ALGORITHMS FOR COMPUTING CHARACTERS FOR SYMMETRIC SPACES

DANIEL GAGLIARDI AND ALOYSIUS G. HELMINCK*

ABsTRACT. The classification theorem for semisimple Lie algebras states that up to isomorphy any finite
dimensional semisimple Lie algebgadefined over an algebraically closed field is uniquely determined

by the root system of a maximal toral subalgebra. Moreovey, i simple, then this root system is
irreducible and its Dynkin diagram must be oneAy, B, Cn, Dn, Eg, E7, Eg, F4, or Go. This is
fundamental to the study of finite-dimensional semisimple Lie algebras over algebraically closed fields.
A. G. Helminck established an analogous result for local symmetric spaces where he identified twenty-
four graphical structures called involution@diagrams (see [Hel88]). Implicit in each of these diagrams
are two root system® (a) and® (t) with a a maximal toral subalgebra in a local symmetric spaaad

t D a a maximal toral subalgebra in the corresponding semisimple Lie algeftiae root systen® (a)

can be described as the imagedft) under a projectior derived from an involutio® on ®(t). The

weight lattices associated with(t) and® (a) are denoted by\; andAq, respectively. In [GHO6] it was
shown that ifr is extended linearly frond (t) to A; thenz (At) = Aq. Explicit algorithmic formulations

for the characters of each of these lattices (in terms of the other) was also given. In this paper we provide
a methodology for implementing these algorithms for use in a computer algebra package.

1. INTRODUCTION

Let#d be an involution of the connected reductive algebraic gi@ughered andG are defined over
a (usually algebraically closed) fiekd chark # 2. Denote the fixed point group 6by K := G’. The
variety G/K is called asymmetric variety These varieties occur in many problems in representation
theory (see [BB81] and [Vog83]) and geometry (see [DCP83] and [LV83]k # C, thenG/K is
the “complexification” of a Riemannian symmetric space and there exists a one to one correspondence
between isomorphism classes of Riemannian symmetric spaces and isomorphism classes of involutions
of G (see [Hel88]). Therefore the symmetric varieti®@gK are also frequently called “symmetric
spaces”.

Essential in all studies of reductive groups defined over an algebraically closed field is their natural
fine structure of a root system with its Weyl group and weight lattice coming from a maximal torus.
Symmetric space have a similar fine structure, which plays an equally important role in the study of
these symmetric spaces and their applications as their counterpart in the groups case. However, the
fine structure of these symmetric spaces is more complicated since it involves the intricate relations
of two root systems, Weyl groups, and weight lattices instead of just one. The root system of the
symmetric space can be obtained as the projection of the root system of the group onto a subspace.
The Weyl group of the symmetric space can be expressed in a similar manner (see [Hel88]). It was
shown in [Hel88, DHO4] that the fine structure of these symmetric varieties is the same as that of the
Riemannian symmetric spaces. In [GHO6] the authors gave algorithms for computing elements of the
weight lattice of the symmetric space in terms of the weights of the group.
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A more detailed summary of our results follows. There exists a natural embeddBydoh G via
the mapr : G — G defined byr(g) := gf(g) 1. Denote the image afby P := {gd(g)~1 | g € G}.
Then P >~ G/K. Similarly as for Lie groups we can study the fine structure of a symmetric space
locally. The corresponding local symmetric space is defined as followss betthe Lie algebra o
and letdd € Aut(g) be the involution induced b§ on g. By abuse of notation we will also writefor
do. For this case we let

f={Aecqg|O(A) = A}
p={Aecg|0(A)=—-A}

We have that andp are the tangent spaces in the identitykadind P above. Furthermore @s= Aut(g)

is a Lie algebra automorphism, th&r{the+1 eigenspace relative ), is a subalgebra af. While p,

(the—1 eigenspace), is not a subalgebra afe nevertheless have that= f @ p with £ L p relative to

the killing form. We refer tay as alocal symmetric spacef g relative tod. Let a be a maximal toral
subalgebra in a local symmetric spacandt > a a maximal toral subalgebra in the corresponding
semisimple Lie algebrg. Denote the root systems ofandt with respect toy by @ (a) and @ (t).

The root systemd (a) can be described as the imagedft) under a projectiorr derived from an
involution 8 on @ (t). The mapr maps the root lattice related tb(t) onto the root lattice related to

@ (a). Denote the weight lattices associated witlit) and® (a) by A; andA,, respectively. Extend

= linearly from @ (t) to the latticeA;. In [Hel88] it was shown that (A;) € A4, but the converse

was left open as a conjecture. The truth of this conjecture was established by the authors in [GHO6].
The proof involved a case by case analysis for each type of semisimple local symmetric space. This
approach enabled us to give explicit algorithmic formulations for the characters of each of these lattices
in terms of the other. In this paper we give a method for implementing these algorithms in a computer
algebra package.

2. LocAL SYMMETRIC SPACES AND 6-DIAGRAMS

In this section we set the notations and recall some results from [Hel88] and [GH06]. Our basic
reference for reductive groups will be the books of Humphreys [Hum75] and Springer [Spr98]. Our
basic reference for Lie algebras and root systems will be [Hum72] and [Bou81]. We shall follow their
notations and terminology.

2.1. Root Space DecompositionThroughout this section we lgtbe a finite dimensional semisimple
Lie algebra over an algebraically closed fiéldLet t C g be a toral subalgebra and lgtdenote its
dual. Then

(1) 3=00® Y. G

aed(t)

whereg, = {xe g |[Y,X] =a(y)x, Yyet}, ®(t) ={a €t* | a #0, g, # 0} andgg is the centralizer

of t in g. This decomposition af is called theroot space decompositiaf g (with respect ta). The
elementsy of ®(t) are called theootsof g with respect ta, and{g, | « € ®(t)} the associatetbot
spaces If t C g is a maximal toral subalgebra, then for each @ (t) we have dim§,)=1,q0 =1

and @ (t) is a root system. It is well known that every finite dimensional semi-simple Lie algebra
is characterized (up to isomorphy) by its root system. Moreovey,isf simple then its root system

is irreducible and its Dynkin diagram must be oneAy, By, Cn, Dn, Es, E7, Eg, F4, Or G2. See
[Hum72] for a depiction of these diagrams and their corresponding Cartan matrices.
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2.2. Representations and Weights.Let R; denote the integer lattice spanneddyt) and letA; =
{Letf|<i,a>eZ (a e ®(t))}. We callR; theroot latticeof t and A; theweight latticeof @ (t).

If pis arepresentation @fon a vector spac¥, thenp(t) is diagonalizable ig( (V). Accordingly,
we have the common eigenspace decomposifiea dV, wherel runs overt* and

Vi={veV]|py))=Ai(y)(v) Vyet].

As before, whenevey) is nontrivial we call it aweight spaceandl aweightof t on V. If p is the

adjoint representation then the weights are contained in the root lattice, but in general, the weights of
a representation are “outside the reach” of the root lattice, but are contained in the weight lattice. For
irreducible root systems we have the following useful result.

Proposition 1 ([Hum72]). Let®(t) be an irreducible root system of rank n and fe¢t) be an ordered
base for®(t). Let C(A) be the Cartan matrix fob(t). Define a set of vector$lq, 12, -+, An}, in
t* such that the components yf with respect toA (1), are given by the i-th row of CA)~1. In other
words,

n
2 A=Y (C(A)Yij-aj ie{l2--,n
j=1
These are called the fundamental weights relativa t0). ThenA; = spary {11, 12, -+, An}.

2.3. Local Symmetric Spaces.We now turn our attention to a description of symmetric spaces on
Lie algebras. Lefl € Aut(g) be an involution. In this case we let

f={Acqg|O(A) = A}
p={Aecg|0(A)=—-A}

Herep is called docal symmetric spacef the Lie algebray. Using these symmetric spaces we obtain
a decomposition ofy reminiscent of the root space decomposition above. Indeed, bet a toral
subalgebra maximal ip. Then as before we have that

a=g0® D, o

wed(a)

whereg, = {xe g |[t,X] = w(t)xVt e a} and®(a) = {w € a* | ® # 0, g, # 0}. In this setting the
eigenspacesy,, are multidimensional, in general. We also have thét) is areduced root system
one for which twice (or half) a root may also be a root. When this occurs,den is of type BG,.
The analysis and explicit formulation for the elementsfr) is carried out in [DHO4].

2.4. #-diagrams. Similar as for semisimple Lie algebras the fine structure of these local symmet-
ric spaces can be represented by a diagram, called-thagram. In this subsection we recall the
construction of these diagrams from [Hel88]. l&ebe an involution ony and d* the induced in-
volution on the algebraic dua®. To maintain consistency with the literature, we drop the “*” on
¢*. The underlying space will be clear from the context. Lgf(d) = {1 € Ay | 6(1) = 1} and

Do (0) = Ao(0) N O (1) Evidently, Ag(8) and®q(0) are, respectively, the characters and roots fixed
by 6. Note thatdq () is a closed subsystem d@f(t), hence a root system itself. Letbe the canonical
projection,z : Ay — A¢/Ao(#) and writeA; = 7 (A;) and® (1) = z(P(1)). The next proposition
relates the roots dfanda.

Proposition 2 ([Hel88]). Lett anda be as above. Then fdre A; we haver (1) = %(/1 —6(1)). In
particular 7z is onto and® (a) = ®(t) = {z(a) | z(a) #0, a € ©(1)}.
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1 I
All o—OCO—@ - O—0

FIGURE 1. #-diagram for the casall

We now focus on the choice of base fdr(t) developing the notion of ag“base” that is, in a
specific way, compatible with the action @f

Definition 1. An order> on ®(t) is called ag-order if whenevery € A, with y = 0, x ¢ Ao(6),
thenéd(y) < 0.

The base we derive from this order is calle@base. In [Hel88] it was shown thatabase can be
found by choosing bases fdr(a) and®q(6).

For the next step letV(t) be the Weyl group o (t). For a subseS C @ (t), denote bywW(S) the
subgroup ofW(t) generated bg,, a € S. Let Wy(9) be the Weyl group ofbg(0). ThenWy(0) =
W(Dg(1)). Now let A (t) be ag-base of® (1) and letAg(6) = A (t) N @o(0) be a base oby (). Let
wo(0) be the longest Weyl group element\bf (0) with respect to the basky(d). Then

wo(O)[ g (0)] = Dg (0)

This equation implies thabg (9)? leavesAo(6) fixed, hencavg()? is the identity.
For the next step we define (another) nddmn @ (t) by

3) 0" = —id o o wp(0)

As each involution on the right hand side of Equation (3) commutes we have that

. id
- {Dynkin Diagram automorphism of order 2
In light of this and Equation 3 we may recoverindeed,
4) 0= —idof* o wp(0)
We are now ready to define and describedtdtagram.

Definition 2. Let A (t) be a#-base for® (1) and letD be the corresponding Dynkin Diagram. Color
black each € Ag(#). Denote the action of* on D by arrows. We call these enhanced diagrams
involution diagramsor 8-diagramsfor short.

Similar to the Classification Theorem for semisimple Lie algebras A.G. Helminck established a
correspondence between isomorphy classes of semisimple local symmetric spaces and congruence
classes ofj-diagrams. In particular, up to congruence, Helminck identified nine semi-irreducible
and twenty-four absolutely irreducibfediagrams that serve to characterize the fine structure of local
symmetric spaces. Figure 2.4 gives an exampletfimgram. See [Hel88] for a complete list.

2.5. Relation between weight latticesA; and A,. At this point we are now able to give explicit
definitions for the weight lattices of the Lie algebra and symmetric space. First, from the linearity of
7 and Proposition 2 we have thBf = R,. As for the weight lattice recall from Equation (2) that

i =Z(C(A)—1)ij -aj ief{l,2--,n
j=1
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whereC(A)~1is the inverse of the Cartan matrix ®f(t) relative to the ordered bage(t). We define
vectorsy; withi € {1, 2, --- , n} by applyingz to both sides of this equation. So that

(5) yi= (ki) = D (C(A) Hj 7 (a))

j=1
with
m(At) = spay{y1, 72, -+, yn}

Next letA (a) = {w1, w2, - - - , wp} be a base fod (a). Let C(A (a)) be the Cartan matrix b (a)
relative toA (a). Using Proposition 1 we define

p
(6) Hi = Z(C(A(Q))_l)ij oy ief{1,2,---,p)
=1

We refer to the integer span of thés as theweight lattice of the symmetric spaaad denote it by
Aq. Evidently,z (A}) is in the@-span ofA (a). In fact we also have that(A;) € A, as indicated by
the following theorem.

Theorem 1([GHO06]). Let ®(t) and its projection® (a) be irreducible. Them (A;) = Aq.

The steps in the proof serve as a basis for constructing the algorithm for computing the characters.
For convenience we present them here.
Type 1. ®(a) is not of typeBC,

Step 1Use Proposition 1 to compute the fundamental dominant weights, € {1, - - - , n} with re-
spect to the basa (t) = {a1, a2, - - -, an}. Recall that the integer span of these vectors is the lattice
Aq.

Step 2Use the implicitly defined projection map of theliagram to computg; =z (4i), i € {1, 2,--- ,n}
with respect to the basg(a) = {w1, w2, - - - , wp} Where

p =] A(a) |. The integer span of thgs is the latticer (A;), (see Equation 5.)

Step 3Again use Proposition 1 to compute the fundamental dominant weightse {1, 2, -- -, p}

with respect to the basg(a) = {w1, w2, - - - , wp}. Recall that the integer span of thés is the lattice

Aq, (see Equation 6.)

Step 4Show explicitly thatr (At) € A, by finding integerd; such thay; = JF_)biIUi Vi={1,2,---,n}.
That this is possible is guaranteed by [GHO6, Theorem 2(1)].

Step 5Use the result of Step 4 to prove the theorem for the (particular) symmetric space; i.e. show

thatz (At) 2 Aq explicitly by finding integers; such thatu; = Zfam Vi={12,---,p}

Type 2. @ (a) is of type BC,

Step 1As before use Proposition 1 to compute the fundamental dominant weighise {1, --- , n}
with respect to the bas&(t) = {a1, a2, -+, an}.

Step 2Again used-diagram to compute; = 7 (4i), i € {1, 2, --- , n} with respect to the bas&(a) =
{w1, 02, - -, wp}. Show that the coefficients for thes relative tod (a) are integers. This gives im-
mediately an explicit formula to show tha{A;) C R; = Aq.

Step 3Use the result of Step 2 to show tha{A;) 2 R, = Aq; i.e. find integersa; such that

o =>1ajy¥i={L2--,p}
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2.6. Inverses of Cartan Matrices. With a little work one can show that the determinants of each of
the Cartan matrices is nonzero. They are thus invertible. In this section we give explicit formulas for
the inverses. Each case can be verified by direct computation. Table 2 gives a summary of the results.

Table 1: Inverses of Cartan Matrices

Typed Inverse
i1--L) i<j
A (Asbij=1. e o
" DTlia- A i
i i<j=<n
Bn (Byhij=1] i<i<n
1 i=n
[j j<i<n
Cn CHij=1i i<j<n
b i=n
i i<j<n-2
] j<isn-=2
3 ie{n—1,n},j<n-2
L ' —1,n,i<n-2
D D_]_‘.: 2 Je{n > s =
" (B iy 7 i=n-1j=n-1
12 j=n-1j=n
22 j=nj=n-1
7 i=nj=n
4 5 4 2
31 3 2 3 3
1 2 2 3 2 1
5 10 8 4
2 o 10 4, 8 4
-1_13 3 3 3
Es E)"=12 3 2 6 2 2
4 8 10 5
4 o 8 4 0 5
204, 8 4
3 3 3 3

continued on next page
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Table 1:continued

Typed Inverse
2234321\
2 1 46 3§ 33
346 8 6 4 2
4 6 8 12 9 6 3

-1 _

2 34 6 5 4 2
132 3 3 23
4 5 7 10 8 6 4
5 8 10 15 12 9 6
7 10 14 20 16 12 8
10 15 20 30 24 18 12

Eg (Eg) 1=]8 12 16 24 20 15 10
6 9 12 18 15 12 8
4 6 8 12 10 8 6
2 3 4 6 5 4 3 2
2 3 4
36 8 4

Fa (F)1=12 4 6 3
12 3 2
2 1

G, (G) 1=1(3 2

2.7. Proof for the CaseAll. Since the algorithm we implement involves this case we give the details
of the proof in this subsection. The proofs for the other cases are constructed similarly. We require the
following lemma.

Lemmal. Let A;l be the inverse Cartan matrix of Table 2. Le¢K1,2,---,n— 1} andletsbe a
row vector whose components are the sums of the entries of the k-tk ant)-th rows of this matrix,
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ie. 5= (AyHij + (AyDksaj. Then

jA— 2+ 1<j<k-1
sj=1k(l— D +k@A-&)) =k

Kl-— s+ k+DA-7) k+1<j=<n

The proof of this lemma follows immediately from the formula fa%,) ! and is omitted. We are
now ready to state explicitly the formulation for the containment @k ;) in A,.

Proposition 3. Lety and x« be as above (relative to the case All). We then have that

1 k=1
2/4% k = even
M7 s + s k=odd, and# 2n+1
Proof. Let A(t) = {a1, a2, -+, a2nr1} be a base fod(t) and letA(a) = {w1, wp, -+ - , wn} be a

base ford (a). In accordance with our aforementioned strategy, we start by computing coefficients for
the weights i, with respect toA (t). For this case we have that

2n+1

Ai= Z(Ainlﬂ)ij'ai ie{l,2,---,2n+1)
j=1

Next, to compute the;’s, observe from thé-diagram forAll that

wj j=even
2

0 j=odd _
7[((1]')2 JE{1925>2n+1}
Thus, with respect ta (a), we have that

n
(7 yi=n(i) =D (Agi1)i2j - @] ie(l,2,-.2n+1)
j=1

For convenience, we defin€T, to be the(2n + 1) x n matrix whose rows are the coefficients)ef
relative toA (a).
([TT)ij = ([yile)

From Equation 7 we have that

. 2j . .

(11— 5=5) i <2j
(8) Lij=1,. . 2" T
with1 <i <2n+1and 1< j < n. The next step is to compute the coefficients for the weights,

withi € {1,2,---, n}. Again we refer to th&-diagram forAll. For this case we have thdi(a) is of
type An. Thus,

n
pi= D (AL - o] 1<ij=n
j=1
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As before let M],, be then x n matrix whose rows are the coefficients of thes relative toA (a).
Here we have that

_ i(1— L) Q<]
(©) My = (Ashy = | TS
(1— m) | > J

with 1 <i, j < n. We claim that for eack € {1, 2, - -- , 2n + 1}, the yx can be written as an integer

linear combination of thes. Indeed, fokk = 1 or 2n + 1 the result is immediate. L&t< 2n be even.
From Equations 8 and 9 we have that

_fka-sh k=2
i - gy k> 2]

For the third case of the proposition, let {1, 2, - -- , n — 1}. We make the equivalent claim that

Yok+1 = MUk + HUk+1

To establish this claim, we must show that for edch{1,2,--- ,n— 1}
(10) oyt j = M j + Mgy l1<j=<n
Fixk e {1,2,---,n—1}. Obviously, we invoke Lemma 1 to show that in each case, Equation 10 is

upheld. In accordance with the structure of this lemma we consider the following three cases: First, if
j <k—1then3 < 2k+ 1 so that

k+1

. k
My j + Mgy = JI(1— m) +(1- Nt 1)]
. 2k+1
=2l - 55!
= T'oky1,j-
Next, if j =k, then (again) 2 < 2k + 1, and
k k+1
M+ M j =K1 — == + A= =)l
. 2k+1
=2j[1— ————
=307 !
= [ok41,j-

Finally, if j > k+ 1then 3 > 2k + 1, and
_ P ]
My j + Miq1,j = k(1 n+1)+(k+1)(1 n+1)

_ o
= K+ DA~ )

= I'ok41,j-

The main result for casAll follows.

Theorem 2. Lety, u, 7 (At), and A4, be as above (relative to the case All). We then have that
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0]
k .
(11) p= D (=D a4 k={1,2,---n}
j=1

(i) (A1) 2 Aq
Proof. For Part 1 we use induction ¢n From Proposition 3 we immediately have the resultfer 1.
Assume that Equation 11 holds foe {1, 2, --- , n — 1}. Again by Proposition 3 we have that

Mkt + Hk = P2k+1 ke {l,2,n-1}
Thus, by the inductive hypothesis, we obtain
k

Uk+1 = 7’2k+1_2(_1)j+k)’2j71 ke{l,2,n-1}
j=1
or
k+1 )
k= ) (=D g ke{l,2,---,n—1}

j=1
This establishes the result for aky {1, 2, - - - , n}. Part 2 follows immediately. O
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3. IMPLEMENTATION

As mentioned earlier, implementations of the algorithms in [GHO06] follow naturally from the steps
used for proving each case of Theorem 1. The next example gives pseudo-code for thl.case

Examplel. CaseAll.

/ *%% *k%k *%% *%k% *%% *%% *%% *%% *%% *%

*

* This is the code for computing the relationship between the

* characters for the cas&2"+111. To do this we use Proposition 1 to
* compute the coefficients of the fundamental weights

*with i € {1,2,...,2n+ 1} of the Lie algebra relative to the

* f-baseA (1) = {a1, a2, ..., aznr1} Of the root systemPon 1.

* Recall that the weight lattice of the Lie algebra is given by

* Ay =spany{l1, A2, ..., Aont1}

*

****************************************************************/

read n; /' In this case is the dimension of the //
I/ root system of the symmetric space. //
dimension= 2n+ 1;
A_inv = cartaninverseproc(dimension); // This routine computes the inverse of the //
/I Cartan matrixAy, with k = dimension. //

fori =1ton+1;

forj=1to2n+ 1;

lambddi, j) = A_inv(i, j);

nextj;

nexti;

/ *% *% *% *% *% *%% *% *% *% *%

*

* Next we use Equation (5) to compute the coefficients)ior

*with i € {1, 2,...,2n+ 1} relative to the basa (a) = {w1, w2, ..., wn}.

* Recall that the projection of the weight lattice of the Lie algebra is given by
* w(At) = spa{y1, 72, ..., yant1}-

*

****************************************************************/

fori =1ton+1;
forj=1ton;
gammdi, j) = A_inv(i, 2j);
nextj;
nexti;
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/ *% *%% *%% *%% *% *%% *% *%% *%% *%

*

* We again use Proposition 1 to compute the coefficients for the

* fundamental weightg:;, withi € {1, 2, ..., n}, relative to the base

* A(a) = {ws, w2, ..., on}. Recall that the weight lattice of the symmetric
* gpace is given by, = spa{u1, 12, ..., Un}-

*

****************************************************************/

dimension= n;
A_inv=cartaninverseproc(type, dimension);
fori=1ton;
forj=1ton;
mu(i, j) = A_inv(, j);
nextj;
nexti;

* The next step is to compute the relationship betweerythand theu's.

* Using Proposition 4, we first show explicitly that = spay{u1, u2, ..., tn}
*for eachi € {1,2,...,2n+ 1}, i.e. thatr (A;) € Aq. To this end leSbhe a
*2n+ 1 by n matrix used to hold the coefficients for th& in terms of theu’s.

*

****************************************************************/

/* We start by initializing the entries dbto zero. */
fori =1to2n+1;

for j=1ton;
next j;
nexti;
S(1, 1) = 1; // since by Proposition 41 = pq.//
fori =2to n;
switch;
casel = even):
S(i,i/2) = 2;
casei = odd):
SG, (i—1)/2) =1;
S, (i+1)/2) =1;
end switch;
nexti;

S(2n+ 1, n) = 1; // since By Proposition 4on1 = pn.//
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* Using Theorem 4, we show explicitly that = spary{y1, y2, ..., yon+1}
*for eachi € {1,2,...,n},i.e. thatA, € 7 (A;). To this end lefl be an
* n by 2n 4+ 1 matrix used to hold the coefficients for thés in terms

*of the y’s.

*

****************************************************************/

/* We start by initializing the entries of to zero. */

fori=1ton;
forj=1to2n+ 1,
TG, j)=0;
nextj;
next i;
fori=1ton;
for j = 1toi;
T@(,2j—1) = (=1)'t]
nextj;
nexti;

/****************************************************************

*

* This is the code for computing the inverse of the Cartan magix
* wherek = dimension. Use Table 2.

*

****************************************************************/

cartaninverseproc(dimension);

k = dimension

declareM[k, K] as integer; /M is a place holder for the inverse //
fori = 1tok;

for j=1tok;
switch;
case( < )
MG, j) =i * (1— #1)
casel > j) _
MG, j)=j=*(1- k—:—_l)
end switch;
nextj;
nexti;

return(M);

13
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