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Abstract. In this paper we present a geometric realization of infinite dimen-
sional analogues of the finite dimensional representations of the general linear
group. This requires a detailed analysis of the structure of the flag varieties in-
volved and the line bundles over them. In general the action of the restricted linear
group can not be lifted to the line bundles and thus leads to central extensions of
this group. It is determined exactly when these extensions are non-trivial. These
representations are of importance in quantum field theory and in the framework
of integrable systems. As an application, it is shown how the flag varieties occur
in the latter context.

1. Introduction

Let H be a complex Hilbert space. If H is finite dimensional, then it is a classi-
cal result that the finite dimensional irreducible representations of the general lin-
ear group GL(H) can be realized geometrically as the natural action of the group
GL(H) on the space of global holomorphic sections of a holomorphic line bundle
over a space of flags in H. By choosing a basis of H, one can identify this space
of holomorphic sections with a space of holomorphic functions on GL(H) that
are certain polynomial expressions in minors of the matrices corresponding to the
elements of GL(H). Infinite dimensional analogues of some of these representa-
tions occur in quantum field theory, see e.g. [?]. Infinite dimensional Grassmann
manifolds play an important role in the framework of integrable systems. The first
person to realize this was Sato, see [?].

In this paper we will give an infinite dimensional analogue of all these represen-
tations. Thereto we take a separable Hilbert space H. In H we consider a collection
of flags that generalizes the Grassmanian from chapter 7 in [?]. This flag variety
carries a natural Hilbert space structure and there exist line bundles over it that are
similar to the finite dimensional ones. This includes the determinant bundle and its
dual from [?]. In the “dominant” case the space of global holomorphic sections of
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such a line bundle turns out to be non-trivial. However, the action of the analogue
of the general linear group can, in general, not be lifted to the line bundle under
consideration and one has to pass to a central extension of this group. Besides of
the introduction, this paper consists of three sections. In the first section we give
the definition of the flag variety � and we treat some properties of �. The second
section is devoted to the construction of the holomorphic line bundles, to a de-
scription of the corresponding central extensions and to the analysis of the space of
global holomorphic sections. As an application, we show in the final section what
role the geometry plays in the context of some integrable systems. A more detailed
description of the content of the different sections is as follows.

The first subsection of section 2 discusses the type of flags in H that will be con-
sidered. Here the model for the size of the flags is the basic flag F(0) corresponding
to a finite orthogonal decomposition of H. The flag variety � is a homogeneous
space for a certain unitary group Ures(H). As in the finite dimensional case it is
convenient to see � also as a homogeneous space for a larger group of automor-
phisms of H, namely GLres(H). This is the analogue of the general linear group
in this framework. Analogously to the finite dimensional case the group Ures(H)

is the unitary component in the polar decomposition of GLres(H). In the second
subsection we give an explicit description of the manifold structure on � and we
discuss decompositions of certain open subsets of GLres(H). A first difference
with the finite dimensional situation appears at the description of the connected
components of � in the third subsection. The fourth subsection contains the techni-
cal prerequisites for the construction of the line bundles. First we choose a suitable
orthonormal basis of H, we order its index set conveniently and we introduce the
Weyl group W of GLres(H). Next we show that the charts around the points in the
W-orbit through F(0) cover �. By using this covering one obtains a stratification
of � into parts that are all homeomorphic to a Hilbert space. On the group level
this gives you the Birkhoff decomposition for GLres(H).

Let �(0) be the connected component of � containing F(0). From the foregoing
results one deduces that �(0) is a homogeneous space for a Banach Lie group G
that permits you to take suitable minors. As a group the group G is a subgroup
of GLres(H), but its topology is stronger than the one induced by GLres(H). The
description of G and its topology can be found in the first subsection of section 3.
There we introduce also the maximal torus T (N) of G and its group of analytic
characters T̂ . In the second subsection we introduce a dense tower of finite dimen-
sional flag varieties in �(0). The next subsection shows how you can associate to
certain elements ψk, k ∈ �m, of T̂ a holomorphic line bundle L(k) over �(0). Fur-
ther it is shown there that, if one tries to lift the action of the connected component
GL(0)

res (H) of GLres(H), one might meet obstructions and that one can only lift
the action of a central extension of GL(0)

res (H). The natural question that comes up
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then is “how essential is this extension”. This question is treated fully in the next
subsection. Then one has come to the final subsection of this section. There we
determine, when L(k) has global non-trivial sections and we show that the action
of G on this space defines an irreducible G-module of highest weight ψk.

Section 4 is an illustration of the fact that the geometry of the foregoing sec-
tions plays a role in the theory of integrable systems. The system we will consider
is the multicomponent KP-hierarchy. The first subsection describes the flows in
GLres(H) corresponding to this system. The algebraic framework for this system
of equations is given in the second subsection. In the final subsection of this pa-
per we indicate how the flag varieties form the starting point of the construction of
solutions to the equations of the multicomponent KP-hierarchy and the modified
versions of the KP-hierarchy.

We would like to thank the referee for bringing to our attention papers by Falt-
ings [?] and Kashiwara [?], who give an algebraogometrical approach to infinite
dimensional flag varieties.

2. Properties of Hilbert flag varieties

2.1. The flag variety. Let H be a separable complex Hilbert space with inner
product < ·, ·>. We will consider certain finite chains of subspaces in H and
we will call them flags as in the finite dimensional case. First one has to specify
the “size” of the components of the flag. Therefore we start with an orthogonal
decomposition of H,

H = H1 ⊕ . . .⊕ Hm, where Hi ⊥ H j for i �= j.(1)

We assume that mi = dim(Hi) satisfies 1 ≤ mi ≤∞. An example of a decomposi-
tion occurring in quantum field theory is the one corresponding to the positive and
negative spectrum of the Dirac operator, see [?] and [?]. In the context of integrable
systems we have:

Example 2.1.1. Let (·, ·) be the standard inner product on �r. The Grassmann
manifold Gr(H) that is crucial at the construction of solutions of KP-type hier-
archies in [?], [?] and [?] corresponds to the case that H is the space of power
series

H = L2(S1, �r ) =
{∑

n∈�

anzn, an ∈ �r,
∑
n∈�

(an, an) <∞
}
,

H1 =
{∑

n≥0

anzn ∈ H

}
and H2 =

{∑
n<0

anzn ∈ H

}
.

If one takes r = 1 and k and l in � with k > l, then the basic manifold corre-
sponding to the (k, l)-modified KP-hierarchy is the flag variety corresponding to
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H = L2(S1, �) = H1 ⊕ H2 ⊕ H3, with

H1 =
{∑

n≥k

anzn ∈ H

}
, H2 =

{k−1∑
n≥l

anzn ∈ H

}
and H3 =

{∑
n<l

anzn ∈ H

}
.

This correspondence is described in the fourth section.

Let pi, 1 ≤ i ≤ m, be the orthogonal projection of H onto Hi. Then we will use
throughout this paper the following

Notation 2.1.2. If g belongs to B(H), the space of bounded linear operators from
H to H, then g = (gij), 1 ≤ i ≤ m and 1 ≤ j ≤ m, denotes the decomposition of g
w.r.t. the {Hi | 1 ≤ i ≤ m}. That is to say gij = pi ◦ g | H j.

Remark 2.1.3. Let Ki, i = 1, 2, be Hilbert spaces with inner products < , >i, i =
1, 2. If A belongs to B(K1, K2), the space of bounded linear operators from K1 to
K2, then its adjoint A∗ : K2 → K1 is defined by

< A(k1), k2 >2=< k1, A∗(k2) >1 .

If g = (gij) as in notation ??, then we have for its adjoint g∗ the decomposition
(g∗)i j = (g ji)

∗, for all i and j.

2.1.4. To the decomposition (??) we associate the basic flag F(0) given by

0 ⊂ H1 ⊂ . . . ⊂
r⊕

j=1

H j ⊂ . . . ⊂ H.

Now we consider in H flags F = {F(0), . . . , F(m)}, that is to say chains of closed
subspaces of H,

{0} = F(0) ⊂ F(1) ⊂ . . . ⊂ F(m) = H,

that are of the same “size” as the basic flag F(0), i.e. for all i, 1 ≤ i ≤ m,

dim(F(i)/F(i− 1)) = dim(Hi).

To such a flag F is associated an orthogonal decomposition of H,

H = F1 ⊕ . . .⊕ Fm, where Fi = F(i) ∩ F(i− 1)⊥.

We will denote such a flag F by F = {F(0), . . . , F(m)} as well as F = {F1, . . . , Fm}.
The class of flags one obtains in this way is still too wide and we will require

that our flags do not differ too much from the basic flag. One can express this
“nearness” in various ways. Our choice is a natural generalization of that used in
[?] for the Grassmann manifold. However, a lot of the constructions given here for
that case can be carried out with some minor adjustments also for other choices.



THE STRUCTURE OF HILBERT FLAG VARIETIES 5

We start by introducing notations for some spaces of compact operators that occur
in the sequel.

Notation 2.1.5. If K1 and K2 are Hilbert spaces, then we denote the space of Hilbert-
Schmidt operators from K1 to K2 by HS(K1, K2) and the Hilbert-Schmidt norm
by ‖ · ‖HS. We will write N(K1, K2) for the space of nuclear operators from K1
to K2 and the trace norm on it will be denoted by ‖ · ‖N. The space C(K1, K2) of
compact operators from K1 to K2 will be assumed to have been equipped with the
operator norm. Then we have the following chain of continuous inclusions:

N(K1, K2) ⊂HS(K1, K2) ⊂ C(K1, K2).

In each of these spaces the collection of finite dimensional operators F(K1, K2)

lies dense. If K2 is equal to K1, then we simply write F(K1), N(K1), HS(K1) and
C(K1) for respectively F(K1, K1), N(K1, K1), HS(K1, K1) and C(K1, K1).

Definition 2.1.6. Let � be the collection of flags F = {F1, . . . , Fm}, satisfying
dim(Fi) = dim(Hi), and for all i and j with j �= i, the orthogonal projection p j :
Fi → H j is a Hilbert-Schmidt operator. We call � the flag variety corresponding
to the decomposition (??).

Remark 2.1.7. If only one mi is infinite, then the Hilbert-Schmidt condition is su-
perfluous. E.g. the space of flags with mi <∞ for all i < m, plays a role in [?] at the
construction of irreducible representations of the Hilbert Lie group U(�)2. This is
the unitary part of the group of invertible transformations of the form “identity + a
Hilbert-Schmidt operator”.

Remark 2.1.8. Instead of the condition p j : Fi → H j, i �= j, belongs to HS(Fi, H j),
one could also consider flags such that this map belongs to N(Fi, H j) or C(Fi, H j).
The flag varieties one obtains in this way we denote by �(N) respectively �(C).
A more asymmetric condition is considered in [?] where it is required that merely
for i < j the projection pi : Fj → Hi is Hilbert-Schmidt. In this way we get the
flag manifold �(B). Because of the inclusions mentioned above, we have a chain
of injections

�(N) ⊂ � ⊂ �(C) ⊂ �(B).

For m = 2 more general versions of flag spaces are considered in [?].

Remark 2.1.9. In [?], they associate a Banach Grassmann manifold to each Banach
Jordan pair. It would be interesting to see if, and if so, how the flag varieties
introduced here fit into their framework.

2.1.10. The space � is a natural generalization of the Grassmann manifold in-
troduced in section 7.1 of [?]. The flag variety � is a homogeneous space for an
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analogue adapted to this situation, of the general linear group. The Banach struc-
ture of this group follows directly from that of its Lie algebra. Therefore we start
with the analogue of the Lie algebra of the general linear group.

Definition 2.1.11. A restricted endomorphism of H is a u = (uij) in B(H) such
that uij is a Hilbert-Schmidt operator for all i �= j. We denote the space of all
restricted endomorphisms of H by Bres(H).

For all i and j, we extend the elements of HS(Hi, H j) outside Hi by zero and
obtain thus a natural embedding of HS(Hi, H j) into HS(H). The space Bres(H)

is a subalgebra of B(H) since the collection of Hilbert-Schmidt operators is a 2-
sided ideal in B(H). Hence it is also a Lie subalgebra of the Lie algebra B(H).
The algebra Bres(H) becomes a Banach algebra if we equip it with the norm ‖ · ‖2
defined by

‖u‖2 = ‖u‖ +
∑
i �= j

‖uij‖HS.

Since the adjoint of a Hilbert-Schmidt operator is again Hilbert-Schmidt, it is
clear that Bres(H) is stable under “taking adjoints”. If GL(H) denotes the group
of invertible elements in B(H), then we consider

Definition 2.1.12. The restricted linear group, GLres(H), consists of {g | g ∈
GL(H) ∩Bres(H)}.

To see that GLres(H) is indeed a group, one merely has to show that if g = (gij)

belongs to GLres(H), then its inverse g−1 = ((g−1)i j) also belongs to GLres(H).
Now, the relation

gii(g−1)ii = IdHi −
∑
j �=i

gij(g−1) ji,

shows first of all that for all i, 1 ≤ i ≤ m, both gii and (g−1)ii are Fredholm oper-
ators, i.e. they have a finite dimensional kernel and cokernel. Next one considers
the relation

g21(g−1)11 + g22(g−1)21 +
∑
j>2

g2 j(g−1) j1 = 0.

Since the operator g21 is Hilbert-Schmidt and the operators (g−1)11 and g22 are
Fredholm, the operator (g−1)21 has to be Hilbert-Schmidt too. Continuing in this
fashion, one shows that all (g−1)i j with i �= j are Hilbert-Schmidt. In other words,
GLres(H) consists of the invertible elements of Bres(H). As such, it is in a natural
way a Banach Lie group with Lie algebra Bres(H).

The analogue of the unitary group U(H) in this context is:

Definition 2.1.13. The restricted unitary group, Ures(H) = GLres(H) ∩U(H).
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Both Ures(H) and GLres(H) are natural generalizations of the restricted unitary
and general linear group, introduced in chapter 6 of [?]. The Lie algebra of Ures(H)

consists of

�res(H) = {
X | X ∈ Bres(H), X∗ = −X

}
.

This is a real Lie subalgebra of Bres(H) and the Lie algebra Bres(H) can be written
as

Bres(H) = �res(H)⊕ i.�res(H).

In other words Bres(H) is the complexification of �res(H). On the group level this
corresponds to the fact that the group GLres(H) possesses a “polar decomposition”
of which Ures(H) forms the unitary component. For, consider the sets

P(H) = {
A | A ∈ GL(H), A = A∗ and A > 0

}
and

Pres(H) = Bres(H) ∩ P(H).

On Pres(H) we put the topology induced by Bres(H). Since the map A �→ √
A

from Pres(H) to P(H) is locally given by a convergent power series in A, this map
is in fact a continuous map from Pres(H) to itself. Thus we get

Proposition 2.1.14. The map (u, p) �→ up from Ures(H)× Pres(H) to GLres(H)

is a homeomorphism.

Proof. The inverse of this map is

g �−→ (g
√

g∗g
−1

,
√

g∗g)

and we have just seen that it is continuous.

With each g in GLres(H) we can associate the flag

0 ⊂ gH1 ⊂ g(H1 ⊕ H2) ⊂ . . . g(H1 ⊕ . . .⊕ Hi) ⊂ . . . ⊂ H.

From the definition of GLres(H) one sees directly that this flag belongs to �.
The group Ures(H) acts already transitively on �. Let F = {F1, . . . , Fm} belong

to �. From the definition of � we know that there is for each i, 1 ≤ i ≤ m, an
isometry ui between Hi and Fi. If we put u = u1 ⊕ . . .⊕ um, then the condition
defining � implies that u belongs to the group Ures(H) and that F = u(F0).

The stabilizer in GLres(H) of the basic flag is the “parabolic subgroup”

P =

g

∣∣∣∣ g ∈ GLres(H), g =


g11 . . . . . . g1m

0
. . .

...
...

. . . . . .
...

0 . . . 0 gmm

 , with gii ∈ GLres(Hi), 1 ≤ i ≤ m


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Thus we can identify � also with the homogeneous space GLres(H)/P. Let τ :
GLres(H) → � be the projection τ(g) = g · F(0). On � we will put a Hilbert
manifold structure that makes τ into an open submersion. This will be discussed in
the next subsection.

Remark 2.1.15. It will be clear that for the spaces �(N), �(C) and �(B) the cor-
responding general linear group consists of those g = (gij) in GL(H) such that
respectively

gij ∈ N(H j, Hi) for all i �= j,(2)

gij ∈ C(H j, Hi) for all i �= j,(3)

gij ∈HS(H j, Hi) for all i < j.(4)

2.2. The manifold structure of �. In this subsection we discuss the Hilbert man-
ifold structure on � and some decompositions of open subsets in GLres(H). From
the definition of the parabolic group P one sees directly that the Lie algebra of P is
given by

L(P) = {g | g = (gij) ∈ Bres(H), gij = 0 for all i > j}
and that a complement of L(P) in Bres(H) is the Hilbert space (E, ‖ · ‖HS) with

E =
⊕

1≤ j≤m−1
i> j

HS(H j, Hi).

From section 6.1 in [?], we know then that the homogeneous space �= GLres(H)/P
carries an analytic E-manifold structure for which τ is a submersion and for which
the natural action of GLres(H) on � is analytic.

Next we give descriptions of some open subsets in GLres(H) that will be needed
later on. Consider for each k, 1 ≤ k ≤ m− 1, the set �(k) in GLres(H) given by

�(k)=
g ∈ GLres(H)

∣∣∣
g11 . . . g1i

...
...

gi1 . . . gii

 ∈ GLres(H1 ⊕ . . .⊕ Hi) for all i ≤ k

 .

Since we have for each i, 1 ≤ i ≤ m, a continuous surjection from Bres(H) onto
Bres(H1 ⊕ . . .⊕ Hi), given by

b �−→
b11 . . . b1i

...
...

bi1 . . . bii

 ,
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the set �(k) is open and, as in the finite dimensional case, it can be decomposed.
For, let U−(k) and P(k) be the Lie subgroups of GLres(H) defined by

U−(k) =
g = (gij) ∈ GLres(H)

∣∣∣∣ gii = IdHi for all i

gij = 0 for j > i
gij = 0 for i > j and j > k


and

P(k) = {
g = (gij) ∈ GLres(H) | gij = 0. if i > j and j ≤ k

}
.

Clearly P(k) ∩U−(k) = {IdH} and this gives you the uniqueness in

Lemma 2.2.1. The map (u, p) �→ up from U−(k) × P(k) → GLres(H) deter-
mines a homeomorphism between U−(k)× P(k) and �(k).

Proof. We use induction on k to show the result. Let g be an element in �(1). Then
we know that g11 is invertible and if we define u(1) ∈U−(1) by u(1)r1 =−gr1g−1

11
for all r ≥ 2, then one sees directly that u(1)g belong to P(1). Assume now that we
know �(l) = U−(l)P(l). Since we have �(l) ⊃ �(l + 1) and U−(l) < U−(l +
1), we may assume that g ∈ �(l + 1) belongs to P(l). Hence the condition g ∈
�(l+ 1) means that gl+1,l+1 is invertible. Define u(l+ 1) = (uij) in U−(l+ 1) by
u jl+1 = −g jl+1(gl+1,l+1)−1 for j > l+ 1 and uij = 0 if i > j and j �= l+ 1. Then
u(l + 1) · g belongs to the parabolic group P(l + 1). This proves the lemma.

As in the finite dimensional case we call �(m− 1) = U−(m− 1) · P the big cell
of � and we also write � and U− instead of �(m− 1) and U−(m− 1).

From this lemma we see that the restriction of τ to U− gives you a diffeomor-
phism u �→ uF(0) between U− and the open neighborhood τ(�) of F(0). Clearly
the group U− is diffeomorphic to the Hilbert space E. Note that from the definition
of � one can conclude directly that

τ(�) =
{

F = (Fi) ∈ �

∣∣∣∣ ⊕
j≤l

p j :
⊕
j≤l

Fj →
⊕
j≤l

H j is a bijection for all l ≤ m

}
.

This characterization of τ(�) tells you how to choose around a general point of �
a concrete neighborhood diffeomorphic to E. This requires, however, the introduc-
tion of the following notation.

Notation 2.2.2. If W is closed subspace of H, then we denote the orthogonal pro-
jection on W by pW .

Consider a F = (F1, . . . , Fm) in �. Then the analogue of τ(�) for F is

UF =
{

V = (Vi) in �

∣∣∣∣ ⊕
i≤l

pFi :
⊕
i≤l

Vi →
⊕
i≤l

Fi is a bijection for all 1 ≤ l ≤ m

}
.
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Since � = Ures(H).F(0), we have for all F and G in � that, if i �= j, the map
pFi : G j → Fi is a Hilbert-Schmidt operator. Hence, if V belongs to UF, then there
is a unique operator A in

⊕
1≤ j≤m−1

i> j

HS(Fj, Fi) such that for all i, 1 ≤ i ≤ m,

V (i) = {x+ A(x) | x ∈ F(i)}.
This is why we call V also the graph of A and we write V = graph(A).

It is convenient to have a special name for the flags in UF.

Definition 2.2.3. A flag V in UF is called transversal to F.

Let gF be an element of Ures(H) such that gF · F(0) = F. Instead of the big cell
� in GLres(H) with respect to the decomposition H = H1 ⊕ . . .⊕ Hm, we could
also have introduced a big cell with respect to H = F1 ⊕ . . .⊕ Fm and it will be
clear that this set can be written as

gFU−P(g−1
F ).

Consequently, we get for UF that

UF =
{

gFup(gF )−1 F
∣∣ with u ∈ U− and p ∈ P

}
= τ(gFU−P).

Then we can define for each F in � a diffeomorphism ϕF: UF → E by

ϕF(gFuF(0) ) = u− Id .

Each (UF, ϕF ) is a concrete chart around F for the E-manifold structure on �.
We have obtained now a concrete description of the manifold structure on �:

Proposition 2.2.4. The (UF, ϕF ) are the charts of the analytic E-manifold struc-
ture on �.

Proof. It is sufficient to show for each UF(1) and UF(2) with UF(1) ∩UF(2) �= ∅ that

ϕF(2) ◦ ϕ−1
F(1) : ϕF(1) (UF(1) ∩UF(2) )→ ϕF(2) (UF(1) ∩UF(2) )

is an analytic map. From the step by step decomposition described in Lemma ??
follows that the U−-component of (gF(2) )−1gF(1)u actually depends analytically on
u. This proves the proposition.

2.3. The connected components of GLres(H). Let g = (gij) be an element of
GLres(H). Recall that in the proof that GLres(H) consists of the invertible ele-
ments in Bres(H), we have shown that each gii is a Fredholm operator. The collec-
tion of Fredholm operators on a Hilbert space K is an open part of the space B(K ).
Its connected components are given by the index, which is defined as

ind(B) = dim(ker(B))− dim(coker(B)),
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where B is a Fredholm operator on K. Since all off-diagonal operators are Hilbert-
Schmidt and hence compact, the operator

g̃ =
g11 0

. . .
0 gmm

 , where g = (gij) ∈ GLres(H),

is a Fredholm operator of index zero. Hence we have that the indices of the {gii |
1 ≤ i ≤ m} satisfy

m∑
i=1

ind(gii) = 0 and ind(gkk ) = 0 if mk <∞.

These relations lead to the introduction of the subgroup Z of �m defined by

Z =
{

z = (zi) ∈ �m
∣∣ m∑

i=1

zi = 0, zk = 0 if mk <∞
}

.

The standard properties of the index imply that the map i : GLres(H)→ Z,

g �→ (ind(g11), . . . , ind(gmm)),

is a continuous group homomorphism. Hence the sets

GL(z)
res (H) = {

g
∣∣ g ∈ GLres(H), i(g) = z

}
, with z ∈ Z,

are open. In fact, they are exactly the connected components of GLres(H), for

Proposition 2.3.1. For each z ∈ Z, the set GL(z)
res (H) is non-empty and connected.

Proof. Let z = (zi) be in Z and let hi ∈ 
(Hi) be such that ind(hi) = zi. Then

h =
h1 0

. . .
0 hm


belongs to 
(H) and has index zero. Therefore one can add to h an isomorphism
between the kernel of h and the orthogonal complement of the image of h to obtain
an element of GL(z)

res (H). This shows that i is surjective. As for the connectedness
it suffices to show that GL(0)

res (H) is connected. First one notes that, since P is
homeomorphic to

m∏
i=1

GL(Hi)×
∏
j<i

HS(H j, Hi)

and all the GL(Hi) are connected, (see [?]), the group P is connected. Next we
show that each element of GL(0)

res (H) can be joined by a continuous path to an
element of P. For an element g = up in � = U−P it is clear how to proceed: the
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map t �→ {Id+(1− t)(u− Id)}p joins g with p. A general element g is first joined
with an element in �(1). For, if g11 is not invertible, then there is a bijection E
between ker(g11) and �(g11)⊥ ∩ H1 and we extend E by zero on ker(g11)⊥ to
get an element E of Bres(H). It is no restriction to assume ‖E‖2 < ‖g‖2. Then
we know that g + tE belongs to GL(0)

res (H) for all t ∈ [0, 1] and by construction
g+ E belongs to �(1) and we can write g+ E = u1 p1. The map t �→ {Id+(1−
t)(u1 − Id)}p1 joins g+ E with p1. By adding a small finite dimensional operator
in B(H2), one reduces the case to an element in �(2) that can be linked in the
same way to an element of P(2). Continuing in this fashion one finds a continuous
path from g to an element of P. This proves the assertion.

This Proposition is the extension to flag varieties of Proposition 6.2.4 in [?].
Since the parabolic group P is connected, we see that

Corollary 2.3.2. The connected components of � are given by

�(z) =
{

g.F(0)
∣∣ g ∈ GL(z)

res (H)
}

.

Remark 2.3.3. A holomorphic line bundle L over � consists simply of a collec-
tion of holomorphic line bundles {Lz → �(z) | z ∈ Z}. Therefore we restrict our
attention to holomorphic line bundles over �(0) in the third section.

2.4. A special covering of �. In this subsection we choose a suitable orthonormal
basis of H and we introduce a collection of charts of � that can be described com-
pletely in terms of the index set of this orthonormal basis. In particular these charts
cover � and enable you to give a combinatorial description of the Birkhoff decom-
position of GLres(H) and to construct concretely a collection of holomorphic line
bundles over �(0).

Let {es | s ∈ Si}, 1≤ i≤m, be an orthonormal basis of Hi. Recall that dim(Hi)=
mi for all i, 1 ≤ i ≤ m. Hence we can write

Si =
{
si(k) | 1 ≤ k < mi + 1

}
On Si we define a total order by

si(k) ≥ si(l)⇐⇒ k ≥ l.

These orders we compose to a total order on the index set S =
m⋃

i=1
Si by requiring

that
s j < si for all si ∈ Si and all s j ∈ S j with j > i.

Now that we have an orthonormal basis {es | s ∈ S} of H with a totally ordered
index set S, we can associate to each bounded g in B(H) an S × S-matrix [g] =
(gst ) with matrix coefficients

gst =< g(et ), es >, where s and t are in S.
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Notation 2.4.1. Let ��(S) be the collection of S× S-matrices corresponding to op-
erators in Bres(H).

The context has been chosen such that the product of two elements in ��(S) is
again in ��(S) and therefore ��(S) is a Lie algebra. In ��(S) we have the Lie
subalgebra ��(∞) corresponding to the matrices of the operators

Definition 2.4.2. An operator g in B(H) is called a “finite-size” operator if it has
only a finite number of non-zero matrix coefficients w.r.t. the {es | s ∈ S}.
Remark 2.4.3. If m = 2 and m1 = m2 = ∞, then S = �. In [?] it was shown that
the Lie algebra A∞ can be realized as a central extension of the collection ��(∞)

of �× �-matrices g = (gij) of “finite-width”, i.e. satisfying gij = 0 if |i− j| > N
for some N. The composition of such matrices is always defined and from this
point of view ��(S) can be seen as a complete bounded version of ��(∞). The
central extension defining A∞ also occurs naturally in our geometric framework,
see subsection 4 of the next section.

In the sequel we will frequently use some notations related to subsets of S.

Notation 2.4.4. The number of elements in a subset A of S is denoted by #A.

Notation 2.4.5. If A is a non-empty subset of S, then we denote the closure of the
span of the {es | s ∈ A} by HA. If A is empty, then HA denotes the space {0}. It is
convenient to denote the orthogonal projection onto HA by pA.

Maps between subsets of S have a direct translation to partial isometries between
closed subspaces of H, i.e.

Notation 2.4.6. If A and B are subsets of S and τ : A → B is some map, then we
denote by τ the mapping from HA to HB given by

τ

(∑
t∈A

λtet

)
=

∑
t∈A

λteτ(t).

Now that we have chosen the orthonormal basis {es | s ∈ S}, we can introduce
“diagonal operators” in Bres(H). Suppose that we have a set of bounded complex
numbers {

δs
∣∣ s ∈ S, δs ∈ � and |δs| ≤ M for all s ∈ S

}
.

Then we can associate to it a diagonal operator diag(δs) in B(H) by

diag(δs)

(∑
t∈S

λtet

)
=

∑
t∈S

δtλtet.
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Inside GLres(H) we have then the “maximal torus”

T = {
g

∣∣ g ∈ GLres(H), g = diag(δs)
}
.

Clearly T is commutative and it is a straightforward verification to show that the
centralizer of T inside GL(H) is equal to T . Hence we have

Lemma 2.4.7. The centralizer Z(T ) of T in GLres(H) is equal to T.

Each permutation σ of S determines a unitary map σ : H → H as in notation ??.
With the help of the matrix, one shows that the normalizer of T in GL(H) consists
of {

t · σ ∣∣ t ∈ T, σ a permutation of S
}
.

Hence, if we define the the subgroup W of Ures(H) as

W = {
σ

∣∣ σ ∈ Ures(H), σ a permutation of S
}
,

then we have

Corollary 2.4.8. The normalizer N(T ) of T in GLres(H) is the semi-direct prod-
uct of W and T. In particular, we see that W is isomorphic to N(T )/Z(T ) and we
call W the Weyl group of T.

To each σ in W , corresponds a partition � = ⋃
i≥1

�i of S, where �i = σ(Si). The

concrete description of which partitions occur in this way, brings one in a natural
way to the consideration of subsets of S that are “equal up to a finite set”. Therefore
we define

Definition 2.4.9. If A and B are subsets of S, then we call A and B commensurable
(notation A ≈ B) if A− {A ∩ B} and B− {A ∩ B} are finite. We write i(A, B) for
the number

#{A− {A ∩ B}} − #{B− {A ∩ B}}.
Thus commensurability is equivalent to: the orthogonal projection pHB : HA →

HB is a Fredholm operator with index i(A, B). Let � = {�i | i ≤ i ≤ m} be an
arbitrary partition of S into m disjoint parts. Then this partition corresponds to an
element of W , if and only if the following two conditions hold:

#�i = #Si for all i, 1 ≤ i ≤ m, and(5)

�i ≈ Si for all i, 1 ≤ i ≤ m(6)

To any partition � satisfying these conditions there corresponds a flag F� in �
given by

0 ⊂ H�1 ⊂ H�1∪�2 ⊂ . . . ⊂ HS = H.
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For simplicity we denote for each � satisfying (??) and (??) the open set UF�
in �

also by U�.
In the sequel we will make use of the following notion

Definition 2.4.10. An element in H is said to be of order s, s ∈ S, if it has the form

h = ases +
∑
t∈S
t<s

atet, with as �= 0,

Notation 2.4.11. If W is a subspace of H then the union of all the elements in W
of some order s in S and {0} is called the space of elements of finite order in W and
is denoted by W f in.

For each z in Z, we denote the collection of partitions � of the index set S such
that F� belongs to �(z), by S(z). The basic property of the {F� | � ∈ S(z)} is

Proposition 2.4.12. For each flag F = (F(1), . . . , F(m)) in �(z), there is a � in
S(z) such that F is transversal to F�.

Proof. Let g ∈ GLres(H) be such that F = g.F(0). First we show that there is
a �1, commensurable with S1 and with #S1 = #�1, such that pH�1

◦ g|H1 is an
isomorphism between H1 and H�1 . Since p1(g(H1)) has finite codimension in
H1, we can find a S1(n) = {s1(k), k ≥ n}, n ≥ 0, such that F(1) = g(H1) projects
surjectively onto HS1(n). The kernel of this projection has a basis {h j | 1 ≤ j ≤ N}
of elements of finite order, i.e.

h j = es j +
∑
t∈S
t<s j

α j(t)et , where si �= s j for i �= j.

It is clear that we can take �1 = S1(n) ∪ {s j | 1 ≤ j ≤ N}. The other parts of the
desired partition � of S are constructed step by step from �1. For, assume that
we have found disjoint {� j | j ≤ i} with � j ≈ S j and #S j = #� j such that the
orthogonal projection of F( j) onto

⊕
�≤ j H��

is a bijection for all j ≤ i. Then
we know that pi+1(g(Hi+1)) has finite codimension in Hi+1. So there exists a
subset S̃i+1 of Si+1, commensurable with Si+1 and disjoint of �1 ∪ . . . �i, such
that F(i + 1) projects surjectively onto H�1 ⊕ . . .⊕ H�i ⊕ HS̃i+1

. The kernel of
this projection is again finite dimensional and has a basis of elements of different
order. As �i+1 one takes then the union of S̃i+1 and the orders of the elements in
this basis. In this way we obtain after a finite number of steps the desired partition
� of S.

This proposition is a generalization of Proposition 7.16 in [?].

Remark 2.4.13. Since F� is transversal to F� if and only if � = �, we can con-
clude from this proposition directly that �(0) is no longer compact if H is infinite
dimensional.
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For each � in S = ⋃
z∈Z

S(z), the elements of finite order in F�( j) span a dense

subspace of F�( j) for all j, 1 ≤ j ≤ m. By combining this with Proposition ?? we
get the following generalization of proposition 7.3.2 in [?].

Corollary 2.4.14. For each flag F in � and for each j, 1 ≤ j ≤ m, the space
F( j) f in forms a dense subspace of F( j).

For each flag F = (F(0), . . . , F(m)) in �(z) we can concretely describe a �(F)

in S(z) such that F is transversal to F�(F). Namely for each 1 ≤ i ≤ m we put

�(F)(i) = {
s
∣∣ s ∈ S, F(i) contains an element of order s

}
and

�(F)i = �(F)(i)−�(F)(i− 1) for i > 1.

Clearly each F(i) projects bijectively onto H�(F)(i) and therefore �(F)= {�(F)i}
belongs to S(z). Next we consider flags that give the same partition in this way.

If � ∈ S(z), then we write

�� = {F | F ∈ �,�(F) = �} .
Let U0 be the subgroup of GLres(H) of all operators with a unipotent lower trian-
gular matrix, i.e.

U0 =
{

u | u ∈ GLres(H), for all s ∈ S, u(es) = es +
∑
t<s

utset

}
.

Then we want to show

Proposition 2.4.15. The subset �� is exactly the U0-orbit through F�.

Proof. From the form of an operator u in U0, one sees directly that for each element
h of order s, the element u(h) has also order s. Thus we have that �(uF) = �(F)

for each F in �.
Assume now that F belongs to ��. Since F(i) projects bijectively onto F�(i)

for all i, 1 ≤ i ≤ m, the flag F is the graph of an operator T in

m−1⊕
j=1

⊕
j<i

HS(H� j, H�i ).

In particular this means that there is an u in GLres(H) such that u(F�) = F and
for all si ∈ �i, 1 ≤ i ≤ m,

u(esi ) = esi +
∑
j>i

∑
s j∈� j

Ts jsi es j, if i < m and u(esi ) = esi if i = m.(7)
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The fact that F belongs to �� can be expressed completely in term of the coeffi-
cients {Ts jsi | si ∈ �i, s j ∈ � j, j > i}. Namely, it is equivalent to

Ts jsi = 0, if s j > si.(8)

If namely Ts jsi �= 0 for some s j with s j > si, then the element u(esi ) will be of some
order s �∈ �(i) and hence �(F)(i) �= �(i). This contradicts the fact that F belongs
to ��. By definition, the operator u defined by (??) belongs to U0, if condition (??)
is satisfied. This concludes the proof of the proposition.

Thus we have obtained a subdivision of each connected component of �,

�(z) =
⋃

�∈S(z)

��,

into parts that are homeomorphic to a Hilbert space, thanks to property (??). This
is a generalization to flag varieties of the stratification in section 7.3 of [?]. Let
σ�, for each � ∈ S(z), be a permutation of S such that σ�(Si) = �i, for all i,
1 ≤ i ≤ m. Then this decomposition of � translates directly to the group GLres(H)

and results in

Proposition 2.4.16. (Birkhoff decomposition.) Each connected component of the
group GLres(H) decomposes as

GL(z)
res H =

⋃
�∈S(z)

U0σ� P.

Remark 2.4.17. The decomposition derived here is the analytic equivalent of the
algebraic decomposition from [?].

3. Holomorphic line bundles over �(0)

3.1. Another description of �(0). For each � in S(z), there are numerous σ ∈ W
such that F� = σF(0). We start by describing a special choice that is useful at the
description of �(0) as the homogeneous space of another group.

We construct a bijection σi : Si → �i, as follows: since Si and �i are commen-
surable, there is a N ≥ 0 such that{

si(k)
∣∣ k > N

} ⊂ �i ∩ Si.

Consider the finite set �i − {si(k) | k > N}. If it is empty, then we define σi : Si →
�i as follows:

σi(si(k)) = si(k+ N ) for all k, 1 ≤ k < mi + 1.

In this case we put �i = −N.
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If �i is not equal to {si(k) | k > N}, then we write �i − {si(k) | k > N} =
{t1, . . . tN+�i} for some �i in �, �i > −N, and we define σi by

σi(si(k)) = tk for all k, 1 ≤ k ≤ N + �i,
σi(si(k)) = si(k− �i) for all k > N + �i.

For all i, 1 ≤ i ≤ m, consider the map τi : Si → Si defined by

τi(si(k)) = si(N + 1) for all k, 1 ≤ k ≤ N + �i
τi(si(k)) = si(k− �i) for all k > N + �i.

Since pi ◦ σi− τi is a finite dimensional operator, pi ◦ σi and τi have the same index
and for τi one clearly has ind(τi) = N + �i − N = �i. In other words, the number
�i is equal to zi. The {σi | 1 ≤ i ≤ m} compose to a bijection σ : S → S such that
σF(0) = F�. We will introduce a special term for this type of permutations.

Definition 3.1.1. Let � be a partition of S in S(z). A permutation σ of S such that
σ(Si) = �i is called admissible of level N if the following property holds

(i) For each i and for all k > N + zi, σ(si(k)) = si(k− zi).

One easily verifies that the collection of admissible permutations of S of all levels
forms a subgroup Wa of W . It has a normal subgroup W (0)

a = Wa ∩ GL(0)
res (H)

such that the quotient Wa/W (0)
a is isomorphic to Z. The elements of W (0)

a can
be described in a direct concrete way. If G is a finite subset of S and if ρ is a
permutation of G, then we denote the extension of ρ by the identity to a permutation
of S, by ρ̃. Then we have

W (0)
a = lim−→

N

W (0)
a (N ) = lim−→

N

{
σ | σ ∈ W (0)

a is of level N
}

=
{̃
ρ | ρ a permutation of G, G a finite subset of S

}
.

Now we can introduce another group that acts transitively on �(0). Its advantage
is that it enables you to construct in a simple way holomorphic line bundles over
�(0). Let � be in S(0) and let σ be an admissible permutation of S such that
σ(Si) = �i. From the definition of admissibility we know that σ decomposes in
operators (σi j) with the properties

(i) For each 1 ≤ i ≤ m, σii = IdHi + a “finite-size” operator.
(ii) For all i and j, i �= j, σi j is a “finite-size” operator.

Since every flag F in �(0) is transversal to some F�, with � in S(0), we may
conclude that each F in �(0) is equal to g.F(0) with g ∈ GLres(H) of the form

(a) For each i, 1 ≤ i ≤ m, gii = IdHi + a “finite-size” operator.
(b) For all i and j, i < j, gij is a “finite-size” operator.
(c) For all i and j, j < i, gij belongs to HS(H j, Hi).
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Note that for all the operators gii from (a) det(gii) is defined. Since we are working
in an analytic setting we will consider a somewhat wider class of operators such
that on one hand we work in a Banach framework and on the other we can take
determinants of certain minors. Recall, see [?], that the determinant is defined for
each operator of the form “identity + a nuclear operator”. Therefore we introduce

B2(H) =
{

g
∣∣ g ∈ Bres(H),

gii − IdHi ∈ N(Hi)

gij ∈HS(H j, Hi) for i �= j

}
.

On B2(H) we put a different topology than the one induced by Bres(H). For, let Z

be the subspace of Bres(H) defined by

Z =
{

b
∣∣ b ∈ Bres(H),

bij ∈HS(H j, Hi) for i �= j

bii ∈ N(Hi)

}
.

Then Z is a Banach space if we equip it with the norm ‖ · ‖Z given by

‖b‖Z =
∑
i �= j

‖bij‖HS +
m∑

i=1

‖bii‖tr.

The collection B2(H) is nothing but Z shifted by the identity and we transfer the
Banach structure on Z to B2(H) by means of the map g �→ g + Id. Since the
product of two Hilbert-Schmidt operators is nuclear, one sees that B2(H) is closed
under multiplication. Moreover the multiplication with an element of B2(H) is an
analytic map from B2(H) to itself. In B2(H) we have the subgroup U− and its
“adjoint” the group

U+ =
{
u∗ | u ∈ U−

}
.

Consider an element b in B2(H). Now we define u = (uij) in U− and v = (vi j) in
U+ by

uii = vii = IdHi , uij = −bij if i > j, uij = 0 if j > i,

vi j = −bij if i < j and vi j = 0 if i > j.

A direct verification shows that ubv belongs to Id+N(H). Since B2(H) is closed
w.r.t. taking adjoints, we have

Lemma 3.1.2. Every b ∈ B2(H) can be written in the form b = u1b1v1 or b =
v2b2u2, where u1 and u2 belong to U−, v2 and v1 belong to U+ and b1 and b2 lie
in Id+N(H).

The decompositions in lemma ?? are clearly not unique, but they suffice to define
a determinant map det : B2(H)→ �. Namely, for b = u1b1v1 as in lemma ??, we
put det(b) = det(u1b1v1) = det(b1).

To see that this is well-defined, we note first of all that for u ∈ U− ∩ {Id+N(H)}
and v ∈ U+ ∩ {Id+N(H)} we have det(u) = det(v) = 1, since u − Id and v −
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Id have zero trace. Now, assume b ∈ B2(H) can be written as b = u1b1v1 =
u2b2v2 with bi ∈ Id+N(H), ui ∈ U− and vi ∈ U+. Then b2 = (u−1

2 u1)b1(v1v
−1
2 )

and, since both b1 and b2 belong to Id+N(H), this implies that u−1
2 u1 ∈ U− ∩

{Id+N(H)} and v1v
−1
2 ∈ U+ ∩ {Id+N(H)}. By the multiplicativity of the deter-

minant on Id+N(H), we get det(b2)= det(u−1
2 u1) det(b1) det(v1v

−1
2 )= det(b1).

Remark 3.1.3. Since the operators in Id+N(H) lie dense in B2(H) and since det
is multiplicative on Id+N(H), we get that for each b1 and b2 in B2(H)

det(b1b2) = det(b1) det(b2)

From the fact that an operator g of the form Id+N(H) is invertible if and only
if det(g) is non-zero, we see that the invertible elements of B2(H) form a group G
and are given by

G = {b | b ∈ B2(H), det(b) �= 0} .
Clearly G is a Banach Lie group with Lie algebra Z and it acts analytically and
transitively on �(0). The stabilizer of F(0) in G has the form

T =

t =


t11 . . . t1m

0
...

...
. . .

...
0 . . . 0 tmm


∣∣∣∣ tii ∈ {Id+N(Hi)} ∩ GL(Hi)

ti j ∈HS(H j, Hi) for j > i

 .

Thus we can identity �(0) with the homogeneous space G/T.

Remark 3.1.4. If we would work with �(N) instead of �, then we could simply
take instead of B2(H) the collection Id+N(H) and instead of G the group of in-
vertible operators of the form Id+N(H). If one likes to work with �(C) then the
group

GC =

b

∣∣∣∣ b = (bij) ∈ GL(H),

bij ∈ N(H j, Hi) if j > i

bii ∈ Id+N(Hi)

bij ∈ C(H j, Hi) if j < i


acts transitively on the connected component of �(C) containing the basic flag and
allows you to take determinants of suitable minors.

3.1.5. Next we consider the maximal torus T (N) = T ∩ G in G. It consists of all
operators of the form diag({1 + ts}), with 1 + ts �= 0 and

∑
s∈S
|ts| < ∞. In T (N)

we have the dense subgroup Tf given by

Tf = {t | t = diag({1+ ts}) ∈ T (N), ts �= 0 for only finitely many s in S}
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Any analytic group homomorphism of Tf into �∗ has the form

t = diag((1+ ts)) �−→
∏
s∈S

(1+ ts)
ms =: χm(t),

where m = {ms}, with ms ∈ � for all s ∈ S. This character χm can be continued to
an analytic character of T (N) if and only if there are only finitely many different
ms, s ∈ S. This extension of χm is also denoted by χm and we write T̂ for the group
of analytic characters of T (N). Following the finite dimensional terminology, we
will speak, when T (N) acts on a vector according to a χ ∈ T̂ , of “v is a vector of
weight χ”.

For each s and r in S, let Esr be the operator in Bres(H) given by

Esr(el ) = δrles for all l ∈ S.

The adjoint action of T (N) on Bres(H) gives for these elements

tEsrt−1 = 1+ ts
1+ tr

Esr =: χsr(t)Esr.

A character χ of T (N) is called positive, notation χ ≥ 0, if it belongs to the semi-
group generated by the {χsr | s ∈ Si, r ∈ S j, i > j}. This enables you to define a
partial order on T̂ by

χ ≤ ψ⇔ 0 ≤ χ−1ψ.

Clearly we call χ in T̂ negative if and only if χ−1 ≥ 0.

Remark 3.1.6. One can see the space �(0) also as a homogeneous space for the
group of invertible operators in “Id+HS(H)”, which in its turn can be identified
with an open part of the Hilbert-Schmidt operators on H. This group, however,
does not permit you to take suitable minors.

Remark 3.1.7. One can give the same type of description for the other components
�(z), by taking some � ∈ S(z) and by introducing the group G as the operators that
decompose w.r.t. H = H�1 ⊕ · · · ⊕ H�m in the above way.

3.2. Finite dimensional subvarieties. In this subsection we consider some finite
dimensional flag subvarieties contained in �(0). Let K be a finite subset of S. For
simplicity we assume that K contains all the Si that are finite. The general linear
group GL(HK ) embeds into GL(0)

res (H) by extending u ∈ GL(HK ) on HS−K by
the identity. We write �(K ) for the subvariety of �(0) given by

�(K ) =
{

uF(0)
∣∣ u ∈ GL(HK )

}
=

{
uF(0)

∣∣ u ∈ U(HK )
}

.
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If K1 ⊂ K2, then we have a natural embedding of GL(HK1 ) into GL(HK2 ) and of
�K1 in �K2 . Now one considers a collection of finite subsets {Kn | n ∈ �} of S
given by

Kn =
m⋃

i=1

{
si(k)

∣∣ k ≤ n+ max
m j<∞

(m j)

}
.

Then S = ⋃
n∈�

Kn and with the identifications mentioned above we write

GL(∞) =
⋃
n∈�

GL(HKn ),U(∞) =
⋃
n∈�

U(HKn ) and �(∞) =
⋃
n∈�

�Kn,

Since, for all i �= j, the “finite-size” operators are dense in HS(H j, Hi), and the
U�, � ∈ S(0), cover �(0), we get

Lemma 3.2.1. The space �(∞) lies dense in �(0).

Consider now a holomorphic function f on �(0). The restriction of f to some
�Kn must be a constant, since �Kn is a compact complex manifold. Hence f is a
constant on �(∞) and the lemma implies then

Corollary 3.2.2. The only holomorphic functions from �(0) to � are the constants.

This is a generalization for flag varieties of Proposition 7.2.2 in [?].

Remark 3.2.3. The results of this subsection remain true if one would work with
the nuclear flag space �(N) or the “compact” flag variety �(C). However the
“finite-size” flags from �(∞) are not lying dense in the space of bounded flags
�(B).

3.3. The line bundles and the central extension. For each k = (k1, . . . , km) in
�m, we define ψk in T̂ by

ψk(diag{1+ ts}) =
∏

s1∈S1

(
1+ ts1

)k1
∏

s2∈S2

(
1+ ts2

)k2 . . .
∏

sm∈Sm

(
1+ tsm

)km

Clearly ψk extends to an analytic character of T by means of the formula

ψk(t) = det(t11)k1 . . . det(tmm)km .

According to section 6.5 in [?], there exists for each analytic character ψk of T, a
holomorphic line bundle L(k) = G⊗T � over �(0) = G/T. It is concretely defined
as follows: consider on the space G×� the equivalence relation

(g1, λ1) ∼ (g2, λ2)⇔ g1 = g2 ◦ t, with t ∈ T and λ2 = λ1ψk(t).
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The space G×� modulo this equivalence relation is L(k). For each g ∈ G and each
λ in �, we denote the equivalence class to which the pair (g, λ) belongs by [g, λ].
There is a natural projection πk : L(k)→ �(0) given by

πk([g, λ]) = g · F(0).

The space L(k) is a Hilbert manifold based on the Hilbert space E ⊕ �. For each
� ∈ S(0) one can give a concrete trivialization of L(k) above U�. Let σ be an
admissible permutation of S such, that �i = σ(Si). Then we define ϕ� : E⊕�→
π−1

k (U�) by

ϕ�(A, λ) = [σ(Id+A), λ].

Assume we have a � and R in S(0) such that π−1
k (U�) ∩ π−1

k (UR) is non-empty.
Let σ and ρ be admissible permutations of S with σ(Si) = �i and ρ(Si) = Ri. If
(A, λ) is such that ϕ�(A, λ) belongs to π−1

k (UR) then we know that ρ−1σ(Id+A)

belongs to � ∩ G and because of Lemma ??

ρ−1σ(Id+A) = u(A)p(A), with u(A) ∈ U−, p(A) ∈ T

Here u(A) and p(A) depend analytically of A and thus we get

ϕ−1
R ϕ�(A, λ) = (u(A)− Id, λψk(p(A)))

and this map is clearly analytic. This proves that

Lemma 3.3.1. The {(π−1
k (U�), ϕ−1

� ) | � ∈ S(0)} are the charts of an analytic
E⊕�-structure on L(k).

Remark 3.3.2. For the case m = 2, m1 = m2 = ∞, the bundles L((+1, 0)) and
L((−1, 0)) are the determinant bundle Det and its dual Det∗ as introduced in sec-
tion 7.7 of [?].

There is a natural analytic action of the group G on the space L(k) by left trans-
lations

g1 · [g2, λ] = [g1g2, λ].

This is a lifting of the natural action of G on �(0) to one on L(k). However, the
natural action of GL(0)

res (H) can, in general, not be lifted to one on L(k). Such an
attempt may lead to nontrivial central extensions of GL(0)

res (H) as we will show.
Note that each g in GL(0)

res (H) can be written as g = dg2, with g2 ∈ G and d
belonging to the subgroup

D =
{

g
∣∣ g = (gij) ∈ GL(0)

res (H), gij = 0 if i �= j
}

.

of GL(0)
res (H). Clearly the group D normalizes the group G. Since the determinant

of an operator of the form “identity + nuclear” is invariant under conjugation with



24 A.G. HELMINCK AND G.F. HELMINCK

an invertible operator, we get that D centralizes each ψk, i.e. for each t in T and
each d in D we have

ψk(dtd−1) = ψk(t).

This fact permits you to lift the action of D on �(0) to one on L(k) by means of

d · [g, λ] = [dgd−1, λ].

For an element d from D∩G, this action differs by a factor ψk(d−1) from the action

induced by that of G. Hence we cannot combine them to an action of GL(0)
res (H) on

�(0). To overcome this problem we build a group extension G of GL(0)
res (H). It is

defined by

G =
{
(g, d)

∣∣ g ∈ GL(0)
res (H), d ∈ D and gd−1 ∈ G

}
.

As one verifies directly this group acts on L(k) by means of

(g, d)[g1, λ1] = [gg1d−1, λ1].

It is simply the combination of the G-action and the D-action given above. Let π :
G → GL(0)

res (H) be the canonical projection, i.e. π((g, d)) = g for all (g, d) ∈ G.
For certain subgroups of GL(0)

res (H) there exist several ways to embed them into
G. Therefore we introduce special notations for two of them. Let i resp. j be the
embedding of G resp. D into G given by

i(g) = (g, Id) and j(d) = (d, d).

As a group G is the semi-direct product of i(G) and j(D). We equip each GL(Hi)

with the operator norm topology and we put on j(D) the product Banach Lie group
structure. On i(G) we take the Banach structure based on Z. The conjugation with
an element d of D defines an analytic diffeomorphism of G. Hence if we put on G
the product topology of i(G) and j(D), it becomes a Banach Lie group based on( m⊕

i=1

B(Hi)
)⊕ Z.

The group G is a fiber bundle over GL(0)
res (H) with fiber T ∩ D. This is clear from

the following useful trivializations. For each � = (�i) in S(0) consider the open
set G(�) of G given by

G(�) = {
(g, d) | (g, d) ∈ G, p�i ◦ g | Hi is a bijection for all i, 1 ≤ i ≤ m

}
.

The group G is the union of these open sets. If σ is an admissible permutation
with σ(Si) = �i, then we define an analytic bijection from π(G(�))× {T ∩ D} to
G(�) by

(g, t) �→ (g, d̃)(Id, t),
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where d̃ in D is determined by

d̃ii = σ−1 ◦ p�i ◦ g|Hi.(9)

Next we try to minimalize the extension of GL(0)
res (H) that acts on �(0) and L(k).

Thereto we consider the action of the kernel of π on L(k)

(Id, d) · [g, λ] = [gd−1, λ] = [g, ψk(d−1)λ].

In particular the group D(k) = {(Id, d) | (Id, d) ∈ G and ψk(d) = 1} acts trivially
on L(k) and we see that it suffices to consider the extension G(k) = G/D(k) of
GL(0)

res (H). If the character ψk is trivial, i.e. k = 0, then G(k) is just GL(0)
res (H).

For k �= 0, one computes directly that G(k) is a central extension of GL(0)
res (H) with

Ker(π)/D(k) ∼= �∗. For m = 2, m1 = m2 = ∞, the extension G((−1, 0)) is the
one introduced in section 6.6 of [?].

One can describe such an extension with a Borel 2-cocycle α : GL(0)
res (H) ×

GL(0)
res (H) → �∗. It can be constructed as follows: take a section ρ of the fiber

bundle G
π→ GL(0)

res (H), i.e. for each g in GL(0)
res (H) we have

ρ(g) = (g, q(g)) with q(g) ∈ D.

By definition we have for each g1 and g2 in GL(0)
res (H) that

q(g1)q(g2)q(g1g2)−1 ∈ D ∩ G.

Thus we get for the action on L(k) the relation

ρ(g1g2) · [g, λ] = ρ(g1) ·
{
ρ(g2) · [g, λψk(q(g1)q(g2)q(g1g2)−1)]

}
=: ρ(g1) ·

{
ρ(g2) · [g, λα(g1, g2)−1]

}
.

The group G(k) is then isomorphic as a group to the product space GL(0)
res (H)×�∗

with the multiplication

(g1, λ1) ∗ (g2, λ2) = (g1g2, λ1λ2α(g1, g2)).

If ρ̃ is another section of G
π→ GL(0)

res (H) with ρ̃(g) = (g, q̃(g)), then we have by
definition for each g in GL(0)

res (H) that q̃(g) = q(g)t(g) with t(g) in T ∩ D. The
corresponding 2-cocycle α̃ satisfies

α̃(g1, g2) = ψk(t(g1g2))

ψk(t(g1))ψk(t(g2))
α(g1, g2).

In other words, it differs by a trivial 2-cocycle and we merely have to consider one
section ρ.

A section ρ can be composed from the local trivializations of π : G→ GL(0)
res (H)

defined above. First we number the elements of S(0) : S(0) = {�(i) | i ≥ 0}, such
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that �(0) is the partition corresponding to the basic flag. For g ∈ G(�(0) ) we
choose q(g) according to the trivialization (??) with σ = Id. Next we define q(g)

inductively by: if g belongs to
m⋃

i=0
G(�(i) ) and not to

m−1⋃
i=0

G(�(i) ), then we take

q(g) according to the trivialization of G(�(m) ) given by (??). In particular if g, h
and gh belong to G(�(0) ), then the 2-cocycle α is given by

α(g, h) =
m∏

i=1

det

(
Id+

∑
j �=i

gijh jih
−1
ii g−1

ii

)ki

.(10)

From this formula we will compute in the next subsection the corresponding Lie
algebra 2-cocycle.

3.4. The non-triviality of the extension G(k). First we consider the case that
ki = l, l ∈ �, for all i. Then we have for each g ∈ D ∩ T that ψk(g) = det(g)l. We
can adjust the G-action on L(k) as follows:

g ∗ [x, λ] = [gx, det(g)−lλ].

Hence for elements d ∈ D ∩ G, we get

d ∗ [x, λ] = ψk(d−1)[dxd−1d, λ] = [dxd−1, λ]

Now we combine this new G-action with that of D and we define for g = d1g1 in
GL(0)

res (H), where d1 ∈ D and g− 1 ∈ G,

g ∗ [x, λ] := [d1g1xd−1
1 , det(g1)−lλ].

It is a straightforward verification to show that this is well-defined and that it defines
an action of GL(0)

res (H) on L(k). This implies that G(k) is a trivial central extension
of GL(0)

res (H).
Secondly we consider the case where at most one of the mi is infinite. Then

GL(0)
res (H) is simply GL(H) and we know from [?] that this group is contractible.

In particular the fiber bundle G
π→ GL(H) is then topologically trivial and the

group G(k) is the direct product of GL(H) and Ker(π)/D(k). Hence we may
assume in the sequel that there are at least two infinite mi’s.

The next case we have a look at is that k satisfies

ki �= 0 ⇒ mi <∞.(11)
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Let g �→ (g, q(g)) be a section of G → GL(0)
res (H). We will adjust q(g) such that

the 2-cocycle determining G(k) becomes trivial. Namely, we define q̃(g) in D by

q̃(g)ii = q(g)ii if mi =∞ and

q̃(g)ii = 1

det(q(g)ii)
1

mi

q(g)ii if mi <∞.
(12)

Then g �→ (g, q̃(g)) defines another section ρ̃ of G → GL(0)
res (H) and the corre-

sponding 2-cocycle α̃ is trivial

α̃(g1, g2) = ψk(q̃(g1g2)q̃(g1)−1q̃(g2)−1) = 1.

In the cases considered so far we have seen that the fiber bundle G
π→ GL(0)

res (H) is
trivial and hence also the central extension G(k) of GL(0)

res (H). We will show now
that the extension G(k) can be non-trivial.

Note that the 2-cocycle α is given close to the identity by an analytic expression.
Hence we can consider the corresponding Lie algebra 2-cocycle dα. We consider
the elements of Bres(H) as left invariant vector field on GL(0)

res (H). Then dα :
Bres(H)×Bres(H)→ � is given by

dα(X, Y ) = d
dt

d
ds

α(exp(tX), exp(sY ))

∣∣∣∣t=0
s=0

− d
ds

d
dt

α(exp(sY ), exp(tX))

∣∣∣∣t=0
s=0

.

For X = (Xij) in Bres(H), we write g = exp(tX) = (gij). With respect to the
parameter t we have

gii = IdHi +t Xii + “higher order in t”

gij = t Xij + “higher order in t” for i �= j.

If h = (hij) = exp(sY ), then we are interested in the ts-term in

det(IdHi +
∑
j �=i

gijh jih
−1
ii g−1

ii )

= det(IdHi +N ) = 1+
∞∑

k=1

Trace (�k N )

= 1+ ts
∑
j �=i

Trace (XijYji)+ “at least 2nd order in t or s”.

By combining this expression with the local formula (??) for α, we obtain the
following formula for dα:

dα(X, Y ) =
m∑

i=1

ki Trace

{∑
j �=i

XijYji −
∑
j �=i

Yij X ji

}
.
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This Lie algebra cocycle is trivial if it has the form f ([X, Y]) with f : Bres(H)→
� some linear map. The element [X, Y] in Bres(H) has the form

[X, Y] =
[X11, Y11]+∑

j �=1 X1 jY j1 −∑
j �=1 Y1 j X j1 ∗

. . .
∗ [Xmm, Ymm]+∑

j �=m XmjYjm −∑
j �=m Ymj X jm

 .

Note that if k satisfies (??), then we can directly define such an f . For, in that case,
we have for all i with ki �= 0 that Trace[Xii, Yii] is well-defined and equal to zero
and we can take

f (X) =
∑

i,ki �=0

ki Trace(Xii).

This is the infinitesimal version of the trivialization described at the beginning of
this subsection. There is, however, no well-defined trace function for general ele-
ments of Bres(H) so that this formula makes no sense in the general case.

Now, let i and j be such that i < j, mi = m j = +∞ and ki �= k j. Then we have
an element � in GLres(H) given by

�(esi(k) ) = esi(k+1),

�(es j(k) ) = es j(k−1) if k > 1,

�(esl (k) ) = esl (k) if l �= i and l �= j.

�(es j(1) ) = esi(1)

Now we have that dα(�,�−1) is equal to

ki − k j = ki Trace �i j(�
−1) ji − k j Trace

(
�−1

ji �i j

)
�= 0

In particular dα is a non-trivial Lie algebra 2-cocycle. This implies that also the
group 2-cocycle α is non-trivial. For, consider the commuting elements g1 =
exp(t�) and g2 = exp(s�−1). In case that α was trivial we would have α(g1, g2)=
α(g2, g1). However, for sufficiently small t and s, the map (t, s) �→ α(g1, g2) is
a non-constant holomorphic function, since dα(�,�−1) �= 0. On the other hand
one computes directly that for all i, 1 ≤ i ≤ m,

(g2g1)ii = (g2)ii(g1)ii ⇒ α(g2, g1) = 1.

This shows that α(g1, g2) �= α(g2, g1) and hence α is a non-trivial 2-cocycle. We
summarize this result in a

Theorem 3.4.1.

(a) The extension G(k) is always trivial if there is at most one infinite mi.
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(b) If there are at least two infinite dimensional components in the basic flag, then
G(k) is trivial if and only if for all i and j,

mi = m j =∞⇒ ki = k j.

(c) If ki �= k j for infinite dimensional Hi and H j, then the corresponding Lie
algebra 2-cocycle for the extension G(k) is given by

dα(X, Y ) =
m∑

i=1

ki Trace

{∑
j �=i

XijYji −
∑
j �=i

Yij X ji

}
.

Remark 3.4.2. Consider the case m = 2, m1 = m2 = ∞, k1 = −1 and k2 = 0 and
restrict dα to ��(∞) ∩ ��(S). Then we have the 2-cocycle defining the Lie algebra
A∞.

3.5. The holomorphic sections of L(k). Let �(k) denote the space of global
holomorphic sections of L(k). The space �(k) is given the topology of uniform
convergence on compact subsets of �(0). It becomes then a complete locally con-
vex space, see [?]. Let f : �(0) → L(k) belong to �(k). Then it can be written
as

f (g · F(0) ) = [g, f (g)], for all g ∈ G,

where f : G→ � is a holomorphic function satisfying

f (gt) = f (g)ψk(t)−1 for all g ∈ G and all t ∈ T.(13)

Thus we can identify �(k) with the space of holomorphic functions on G that satisfy
this condition. Since each (g, d) in G acts as an analytic diffeomorphism on �(0) as
well as L(k), we get a natural action of G on �(k) that corresponds on the functions
on G satisfying (??) to

(g, d)( f )(g1) = f (g−1g1d), with g1 ∈ G and (g, d) ∈ G.

Let Kn be the finite subset of S introduced in subsection ??. By restricting the
elements of �(k) to GL(HKn ), one obtains a space of holomorphic functions on
GL(HKn ) satisfying

f (gt) = f


g11 . . . g1m

...
...

gm1 . . . gmm




t11 . . . t1m

0
...

. . .
... . . . 0 tmm



 =
m∏

i=1

det(tii)
−ki f (g),

(14)
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where g ∈ GL(HKn ), t ∈ GL(HKn ) ∩ T and the decomposition of g and t is w.r.t.

HKn =
m⊕

i=1
HKn∩Si . The Borel-Weil theorem says that such functions �= 0 exist if

and only if k satisfies

k1 ≤ k2 . . . ≤ km−1 ≤ km.(15)

Since �(∞) is dense in �(0), the restriction of some non-zero f in �(k) must be
non-zero for a sufficiently large n. Hence this condition from the finite dimensional
situation is also necessary in this Hilbert context. We will show that it is sufficient
too. So we assume from now on that k ∈ �m satisfies condition (??).

Before we will construct concrete non-zero elements of �(k), we will first intro-
duce some basic building blocks. If � = {� j} belongs to S(0), then we write

�(i) =
⋃
j≤i

� j and Si = {�(i) | � ∈ S(0)}.

Let σ = σ1 ⊕ . . . ⊕ σm be an admissible permutation of S corresponding to �.
Consider for g ∈ G the operator (σ1 ⊕ . . .⊕ σi)

−1 ◦ p�(i) ◦ g |⊕
j≤i

H j from
⊕
j≤i

H j

to itself. It decomposes ash11 . . . h1i
...

. . .
...

hi1 . . . hii

 , with h jj − IdH j ∈ N(H j), hij ∈HS(H j, Hi) for all j �= i.

In particular we can take the determinant of this operator. The function f�(i) : G→
� defined by

f�(i)(g) = det((σ1 ⊕ . . .⊕ σi)
−1 ◦ p�(i) ◦ g |

⊕
j≤i

H j)

satisfies for each t = (ti j) in T the condition

f�(i)(gt) = f�(i)(g) det(t11) . . . det(tii)

In other words f�(i) belongs to �((−1, . . . ,−1, 0, . . . )). Now we consider the
action of T (N) on such a function f�(i). Let g be in G and t = diag({1+ ts}) in
T (N). By definition f�(i)(t−1g) is equal to the determinant of the operator

el
g�−→

∑
r∈S

grler
t−1

�−→
∑
r∈S

(1+ tr )
−1grler

pH�(i)�−→
∑

r∈�(i)

(1+ tr )
−1grler

σ−1

�−→
∑

c∈�(0)(i)

(1+ tσ(c) )
−1gσ(c)lec.
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Hence each f�(i) is an eigenvector for the T (N)-action and we have

t · f�(i) =
∏

c∈�(0)(i)

(1+ tσ(c) )
−1 f�(i).

If we define the character ψi of T (N) by

ψi(t) =
∏

c∈�(0)(i)

(1+ tc)
−1,

then we get in general

t · f�(i) =
∏

σ−1(c) �∈�(0)(i)
c∈�(0)(i)

(1+ tc) ·
∏

c∈�(0)(i)
σ(c) �∈�(0)(i)

(1+ tσ(c) )
−1 · ψi(t) f�(i).

Because σ has index zero, the products in the right hand side are over the same num-
ber of elements. Since we have by definition, for each c1 ∈ �(0)(i) with σ−1(c1) �∈
�(0)(i) and for each c2 ∈ �(0)(i) with σ(c2) �∈ �(0)(i), that χc1σ(c2 ) ≤ 0, it is
clear that the weight of f�(i) is less then or equal to ψi. In other words, among
the weights of the { f�(i),�(i) ∈ Si}, ψi is maximal. Note that condition (??) on k
allows you to decompose ψk as follows

ψk(t) =
m∏

i=1

det(tii)
ki

=
{

m∏
i=1

det(tii)

}km

·
{

m−1∏
i=1

det(tii)

}−km+km−1

. . .
{

det(t11)−k2+k1

}
= ψm(t)−km ·

∏
i<m

ψi(t)ki+1−ki

Now we choose for each j, 1 ≤ j ≤ m− 1, a non-zero homogeneous polynomial
Pj in the { f�( j) | �( j) ∈ S j} of degree k j+1− k j. Let Pm : G→ �∗ be the function

g �→ det(g)−km .

From the foregoing formulae it will be clear that P =
m∏

i=1
Pi is a non-zero holo-

morphic function on G that belongs to �(k). If we consider the special choice

P̃ =
m∏

i=1
P̃i

P̃i = ( f�(0)(i) )
ki+1−ki , 1 ≤ i ≤ m− 1, P̃m = Pm,
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then the T (N)-action on this element of �(k) is given by the character

t �→
m−1∏
i=1

ψi(t)ki−ki+1 · ψm(t)−km = ψk(t).

Let � f (k) be the span of the functions P described above. From the T (N)-action
on the { f�(i)} one concludes that this is the highest weight occurring in � f (k). If
H is finite dimensional then it is known that � f (k) = �(k). By using this and the
fact that �(∞) is dense in �(0), we get

Theorem 3.5.1.

(a) The space �(k) is non-zero if and only if k1 ≤ . . . ≤ km.
(b) The subspace � f (k) lies dense in �(k).

Next we consider the representation of G on �(k). Let V be a closed subspace
of � f (k) and let v be a non-zero element of V . Then there is an n such that the
restriction of v to GL(HKn ) is non-zero. Since the representation of U(HKn ) on
the holomorphic functions on GL(HKn ) satisfying (??) is irreducible, we get

span
{
u · v | u ∈ U(HKn )

} = {
f |GL(HKn )| f ∈ �(k)

}
.

So, if we define W as the closure of the span of the {u · v | u ∈U(∞)}, then we have
for each v1 in V a sequence {wn} in W such that v1 | GL(HKn ) = wn | GL(HKn ).
Since U(∞) · F(0) is dense in �(0), this implies that {wn} converges to v1 and we
get that V = W . Hence we can say

Theorem 3.5.2. Let k = (k1, . . . , km) ∈ �m satisfy k1 ≤ . . . ≤ km. The represen-
tation of G (and hence of G) on �(k) is topologically irreducible.

This Theorem is a generalization of Theorem 10.4.6 in [?].
For each n ∈ �, we know that the representation of GL(HKn ) on { f | GL(HKn ) |

f ∈ �(k)} has up to a constant a unique vector that is w.r.t. the {T (N)∩GL(HKn )}
action of highest weight

t �→
m−1∏
i=1

{ψi(t)}ki+1−ki (det(t))km .

In view of the foregoing results we may conclude now for the space �(k):

Theorem 3.5.3. All T (N)-weights ψ occurring in �(k) satisfy

ψ ≤
m−1∏
i=1

(ψi)
ki+1−kiψ−km

m = ψk

The vector P̃ spans the subspace of vectors with T (N)-weight ψk.
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In view of the results in the Theorems ?? and ??, one could call the characters
ψk satisfying (??) dominant.

4. Applications to integrable systems

4.1. A group of commuting flows. In the first subsection we discuss the flows
that form the basis of the equations of the multicomponent KP-hierarchy and of the
modified equations. Let H be the Hilbert space L2(S1, �r ) with the usual norm.
Let { f� | 1 ≤ � ≤ r} be the standard basis of �r. Then the elements of H can be
written as ∑

i∈�

r∑
k=1

αik fkλ
i, with αik ∈ �.

The space H is decomposed as H = H1 ⊕ H2 with

H1 =
{∑

i≥0

hiλ
i
∣∣ hi ∈ �r

}
and H2 = H⊥1 .

The elements { fkλ
i | 1 ≤ k ≤ r, i ≥ 0} are an orthonormal basis of H1 and the

{ fkλ
i | i < 0, 1 ≤ k ≤ r} one of H2. To get a numbering like in the foregoing

section, one defines ek+ir−1 = fkλ
i. In the present context it is also convenient to

see the matrix [g] of an operator g in Bres(H) as an �× �-matrix with entries in
��r(�), i.e.

[g] =


. . .

Gk+1�+1 Gk+1�

Gk�+1 Gk�

. . .

 , with Gst ∈ ��r(�).

An important operator in Bres(H) is the multiplication � on each factor with λ. It
has the matrix [�] with �ii−1 = Id and �i j = 0, if j �= i− 1. One verifies directly
that the centralizer Z(�) of � in Bres(H) consists of all g in Bres(H) such that
the matrix of g looks like

[g] =



. . . . . .

. . . G00 G10
G−10 G00 G10

G−10 G00
. . .

. . . . . .


.



34 A.G. HELMINCK AND G.F. HELMINCK

Clearly, multiplying with an A from ��r(�), defines an element of Bres(H). Let �
be the diagonal matrices in ��r(�). It is obvious then that{∑

i∈�

Hi�
i ∈ Bres(H), Hi ∈ � for all i

}
is a maximal commutative subalgebra of Bres(H). The group of commuting flows
that we will consider is contained in this algebra and takes care of essentially all
independent directions. To be more precise, let U be a connected neighborhood
of S1 in � and let �(U) be the space of all analytic maps γ : U → � such that
det(γ(u)) �= 0 for all u ∈ U. In a natural way �(U) is a group. If U1 ⊃ U2 then we
get an embedding of �(U1) into �(U2) by restricting functions to U2. We write �

for the inverse limit of the {�(U)}. Each γ ∈ � has a Fourier series

γ =
∑
i∈�

γiλ
i, γi ∈ �.

The multiplication with γ, defines the element
∑
i∈�

γi�
i in Bres(H). Let Eα, 1 ≤

α ≤ r, be the diagonal matrix in ��r(�) with (α, α)-entry equal to 1 and the other
entries equal to zero. At the consideration of the flows from � on � we make use
of a decomposition of the elements of �. In � we consider namely the following
subgroups

�+ =

γ

∣∣∣∣ γ ∈ �, γ = exp

 ∑
i>0

1≤α≤r

tiα Eαλi


 ,

�− =
{

γ

∣∣∣∣ γ =
∑
j≤0

γ jλ
j ∈ �

}
and

� = {δ | δ = diag (λk1, . . . , λkr ) with ki ∈ � for all i}.
Then there holds

Lemma 4.1.1. The group � decomposes as � = �+��−.

This lemma is a direct consequence of the decomposition of holomorphic line
bundles over �1(�), see [?]. As we will see in the third subsection the flows from
�− do not contribute to the system. Hence there is no need for a description in
coordinates for elements from �−.

4.2. The multicomponent KP-hierarchy. We present here a formal algebraic set-
up of this system of equations in which the formulae from the the appendix of [?]
make sense. It offers one also the possibility to consider these equations from an
algebraic point of view. Let R be a complex commutative differential algebra with a
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collection of commuting derivations {∂iα | i ≥ 1, 1 ≤ α ≤ r} of R. In the geometric
picture R will be an algebra of meromorphic functions on �+ and ∂iα will be taking

the partial derivative w.r.t. tiα. Let ∂ be the derivation
r∑

α=1
∂1α. The equations

of the hierarchy can be formulated conveniently in terms of relations for certain
elements from the ring ��r(R)((∂, ∂−1)) of pseudo differential operators in ∂ with
coefficients from ��r(R). We extend the ∂iα to derivations of ��r(R)((∂, ∂−1)) by
letting it act coefficient wise on elements of ��r(R) and on an element

∑
j≤N

p j∂
j of

��r(R)((∂, ∂−1)) by

∂iα

(∑
j≤N

p j∂
j

)
=

∑
j≤N

∂iα(p j)∂
j

In the ring ��r(R)((∂, ∂−1)) we denote the differential operator part
∑
j≥0

p j∂
j of

P = ∑
j

p j∂
j by P+ and we write P− for P − P+. Let Eα, 1 ≤ α ≤ r, be as in

the foregoing subsection. In the ring ��r(R)((∂, ∂−1)) we consider elements of the
form

L = ∂+
∑
j>0

� j∂
− j and Uα = Eα +

∑
j>0

uα j∂
− j(16)

Examples of this type of operators can be obtained as follows: take the trivial
example L = Id ∂ = ∂ and Uα = Eα and choose some K = Id+ ∑

j>0
k j∂

− j in

��r(R)((∂, ∂−1)). Such a K is invertible and

L = K∂K−1 and Uα = K EαK−1(17)

have the form (??). Following [?], the equations of the multicomponent KP-
hierarchy are

[L,Uα] = [Uα,Uβ] = 0(18)

UαUβ = δαβUβ(19)

∂iα(L) = [(LiUα)+, L] = [Biα, L](20)

∂iα(Uβ) = [Biα,Uβ].(21)

The equations (??) and (??) are satisfied by all elements L and {Uα} of the form
(??). The equations (??) and (??) boil down to non-linear differential equations for
the {uα j} and {� j}. Since all the solutions of the multicomponent KP-hierarchy that
we will construct are of the form (??), we merely have to focus on (??) and (??).
These last equations can be seen as compatibility conditions for a linear system.
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This requires the introduction of a ��r(R)((∂, ∂−1))-module. Let M consist of the
formal products{

N∑
j=−∞

β jλ
j

}
exp

 ∑
i≥1

1≤α≤r

tiα Eαλi

 :=
{

N∑
j=−∞

β jλ
j

}
g(λ),

with β j ∈ ��r(R). For β ∈ ��r(R), the action of β on M is defined by

β

{
N∑

j=−∞
β jλ

j

}
g(λ) =

{
N∑

j=−∞
ββ jλ

j

}
g(λ).

The action of ∂iα on M is defined such that it corresponds to “differentiating” this
formal product w.r.t. the variable tiα, i.e.

∂iα

({∑
j

b jλ
j

}
g(λ)

)
=

{∑
j

∂iα(b j)λ
j +

∑
j

b j Eαλi+ j

}
g(λ).

In particular we see that the action of ∂ on M

∂
{∑

b jλ
j
}

g(λ) =
∑{

∂(b j)λ
j +

∑
b jλ

j+1
}

g(λ)

is invertible with the inverse ∂−1 given by

∂−1
{∑

b jλ
j
}

g(λ) =
{ ∞∑

i=0

∑
j

(−1)i∂i(b j)λ
j−i−1

}
g(λ).

These actions compose to a ��r(R)((∂, ∂−1))-module structure on M. In fact,
M is a free ��r(R)((∂, ∂−1))-module with generator g(λ), for, if P = �Pj∂

j ∈
��r(R)((∂, ∂−1)), then a direct computation shows

P · g(λ) =
{∑

Pjλ
j
}

g(λ).

Let � be the subgroup of ��r(�(λ, λ−1)) given by

� =
{
δ

∣∣∣∣ δ = diag(λk1, . . . , λkr ) with (k1, . . . , kr ) ∈ �r
}

.

Take any δ = �d jλ
j, d j ∈ ��r(�), in �. To δ corresponds the element δ = �d j∂

j

in ��r(R)((∂, ∂−1)). Then we have the notion

Definition 4.2.1. A function of type δ is an element of ψ of M that has the form

ψ =
{(

Id+
∑
j<0

ψ jλ
j

)(∑
k

dkλ
k

)}
g(λ).
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To any function ψ of type δ we associate the operator Kψ in ��r(R)((∂, ∂−1)) given
by

Kψ = Id+
∑

j

ψ j∂
j.

Next we assume that we have been given operators L and {Uα} of the form (??).
Then we introduce the following notion:

Definition 4.2.2. A wavefunction of type δ for L and the {Uα} is a function ψ of
type δ satisfying

(a) L(ψ) = λψ

(b) Uαψ = ψEα

(c) ∂iα(ψ) = Piα · ψ with Piα ∈ ��r(R)[∂].
The first two properties translate respectively into

L = Kψ∂K−1
ψ and Uα = Kψ EαK−1

ψ .(22)

Hence L and the {Uα} are completely determined by ψ. One computes directly that
(c) implies Piα = (LiUα)+ and by applying the operators ∂iα to the equations (a)
and (b) and by substituting (c) one shows

Theorem 4.2.3. If ψ is a wavefunction of type δ, then the operators Kψ∂K−1
ψ and

{Kψ EαK−1
ψ } satisfy the equations of the multicomponent KP-hierarchy.

The equations from definition ?? are called a linearization of the system and
from theorem ?? we see that we merely have to show (c) if L and the {Uα} are
defined by (??).

4.3. The solutions. First we consider the space H and its decomposition as in
subsection ??. Since m = 2, all flags in � correspond to subspaces W of H. For
each W in �, consider

�W =
{
δ

∣∣ δ ∈ �, there is a γ ∈ �+ such that γ−1δ−1W is transversal to H1

}
The first property of �W is

Lemma 4.3.1. The collection �W is non-empty.

For each δ in �W we consider the open subset �(δ, W ) of �+ given by

�(δ, W ) =
{
γ |∈ �+, γ−1δ−1W is transversal to H1

}
.

Let R be the ring of analytic functions on �(δ, W ) and let ∂iα be the derivation of
R consisting of partial differentiation w.r.t. tiα. Then there holds

Theorem 4.3.2.
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(a) For each W ∈ � and each δ ∈ �W there is a unique function ψδ
W = ψ̂δ

W · δ ·
g(λ) of type δ, such that ψδ

W (γ) ∈ W for all γ ∈ �(δ, W ).
(b) The function ψδ

W from (a) is a wavefunction of type δ.

For a proof, we refer to [?]. If we write ψδ
W = Kδ

W · δ · g(λ), then we know from
theorem ?? that

Lδ
W = Kδ

W∂(Kδ
W )−1 and Uδ

α,W = Kδ
W Eα(Kδ

W )−1

are solutions of the multicomponent KP-hierarchy. The following theorem makes
clear why we did not consider the commuting flows from �−. Its proof can also be
found in [?].

Theorem 4.3.3. For each g = ∑
j≤0

γ jλ
j in �−, we have Lδ

gW = Lδ
W and Uδ

α,gW =
Uδ

α,W.

Remark 4.3.4. If r > 1, then �W may contain several elements. If δ1 and δ2 are
in �W , then the solutions {Lδ1

W ,Uδ1
W,α} and {Lδ2

W ,Uδ2
W,α} are related by so-called

differential difference equations that reduce in a specific case to the equations of
the Toda-lattice, see [?]. These differential difference equations are a generalization
to the KP-level of equations considered in [?].

Also in the multicomponent setting the coefficients of ψ̂δ
W can be expressed in

terms of Fredholm determinants related to the line bundle L((−1, 0)). If W =
g1 F(0), with g1 ∈ G, then we define τg1|H1 : G → � by

τg1|H1 ((g, q)) = (g, q) · ( f
�

(0)
1

)(g1) = det(pS1 ◦ g−1 ◦ g1 ◦ q | H1).

It measures the failure of G-equivariance of the section corresponding to f
�

(0)
1

. If

one takes another element g̃1 of G with W = g̃1 F(0), then τg̃1|H1 and τg1|H1 differ
by a non-zero constant. In � we consider the elements �i/ j given by

�i/ j = diag(. . . λ, . . . , λ−1, . . . ),

where the λ-factor stands at the i-th place, the λ−1-factor at the j-th place and the
resulting factors are equal to 1.

If k ∈ �, |k| > 1, then we still need the element q(i)
k from �+ given by

q(i)
k = diag(. . . 1, 1− λ

k
, 1, . . . ),

where the factor 1− λ
k stands at the i-th place. Then there holds

Theorem 4.3.5. Consider a W in � and a δ in �W. Then δ−1(W ) = gḞ(0), with
g ∈ G and we have
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(a) For all 1 ≤ i ≤ r, the (i, i)-entry of ψ̂δ
W , is the L2-boundary value of

k �−→ τg|H1 (γq(i)
k )

τg|H1 (γ)

(b) For j �= i, there is a lifting �̃i/ j of �i/ j to G such that the ( j, i) entry of ψ̂δ
W

is the L2-boundary value of

k �−→ k−1 τg|H1 (γ�̃i/ jqi
k )

τg|H1 (γ)
.

This theorem gives a geometric interpretation of formulae, stated in the appendix
of [?] and generalizes the one component interpretation given in [?]. For the one
component case a representation theoretic interpretation of the τ depending polyno-
mially of the {tiα} was given in [?]. For a proof of theorem ?? we refer the reader to
[?]. There one can also find more equations that fit in the framework just described.

Next we consider the one component case somewhat more in detail. For con-
venience we denote the set of independent variables simply as t = {ti | i ≥ 1} and
we see the elements of R as functions in t. Further we restrict each τg1|H1 to �+
and we write simply τ or τ(t). If k ∈ � and W ∈ �(k,−k), then �W = {λ−k} and
we have exactly one solution Lλ−k

W to the KP-hierarchy. In this way every compo-
nent of � leads to the same bunch of solutions of the KP-hierarchy. Hence, for
the construction of solutions, it suffices to consider only one component of �. The
different components are, however, essential for the modified systems as we will
see in a moment.

In the one component case the Japanese school, see [?], translates the equations
that are satisfied by the wavefunction to equations for the τ-function and these can
be written in the so-called bilinear form∮

τ((ti − 1
iki )) τ((si + 1

iki ))e

∑
i≥1

(ti−si )ki

dk = 0,(23)

for all (ti) and (si) and with dk such that∮
dk

2πik
= −1.

Also this formula can be given a geometric interpretation. For if W ∈ �(0) then
one can consider W⊥ as an element of the Grassmann manifold corresponding to
H = H2 ⊕ H1. If ψW is linked to τ by theorem ??, then one can show

Theorem 4.3.6. The wavefunction ψW⊥ can be expressed in τ by

ψ̂W⊥ (λ) = λ−1
τ((ti + 1

iλi ))

τ((ti))
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If we consider instead of �+ the group of flows consisting of the adjoints of the
elements of �+, then relation (??) boils down to the orthogonality relations for ψW
and ψW⊥ .

For � ∈ �, let W� be a general element of �(�,−�). According to the theorems ??
and ?? there corresponds a wavefunction of type λ� to W� and a τ-function τ� to
W�. Consider an increasing set of integers �1 < �2 . . . < �s and denote it by �̂. To
�̂ corresponds a decomposition of H by

H = H1 ⊕ . . .⊕ Hs+1, where H1 =
{∑

i≥�s

aiλ
i ∈ H

}
,

H j =


∑
i≥� j

i<� j+1

aiλ
i ∈ H

 for j, 1 ≤ j < s and, Hs+1 =
{∑

i<�1

aiλ
i ∈ H

}
.

Denote the flagvariety corresponding to this decomposition by ��̂. Then we can
describe the elements of �(0)

�̂
in terms of nonlinear equations for the corresponding

τ functions.

Theorem 4.3.7. For �1 < . . . < �s, let W�i be a general elements of �(�i,−�i ) and
let τ�i be a with W�i corresponding τ-function. Then the {W�i} determine an element
of �(0)

�̂
if and only if the {τ�i} satisfy the following bilinear equations∮

τ�i+1

(
(t j − 1

jλ j )

)
τ�i

(
(s j + 1

jλ j )

)
λ�i+1−�i e

∑
j≥1(t j−s j )λ

j
dλ = 0,

for all {t j} and {s j} and for i, 1 ≤ i < s.

The simplest case of these equations �1 < �2, gives a relation between 2 τ-
functions. It has been considered in [?] and is called the (�2, �1)-modified KP-
hierarchy there.
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[19] M. Kashiwara, The flag manifold of Kac-Moody Lie algebra, To appear.
[20] N. H. Kuiper, The homotopy type of the unitary group of Hilbert space, Topology 3 (1965),

19–30.
[21] J. Mickelsson, Current algebras and groups, Plenum monographs in nonlinear physics.
[22] D.H. Peterson and V.G. Kac, Infinite flag varieties and conjugacy theorems, Proc. Nath. Acad.

Sci. USA, 80 (1983), 1778–1782.
[23] A. Pressley and G. Segal, Loop groups, Clarendon Press, Oxford (1986).
[24] M. Sato, Y. Sato, Soliton equations as dynamical systems on infinite dimensional Grassmann

manifolds, Lect. Notes in Num. Appl. Anal. 5 (259), 1982.
[25] G.B. Segal and G. Wilson, Loop groups and equations of KdV-type, Inst. Hautes Études Sci.

Publ. Math. 61 (1985), pp. 5–65.
[26] D. Shale, Linear symmetries of free Boson fields, Trans. Amer. Math. Soc. 103 (1962), 149–

167.
[27] K. Ueno and K. Takasaki, Toda-lattice hierarchy, Publication 423 RIMS, Kyoto, 1983.

Department of Mathematics, North Carolina State University, Raleigh, N.C., 27695-
8205

E-mail address: loek@@cartan.math.ncsu.edu

Department of Mathematics, Universiteit Twente, Enschede, The Netherlands
E-mail address: helminck@@math.utwente.nl


