’. If GL(H) denotes the group
of invertible elementsin B(H), then we consider

Definition 2.1.12. The restricted linear group, GLes(H), consists of {g | g €
GL(H) N Bres(H)}.

To seethat GLres(H) isindeed agroup, one merely hasto show that if g = (g;j)
belongs to GLes(H), thenitsinverse gt = ((g_l)ij) also belongsto GLes(H).
Now, the relation

gi (@ i = Idw, — Z gij (g Hiji,
J#i
shows first of al that for all i, 1 <i < m, both gij and (g~1);; are Fredholm oper-
ators, i.e. they have afinite dimensiona kernel and cokernel. Next one considers
the relation
921(9™ D11+ 9220 a1+ D G2j(@ ) j1 =0.
j>2

Since the operator gp1 is Hilbert-Schmidt and the operators (g~1)11 and gx» are
Fredholm, the operator (g—1)»1 has to be Hilbert-Schmidt too. Continuing in this
fashion, one showsthat all (g~1); j withi # j are Hilbert-Schmidt. In other words,
GL,es(H) consists of theinvertible lements of Bes(H). Assuch, itisin anatura
way a Banach Lie group with Lie algebra Byes(H).

The analogue of the unitary group U (H) in this context is:

Definition 2.1.13. The restricted unitary group, Ures(H) = GLes(H) N U (H).
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Both Uyes(H) and GL,es(H) are natural generalizations of the restricted unitary
and general linear group, introduced in chapter 6 of [?]. The Lieagebraof Uyes(H)
consists of

res(H) = {X | X € Bres(H), X* = =X} .
Thisisareal Liesubalgebraof Bres(H) and theLiealgebraBes(H) can bewritten
as
Bres(H) = tres(H) @ i.ntres(H).
In other words Bes(H) isthe complexification of 11,es(H). On the group level this
corresponds to the fact that the group GLes(H) possessesa“polar decomposition”
of which Uyes(H) forms the unitary component. For, consider the sets
P(H)={A|AeGL(H),A=A* and A>0} and
Pres(H) = Bres(H) N P(H).
On Pes(H) we put the topology induced by Bres(H). Since the map A — A

from Pes(H) to P(H) islocally given by aconvergent power seriesin A, this map
isin fact a continuous map from Pes(H) toitself. Thus we get

Proposition 2.1.14. Themap (u, p) — up from Ures(H) X Pres(H) to GLes(H)
is a homeomor phism.

Proof. Theinverse of thismapis

g— (0/0'g Va0

and we have just seen that it is continuous. O
With each g in GLes(H) we can associate the flag
OcgH1CcgH1®Hy) C...gH1®...®&H)) C...CH.
From the definition of GLes(H) one sees directly that this flag belongs to 3.
The group Ures(H) actsalready transitively on §. Let F = {F1, ..., Fy} belong
to . From the definition of F we know that there isfor eachi, 1 <1 <m, an
isometry u; between H; and F. If weput u=u; & ... ® uy, then the condition

defining &% implies that u belongs to the group Ures(H) and that F = u(F9).
The stabilizer in GLes(H) of the basic flag is the * parabolic subgroup”

gz --- ... Oim
0

P=1g|geGles(H).g=] - = |.withgie Glis(H),1<i<m

O ... 0 dgmm
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Thus we can identify ¥ also with the homogeneous space GLes(H)/P. Let t:
GlLies(H) — & be the projection 7(g) = g- F(@. On & we will put a Hilbert
manifold structure that makes t into an open submersion. Thiswill be discussed in
the next subsection.

Remark 2.1.15. It will be clear that for the spaces F(N), #(C) and §(B) the cor-
responding general linear group consists of those g = (gij) in GL(H) such that
respectively

2 gij € N(Hj, H)  forali#j,
(©)) gij € C(Hj, Hi) forali # j,
4 0ij € H8(Hj, Hi) forali < j.

2.2. Themanifold structureof . Inthis subsection we discuss the Hilbert man-
ifold structure on % and some decompositions of open subsetsin GLes(H). From
the definition of the parabolic group P one seesdirectly that the Lie algebraof Pis
given by

L(P) ={g| 9= (gij) € Bres(H), gij =0forali> j}

and that a complement of L(P) in Byes(H) isthe Hilbert space (E, || - [|5cg) with

E= @ HS(Hj. Hi).
1<j=m-1
> ]

From section 6.1in[?], we know then that the homogeneous space ¥ = GLes(H) /P
carries an analytic E-manifold structure for which t isasubmersion and for which
the natural action of GLes(H) on & isanalytic.

Next we give descriptions of some open subsetsin GLes(H) that will be needed
later on. Consider for each k, 1 <k <m— 1, theset Q(k) in GLes(H) given by

O12 ... O
Q(k) = geGLm(H)‘ : | e GLis(H1®... @ H) forali<k
gir ... Gi

Since we have for each i, 1 < i < m, a continuous surjection from Bes(H) onto
Bres(H1 ® ... @ Hi), given by

b11 bli
br— : I
bii ... bj
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the set Q2 (k) is open and, as in the finite dimensional case, it can be decomposed.
For, let U_ (k) and P(k) bethe Lie subgroups of GLes(H) defined by

gii = ldy, fordli

U_(k)=19=(gij) € Glies(H) | gj=0  forj>i
gij=0 fori > jand j >k

and
P(k) = {g=(gij) € GLres(H) | gij =0. ifi> jandj<k}.
Clearly P(k) "U_ (k) = {ldy} and this gives you the uniquenessin

Lemma2.2.1. The map (u, p) — up from U_(k) x P(k) — GLes(H) deter-
mines a homeomor phism between U_ (k) x P(k) and (k).

Proof. We useinduction on k to show theresult. Let gbeanelementin 2(1). Then
weknow that g11 isinvertibleand if we defineu(1) € U_ (1) by u(1)r1 = —gr197
foral r > 2, then one seesdirectly that u(1)g belongto P(1). Assume now that we
know Q(I) =U_(I)P(). Sncewehave Q) D QI +1)andU_(l) < U_(l +
1), we may assume that g € (I + 1) belongsto P(l). Hence the condition g
Q(l 4+ 1) meansthat g+1,1+1 isinvertible. Defineu(l + 1) = (ujj) inU_(l1 + 1) by
Ujl+1 = —0ji+1(9i+11+1) " for j > I+ 1andu; = 0ifi > jand j # 1 + 1. Then
u(l + 1) - g belongsto the parabolic group P(I + 1). Thisprovesthelemma. [

Asinthefinitedimensional casewecal Q(m—1) =U_(m—1) - Pthebig cell
of % and we also write 2 and U_ instead of Q(m— 1) and U_(m— 1).

From this lemma we see that the restriction of t to U_ gives you a diffeomor-
phism u — uF©@ between U_ and the open neighborhood 7(£2) of F(©. Clearly
the group U_ isdiffeomorphic to the Hilbert space E. Note that from the definition
of € one can conclude directly that

T(Q)={F=(Fi)€%

j=<l j=<l j=I

This characterization of 7(2) tells you how to choose around a general point of ¥
a concrete neighborhood diffeomorphic to E. This requires, however, the introduc-
tion of the following notation.

Notation 2.2.2. If W is closed subspace of H, then we denote the orthogonal pro-
jection on W by pw.

Consider aF = (Fq, ..., Fy) in . Then the analogue of t(2) for F is

UF:{VZ(Vi) in

i<l i<l i<l

@B :PF— PH; isabijectionforall < m}.

EPoror:PVi—> PF isabijectionforal 1<l <m

} |



10 A.G. HELMINCK AND G.F. HELMINCK

Since § = Ures(H).F©@, we have for al F and G in & that, if i # j, the map
Pr : Gj — F isaHilbert-Schmidt operator. Hence, if V belongsto U, then there
isaunique operator Ain @  H8(Fj, F) suchthatforali,1 <i <m,
1<j<m-1
=27
V(i)={x+AX) | xe F()}.
Thisiswhy we call V aso the graph of A and we writeV = graph(A).
It is convenient to have a special name for the flagsin Ug.

Definition 2.2.3. A flagV in U iscalled transversal to F.

Let gr bean element of Uyes(H) such that gr - F(© = F. Instead of the big cell
Q in GLes(H) with respect to the decomposition H = Hy & ... & Hm, we could
also have introduced a big cell withrespectto H = F @ ... ® Fy, and it will be
clear that this set can be written as

grU_P(ggh).
Consequently, we get for Ug that

Ur = {gpup(gp)‘lF | withueU_andpe P} = 1(grU_P).
Then we can define for each F in % adiffeomorphism ¢r: U — E by
oF(grUF @) =u—1d.

Each (Ug, ¢f) isaconcrete chart around F for the E-manifold structure on 3.
We have obtained now a concrete description of the manifold structure on 3:

Proposition 2.2.4. The (Ug, ¢r) are the charts of the analytic E-manifold struc-
tureon 3.

Proof. It issufficient to show for each Uga) and Ug ) withUrpa) NUge) # @ that

YE@ © §0E<11> orw(Upo NUE@) — 9p@ (Upe NUEe)

is an analytic map. From the step by step decomposition described in Lemma ??
followsthat the U_ -component of (g )~ 1grw U actually depends analytically on
u. This proves the proposition. O

2.3. The connected components of GLes(H). Let g = (gij) be an element of
GLes(H). Recall that in the proof that GLes(H) consists of the invertible ele-
mentsin Bres(H), we have shown that each gj; is a Fredholm operator. The collec-
tion of Fredholm operators on aHilbert space K is an open part of the space B (K).
Its connected components are given by the index, which is defined as

ind(B) = dim(ker(B)) — dim(coker(B)),
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where B is a Fredholm operator on K. Since all off-diagonal operators are Hilbert-
Schmidt and hence compact, the operator

J11 0
g= : where g = (gij) € GLes(H),
0 Jmm

is a Fredholm operator of index zero. Hence we have that the indices of the {gi; |
1 <i < m} satisfy

m
> ind(gi) =0 and ind(gw) =0 if m < oo.
i=1
These relations lead to the introduction of the subgroup Z of Z™ defined by

m

Z= {z:(zi)ezm\z:zizo,zkzo if mk<oo}.

i=1

The standard properties of the index imply that themapi : GLies(H) — Z,
g > (ind(g11), . .. , ind(gmm)),

IS a continuous group homomorphism. Hence the sets

GLZ(H) = {g] g€ GLres(H),i(g) =2}, withze Z,
are open. In fact, they are exactly the connected components of GL,es(H), for

Proposition 2.3.1. For eachze Z, the set GL{Z (H) is non-empty and connected.
Proof. Let z= (z) bein Zand let h; € ®(H;) besuch that ind(h;) = z. Then

hy 0
h:( .l. )
0 hm

belongsto ® (H) and has index zero. Therefore one can add to h an isomorphism
between the kernel of h and the orthogonal complement of the image of h to obtain

an element of GL%(H). This showsthat i is surjective. Asfor the connectedness

it suffices to show that GLﬁgs),(H) is connected. First one notes that, since P is
homeomorphic to

m
[JGLH) x [ [#s(Hj. Hi)
i=1 j<i
and al the GL(H;) are connected, (see [?]), the group P is connected. Next we

show that each element of GLﬁgs)(H) can be joined by a continuous path to an
element of P. For an element g = upin 2 = U_P it isclear how to proceed: the
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mapt— {Id+(1—t)(u—1d)}pjoinsgwith p. A general element gisfirst joined
with an element in ©2(1). For, if g11 is not invertible, then there is a bijection E
between ker(gi1) and J(g11)* N Hy and we extend E by zero on ker(gi1)* to
get an element E of Bes(H). It is no restriction to assume | E||2 < ||gll2. Then
we know that g + tE belongs to GL%)(H) for al t € [0, 1] and by construction
g+ E belongsto 2(1) and we can writeg+ E = u1p;. Themapt — {ld+(1 —
t)(ug — 1d)} p1 joins g+ E with p;. By adding asmall finite dimensional operator
in B(Hy), one reduces the case to an element in 22(2) that can be linked in the
same way to an element of P(2). Continuing in this fashion one finds a continuous
path from g to an element of P. This proves the assertion. O

This Proposition is the extension to flag varieties of Proposition 6.2.4in [?].
Since the parabolic group P is connected, we see that

Corollary 2.3.2. The connected components of ¥ are given by
5@ ={9.F@ |gecLiH)].

Remark 2.3.3. A holomorphic line bundle L over § consists ssimply of a collec-
tion of holomorphic line bundles {L, — §? | ze Z}. Therefore we restrict our
attention to holomorphic line bundles over (@ in the third section.

2.4. A special covering of . In this subsection we choose a suitable orthonormal
basis of H and we introduce a collection of charts of 3% that can be described com-
pletely in terms of the index set of this orthonormal basis. In particular these charts
cover ¥ and enable you to give a combinatorial description of the Birkhoff decom-
position of GLes(H) and to construct concretely a collection of holomorphic line
bundles over .

Let{es|se S}, 1<i<m,beanorthonormal basisof H;. Recall that dim(H;) =
m; for al i, 1 <i < m. Hence we can write

S={sk[l<k<m+1]}
On S we define atotal order by
sk =s() = k=1.

m

These orders we compose to a total order on theindex set S= ] S by requiring
i=1

that

sj<sforals e Sandall sj e Sjwith j > i.
Now that we have an orthonormal basis {es | s € S} of H with a totally ordered

index set S, we can associate to each bounded g in B(H) an Sx Smatrix [g] =
(9st) With matrix coefficients

Os¢ =<0(&),es>, wheresandtareinS
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Notation 2.4.1. Let g[(S) bethe collection of S x S-matrices corresponding to op-
eratorsin Bres(H).

The context has been chosen such that the product of two elementsin g((S) is
again in gl(S) and therefore gl(S) isalLie dgebra. In gl(S) we have the Lie
subalgebra gl (oco) corresponding to the matrices of the operators

Definition 2.4.2. An operator gin B(H) iscalled a*“finite-size” operator if it has
only afinite number of non-zero matrix coefficientsw.r.t. the {es| s S}.

Remark 2.4.3. If m=2and m; = np = oo, then S= Z. In[?] it was shown that
the Lie algebra A, can be realized as a central extension of the collection gl (o)
of Z x Z-matrices g = (gij) of “finite-width”, i.e. satisfying gij = 0if [i — j| > N
for some N. The composition of such matrices is always defined and from this
point of view g[(S) can be seen as a complete bounded version of gl(oco0). The
central extension defining A, aso occurs naturally in our geometric framework,
see subsection 4 of the next section.

In the sequel we will frequently use some notations related to subsets of S.
Notation 2.4.4. The number of elementsin asubset A of Sisdenoted by #A.

Notation 2.4.5. If Aisanon-empty subset of S, then we denote the closure of the
gpan of the {es | s€ A} by Ha. If Aisempty, then Ha denotes the space {0}. Itis
convenient to denote the orthogonal projection onto Ha by pa.

M aps between subsets of Shave adirect trandlation to partial isometries between
closed subspacesof H, i.e.

Notation 2.4.6. If Aand B are subsetsof Sand r : A — B is some map, then we
denote by t the mapping from Ha to Hg given by

T (Z Atet) =5 -

te A te A

Now that we have chosen the orthonormal basis {es | s € S}, we can introduce
“diagonal operators’ in Bres(H). Suppose that we have a set of bounded complex
numbers

{6s|se€SéseC and|ss| <Mforalse S}.
Then we can associate to it adiagonal operator diag(ds) in B(H) by

diag(ds) (Z )\tet) = Zfst)\tet-

teS teS
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Inside GLes(H) we have then the “maximal torus’

T={0| g€ GLres(H),g=diag(3s)} .
Clearly T is commutative and it is a straightforward verification to show that the
centralizer of T inside GL(H) isequal to T. Hence we have
Lemma2.4.7. Thecentralizer Z(T) of Tin GLes(H) isequal to T.

Each permutation o of Sdeterminesaunitary map o : H — H asin notation ??.
With the help of the matrix, one shows that the normalizer of T in GL(H) consists
of

{t-o|teT, oapermutation of S}.
Hence, if we define the the subgroup W of Uyes(H) as
W = {o | o € Ures(H), o apermutation of S},
then we have
Corollary 2.4.8. The normalizer N(T) of T in GLes(H) is the semi-direct prod-

uct of Wand T. In particular, we see that W isisomorphicto N(T)/Z(T) and we
call W the Weyl group of T.

Toeach o in W, corresponds apartition © = (_J j of S where X = o(S). The
i>1

concrete description of which partitions occur in this way, brings one in a natural

way to the consideration of subsetsof Sthat are“equal up to afinite set”. Therefore

we define

Definition 2.4.9. If Aand B are subsetsof S, thenwecall A and B commensurable
(notation A~ B) if A— {AN B} and B — { AN B} arefinite. Wewritei(A, B) for
the number

#HA—-{ANB}} —#B—-{AN B}}.

Thus commensurability is equivalent to: the orthogonal projection pHg : Ha —
Hg is a Fredholm operator with index i(A, B). Let ¥ = {Z; |i <i <m} bean
arbitrary partition of Sinto mdigoint parts. Then this partition corresponds to an
element of W, if and only if the following two conditions hold:

5) #Yi = #S forali,1<i<m and

(6) i~ S fordli,1<i<m

To any partition X satisfying these conditions there corresponds a flag Fy in
given by

0cC Hle Hzlu):zc...c Hs = H.
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For simplicity we denote for each X satisfying (??) and (??) the open set Ug;. in ¥
In the sequel we will make use of the following notion

Definition 2.4.10. Anelementin H issaidtobeof order s, s< S, if it hastheform

h= ases+Zatet, with ag # 0,

teS
t<s

Notation 2.4.11. If W is a subspace of H then the union of all the elementsin W
of someorder sin Sand {0} is called the space of elements of finite order in W and
is denoted by Win.

For each zin Z, we denote the collection of partitions X of the index set S such
that Fx belongsto & @, by $(z). The basic property of the {Fx | = € $(2)} is

Proposition 2.4.12. For eachflag F = (F(1), ..., F(m))in¥®@, thereisa X in
8(2) suchthat F istransversal to Fs.

Proof. Let g € Gles(H) be such that F = g.F(@. First we show that there is
a X1, commensurable with S; and with #S; = #X1, such that PHy, © glH, isan
isomorphism between Hy and Hy,. Since p1(g(Hy)) has finite codimension in
Hi, wecanfinda S (n) = {s1(k), k> n}, n> 0, suchthat F(1) = g(Hj) projects
surjectively onto Hs, (n). The kernel of this projection hasabasis {hj | 1 < j < N}
of elements of finite order, i.e.

hj=es+ Y aje . wheres #s;fori# |.

teS
t<s;j

It is clear that we can take X1 = S;(n) U {sj | 1 < j < N}. The other parts of the
desired partition ¥ of S are constructed step by step from 4. For, assume that
we have found digoint {X | ] < i} with ¥j ~ §j and #S; = #X such that the
orthogonal projection of F(j) onto @551 Hyx, is abijection for all j <i. Then
we know that pjy1(g(Hit+1)) has finite codimension in Hi, ;. So there exists a
subset S.1 of S§11, commensurable with S 1 and digoint of 31 U ... %, such
that F(i 4+ 1) projects surjectively onto Hy, @ ... @ Hyx, @ H§+1. The kernel of
this projection is again finite dimensional and has a basis of elements of different
order. As i1 one takes then the union of S 1 and the orders of the elementsin
this basis. In thisway we obtain after afinite number of steps the desired partition
Y of S O

This proposition is a generalization of Proposition 7.16in[7?].

Remark 2.4.13. Since Fyx istransversal to Fry if and only if X = IT, we can con-
clude from this proposition directly that §© is no longer compact if H isinfinite
dimensional.
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For each X in 8§ = | 8(2), the elements of finite order in Fx(j) span a dense
zeZ
subspace of Fx () foradl j, 1 < j < m. By combining thiswith Proposition ?? we
get the following generalization of proposition 7.3.2in[?].

Corollary 2.4.14. For each flag F in &% and for each j, 1 < j < m, the space
F(}) tin forms a dense subspace of F(j).

For eachflag F = (F(0), ..., F(m)) in & we can concretely describea X (F)
in 8(z) such that F istransversal to Fx(r). Namely for each 1 <i < mwe put
(F)(i)={s|se S F(i) containsan element of order s}
and
S(F)i = 2(F)(i) = Z(F)(i—1) fori> 1.

Clearly each F (i) projectsbijectively onto Hy(F) i) and therefore £ (F) = {Z(F);}
belongsto 8(z). Next we consider flags that give the same partition in this way.
If X e 8(2), then wewrite
Se={F|Fe® 2(F)=x}.

Let Ug be the subgroup of GLes(H) of al operators with a unipotent lower trian-
gular matrix, i.e.

Uoz{ulueGLr%(H), for all seS,u(eS)=e5+ZutSet .

t<s

Then we want to show
Proposition 2.4.15. The subset ¥5, is exactly the Ug-orbit through Fy.

Proof. From theform of an operator uin Ug, one sees directly that for each element
h of order s, the element u(h) has aso order s. Thuswe havethat X (uF) = X (F)
foreach F in X.

Assume now that F belongsto §x. Since F (i) projects bijectively onto Fx (i)
fordli,1<i < m,theflag F isthegraph of an operator T in

m—1

P P #S(Hs;. Hs,).

j=1 j<i
In particular this means that thereisan u in GLes(H) such that u(Fy) = F and
forals e Xj,1<i<m,

(7) ues)=es+) D Tysey. ifi <mandu(es) =e5ifi=m

j>i sjex;



THE STRUCTURE OF HILBERT FLAG VARIETIES 17

The fact that F belongs to ¥x can be expressed completely in term of the coeffi-
cients {Ts;5 | S € i, Sj € Xj, ] > i}. Namely, it is equivalent to

If namely Ts;s # O for somes;j withs; > s, then the element u(es ) will be of some
order s¢ (i) andhence X (F) (i) # X(i). Thiscontradictsthefact that F belongs
to ¥x. By definition, the operator u defined by (??) belongsto Ug, if condition (??)
issatisfied. This concludes the proof of the proposition. O

Thus we have obtained a subdivision of each connected component of 3%,

F? = U BB

Ye8(2)

into parts that are homeomorphic to a Hilbert space, thanks to property (??). This
is a generalization to flag varieties of the stratification in section 7.3 of [?]. Let
oy, for each ¥ € §(z), be a permutation of S such that o5 (S) = %, for al i,
1 <i < m. Then this decomposition of 3§ translates directly to the group GLes(H)
and resultsin

Proposition 2.4.16. (Birkhoff decomposition.) Each connected component of the
group Gl es(H) decomposes as

GLZH= [ UoozP.
»e8(2)

Remark 2.4.17. The decomposition derived here is the analytic equivalent of the
algebraic decomposition from [7].

3. Holomorphic line bundles over F©

3.1. Another description of §(©. For each = in $(z), there are numerous o € W
such that Fx = o F(@. We start by describing a specia choice that is useful at the
description of §© as the homogeneous space of another group.

We construct a bijection o : § — X, asfollows: since § and X; are commen-
surable, thereisa N > 0 such that

{s]|k>N}czins.

Consider thefiniteset Zj — {si(k) | k > N}. If itisempty, thenwedefineo; : § —
¥ asfollows:

oi(s(k)) =s(k+N) foralk, 1<k<m+ 1

In this case we put ¢; = —N.
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If X isnot equal to {s(k) | k > N}, then we write Z; — {s;(k) | k > N} =
{t1,...tnye } fOrsomed;in Z, ¢; > —N, and we define o; by

oi(si(k)) =tk foralk,1<k<N+¢,
oi(S(kK)) =s(k—¢j) foral k> N+¢.

Forali,1<i<m,considerthemapr : § — S defined by

Ti(si(k)) =s(N+1) foralk 1<k<N+¢¥
7i(S5(k)) =s(k—¢;) foralk> N-+¢.

Since p; o g; — z; isafinite dimensional operator, p; o o; and z; have the sameindex
and for z; one clearly hasind(z;) = N + ¢; — N = ¢;. In other words, the number
¢; isequa to z. The{oj | 1 <i < m} compose to abijection o : S— Ssuch that
oF© = Fs. Wewill introduce a special term for this type of permutations.

Definition 3.1.1. Let ¥ beapartition of Sin §(z). A permutation o of Ssuch that
0(§) = Xjiscaled admissible of level N if the following property holds

() Foreachiandforallk > N+ z,o(s(k)) =s(k— z).

Oneeasily verifiesthat the collection of admissible permutationsof Sof all levels
forms a subgroup W, of W. It has a normal subgroup Wéo) =WoN GLﬁgS)(H)
such that the quotient Wa/WL? is isomorphic to Z. The elements of WA can
be described in a direct concrete way. If G is a finite subset of Sand if p isa
permutation of G, then we denote the extension of p by theidentity to apermutation
of S by p. Then we have

W = limW (N) = Ii_n;l{g | o e WO isof level N}
N N

= {E | p apermutation of G, G afinite subset of S} )

Now we can introduce another group that acts transitively on (@, Its advantage
is that it enables you to construct in a ssimple way holomorphic line bundles over
%@, Let = bein $(0) and let o be an admissible permutation of S such that
0(§) = Xj. From the definition of admissibility we know that o decomposes in
operators (gj;) with the properties

() Foreach1l <i <m, g;; = ldy, + a“finite-size” operator.

(i) Foralliand j,i # j, gj; isa“finite-size” operator.
Since every flag F in 3@ is transversal to some Fs;, with £ in $(0), we may
conclude that each F in @ isequal to g.F© with g € GLes(H) of the form

(@ Foreachi,1<i<m, gj=Idy + a“finite-size” operator.

(b) Foradliand j,i < |, gij isa“finite-size” operator.

(c) Foradliandj, j<i,gjbelongsto HE(Hj, Hj).



THE STRUCTURE OF HILBERT FLAG VARIETIES 19

Notethat for all the operators g;; from (@) det(gii) isdefined. Since we are working
in an analytic setting we will consider a somewhat wider class of operators such
that on one hand we work in a Banach framework and on the other we can take
determinants of certain minors. Recall, see [?], that the determinant is defined for
each operator of the form “identity + a nuclear operator”. Therefore we introduce

i — ldn, € N(Hp)
0ij € HS(Hj, Hi) fori # j )

On Bo(H) we put adifferent topology than the oneinduced by Bes(H). For, let Z
be the subspace of Bes(H) defined by

BZ(H):{g|g€Br%(H),

bii € HS(H:, Hi) fori +
zz{b\beBres(H), j € Jto(H;j, Hi) Or'#J}.

bii € N(Hi)
Then Z isaBanach space if we equip it with the norm || - || given by

m
Ibllz = " llbijllacs + D libiiler-
i ] i=1

The collection Bo(H) is nothing but Z shifted by the identity and we transfer the
Banach structure on Z to Bz(H) by means of the map g — g+ Id. Since the
product of two Hilbert-Schmidt operatorsis nuclear, one seesthat Byo(H) isclosed
under multiplication. Moreover the multiplication with an element of B(H) isan
analytic map from By (H) to itself. In Bx(H) we have the subgroup U_ and its
“adjoint” the group

Uy ={u"lueU_}.
Consider an element b in Bo(H). Now we define u = (ujj) inU_ and v = (vjj) in
U, by
Ui = vij = ldw;, Uij = —bjj ifi > j,uj=0if j > i,
vij = —bjj ifi < jandvij=0ifi> .
A direct verification shows that ubv belongsto Id+N(H). Since Bo(H) is closed
w.r.t. taking adjoints, we have

Lemma3.1.2. Every b € By(H) can be written in the form b = uibjvy or b=
vobouo, where u; and uz belongto U_, v and v1 belong to Uy and b, and by lie
inld+N(H).

The decompositionsin lemma?? are clearly not unique, but they sufficeto define
adeterminant map det : Bo(H) — C. Namely, for b = uibyv1 asinlemma??, we
put det(b) = det(uibivy1) = det(by).

To seethat thisiswell-defined, we notefirst of all that forue U_ N {Id+N(H)}
and v € U N{Id+N(H)} we have det(u) = det(v) = 1, sinceu— Id and v —
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Id have zero trace. Now, assume b € By(H) can be written as b = ujbiv; =
uzbovo with by € Id4+N(H), uj e U_and v; € U,. Then by = (uglul)bl(vlvgl)
and, since both by and by belong to Id+N(H), this implies that uz_lul el_n
{Id+N(H)} and vlvgl e Uy N{Id+N(H)}. By the multiplicativity of the deter-
minant on Id-+N(H), weget det(bz) = det(u, uy) det(by) det(vivy 1) = det(by).

Remark 3.1.3. Since the operatorsin Id+N(H) liedensein Bo(H) and since det
ismultiplicative on Id+XN(H), we get that for each b1 and by in Bo(H)

det(b1by) = det(by) det(by)

From the fact that an operator g of the form Id+N(H) isinvertible if and only
if det(g) isnon-zero, we see that the invertible elements of B,(H) form agroup ¢
and are given by

g ={b|be By(H),det(b) # 0}.

Clearly ¢ is a Banach Lie group with Lie algebra Z and it acts analytically and
transitively on §(©. The stabilizer of F(© in g hasthe form

t1n ... t1im

g_Ji_ 0 : ti € {Id+N(H;)} N GL(Hi)
; . : tij € HS(Hj, Hj) for j > i
O ... 0 tmum

Thus we can identity & with the homogeneous space § /7.

Remark 3.1.4. If we would work with % (N) instead of %, then we could simply
take instead of By (H) the collection Id+XN(H) and instead of G the group of in-
vertible operators of the form Id+N(H). If one likes to work with §(C) then the

group
bij € N(Hj, Hp) if j > i
Ge = {b|b=(bjj) €e GL(H), bjj € Id+N(Hj)
bij € C(Hj, H) if j <i
actstransitively on the connected component of ¥ (€) containing the basic flag and
allows you to take determinants of suitable minors.

3.1.5. Next we consider the maximal torus T(N) = TN 4 in§. It consists of al
operators of the form diag({1 + ts}), with 1 +ts # 0 and > _ |ts| < co. In T(N)

seS
we have the dense subgroup T+ given by

T ={t|t=diag({l+ts}) € T(N), ts # Ofor only finitely many sin S}
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Any analytic group homomorphism of T; into C* has the form

t=diag((1+ts) — [ [ +1t9)™ = xm(®),

seS

where m = {mg}, with ms € Z for all se S. This character xm can be continued to
an analytic character of T(N) if and only if there are only finitely many different
ms, s € S Thisextension of xnm isalso denoted by xm and wewrite T for the group
of analytic characters of T(N). Following the finite dimensional terminology, we
will speak, when T (N) acts on a vector accordingtoa y € T, of “v is avector of
weight x”.

Foreachsandr in S, let Eg bethe operator in Bres(H) given by
Eg () = 616 fordll e S

The adjoint action of T(NN) on Bes(H) gives for these elements

1+tg
1+t
A character x of T(N) iscaled positive, notation x > 0, if it belongs to the semi-

group generated by the {xs | s€ S,r € Sj,i > j}. This enables you to define a
partial order on T by

tEsrt_l = Esr =. Xsr (t) Esr.

X<v&0<x v
Clearly wecal x in T negative if and only if x=1 > 0.

Remark 3.1.6. One can see the space %9 aso as a homogeneous space for the
group of invertible operatorsin “Id+HS8(H)”, which in its turn can be identified
with an open part of the Hilbert-Schmidt operators on H. This group, however,
does not permit you to take suitable minors.

Remark 3.1.7. One can give the same type of description for the other components
%?, by taking some X e 8(z) and by introducing the group § as the operators that
decomposew.r.t. H = Hyx, & --- @ Hy,, inthe above way.

3.2. Finite dimensional subvarieties. In this subsection we consider some finite
dimensional flag subvarieties contained in §©. Let K be a finite subset of S. For
simplicity we assume that K contains all the S that are finite. The genera linear
group GL(Hk) embeds into GLﬁgs),(H) by extending u € GL(Hgk) on Hs g by
the identity. We write % (K) for the subvariety of 3@ given by

5(K) = {uF® Jue GL(H | = {uF® [ue u(H].
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If K1 C Kp, then we have a natural embedding of GL(Hk,) into GL(Hk,) and of
¥k, 1IN Fk,. Now one considers a collection of finite subsets {Kp | n € N} of S
given by
m
Then S= | J Kp and with the identifications mentioned above we write
neN

GL(00) = | J GL(Hk,).U(co) = | JU(Hk,) and F(o0) = | ] Bk,

neN neN neN
Since, for all i # j, the “finite-size” operators are dense in HS(H;, Hj), and the
Us, = € 8(0), cover @, we get
Lemma3.2.1. The space §(co) liesdensein F©.

Consider now a holomorphic function f on §©. The restriction of f to some
¥k, Must be a constant, since Fk,, is acompact complex manifold. Hence f isa
constant on ¥ (oo) and the lemmaimplies then

Corollary 3.2.2. Theonly holomorphic functions from §(© to C are the constants.
Thisisageneraization for flag varieties of Proposition 7.2.2in [7?].

Remark 3.2.3. The results of this subsection remain true if one would work with
the nuclear flag space F(N) or the “compact” flag variety ¥(C). However the
“finite-size” flags from ¥ (oo) are not lying dense in the space of bounded flags

S(B).
3.3. Theline bundles and the central extension. For eachk = (ky, ..., km) in
Z™, we define ¥ in T by
ie(diagil+te) = [T (L+1te) [T @ +ts) ... JT (1+1ts,)
S1€S 2ES SmE€Sm
Clearly ¢ extends to an analytic character of T by means of the formula
Yi(t) = det(ty) .. . det(tmm)"m.

According to section 6.5 in [?], there exists for each analytic character ¥y of T, a

holomorphic line bundle L(k) = ¢ ®” C over @ = ¢ /7. It is concretely defined
asfollows: consider on the space 4 x C the equivalence relation

(91, 21) ~ (92, A2) & 01 =0oot, withte Tand iy = A19(1).
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The space ¢ x C modulo thisequivalencerelationis L (k). For each g € ¢ and each
A in C, we denote the equivalence class to which the pair (g, A) belongs by [g, A].
Thereisanatural projection 7y : L(k) — @ given by

mk([9.2]) =g F©.
The space L (k) is aHilbert manifold based on the Hilbert space E & C. For each
% € §(0) one can give a concrete triviadization of L(k) above Uy. Let o be an
admissible permutation of Ssuch, that X = 0(S). Thenwedefine¢y : E® C —
—1
Ty (Ux) by
ez (A L) =[a(ld+A), A].

Assume we have a ¥ and Rin 8(0) such that 7, 1(Ux) N 1(URr) is non-empty.
Let o and p be admissible permutations of Swith o(S) = Xj and p(S) = R. If
(A, 1) issuchthat ¢ (A, 1) belongsto 7 (Ur) thenweknow that p~ 1o (1d+A)
belongsto © N § and because of Lemma ??

o ta(ld+A) =u(A)p(A), with u(A)eU_, p(A)eT
Hereu(A) and p(A) depend analytically of A and thus we get
PR 9z (A1) = (U(A) — Id, Ay (p(A)))
and thismap is clearly analytic. This proves that

Lemma33.1. The {(7, }(Ux), ¢31) | = € 8(0)} are the charts of an analytic
E @ C-structure on L (K).

Remark 3.3.2. For the case m = 2, my = mp = oo, the bundles L((+1, 0)) and
L((—1, 0)) are the determinant bundle Det and its dual Det* as introduced in sec-
tion 7.7 of [?].

Thereisanatural analytic action of the group 4 on the space L (k) by left trans-
lations

01-[02, A] = [9192, A].
Thisis alifting of the natural action of ¢ on F© to one on L(k). However, the
natural action of GLﬁgs)(H) can, in general, not be lifted to one on L (k). Such an
attempt may lead to nontrivial central extensions of GL'Q (H) aswe will show.
Note that each g in GLﬁEOS)(H) can be written as g = dgp, with g2 € ¢ and d
belonging to the subgroup

D={9\9=(9ij)€GL§g§(H),gij=0 if i#]}~

of GLQ(H). Clearly the group D normalizes the group . Since the determinant
of an operator of the form “identity + nuclear” isinvariant under conjugation with
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an invertible operator, we get that D centralizes each v, i.e. for eacht in 7 and
eachd in D we have
Yi(dtd ™) = ().
This fact permits you to lift the action of D on %@ to one on L (k) by means of
d-[g,A] =[dgd~, Al
For an element d from D N 4, thisaction differsby afactor I/IK(d_l) fromtheaction

induced by that of 4. Hence we cannot combine them to an action of GL§83) (H) on

% To overcome this problem we build a group extension G of GLﬁgg(H). Itis
defined by

G= {(g, d)|ge GLOQ(H),de D and gdle 9,}
Asone verifies directly this group acts on L (k) by means of

(9. d)[g1, 1] = [gg1d %, A4].
It is simply the combination of the g-action and the D-action given above. Let 7 :
G— GLESS),(H) be the canonical projection, i.e. 7((g,d)) = gforadl (g,d) € G.
For certain subgroups of GL%(H) there exist several ways to embed them into
G. Therefore we introduce specia notations for two of them. Let i resp. j be the
embedding of § resp. D into G given by -

i(@=(gId) ad jd) =d,d.

Asagroup G isthe semi-direct product of i(4) and j(D). We equip each GL(H;)
with the operator norm topology and we put on j (D) the product Banach Lie group
structure. Oni(4) we take the Banach structure based on 2. The conjugation with
an element d of D defines an analytic diffeomorphism of §. Hence if we put on G
the product topology of i(4) and j(D), it becomes a Banach Lie group based on

(E_%B(Hi))eaz.

The group G is afiber bundle over GLﬁgs)(H) with fiber TN D. Thisisclear from
the following useful trivializations. For each X = (%) in 8(0) consider the open
set G(X) of G given by

G(2)={(g.d) | (9.d) €G, ps;og|H isabijectionforalli,1<i=<m}.
The group G is the union of these open sets. If o is an admissible permutation
with o (§) = X, then we define an analytic bijection from 7 (G(X)) x {TN D} to
G(X) by _

(9,t) = (g,d)(Id, 1),
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wheredin D is determined by
©) di =07 o ps; 0 gl Hi.

Next we try to minimalize the extension of GL'Q (H) that acts on 3© and L (k).
Thereto we consider the action of the kernel of = on L (k)

(Id, d) - [g, A] = [gd ™%, ] = [g, ¥k(dH)A].

In particular the group D (k) = {(Id, d) | (Id,d) € G and ¥ (d) = 1} actstrivialy
on L(k) and we see that it suffices to consider the extension G(k) = G/D (k) of
GL{Q(H). If the character v istrivial, i.e. k = 0, then G(k) isjust GL{® (H).
For k # 0, one computes directly that G(k) isacentral extension of GLr(gs) (H) with
Ker(m)/D(k) = C*. For m= 2, my = mp = oo, the extension G((—1, 0)) isthe
one introduced in section 6.6 of [?7].

One can describe such an extension with a Borel 2-cocycle « GLﬁgs)(H) X
GLﬁgs)(H) — C*. It can be constructed as follows:. take a section p of the fiber

bundie G > GL%(H), i.e. foreachgin GLﬁgS),(H) we have
p(9) = (9,q(9)) with q(g) € D.
By definition we have for each g; and gz in GL§8§(H) that

q(91)4(g2)q(g192) * € DN G.
Thus we get for the action on L (k) the relation

p(9192) - [0, A] = p(Q1) - {p(gz) -[9. Wg(q(gl)q(gzm(glgz)‘1)]}
=: p(01) - {,0(92) -[9, Aa (91, 92)_1]} .

The group G(k) isthen isomorphic as agroup to the product space G L§85) (H) x C*
with the multiplication

(91, A1) * (92, A2) = (01092, A1r2a (01, 92)).

If 0 is another section of G = GLﬁgS)(H) with’o(g) = (g, §(g)), then we have by
definition for each g in GLEQS)(H) that §(g) = q(g)t(g) witht(g) inT N D. The
corresponding 2-cocycle o satisfies
Yk (1(9192))

Vi (t(91)) ¥k (t(92))
In other words, it differs by atrivial 2-cocycle and we merely have to consider one
section p.

A section p can be composed from thelocal triviaizationsof 7 : G — GLr(GOS) (H)
defined above. First we number the elementsof $(0) : $(0) = {= | i > 0}, such

(01, 02) = a(91, 92).



26 A.G. HELMINCK AND G.F. HELMINCK

that @ is the partition corresponding to the basic flag. For g € G(=©) we

choose q(g) according to the trivialization (??) with o = Id. Next we define q(g)
m ) m-1 )

inductively by: if g belongsto | G(X") and notto | J G(Z), then we take
i=0 i=0

q(g) according to the trivialization of G(X (™) given by (??). In particular if g, h

and gh belong to G(=(9)), then the 2-cocycle « is given by

m ki
(10) a(g. h) =] ] det (Id—|—ZgijhjihiTlgiTl) .
i=1 j#i
From this formulawe will compute in the next subsection the corresponding Lie
algebra 2-cocycle.

3.4. The non-triviality of the extension G(k). First we consider the case that
ki=1,1 €z, forali. Thenwe havefor each g € D N T that v (g) = det(g)'. We
can adjust the g-action on L (k) asfollows:

g [x, A] = [gx, det(g)~'A].
Hence for elementsd € D N 4, we get
d*[x, 1] = Y (d™H[dxdd, 2] = [dxd 1, 4]

Now we combine this new §-action with that of D and we define for g = d1g; in
GLY(H), whered; e Dandg—1¢€ g,

g [x, A] := [digixdy L, det(gy) ']

It isastraightforward verification to show that thisiswell-defined and that it defines
anaction of GL{Q (H) on L (k). Thisimpliesthat G(k) isatrivial central extension
of GLIQ(H).

Secondly we consider the case where at most one of the my is infinite. Then
GL{Z(H) issimply GL(H) and we know from [?] that this group is contractible.
In particular the fiber bundle G i GL(H) is then topologicaly trivial and the
group G(k) is the direct product of GL(H) and Ker(x)/D(k). Hence we may
assume in the sequel that there are at least two infinite m;’s.

The next case we have alook at isthat k satisfies

(12) ki #0=m < oo.
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Let g+— (g,9(g)) beasectionof G — GLﬁgs)(H). We will adjust q(g) such that
the 2-cocycle determining G (k) becomes trivial. Namely, we define g(g) in D by

q(9)ii = q(9)ii if m = oo and

~ 1 .
(12) 4(Q)ii = ————q(Qii if m < oo.

det(a(g)ii)™
Then g — (g, q(g)) defines another section p of G — GLﬁgS)(H) and the corre-
sponding 2-cocycle @ istrivial

a(01, 02) = Yk(@(9192)8(91) " 1G(g2) 1) = 1.

In the cases considered so far we have seen that the fiber bundle G - GLﬁgS) (H)is
trivial and hence also the central extension G(k) of GL%(H). We will show now
that the extension G(k) can be non-trivial.

Note that the 2-cocycle « is given closeto the identity by an analytic expression.
Hence we can consider the corresponding Lie algebra 2-cocycle da. We consider
the elements of Bres(H) as left invariant vector field on GL{Q(H). Then do :
Bres(H) x Bres(H) — Cisgiven by

dd

dd
da(X,Y) = ad—sa(exp(tX), exp(sY)) o ——toe(exp(sY), exp(tX)) o

dsd
s=0 s=0
For X = (Xij) in Bres(H), we write g = exp(tX) = (gij). With respect to the
parameter t we have
gii = ldn, +t Xj; + “higher order in t”
gij =t Xjj + “higher order int” fori # j.
If h = (hij) = exp(sY), then we are interested in the ts-term in
det(ldy, + Z gijhiihi toi H
j#i
(0¢)
= det(Idp, +N) =1+ ) _ Trace (AN)
k=1
=1+ts)  Trace (X;;Yji)+ “at lesst 2nd order int or s’
J#i
By combining this expression with the local formula (??) for «, we obtain the
following formulafor do:

da(X,Y) = Xm:ki Trace{z XijYji — ZYinji} .
i=1

J# J#
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ThisLiealgebracocycleistrivid if it hastheform f ([ X, Y]) with f : Bres(H) —
C some linear map. The element [ X, Y] in Bes(H) hasthe form

[ X1, Yaal + 2721 XajYjn — 22520 Y1 Xja *
[X,Y] =
* [ Xem, Ymm] +Zj¢mxijjm—Zj¢mijxjm
Notethat if k satisfies (??), then we can directly define such an f. For, in that case,

we have for al i with ki # 0 that Trace] Xii, Yij] is well-defined and equal to zero
and we can take

FO0 = ) kiTrace(Xi).
i,ki#0

This is the infinitesimal version of the trivialization described at the beginning of
this subsection. There is, however, no well-defined trace function for general ele-
ments of Bres(H) so that this formula makes no sense in the general case.

Now, leti and j besuchthati < j, m = mj = +o0 and k; # Kkj. Then we have
an element A in GLes(H) given by

A(€5(k)) = €5(k+1)>

A(es;k) = €5k-1) Ifk>1,

Aes k) =€q40 ifl#iandl # j.
A(es;1)) = €5(1)

Now we have that do(A, A™1) isequal to
ki — kj =k TraceAij(A_l)ji — kj Trace(AﬁlAij) #0

In particular de is a non-trivial Lie algebra 2-cocycle. This implies that aso the
group 2-cocycle « is non-trivial. For, consider the commuting elements g1 =
exp(tA) and go = exp(sA~1). Incasethat o wastrivial wewould have o (g1, go) =
a (g2, 91). However, for sufficiently small t and s, the map (t, s) — « (g1, g2) is
a non-constant holomorphic function, since da(A, A™1) # 0. On the other hand
one computes directly that foral i,1 <i <m,

(9291)ii = (92)ii (9)ii = a(g2,91) = 1.

This shows that « (g1, 92) # a(g2, g1) and hence « isanon-trivia 2-cocycle. We
summarize thisresultin a

Theorem 3.4.1.

() The extension G(k) isalwaystrivial if thereisat most one infinite my.
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(b) If thereareat least two infinite dimensional componentsin the basic flag, then
G(k) istrivial if and only if for all i and |,
mi=mj=OO=>ki=kj.

(c) If ki # k; for infinite dimensional H; and Hj, then the corresponding Lie
algebra 2-cocycle for the extension G(K) is given by

m
da(X,Y) = Zki Trace{z XijYji — ZYinji} .
i=1 J# J#i
Remark 3.4.2. Consider thecasem =2, m; = np = 0o, k; = —1 and ko = 0 and
restrict da to gl o) N g{(S). Then we have the 2-cocycle defining the Lie algebra
As.

3.5. The holomorphic sections of L (k). Let (k) denote the space of global
holomorphic sections of L(k). The space ¥ (k) is given the topology of uniform
convergence on compact subsets of (@, 1t becomes then a complete locally con-
vex space, see[?7]. Let f: F @ — L(k) belong to ¢(k). Then it can be written
as

f(g-FO) =g, f(g)], fordlgey,
where f : § — C isaholomorphic function satisfying
(13) f(gt) = f(@yx(t)™* foralge gandalteT.

Thuswe canidentify £ (k) with the space of holomorphic functionson § that satisfy
this condition. Sinceeach (g, d) in G acts as an analytic diffeomorphism on §© as
well as L (Kk), we get anatural action of G on £ (k) that corresponds on the functions
on g satisfying (??) to

(9. d)(F)(g1) = f(g'grd), withgs € §and (g.d) € G.

Let K, be the finite subset of Sintroduced in subsection ??. By restricting the
elements of ¥ (k) to GL(Hk,), one obtains a space of holomorphic functions on
GL (Hk,,) satisfying

(14)
t1n ... t1m

011 ... Oim m
fagn =1 : | ° — [T detctid " f(@).
o i=1

Omi --- Omm
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where g € GL(Hk,), t € GL(Hk,) N7 and the decomposition of g and t isw.r.t.
Hk, = é Hk,ns. The Borel-Weil theorem says that such functions # 0 exist if
and only if k satisfies

(15) Ki <ko...<Km-1=<Kkm.

Since F(o0) isdensein @, the restriction of some non-zero f in £ (k) must be
non-zero for asufficiently large n. Hence this condition from the finite dimensional
situation is also necessary in this Hilbert context. We will show that it is sufficient
t0o. So we assume from now on that k € Z™ satisfies condition (?7?).

Before we will construct concrete non-zero elements of € (k), we will first intro-
duce some basic building blocks. If ¥ = {Xj} belongsto §(0), then we write

i) =Jz; and 8 ={T()| T eS80}
j<i

Let o =01® ... D om be an admissible permutation of S corresponding to X.
Consider for g € § the operator (o, ® ... ® o) o Pxi)o 9| @ Hj from @ H;

j=i j=i
to itself. It decomposes as
h11 hyj
too. ], with hjp—Idy; € N(Hj), hij € HS(Hj, Hi) foral j #i.
hiin ... hi

In particular we can take the determinant of this operator. Thefunction fx ) : ¢ —
C defined by

fs()(9) = det((a; ® ... ® ;) F o pxiyo 9| @ H))

j<i
satisfies for each t = (tjj) in T the condition

feiy(gt) = fx)(9) det(tyy) . .. det(ti)

In other words fx ) belongsto ¥((—-1,...,-1,0,...)). Now we consider the
action of T(N) on such afunction fx). Let gbein § and t = diag({1 + ts}) in
T(N). By definition fx)(t~1g) isequal to the determinant of the operator

g t1 _
& r— Y gner— » (1+t) ‘ge
reS reS
pH):(i)

-1
— Z (1—|—tr)_1gr|erra—> Z (1+ta(c))_lga(c)|ec-
rex() cexO (i)
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Hence each fyx i) isan eigenvector for the T (N)-action and we have

t- fxi) = 1_[ (1 +to0) L.
cexO (i)

If we define the character v of T(N) by
vihy= J] @+t

cexO (i)

then we get in general

t-fsiy= [] A+t [] @Htee) ™ vi® foai.
o 1) gz i) cex©@ (i)
cexO i) o(© ¢z (i)

Because o hasindex zero, the productsin the right hand side are over the same num-
ber of elements. Since we have by definition, for eachc; € =© (i) witho~1(c1) ¢
> O (i) and for each c; € =@ (i) with o(cp) ¢ O (i), that xcocy <O, it is
clear that the weight of fyx) isless then or equal to vi. In other words, among
the weights of the { fx i), 2 (i) € 8}, ¥ ismaximal. Note that condition (??) on k
allows you to decompose v as follows

Yi(t) = [ ] detcti)®
i=1
—Kkm+Km-1

m Km m—1
- {Hdet(tn)} : {]‘[ det(tii)} ...{det(tll)‘k2+k1}
i=1 i=1
= Ym® - [ ] wi ks
i<m
Now we choose for each j, 1 < j < m— 1, anon-zero homogeneous polynomial
Pjinthe{fs(j) | (j) € 8j} of degreekj,1 —Kj. Let Py : § — C* bethefunction

g det(g)km.

m
From the foregoing formulae it will be clear that P = [] P is a non-zero holo-
i=1
morphic function on § that belongs to ¥(k). If we consider the special choice
m

P=]]R
i=1

ﬁl = (fz(O)(i))kiH_ki, 1<i<m-1, 5m = Pm,
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then the T (IN)-action on this element of ¥ (k) is given by the character

m—1
to [T vi®5 ™4 ym® ™ = yit).
i=1
Let £+ (K) be the span of the functions P described above. From the T (N)-action
on the { fx i)} one concludes that this is the highest weight occurring in £ (k). If
H isfinite dimensiona then it is known that ¢ (k) = ¥(k). By using this and the
fact that § (o) isdensein F©, we get

Theorem 3.5.1.

(@) The space ¥ (k) isnon-zeroifandonlyifky < ... < km.
(b) The subspace &+ (k) liesdensein £ (K).

Next we consider the representation of G on ¥(k). Let V be a closed subspace
of ¥¢(k) and let v be a non-zero element of V. Then there is an n such that the
restriction of v to GL(Hk,) is non-zero. Since the representation of U (Hg,) on
the holomorphic functions on GL (Hk,,) satisfying (??) isirreducible, we get

span{u-vueU(Hk)} ={f loLHe)! €K},

So, if we define W asthe closure of the span of the {u- v | u € U (0c0)}, thenwe have
for each v1 in V asequence {wn} in W such that v | GL(Hk,) = wn | GL(Hk,).
SinceU(c0) - F©@ isdensein §©@, thisimplies that {wn} convergesto v, and we
get that V = W. Hence we can say

Theorem 35.2. Letk = (ky,...,km) € ZMsatisfy k; < ... < k. The represen-
tation of g (and hence of G) on ¥ (k) istopologically irreducible.

This Theorem is a generalization of Theorem 10.4.6in [?].

For each n € N, we know that the representation of GL(Hk,) on{f | GL(Hk,) |
f € ¥(k)} hasup to aconstant aunique vector that isw.r.t. the {T (N\N) N GL(Hk,)}
action of highest weight

m—1
te> [ ] (w27 (det(t) .
i=1
In view of the foregoing results we may conclude now for the space £ (Kk):

Theorem 3.5.3. All T(N)-weights v occurring in (k) satisfy
m—1
v < [Tk Sy =y
i=1

The vector P spans the subspace of vectors with T (N)-weight .



THE STRUCTURE OF HILBERT FLAG VARIETIES 33

In view of the results in the Theorems ?? and ??, one could call the characters
Y satisfying (??) dominant.

4. Applications to integrable systems

4.1. A group of commuting flows. In the first subsection we discuss the flows
that form the basis of the equations of the multicomponent KP-hierarchy and of the
modified equations. Let H be the Hilbert space L2(St, C) with the usual norm.
Let {f, | 1 < ¢ <} bethe standard basis of C'. Then the elements of H can be
written as

er:aikfkki, with oy € C.

ieZ k=1

The space H isdecomposed as H = Hi & H» with

Hy = {Zmi | hi e@f} and Hp = Hi.

i>0

The elements { fll | 1 < k <r,i > 0} are an orthonormal basis of H; and the
{fkd! |1 < 0,1 <k <r} one of H,. To get a numbering like in the foregoing
section, one defines e ir—1 = fkA'. Inthe present context it is also convenient to
see the matrix [g] of an operator g in Bres(H) asan Z x Z-matrix with entriesin
al, (C),1.e

_ Gk+1e+1  Gkt1e i
[g] = Grar G , with Gg € gl (C).

An important operator in Bres(H) isthe multiplication A on each factor with A. It
hasthe matrix [A] with Ajji_1 = Idand Ajj; =0, if j # i — 1. One verifiesdirectly
that the centralizer Z(A) of A in Bres(H) consists of all g in Bres(H) such that
the matrix of g lookslike

Goo Gio
[g] = G_10 Goo Gio

G_10 Goo
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Clearly, multiplying with an A from gl, (C), defines an element of Bes(H). Let )
be the diagonal matricesin g/, (C). It is obvious then that

{Z HiA" € Bres(H), Hi e forall i}
ieZ

isamaxima commutative subalgebra of Byes(H). The group of commuting flows
that we will consider is contained in this algebra and takes care of essentially all
independent directions. To be more precise, let U be a connected neighborhood
of Stin C and let I'(U) be the space of al analytic maps y : U — 1 such that
det(y(u)) #Oforal ue U. Inanatural way I'(U) isagroup. If Uy D U, thenwe
get an embedding of I"(U1) into I"(U2) by restricting functions to U,. We write I
for the inverse limit of the {I"(U)}. Each y € I" hasa Fourier series

y=Y v, neb.
iez
The multiplication with y, defines the element > y.Ai in Bres(H). Let Ey, 1 <
ieZ

a < r, bethe diagonal matrix in g{, (C) with («, @)-entry equal to 1 and the other
entries equal to zero. At the consideration of the flows from I" on § we make use
of a decomposition of the elements of I'. In I" we consider namely the following
subgroups

Iy = y‘ye[’,y:exp ZtiaEaki ,
1o

j<0
A =1{8|8=diag (1},... 2%)withk € Zforali}.
Then there holds

Lemma4.1.1. Thegroup I' decomposesasI”" = I'; AT'_.

This lemma is a direct consequence of the decomposition of holomorphic line
bundles over P1(C), see[?]. Aswe will seein the third subsection the flows from
["_ do not contribute to the system. Hence there is no need for a description in
coordinates for elementsfrom I"_.

4.2. Themulticomponent KP-hierarchy. We present hereaformal algebraic set-
up of this system of equations in which the formulae from the the appendix of [?]
make sense. It offers one also the possibility to consider these equations from an
algebraic point of view. Let R beacomplex commutative differential algebrawith a
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collection of commuting derivations {9i, | 1 > 1,1 < a <r} of R. Inthe geometric
picture Rwill be an algebra of meromorphic functionson I' ;. and d;, will betaking
r

the partial derivative w.r.t. ti,. Let 8 be the derivation > d1,. The eguations

a=1
of the hierarchy can be formulated conveniently in terms of relations for certain
elements from the ring gl, (R) ((3, 3~1)) of pseudo differential operatorsin d with
coefficients from gl, (R). We extend the d;, to derivations of g[, (R)((3, 3-1)) by
letting it act coefficient wise on elements of gl; (R) and on an element > p;d’ of
j<N
gl (R)((3,071)) by

dia (Z p,-a") = dia(p))d

j=N i<N
In the ring gl, (R)((3, 8~1)) we denote the differential operator part > pjaj of
. i=0
P=> pjd by P and we write P_ for P— P,. Let E,, 1 <a <r, beasin
i

the foregoing subsection. Inthering gl, (R) ((3, 3~1)) we consider elements of the
form

(16) L=0+)> £;0) and Uy=Eq+ ) Ugjd~
>0 >0
Examples of this type of operators can be obtained as follows: take the trivial
example L = 1dd = 9 and U, = E, and choose some K = Id+ Y kjo~! in
j>0
al, (R)((3,971)). Such aK isinvertible and
(17) L=KoK™! and U, =KE,K™?

have the form (??). Following [?], the equations of the multicomponent KP-
hierarchy are

(18) [L,Uqs] = [Uy,Ug] =0

(19) UgUp = 845Up

(20) die(L) = [(L'Up)4, L] = [Big, L]
(21) aia(Uﬂ) = [Biou U,B]

The equations (?7?) and (??) are satisfied by al elements L and {U,} of the form
(??). The equations (??) and (??) boil down to non-linear differential equationsfor
the {uyj} and {¢;}. Since all the solutions of the multicomponent KP-hierarchy that
we will construct are of the form (??), we merely have to focus on (??) and (??).
These last equations can be seen as compatibility conditions for a linear system.
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This requires the introduction of agl, (R)((d, ~1))-module. Let M consist of the
formal products

N N
{_Z ﬁjk"}exp Y tigEadl | = {_Z ﬁjk"}gu),

j=—o00 i>1 j=—o00
l<a<r

with g € gl; (R). For g € gl; (R), theaction of g on M is defined by

N N
ﬂ{_z ﬂjw}gm: {_Z ﬂﬂjw}gm.

J:—()O J:—OO

The action of 9j, on M is defined such that it corresponds to “ differentiating” this
formal product w.r.t. the variablet;,, i.e.

dic <{Zb,~xj } g(A)) = {Z dia(b))2] + > b Eaki”} g(r).
j ] j
In particular we see that the action of 9 on M

3> biailgon =" {a(bj)xj + ijxi“} ()

isinvertible with the inverse 9~ given by

ot D_bid ja) = {i2<—1)iai<bj>xj—i—l}gm.

i=0 ]

These actions compose to a gl (R)((d, 3~1))-module structure on M. In fact,
M is a free g, (R)((d, 8~1))-module with generator g(1), for, if P = XPjd e
gl (R)((d, 3~1)), then adirect computation shows

P.g(A) = {Z ijj} g(h).

Let A bethe subgroup of gl, (C(x, A~1)) given by

a={s

Takeany § = =djAl, dj € g[,(C), in A. To § corresponds the element § = =d;d!
ingl, (R)((3,371)). Then we have the notion

s = diag(rkt, ..., A%) with (kq, ... ,kr)le}.

Definition 4.2.1. A function of type § isan element of v of M that has the form

Y= {(|d+;¢jxi> <Xk:dkx"> } g(r).
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To any function v of type § we associate the operator Ky, in gl (R) ((9, d~1)) given
by
Ky =1d+) vjol.
j

Next we assume that we have been given operators L and {U,} of the form (??).
Then we introduce the following notion:

Definition 4.2.2. A wavefunction of type § for L and the {U,} is afunction y of
type § satisfying

@ L) =iy

(b) Uay = Y Eq

(©) die (¥) = Py - ¥ with By, € gl (R)[3].
The first two properties trans ate respectively into

(22) L=KyaK, b and U, = Ky Eo Kt

Hence L and the {U, } are completely determined by v». One computes directly that
(c) implies P, = (L'U,). and by applying the operators 9, to the equations (a)
and (b) and by substituting (c) one shows

Theorem 4.2.3. If ¥ is a wavefunction of type §, then the operators Ky,d K;l and
{Ky Eq K;l} satisfy the equations of the multicomponent KP-hierarchy.

The equations from definition ?? are called a linearization of the system and
from theorem ?? we see that we merely have to show (c) if L and the {U,} are
defined by (??).

4.3. The solutions. First we consider the space H and its decomposition as in
subsection ??. Since m = 2, all flagsin ¥ correspond to subspaces W of H. For
each W in ¥, consider

Aw = {8 | 8 € A, thereisay € I'; suchthat y s~ *W istransversal to Hl}
Thefirst property of A is
Lemma4.3.1. The collection Ay is non-empty.
For each § in Ay we consider the open subset I" (8, W) of " given by
(s, W) = {y €T,y L5~ IW istransversa to Hl}.

Let R be the ring of analytic functions on I" (8§, W) and let 9;, be the derivation of
R consisting of partial differentiation w.r.t. tj,. Then there holds

Theorem 4.3.2.
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(8) For each W e % and each § € Ay thereis a unique function yd, = ¥, - § -
g(1) of type §, such that ¥4, (y) € W for all y € T'(8, W).
(b) The function wf,v from (a) is a wavefunction of type s.

For aproof, we refer to [?]. If wewrite 3, = K§, - § - g(&), then we know from
theorem ?? that

Ly = Kiya(Ki™t  and U2\ = K{Ea(K)) ™

are solutions of the multicomponent KP-hierarchy. The following theorem makes
clear why we did not consider the commuting flows from I' _. Its proof can also be
found in[?].

Theorem 4.3.3. For each g = _Zoyj/\j inT_, we have LY, = Ly, and U]y, =

i<

U2 w-

Remark 4.3.4. If r > 1, then Aw may contain several elements. If §1 and 82 are
in Aw, then the solutions {L{}, Ui} and {Ly2, Uy} are related by so-called
differential difference equations that reduce in a specific case to the equations of

the Toda-lattice, see[?]. Thesedifferential difference equationsare ageneralization
to the KP-level of equations considered in [?].

Also in the multicomponent setting the coefficients of @@V can be expressed in
terms of Fredholm determinants related to the line bundle L((—1, 0)). If W =
01F @, with g; € §, then we define 7q, |1, : G — C by

T (9. @) = (.0) - (f0)(G1) = det(ps; 0 g™ 0 Gro | Hy).
It measures the failure of G-equivariance of the section corresponding to fy ). If
1
one takes another element G of § with W = §1F©, then g, 1, and g, n, differ
by anon-zero constant. In A we consider the elements Ajj given by
Ajjj=diag(...A, ... ,)\_1,...),

where the A-factor stands at the i-th place, the A ~1-factor at the j-th place and the
resulting factors are equal to 1.

If k e C, |kl > 1, then we till need the element ("’ from T";, given by
A
Ea
where the factor 1 — % stands at the i-th place. Then there holds

q) =diag(...1,1—2,1,...),

Theorem 4.3.5. Consider aW in § and a s in Aw. Then s~ 1(W) = gF©@, with
g € ¢ and we have
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(@ Fordl 1<i <r,the(,i)-entry of {Zé,v is the L2-boundary value of
Toir: (V)

Tg| Hl()/)

(b) For j # i, thereis alifting Aj,; of Aj/j to G such that the (j, i) entry of ¥,
is the L2-boundary value of

Kt

1 7ol (Y AijG)
TgH (¥)

This theorem gives a geometric interpretation of formulae, stated in the appendix
of [?] and generalizes the one component interpretation given in [?]. For the one
component case arepresentation theoretic interpretation of the t depending polyno-
mially of the {tj,} wasgivenin [?]. For aproof of theorem ?? we refer the reader to
[?]. There one can a so find more equations that fit in the framework just described.

Next we consider the one component case somewhat more in detail. For con-
venience we denote the set of independent variablessimply ast = {t; | i > 1} and
we see the elements of R as functionsin t. Further we restrict each 7y, |y, to I'y
and we write simply 7 or 7(t). If ke Z and W € §*& K then Aw = {+ ¥} and
we have exactly one solution L{;, “to the KP-hi erarchy. In this way every compo-
nent of ¥ leads to the same bunch of solutions of the KP-hierarchy. Hence, for
the construction of solutions, it suffices to consider only one component of . The
different components are, however, essential for the modified systems as we will
seein amoment.

In the one component case the Japanese school, see [?], trand ates the equations
that are satisfied by the wavefunction to equations for the z-function and these can
be written in the so-called bilinear form

Kt

1 1 Xti-s)K
(23) ygf((ti - m)) T((s + m))e21 dk =0,
for al (tj) and (s) and with dk such that
ok __
2mik

Also this formula can be given a geometric interpretation. For if W € §© then
one can consider W+ as an element of the Grassmann manifold corresponding to
H = Hy & Hi. If Yy islinked to T by theorem ??, then one can show

Theorem 4.3.6. The wavefunction . can be expressed in t by

Yws () =20
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If we consider instead of " the group of flows consisting of the adjoints of the
elementsof ', then relation (??) boils down to the orthogonality relations for v
and wwj_ .

For ¢ € Z, let W, be ageneral element of F“~9. According to the theorems ??
and ?? there corresponds a wavefunction of type A¢ to W, and a -function T to
We. Consider an increasing set of integers 1 < £»... < {s and denoteit by £. To
¢ corresponds a decomposition of H by

H=H1®...®Hsy1, Where le{Zaixi € H},

>4l
Hj = Za;)ﬂeH for j, 1< j < sand, Hs+1={ZaAiGH}.
> i<ty
i<£j+1

Denote the flagvariety corresponding to this decomposition by ¥;. Then we can
describe the elements of %%O) in terms of nonlinear equations for the corresponding
7 functions.

Theorem 4.3.7. For £1 < ... < £s, let W;, be a general elements of 4= and
let 7o, beawith W, corresponding z-function. Thenthe {W,, } determine an element

of gg’) if and only if the {z;,} satisfy the following bilinear equations

1 1 _ ‘ PRy
fTZH—l <(tj - W)> Ty <(Sj + W)> Aglﬂ_elezjﬁ(t]_sj)”d}‘ = O,

for all {tj} and {sj} andfori,1<i <s.

The simplest case of these equations ¢1 < ¢, gives a relation between 2 t-
functions. It has been considered in [?] and is called the (£2, £1)-modified KP-
hierarchy there.
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