INFINITE DIMENSIONAL FLAG MANIFOLDS
IN INTEGRABLE SYSTEMS

A.G. HELMINCK AND G.F. HELMINCK

Abstract. In this paper we present several instances where infinite dimensional flag va-
rieties and their holomorphic line bundles play a role in integrable systems. As such,
we give the correspondance between flag varieties and Darboux transformations for the
K P-hierarchy and the n-th KdV-hierarchy. We construct solutions of the n-th MKdV-
hierarchy from the space of periodic flags and we treat the geometric interpretation of the
Miura transform. Finally we show how the group extension connected with these line
bundles shows up at integrable deformations of linear systems on P1(C).
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1. Introduction

Let H be afinite dimensional complex Hilbert space. ThenaflagV = (V(i)) in Hisa
chain of subspacesin H,

{0} =V(0) C V(1) C--- C V(m) = H.

If weputd = (dy, ..., dm), withdj = dim(V(i)) and we write F4 for the collection of all
flagsV = (V(i)) in H suchthat dimV (i) = di, then 4 isacompact Kahler manifold. The
flag variety of type d. The flag varieties £y are the main ingredientsin field theory for the
definition of the fundamental complex manifolds of twistor geometry, see [22]. If m = 2,
then #4 is simply the collection of all subspaces of H of dimension d; and is, as such,
better known as the Grassmann manifold Gr (d1, n — dy). These manifolds are the natural
scene for Ricatti type equations and play, as such, an important role in control theory, see
[9].

The manifolds Fy are homogeneous spaces for both GI(H) and U (H). By adding addi-
tional requirements to the flags under consideration, one obtains flag varieties correspond-
ing to other groups.

Holomorphic line bundles over the varieties ¥4 lead to a geometric realization of the irre-
ducible unitary representations of U (H) asthe natural action of U (H) on the holomorphic
sections of these line bundles. An important example from mathematical physics, where
these bundles are crucial is the Penrose transform. For details and generalizations of this
theme, we refer to [2]

In the second section of this paper we give the geometric structure of the flag varieties and
their holomorphic line bundles as they are needed in the context of integrable systems.
The third section describes the systems of equations and transformations that will be fit
into the geometric framework.

In the fourth section, we recall first some results for the KP-hierarchy. Next we show how
Darboux transformations can be seen geometrically and we conclude with the construction
of solutions for the n-th MKdV-hierarchy and the interpretation of the Miura transforma-
tion.

The final section describes the role the group extension related to the line bundles plays at
integrable deformations of alinear system on P1(C).

2. Flag varieties

2.1. Thetypeof flags. Likewithinfinite dimensional vector spaces, thereisawiderange
of manifold structures that can be considered for infinite dimensional flag varieties. Since
we like to discuss analytic properties of our varieties and apply them in analytic situations,
we will not take the algebraic set-up from [13], e.g. We will also not try to generalize the
Sato Grassmanian, see [12] and [5] e.g., or the one from [26]. Our choice will be anatural
generalization of the Grassmann manifoldsin [20].
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Let H be a separable complex Hilbert space with inner product < -|- >. Sincewework in
atopological context, it is reasonable to consider merely chains F = (F(i)) in H,

{00=FOCFD<--<Fm=H,
where all the F (i) are closed subspacesof H. If weputforali,1 <i<m,
F:=FGi-DtnFi),

then we see that each flag F = (F (i)) corresponds precisely to an orthogonal decomposi-
tion of H

H=F®&- - -&®Fn.
We will use both notations F = (F(i)) and F = (F) to describe aflag. Our starting point
isagiven orthogona decomposition
(2.2.1) H=Hi® ---®Hn ,with Hi L Hj for i# j.

Theflag corresponding to the (H;), we denote by F(© and we call it the basic flag. Wewill
take together al flags“similar” to the basic flag and make this into some kind of manifold.
First we present two examples of decompositions that occur naturally at modelling certain
equations from mathematical physics. We start with what will be the leading example
during the rest of this paper

Example 2.1. Let H be the Hilbert space
LS C) = () anZ.an€C.) | an|*< oo}

neZ nezZ
with the inner product
< Zanzn | anzn >= Zaan.
neZ nezZ neZ

Lets=(s1,---,Sm_1), Wheres € Zand 51 < S, then we take the basic flag defined by
H(i)={> a2"e H} fori,l<i<m-1 and H(m)=H.

n=s
We will see later on that the flag manifold corresponding to this flag is the “basis” of the
modified equations.

Example 2.2. In quantum field theory the states of the system are vectorsin a Fock space.
In the fermionic case, this space is built up from the splitting of a basic Hilbert space into
positive and negative energy states. E.g., at the Dirac theory for a one dimensional particle
of mass m > 0, one considers, see[3], the Dirac Hamiltonian

o-(3 %)&(23)
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It acts on the Hilbert space H = L2(R)? and the relevant decomposition of H for the Fock
Space representation is H = Hy @ H_, where H., is the subspace of H corresponding to
the positive spectrum of D and H_ the one corresponding to the negative spectrum of D. In
general, see [16], Dirac operators are associated to a number of geometric data, like a spin
bundle over an oriented Riemannian manifold, another vector bundle over this manifold
and aconnection. A similar splitting of the square-integrable extended Dirac spinorsisthe
starting point for the construction of arepresentation of an extension of the group of gauge
transformations, see [16].

In the finite dimensional case it was sufficient to fix the dimension of each F and then to
take all flags of the same size. Thisideaistoo vaguein this context and requires adaptation.
For eachi,i <i < m, let p; denote the orthogonal projection from H onto H;j. Then we
introduce

Definition 2.3. The flag variety ¥ corresponding to the decomposition (2.2.1) is the col-
lection of flags F = {F1, - - - , Fn} in H, satisfying dim(F) = dim(H;) and for all i and |
with j # i, the orthogonal projection pj : F — Hj isaHilbert-Schmidt operator.

If H and s are as in example 2.1, then we write # = F(s). The flag variety # is a
homogeneous space for an analogue adapted to this situation of the general linear group.
The Banach structure of this group follows directly from that of its Lie algebra. This
requires a

Notation 2.4. If g belongs to B(H), the space of bounded linear operators from H to
H, then g = (gijj), 1 <i <mand 1 < j < m, denotes the decomposition of g w.r.t. the
{Hi|1<i<mj. Thatistosay gij = piog| Hj.

Now we cometo the Lie algebra of the analogue of the general linear group.

Definition 2.5. A restricted endomorphismof H isau = (ujj) in 8(H) such that ujj isa
Hilbert-Schmidt operator for al i = j. We denote the space of all restricted endomorphisms
of H by Bres(H).

The algebra Bres(H) becomes aBanach algebraif we equip it with thenorm || - |2 defined
by
Fullz=lull+ ) 1l ij llges -
i#]
where || - || 5.5 denotesthe Hilbert-Schmidt norm. The Liegroup corresponding to Bres(H)
IS.

Definition 2.6. Therestricted linear group, Gles(H), is the group of invertible elements
in Bres(H). Assuch, it isanatural Banach Lie group.
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One easily showsthat GLes(H) can be described as

GLyes(H) (i) € Gl (H) gii isaFredholm operatorfor al i
= = i) €
- 9= gij € #S(H;, H), for i # .

Moreover Glyes(H) actson F through its natural action on subspaces of H and this action
istransitive, see[8]. Hence, wehave ¥ = Gles(H)/ P, where P isthe parabolic subgroup
stabilizing the basic flag.

Let 7 : Glies(H) — F bethe projection z(g) = g- F©. From the definition of the para-
bolic group P one sees directly that the Lie algebra of P isgiven by

L(P) ={g] 9= (gij) € Bres(H), gij =0 foral i > j}
and that a complement of L(P) in Bres(H) isthe Hilbert space (E, || - || #5) with

E= P HS(Hj, Hy).
l1<j<m-1
I > ]

vV IA

From [8] we know then that the homogeneous space ¥ = Gl es(H)/P carries an ana-
lytic E-manifold structure for which t is a submersion and for which the natural action of
GLes(H) on F isanalytic.

It is shown in [8] that the group of unitary operators in Gles(H) acts transitively on £
Hence, to make ¥ into ahermitian manifold it sufficesto give on the tangent space E of the
basic flag F(® ahermitian form, which is invariant under the stabilizer of F(9, Consider
on E x E theform H(-|-) given by

HXY) = H(XpI(Y)) =Trace [ > XY,
=2

j<i

Let w(X,Y) betheimaginary part of H(X | Y). One verifies directly that w is a nonde-
generate bilinear form. By direct computation or by using the Lie algebra 2-cocycles for
Bres(H) from [8], one showsthat w is closed: dw = 0. Hence £ is a symplectic manifold
and even a Kahler manifold, another property that carries over from the finite dimensional
Fqg.

Remark 2.7. For simplicity werestrict ourselvesin this paper, to finite chains of subspaces.
However, one could just as well consider infinite chains of closed subspaces. They also
arise naturaly in the context of integrable systems, see [6] and in an implicit form [7].
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2.2. Propertiesof #. Asinthe Grassmanian case, one shows that the connected compo-
nent of ¥ containing the basic flag equalsthe orbit of the connected component Gl r(&? (H),
e

FO=(g-FOgeGl&H)} ={g-FO | g=(gj). index (gi) =0 forall i}

It may look that all these flag varieties are homogeneous spaces for different groups. How-
ever, from the basic properties of Fredholm operators one deduces

Proposition 2.8. Let G, be the subgroup of Gles(H) with the induced topology, defined
by

Go=1{g|geCGles(H),g— Id e #8(H)}.
Then G, actstransitively on all the connected components of the F .

In the rest of this subsection, we will take H and the basic flag as in example 2.1. For that
example, we aso need a description of the other connected components. Also here there
holds

Proposition 2.9. The connected components of F (s) are given by
FW(9)=1{g-FO| index (gu) =k}, keZ.
For a proof we refer to [8]. An important operator in Glyes(H) is the shift operator A

defined by
A an?) =) a2t

nezZ neZ

As A11 hasindex —1, we see that for each | and k in Z, A' maps #® onto £ & s).
Taking this into account, we get the following result:

For each strictly decreasing sequences = (s, -+, Sm—1) andeach | € Z,
we have £ (s) = F (1), wheret = (t1, - - - , tyn_1) isdefined by (2.2.2)
ti=s + | forali.

Finally, we introduce a group of commuting flows on % (s) that plays a central role in the
sequel. Let U be a connected neighbourhood of Stin € and let I'(U) be the collection of
al non-zero holomorphicmapsy : U — C*. Inanatural way I'(U) isagroup. If Uy D Uo,
then we get by restriction an embedding of I"(U1) into I'(U2). We write I" for the inverse
limit of the {I"(U)}. Each y € I" hasaFourier series

Y nz.neC
iez
that converges uniformly on some neighbourhood of St. Clearly, the multiplication with

y, gives the element ) "y A' of Bres(H) and this defines a continuous injective group
ieZ
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homomorphism from I" to Gl,es(H). The closure of the image of T" in Gles(H) is a
maximal abelian subgroup of Gles(H). In I we consider the following subgroups

My ={ylyel y=exp(l2,tiz))

I ={yly=>crjZ €T} and

A={Z|keZz}.
Then we have, see[10].
Proposition 2.10. The group I" isthe direct product of these 3 groups, i.e. I' =T AT _.
This decomposition will play arole at the geometric description of the KP-hierarchy.

2.3. Holomorphic line bundles over #(© . If one wants to construct an analogue of the
holomorphic line bundles over finite dimensional flag varieties, one needs a description
of #© as a homogeneous space of a smaller group, for which certain “minors’ exist.
Consider

W ey gii — Id istrace-class
® = {g|g—<g.,) < GIH) o H T Tor 1 ] }

Then one verifies directly that & isagroup. We give it the topology based on
@iz HS(Hj, Hi) @ &, N (Hi),

where & (H;i) isthe space of trace class operators on H;, equiped with the trace norm. The
group & is chosen such that for eachi, 1 <i < m, and for each g = (gij) in & the minor

Oz -+ Oi
det|{ ... = ...
g1 - Gi

exists. The natural embedding of & into Gles(H) is continuous. Moreover, it can be
shown, see [8], that  acts transitively on (. Hence, we have that # @ is isomorphic
to 65/, with T the stabilizer of F(@ in &, i.e.

tii tim
o ...
T=1t= ) ,te®
0 ---0 tym
Foreachk = (ky, - - - , km) € Z™, we define the analytic characters v : T — C* by

Wg(t) == det(tll)kl ‘e det(tmm)km‘

To each vy thereis associated a holomorphic line bundle L (k) over # © 1t can be defined
asfollows: consider on the space & x C the equivalence relation

(01, A1) ~ (02, A2) & 01 =0pot, withteT and A= A19k(t).
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The space & x C modulo thisequivalencerelation is L (k). We denote the class of the pair
(9,1),0€ G, 1 eC,by[g, A].

Remark 2.11. If wetakem =2, dim(H1) = dim(H2) = oo, k= (-1, 0) resp. k= (1, 0)
then the line bundle L((—1, 0)) resp. L((1,0)) are the determinant bundle and its dual
introduced in [13].

The group & acts naturally on L (k) by left translations. However, e.g. the group of flows
"+ from subsection 2.2 is not contained in & and one would liketo let it act nevertheless.

In general one cannot lift the natural action of Gl 552 (H) on F© to an action of the whole
group on L(K) and one is forced to pass to an extension G of Glr(gs)(H). If D isthe
subgroup of GI'Q (H), given by

D={g=(gj) € Gl (H).gj=0 if i # j}
then G is defined by

G={(g.d) | geGlig(H).de D,gd* € ©}

The parabolic subgroup P of Glr(gg (H) embeds asfollowsinto G:

P11 0
p=(pij) = (P, )
0 Pmm

The group G actson L (k) by

(9,d) - [g1, A1] = [gg2d ™%, Aq].

In particular, there isthus alifting of the action of I't on # (@ to one on L (k). Thisaction
of G leads to a natural representation of G on the holomorphic sections of L(k). These
representations are the analogue of the finite dimensional irreducible representations of
Gln(C).

3. The equations

3.1. The KP-hierarchy. We first recall the Lax form of this system of equations. One

starts out with some commutative ring of functions depending of thevariables {x1, t1, to, t3, - - -

Next one assumes that 9 := - and all the 9 := a% form derivations of R. To Rand g is

associated the ring R[&, €] of pseudodifferential operators, whose elements are expres-
sions

N
Z aie ,with a € R,

|=—00
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Addition and multiplication in R[£, £~1] are defined by
Yia + )b =@ +b)st
(Ciag) - (ZibiEh =% | ( m )a-am(b;)s‘“—m
m=>0
If P=Y"; pj&! belongsto R[&, £~1], thenwedenoteitsdifferential operator part ). p;é!

by Py and wewrite P_ for )~ _, pjé!.
In R[&, £1] one considers so-called Lax operators, i.e. operators L of the form

(3.3.1) L=&+) uja& ).

j>0
Examples of Lax operators can be obtained by the dressing procedure: take a K = &" +
> i-nkj€!, then K isinvertible in R, £71] and L = KgK ! isa Lax operator. All Lax
operators can be obtained in this way if and only if d is surjective. An important class of
examplesisthe set of roots of differential operators. For, if £ € R[&] hasthe form

(3.3.2) L=+ lig" )
j=2

Then there exist aunique Lax operator L with L" = £ and this L is also denoted as £,
We extend the derivations 8 and {9y | k > 1} from R to derivations of R[&, £~1] by letting
them act coefficientwise. Now we can introduce the KP-hierarchy in Lax form

Definition 3.1. The K(adomtsev) P(etviashvili)-hierarchy isthe following system of equa-
tionsfor aLax operator L:

(3.3.3) (L) =[(LY4, L] foral k> 1.

A Lax operator that satisfies the equations (3.3.3) is called a solution of the KP-hierarchy.
For k = 1, we see that this equation saysthat 9 = 91 on the coefficients of L. Therefore we
may just as well assume x = t1 and this will be done from now on. If L = £%, with £ as
in (3.3.2), it is not difficult to show that the equations (3.3.3) are equivalent to

(3.3.4) (L) = [(£M),, £] foral k> 1.

For n = 2, £ = &2 + 2u and the equation (3.3.4) for k = 3 is then equivalent to the KdV-
equation for u. Therefore one calls the equations (3.3.4) for n = 2, the KdV-hierarchy and
for genera n, the n-th KdV-hierarchy. The next subsection describes some linear equations
related to (3.3.3).
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3.2. Thelinearization. Let L be aLax operator. The equations (3.3.3) can be seen as the
compatibility of the equations

(3.3.5) L-y=2z¢ and d(y) = (LY, -y, fordl k>1

and the equations (3.3.5) are called the linearization of the KP-hierarchy. In order to be
able to obtain (3.3.3) from (3.3.5), one must first give a context in which operators like L
and the (LX) act on “functions” v. Further we should be able to speak of 9y (v) and,
finally the manipulations with the equations should hold. This context is an appropriate
R[£, £~1]-module. To justify its form, we consider the trivial solution of the KP-hierarchy
L = &. Inthat case

9(2) = exp()_ t&Z)
k=1

isasolution of (3.3.5). In viewing the general solutions of the KP-hierarchy as “perturba-
tions” of the trivial solution, one takes the v as “perturbations’ of g(z). Thus one comes
to consider

N

M@@2)={f2 9@ | f@= ) az ,withaecR}

i=—o00
The product f(z) - g(z) isaformal one, for in general the product of these 2 seriesin z
makes no sense. M (g(z)) becomes an R[£, £~1]-module by linear extension of

(Ciznaiz) 9@ + (Linbiz) - 92) = (Cion(@ +b0)2) - 9(2)
pel (S az) g@2)=( X (’)pawaa)zi“—m)-g(z).

- m
|
m>0

In particular, one sees that & acts as differentiating the formal product w.r.t. the variable x.
We let 9k act in the same fashion on M (g(2)):

() a2)9(2) = (Y_d@)Z + ) az99(2).

Note that it makes sense now to consider the equations (3.3.5) inside M(g(z)). Another
important observation isthat M (g(z)) is afree R[&, £~ 1]-module with generator g(z), for
we have

O ag) -9 = az) 9.
i i
Thus one can trandate relationsin M (g(z)) to equationsin R[, £71]. In M(g(2)) we are
interested in elements of a special form

Definition 3.2. The element v in M(g(2)) is called of type Z" if we have ¥ = (2" +
Zj<najzj)g(z)-
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So, for each element  of type z" there is a unique operator K, = &"+ “lower order in &
such that ¢ = Ky, - 9(2). The crucial notion is now

Definition 3.3. An element v in M(g(z)) of type Z" is called a Baker-function of type z"
for the Lax operator L if the equations (3.3.5) hold.

Remark 3.4. Intheliterature one can also find the names wavefunction and Baker-A chieser
function.

The main result is now

Theorem 3.5. If L isa Lax operator and v is a Baker function of type 2" for L, then L is
a solution of the KP-hierarchy and L = K&K *.

3.3. Darboux transformations. If the Lax operator L is asolution of the KP-hierarchy,
one might wonder of simple transformations that yield out of L new solutions to the KP-
hierarchy. A typical example of such atransformation could be conjugation with an ele-
ment

K =an&" + "lower orderin &”

with a, invertiblein R. One directly computes that L=KLK lisaLax operator without
constant term iff 91 (a,) = O, but then we can just aswell assume a, = 1. In particular we
are interested in differential operators

n
P=) p&=£"+) pt
i=0 i<n
such that L = PLP~! is a solution of the KP-hierarchy. If v is a Baker function of type

Z", then J = Py is the candidate Baker function for L and it will be a solution of the
KP-hierarchy, if we can show for all k > 1

W) = {(P)PL+ PBP 1y
= {o(P)P™1+ PBP 1,y

In fact, it even suffices to show for each k > 1, that thereisa Cy in R[£] such that
() = Cx- .
This equation implies namely directly that
Ck= (D)X = (a(P)P~1 4 PBP D).

Likewise one can put for solutions L of the KP-hierarchy that are of the form L = L,
with

m _ m-2
L= 1igh =M+ 158,
j=0 j=0
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the question which differential operators P = &" + 3 _, Pé _yield by the transformation
£ —> PLP 1=, again an operator Lin R[&]. Inthat case L isclearly of the sameform
as L. We call the transformation £ — £ a Darboux transformation of order n. Consider
namely the special case of the Schrodinger operator £ = &2 — u. In 1882, G. Darboux
associated with £ another Schrodinger operator

L£=£—(u —2%) ,with ¥ £ 0, LY = Cy.

It was shown in [4] that this Darboux-Backlund transformation £ — L is simply the

conjugation of £ with A= y&y =& — &IZ’)

3.4. Miura transformations. In this subsection we follow [25]. To explain the name
of this subsection we consider again the Schrodinger operator £ = £2 — u. Consider a
splitting of £ into linear factors,

(3.3.6) L=E—-v)E+0v).
One computes directly that u isrelated to from v by the so-called Miura transformation

(3.3.7) u=4a(v) — v

Miura showed that it had the following remarkable property: if v satisfies the modified
KdV-equation

(3.3.8) 88': — 33 (v) — 6v23(v),

then u satisfied the KdV-equation. This last equation is equivalent to the first non-trivial
equation in the KdV-hierarchy

3L
(3.3.9) == [(£2),, L]

Themodified KdV or shortly MKdV-equation, has also adescription in Lax-form, see[14].
Take the matrix differential operator

(3.3.10) gz(g é>s+(8 _0”>.

Then adirect computation shows

> (1 0),2 a(v) — v? 0 (10 uo
£—<01>5+< 0 —8(1))—1)2)_(0 1>5+<oa)'
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Let Q now be the operator in Mo (R)[&, £~1] defined by

2 1
_ i [ W _
Q=) ( 0 (2+D:
One directly verifies then that the Lax equation.

0L 3
i [4(Q2)4, L]

is equivalent to the MKdV-equation. This Lax equation is again the simplest non-trivial
equation for a hierarchy, the socalled MKdV-hierarchy. This hierarchy can not only be
introduced for the Schrodinger operator, but also for higher order differential operators.
Consider thereto, in M, (R)[&] the operator

(3.3.11)

01 0 -1
1 0 Vo 0
(33.12) e=|1 7 Oes| o |
0 10

O -0 vp—2 O

with Zi“:_ol vi = 0 Then one computes directly that

Lo 0

Lemma3.6. We have L" = ( ) where £ in R[] is given by £ =
0 Ln-1

(6§ + vnri—1) (E+ vnsi—2) - - - (E+ vj) and the subscriptsin the £j areread mod n.

The conditions _I'"5 vi = 0 implies that the coefficient of €1 in each £; is zero. If we

write
n-2 )
Lo=(E+vn-1)E+vn2) - E+vo) ="+ ug
i=0

then the {u;} are polynomiasin the {3°(vj)[s> 0,0 < j < n— 1}. Thetransformation
(3.3.13) {vi} = {u}
we call again the Miura transformation. To £ we associate the operator
1
£L] 0
1
0 Lo 4
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in Mn(R)[£, £71]. For each k > 1, we consider the Lax equation

9
(3.3.15) L= [(Q94. L]
tk

We call this the k-th equation of the n-th MKdV-hierarchy and the operator £ that satisfies
al these equations is called a solution of this hierarchy. Since (3.3.15) also holds for
arbitrary powers of a solution, we see that we have

Proposition 3.7. The Miura transformation maps solutions of the n-th MKdV-hierarchy to
solutions of the n-th KdV-hierarchy.

4. Solutions

4.1. Solutions of the KP-hierarchy. Here we recall the basic facts from [21] for the
construction of solutions of the KP-hierarchy such as we need them. One considers the
casem= 2, i.e. ¥ (s) isthe Grassmann manifold. Because of (2.2.2) we may assume that
s= (s1) = (0). Takeany W € @ and consider

Tw={yel;|AKoproA™:y W — AKH; isabijection}
Then we have
Lemmad4.1l. Theset Iy isnhon-empty and openin I,
Let R bethering of anaytic functions on I'yy. For each y € I'yy, we define

Jw(y) = (AKoproA™)71(Z) ey tw
= ij-Zkkai(V)Z' and
Yyw(y) = yw(y)) € W.
Then vy is by construction afunction of type Z€in M(g(x)) and the central result is

Theorem 4.2. If we write yw = Kw - 9(2), with Kw € R[£, £71]. Then ¥ is a Baker
function of type Z¢ for Ly = Kw&Ky .

From the fact that

Lw = KwéKy! = Kw(ao+ > aig)e(ao + Y aig) TKyh,
i<0 i<0
if 9(aj) = Ofor al i and the actual form of the action of I"_, one obtains moreover

Theorem 4.3. (i) ForeachyinT'_and é € A, wehave L, sw = Lw.

(ii) Let T A be the closure of the image of I'_A in Glyes(H). The set of solutions of the
KP-hierarchy obtained in this way can be identified with I'_ A \ Glyes(H)/P(S).



16 A.G. HELMINCK AND G.F. HELMINCK

That A actstrivially on the solutions shows that each connected component of # (0) ren-
ders the same set of solutions of the KP-hierarchy. On the other hand the trividity of the
I"_-action tells you that the commuting flows from I' . give you practically a maximal set
of independent directions.
One can also characterize geometrically the solutions from 4.2 that correspond to solutions
of the n-th KdV-hierarchy.

Theorem 4.4. For each W € ¥ (0) the following properties are equivalent
(i) (L} + = LG
(i) A"W c W.

Proof. (i) = (ii)

If (Lj\)+ = Ly, thenwe have

In(w)(y) =Z"Yyw(y) foral yeTlw.
Sincethe {yw(y) | y € T'w} aredensein W and the left hand side of this equation belongs
to W, weget A"W C W.
(i) = (i)
For the Baker function v we have assume W € # (0)(—K
n(Pw) = {dn(Kw)Ky! + LY} - yw
= 2" Yw+ (KW Kyt - yw = (L{)+ - Y
If A"W c W, then we know that zZ"yw(y) € W. This implies a,(Ky,) - g(z2) € WN
(y(Z‘H1)* = {0} and hence (L} ) ¥w = (L) + ¥ w. Thisgivesthe required equality. [

4.2. Darboux transforms. We start with the fundamental observation that shows how
flags make their appearance in this framework.

Theorem 4.5. Let W; and W» be elements of # (0) belonging to respectively # (0)™ and
F (0)(™M™M with n > 1. Then the following 2 points are equivalent:

(i) Thereisapolynomial P in R[£] of order n suchthat P - yrw, = Yrw;.

(i) Wi C Wa.

Proof. (i) = (ii) for each y in 'y, N I'w, thevector (P - yrw,) (v) belongs by construction
to Wh. Since the vectors

{Yw, () |y € Twy N T}

are densein Wy, we see that the equality in (i) impliesthat Wy C Wa.
(it) = (i) Aswe have seen at the construction of the wavefunctions we have for eachi > 0.

gm0 ={z™"+ > a(»dlg@ ad

j<—m—n+i
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Yyw () ={Z"+ > b(nZ}9@).

l<—m

Hence we can aways find a polynomial P in R[] of order n such that

P-yw() —¥w () ={ Y &(nZ}g@.

r<—m-—n

If Wi € W», then the left hand side of this equation belongs to W, and to the space
y((zZ™"Hy)1). By construction, this has to be zero and we obtain the desired equal-
ity. O

Take s = (0, —n) and consider the manifold # (s). The foregoing theorem shows that the
map

(W1, W) — (Lw;, Lwy)

assigns to each point in # (s) apair of solutions of the KP-hierarchy that are coupled by a
Darboux transformation of order n, i.e.

Lw, = PLw,P™%, with P e R[£] of order n.
By combining this with theorem 4.3 we get analogously

Corollary 4.6. Consider the collection of pairs (L, L), where L and E~are solutions of
the KP-hierarchy as constructed in theorem 4.1.1 and such that L and L are coupled by
L = PLP~1, with P € R[] of order n. Then this set can be identified with

I'_A\ Glres(H)/P(s).
Next we consider the subvariety £ (0)n, in & (0), consisting of all W in ¥ (0) satisfying
A™W C W.

Since the points of # (0), yield exactly the m-th roots of differential operators, we look
for Darboux transforms that are also of thisform. For n < mand s = (0, —n), consider
the subvariety £ (s) of F (s) given by

Fm(s) = (W, W) | W e F(O0)m(H) and A™W c W C W}.

Since A™W C A™W c W we see that for each pair (W, W) in Fm(s) both requirements
hold, i.e.

L® = (LF)+ and Lg = PLwP™*,

with P € R[&] of order n.
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4.3. Solutions of the n-th MK dV-hierarchy. In this subsection we consider the class of
so-called periodic flags that is an intersection of the flagvarieties ,,(s) from subsection
4.2. Again we start withaW in £ (0),,. A periodic flag associated to W isachain

Zn(W):ngWm_lg'WO:W.

If s=(s1,s1—1,---,81 — n+ 1), then the collection of al these flags is a subvariety
Fper (8) of F(s). According to theorem 4.2.1 the Baker functions of the {W} satisfy

Yw, = E+v)yw fordl 1<i<n-1

If we use the operator £ in Mp(R)[£] from subsection 3.4 and the fact that yw,, = Z"Ywy,,
these relations can be written as

"Ywy

Ywg 0

L ( ; ) — 1//:/v1
anfl wwnil

By iterating this action we get form

WWO <=£0 0 wWo wWo
LN : = . : =2 : :
YWo_s 0 Ln-1 YW, 4 YW, 4

In particular thisimpliesthat forali,0 <i<n-—1,
LO\/{ = L
and that £" satisfies the equations
d

—L"=[(Q4, LM k> 1,
otk

where Q = (g‘)% e Mn(R)[£, £1] asin subsection 3.4. We want to show now the fol-
lowing result.

Theorem 4.7. Theoperator £ constructed aboveisa solution of the m-th MKdV-hierarchy,
i.e for all k > 1it satisfies
0L
2 = [(Q9+. 4]
k

Proof. Because of proposition 3.3 in [16], it suffices to show that £ and Q commute. We
havethat [£, £"] = [£, Q"] = 0 and since ad(L) is a derivation we get

n-1 _
[£.Q7=) Q£ Q-Q"" =0
i=0
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If [£, Q] = «&S + “lower order”, then there must hold
[£, Q"] = nae"™S1 4+ “lower order” = 0.
Thisshows[£, Q] = 0. 0

If W e F(0)n, then we have seen that each (W) € Fper(S), With Wo = W, gives you a
decomposition of Ly, into linear factors

n—2
Ly =£&"+ > Ug = (E+vn-1) - 5+ v0).
i=0
Because of theorem 4.3.1 we may say that the Miura transformation {vj} — {u;j} corre-
sponds geometrically to the natural projection (W) — Wp of Fper(S) onto F (0)n.

Remark 4.8. The periodic flags also turn up in a natural way in algebraic geometric situa-
tions, see e.q. [1] and [20].

Remark 4.9. The KP-hierarchy and its modificed versions can also be formulated in the
so-called Hirota bilinear form. The equations are then expressed in quadratic relations for
a finite number of so-called z-functions. The geometric interpretation of these functions
requires the transition to the bundle Det*, see [21]. For the geometric description of the
relations, we refer to [8].

5. Deformations

5.1. Deformations of meromorphic equations on P1(C). It is a well-known fact, see
e.g. [11], that deformations of linear meromorphic differential equations on P1(C) may
lead to solutions of non-linear differential equations that possess interesting features, like
the Painléve-property. We start with a description of the setting. Consider alinear differ-
ential equation on P1(C) that is meromorphic over Yo = (&%, - - , a3, co}. By this, we
mean the set of data

1.3. (i) aholomorphic vector bundle E° over P1(C).
(ii) An integrable connection V° of the bundle E° | P1(C) — Yy that is meromorphic over
Yo.

If X isthe meromorphic function that identifies P1(C) with C U {oo}, then the connection
form Q0 of V9 can be written as

={ Y . — 1+ AL xXdx,

_ 0|
1<k<m I>1 ( ) 1>0

wherethe AY, and A | are complex n x n matrices that are zero for sufficiently largel.

Now we are interested in deformations that move the poles {a°} of ©° in a holomorphic
way inside C. For simplicity, we assume that the parameterspace of the deformation,
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shortly called deformation space, is a connected complex variety T. The way the poles
are moved is determined by a set of holomorphic functionsa; : T — C, 1 <i < m, the so-
called deformation functions. Furthermore there has to be a base point to in T such that
ai(tp) = a1-° for all i. To avoid a priori topological obstructions, we will restrict ourselves
to deformations for which the poles never coincide, i.e. the deformation functions satisfy

ai(t) #aj(t) foraltinTandali#]j.
Let X be P1(C) x T. We can introduce a smooth codimension one subvariety Y of X by

Y=Y1U...UYnU Yy with
Yi={(xt) | (x1) € X, x=ai(t)} and Yoo = {(00,1) | (c0,t) € X}.
The object oneisinterested in, isthen

Definition 5.1. Anintegrable deformation (E, V) of the pair (E°, V9) with deformation
space T, deformation functions {a;} and base point to in T consists of

(1) aholomorphic vector bundle E over X = P1(C) x T of rank n.
(i) an integrable connection V of E | X — Y, that is meromorphic over Y and that is such
that the restriction of (E, V) to P1(C) x {to} isisomorphic to (E°, V9).

Given the deformation space, the deformation functions {a;} and the base point {to}, a
relevant question is if there exists an integrable deformation with these deformation data.
Even if there is no fusion of the poles, one might hit at topological obstructions. Let
i : P1(C) — T bethe embedding X — (X, tg). It induces a natural map i* : 71 (P1(C) —
Yo) — w1(X —Y). If there exists an integrable deformation (E, V) of (E°, V9), then
the representation p of 71(P1(C) — {a%, ..., a3, oo}) corresponding to (E°, V9) hasto
factorize through i*. Consider the projection p2: X—Y — T, givenby p2((x,t)) =t. The
fiber over tisequal to C — {ai(t), ... ,am(t)}. Thus (X —Y, T, p2) isafiber bundle and
we have the long exact sequence

7w2(T) = m1(P1(C) — {a(l), . ,a%, oo}) I—*> 71(X=Y)— 71(T) — 1.

Now p has to be trivial on the image of 7> (T) and should be extendable to 71 (X — Y).
Such problems do not occur if 72(T) = 71(T) = {1}. In that case the monodromy is
preserved by the deformation. An example of such a deformation space occurred in [5]
and isgiven by

Example5.2. Let Z be the space

Z=C"— U Dij, where Djj = {(xx) € CM x = Xj}.
i#]
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As deformation space we take the universal covering space Zof Zandfora : Z— Cwe
take the composition of the natural projection 7 : Z — Z with the projection on the i-th
coordinate.

Remark 5.3. From the construction one sees directly that in aneighbourhood of the singu-
lar point (a?, to) € Yj, thesingular part of the connection form © hasw.r.t. any trivializing
basis of local sections of E, the form
Bji (t)
& (x—aj()
where all the Bj; are holomorphic. By applying a proper coordinate transformation, one
may moreover assume

d(x—aj),

Bji (to) = Aji(tp) forall I.

Since we considered integrable deformations the functions Bj satisfy the non-linear com-
patibility conditions and those are the non-linear equations we refered to at the beginning.
E.g., if VO has alogarithmic pole over Yo, i.e. A% = Oforall | > 1and A2, = O for all
| > O, then the Bj; satisfy the so-called  Schlesinger equations’

d(a —aj)
dB‘l = — [B'l, B'l]i.
| ; S Ay

For the space Z with the deformation functions {a;} asin the foregoing example we had no
topological obstructions and thisturns out to be sufficient, for following carefully the lines
of proof in[15], one can show

Theorem 5.4. For each pair (E°, V°) there exists an integrable deformation (E, V) of
(E®, v9) with Z as deformation space and the {a;} as deformation functions.

Let (E, V) be the integrable deformation from theorem 5.4. and assume E° was a trivial
vector bundle. Then we consider asin [15], the set

® = {t € Z|Elpic)xy iSnon-trivial}
Since al holomorphic line bundles over Z aretrivial, one can show

Proposition 5.5. Thereisa holomorphic z: Z — C such that

®={te Z, (t) =0).

Choose open balls D; and D in P*(C) such that D; U D, = P4(C) and that E|D1 x Z
and E|D, x Z aretrivial. The comparison of trivializing sections of these two bundles,
gives you a holomorphic transfer funtion

S: D1 N Dy x Z— Gly(C).
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Let H be L?(St, C") with the decomposition H = H,. @ H-, where

Hy = {Z bix € H, b € C".
i>0
Then Sdetermines a holomorphic family of operators {S(t)|t € Z} in Gles(H), such that

S(t) isinthebigcell foral t € Z — ©. Locally one can fit the S(t) into the group G and
this suffices to prove that

Proposition 5.6. (i) There exist holomorphic maps S; : D2 x {(Z—- O} — Gly(C) and
S : D1 x {Z— O} = Gly(C) with S_(o0, t) = Id such that S= S°1S,.
(ii) Themaps S; and S_ are meromorphic over D, x © resp. Dy x ©.

In the case that V° has a logarithmic pole at infinity this proposition is used to show that
the connection form of V|D; x Z —YN{D; x Z} w.rt. suitable trivializing basis extends
meromorphically to D; x Z. Thus one obtains the following result.

Theorem 5.7. (i) Assume that E° istrivial and that V° has a logarithmic pole at infinity
. Let (E, V) be the integrable deformation from 5.4. Then there is a neighbourhood U of
to such that E | P1(C) x U istrivial and a basis of sections {h;} such that the connection
form Q wir.t. the {h;} looks like

" B |
=2 2 Goawyi*

with Bjj (to) = AJ for all i and |.

(ii) These solutions { B} of the integrability equations extend holomorphically to Z-0
and are meromorphic on Z.

Remark 5.8. In the case that VO has logarithmic poles over Yo, Magrange has shown in
[15] that there is aholomorphic 7 : Z — C with zero-set © such that o = 9 isthe differ-
ential form presented in [11]. This t-function can also be interpreted as the determinant of
an associated Cauchy-Riemann operator on the spin bundle over P1(C), see[17].

Remark 5.9. The bundle Det* plays also an important role at monodromy preserving de-
formations of Dirac equations, see [18] and [19].
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