ON ORBIT CLOSURES OF SYMMETRIC SUBGROUPS IN FLAG
VARIETIES

MICHEL BRION AND ALQYSIUS G. HELMINCK

Abstract. We study K-orbitsin G/P where G is a complex connected reduc-
tivegroup, P € Gisaparabolic subgroup, and K C G isthefixed point subgroup
of aninvolutive automorphism 6. Generalizing work of Springer, we parametrize
the (finite) orbit set K\ G/ P and we determine the isotropy groups. As a con-
sequence, we describe the closed (resp. affine) orbitsin terms of 6-stable (resp.
6-split) parabolic subgroups. We also describe the decomposition of any (K, P)-
double coset in G into (K, B)-double cosets, where B C P isaBorel subgroup.
Finally, for certain K-orbit closures X € G/B, and for any homogeneous line
bundle .£ on G/B having nonzero global sections, we show that the restriction
map resx : HO(G/B, £) — HO(X, .£) is surjective and that H (X, .£) = O for
i > 1. Moreover, we describe the K-module HO(X, .£). This gives information
on the restriction to K of the simple G-module H°(G/B, .). Our construction
is ageometric analogue of Vogan and Sepanski’s approach to extremal K-types.

Introduction

Let G be a connected reductive group over an algebraically closed field k; let
B € G be aBorel subgroup and K € G aclosed subgroup. Assume that K isa
spherical subgroup of G, that is, the number of K-orbitsin the flag variety G/B is
finite; equivalently, the set K\G/B of (K, B)-double cosets in G isfinite. Then
the following problems arise naturally.

1) Parametrize the set K\ G/ B and, more generally, K\G/P where P 2> Bisa
parabolic subgroup of G.

2) Decompose any (K, P)-double coset into (K, B)-double cosets.

3) For connected K, describe the singularities of closures of double cosets or,
equivalently, of K-orbit closuresin G/ B. Are these closures normal?

4) For such anorbit closure X and ahomogeneousline bundle .£ on G/ B having
non-zero global sections, describe the K-module HO (X, .£) and the image of
the restriction map resy : H2(G/B, £) — HO(X, £).
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In the case where K = B, the answers to Problem 1 and 2 are well known:
by the Bruhat decomposition, each (B, P)-double coset intersects the Weyl group
W into a unique coset of Wp, the parabolic subgroup of W associated with P.
And for w € W, the double coset Bw P is the digoint union of the BwtB where
7 € Wp. Much is known concerning Problems 3 and 4: the B-orbit closures in
G/ B are the Schubert varieties; they are normal, with rational singularities [12].
The spaces HO(X, £) are the Demazure modules; their character is given by the
Demazure character formula, and the maps resy are surjective. Moreover, the
higher cohomology groups H' (X, .£) vanish fori > 1. Similar results hold for the
diagonal action of Gon G/B x G/B [11].

For general spherical subgroups, no explicit solution of Problem 1 seems to
be known; but work of Springer [16] and Richardson-Springer [13], [14] gives
detailed information on K\ G/ B in the case of a symmetric subgroup K, that is, K
consists of all fixed points of an involutive automorphism 6 of G. In this setting,
the K-orbit closures in G/B may be more complicated than Schubert varieties:
they need not be normal (an example is given in [1] p. 281), and the maps resy
need not be surjective (this is mentioned in [1]; see 4.3 below for more detailed
examples).

In the present paper, we give a solution of Problem 2 for a symmetric subgroup
K = G? (1.4), and we describe the isotropy subgroups of GP-orbitsin G/ P (2.2).
As a consequence, we characterize the affine (resp. closed) orbits (2.3, 3.2), in
relation to 6-split (resp. 6-stable) parabolic subgroups. Then we solve Problem
4 for certain GP-orbit closures X € G/B which we call induced flag varieties.
They are the pull-backs under the projection G/B — G/ P of closed G?-orbitsin
G/ P, where B C P and both are 6-stable. Of course, each such X is smooth;
we show that resy is surjective, and that the G’-module HO(X, .£) is obtained
from HO(P/B, .£) by parabolic induction. Furthermore, we obtain vanishing of
H'(X, L) for i > 1 (4.1). As a consequence, X is projectively normal in the
embedding given by any ample line bundle on G/ B.

Our proof of these results concerning Problem 4 is only valid in characteristic
zero. In positive characteristics, it would be useful to know that the G?-module
HO(G/B, «£) admits a good filtration (this was conjectured by Brundan [6] Con-
jecture 4.4 (ii)). Our analysis of restriction maps gives information on the decom-
position of the simple G-module H%(G/ B, .£) asaG’-module: all isotypical com-
ponents which are extremal in a precise sense arise from the quotient HO(X, £)
for some induced flag variety X (4.2).

Thisisrelated to work of Sepanski [15] on boundaries of K-types of a (g, K)-
module M. He considered the conomology of u with coefficientsin M, where u
isthe nilradical of the Lie algebra of a 6-stable parabolic subgroup P of G, and he
studied a “restriction of cohomology” map = : H* (i1, M) — H*(u?, M) [15] §3.
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Let X be the pull-back in G/B of the closed orbit G’/ P? € G/P; then the map
resy can be seen as a geometric version of .

The simplest situation for decomposing G-modulesinto G?-modulesisthe* mul-
tiplicity-free” case, considered in detail in [15] §4. In this case, it turns out that
all GY-orbit closuresin G/B are induced flag varieties; in particular, al orbit clo-
sures are smooth (4.2). In the general case, most orbit closures are not induced
flag varieties, but the latter can be used to construct “short” desingularizations of
the former; thiswill be devel oped elsewhere.

Acknowledgments. Part of thiswork was written during a staying at the university
of Aarhus in the summer of 1998. The first author would like to thank the math-
ematical institute of Aarhus for its hospitality, and T. A. Springer for very useful
discussions.

Notation. Throughout the paper, the ground field k isalgebraically closed of char-
acteristic £ 2. We denote by G a connected reductive group, by B a Borel sub-
group of G, and by T a maximal torus of B. The unipotent part of B is denoted
by U. We denote by P a parabolic subgroup of G containing B, and by L the Levi
subgroup of P which contains T.

Let N bethenormalizer of T in G, and let W = N/ T be the Weyl group. Let ®
(resp. ®1; @) bethe set of roots of (G, T) (resp. of positive roots, that is, roots
of (B, T); of negative roots). The set of simple rootsis denoted by A.

Letg, b, t,... betheLieagebrasof G, B, T, .... We have the decomposition
a=t® P, Ja; for each o € ®, we choose anon-zero root vector X, € qq.

Let 6 be an automorphism of order 2 of G; let G’ C G be the fixed point sub-
group. Then G? is reductive by [17] §8; let G?© be its connected component
containing 1. For the 6-action on g, the fixed point subspace g? isthe Lie algebra
of GY by [2] Corollary 9.2. Let 7 : G — G bethemap g — g~10(g); observe that
0(x) = x Lforal x € t(G).

1. First results on double cosets

1.1. Preliminaries. We begin by collecting several lemmas on involutions of re-
ductive groups, to be used later. Although these results are known (see [16] and
[9]), we give complete proofs because they are very short, or simpler than existing
ones.

Lemmal. Let ' C G be a 6#-stable connected unipotent subgroup. Then:

(i) The product map I'? x ¢(I") — T isan isomorphism.
(ii) T is connected.
(iii) (M) ={geT[6(g) =g
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(iv) For any subgroup I'" € G containing I, the map G — G/TI" sends I'"? onto
(Tr'/T)°.

Proof. (i) follows from [2] Proposition 9.3, and it implies (ii). For (iii), letg e U
such that 0(g) = g~L. By (i), we can write g = xy~10(y) for aunique x € I'Y and
somey e I'. Then

XO(Y) "ty = 0(y) Tyt =x"to(yx H Tty !
whence x = x~1 by (i) again. Because I' is unipotent and connected, it follows

that x = 1. For (iv), let g € I such that gI" isin (G/T")?. Then g~16(g) € I'. By
(i), we can find y € I' such that g=16(g) = y~10(y); thengy~LtisinT?. O

Lemma 2. Any Borel subgroup B C G contains a 6-stable maximal torus of G,
and any two such tori are conjugate in U?.

Proof. Because 6(B) isaBorel subgroup of G, the group B N 8(B) is connected,
solvable and contains a maximal torus of G. Thus, it contains a 6-stable maximal
torus, by [17] 7.6. Let T, T’ be two such tori. There exists g € U such that
T =gTg L. Because T and T’ are 6-stable, g~10(g) normalizes T. But g~16(g)
isinU; it followsthat g~16(g) = 1, that is, g € U". O

Lemma 3. The following conditions are equivalent:
(i) Biso-stable.
(i) B?9isaBorel subgroup of G.

Proof. By Lemma 2, we can choose a 6-stable maximal torus T of B.

(i)=(ii) Because B and T are #-stable, the same holds for U. Let B~ be the
Borel subgroup of G such that B~ N B = T, then B~ and its unipotent part U~
are f-stableaswell. Becauseg =u @t @ u—, we have

ge =1t (11_)9
It follows that b? and (b~)? are opposite Borel subalgebras of g°.
(i)=(i) Observe that 6 acts on ®; if moreover B is not #-stable, then we can
findo € (@) N d~. Now X, + 0(X,) and X_, + 0(X_,) are eigenvectors of
T? in g% of opposite weights. Because b is a Borel subalgebra of the Lie algebra

of the reductive group G?, it follows that one of these vectorsisin b?, in particular
in b. This contradicts the assumptionthat o € ®~ and 6(a) € . O

Lemmad4. For a 6-stable maximal torus T of G, the following conditions are
equivalent:

(i) T iscontained in a #-stable Borel subgroup of G.
(i) T?%isaregular subtorusof G.

All 9-stable maximal tori T satisfying (i) or (ii) are conjugate under G%°. If more-
over G? is connected, then T? is connected as well.
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Proof. (i) =(ii) We may assume that B is 6-stable. If there exists @ € ®* which
vanishes identically on T%9, then, for al t € T, we have «(t6(t)) = 1, because
to(t) e T%C. Thus, a + 6(a) = 0, which contradicts the fact that 6(«) € .

(ii)=(i) Observe that T%0 is a maximal subtorus of G’. Let I' be a Borel sub-
group of G? containing T?:%, and let B be a Borel subgroup of G containing T.
Then B, = B%9, whence B is #-stable by Lemma 3. Furthermore, B contains T,
because B contains the regular subtorus T%-©.

If moreover G? is connected, then B? is connected (because it is contained in
the normalizer in G? of the Borel subgroup I'). Because B? = U?TY, it follows
that T? is connected.

Let T’ be another #-stable maximal torus of G satisfying (ii). Then T%° and
T'%-0 are maximal subtori of G0, so that they are conjugate in this group. Taking
centralizersin G, we seethat T and T’ are conjugate in G%°, too. |

1.2. Parametrization of orbits. Let B(G) be the flag variety of G. Recall that
the set of G?-orbitsin B (G) isin bijection with the set of G’-conjugacy classes of
pairs (B, T) where B C G isaBorel subgroup, and T C B is a 6-stable maximal
torus; the inverse bijection maps the G?-conjugacy classof (B, T) to that of B. As
a consequence, B (G) contains only finitely many G’-orbits (see [14] 1.2 and 1.3
for simple proofs of these results).

We begin by generalizing thisto the variety & (G) of al parabolic subgroups of
G.

Proposition 1. Thereisa bijection fromthe set of G%-orbitsin £ (G) onto the set
of GY-conjugacy classes of triples (P, B, T) where

(i) Pisaparabolic subgroup of G,

(i) BisaBorel subgroup of P such that the product P’B is openin P, and
(iii) T isa6-stable maximal torus of B.

The inverse bijection maps the G?-conjugacy class of (P, B, T) to that of P.

Proof. Let P beaparabolic subgroup of G. For aBorel subgroup B of P, the prod-
uct G?P is aunion of finitely many (G?, B)-double cosets. Because the quotient
G\ G?P isa P-orhit, it isirreducible; thus, G’ P contains a unique open (G, B)-
double coset. Replacing B by aconjugate in P, we may assume that G’B is open
in G?P. It followsthat P'B = (G’B) N P isopenin P. Furthermore, B contains
a 6-stable maximal torus by Lemma 2. Thus, there existsa pair (B, T) satisfying
(i) and (iii).

To complete the proof, it sufficesto check that all such pairs are conjugate under
P?, the GP-isotropy group of the point P of #(G). Let (B, T') be another such
pair. We can write B’ = pBp~1 for some p € P. Then P?B and P?pB are open
(P?, B)-double cosets in the irreducible variety P. Thus, they are equal, and p is
in PYB: we may assumethat p € P?. Now T and p~1T’p are 6-stable maximal
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subtori of B: by Lemma 2 again, there exists b € B? such that p~1T'p = bTb™1,
Then T’ = pbT(pb)~! and B’ = pbB(pb)~! with pb € P’, O

From now on we assume that T is a #-stable maximal torus of G; then its nor-
malizer N is §-stable, too. Set

v:={geG|glo(g) e NJ.

Then V is the set of all g € G such that the maximal torus gTg~? is 6-stable.
Clearly, 'V is stable under left multiplication by G? and right multiplication by N.
In fact, by [16] and [9], any (G, B)-double coset in G meets 'V, along a unique
(G?, T)-double coset. As an easy consequence of this result, we shall obtain a
similar parametrization of the (GY, P)-double cosetsin G.

For g € G, define an involution g of G by

Yg = Int(g™h) o HoInt(g) = Int(g~16(g)) o 6.
Then G¥9 = g~1G’g. Observe also that
V={ge G| Tisyg-stable}.

Set finally
vP:={ge V| G’gBisopenin G'gP}.

Proposition 2. Any (G?, P)-double cosetin G meets VP, along aunique (G?, T)-
double coset. Furthermore, V" isthe set of all g € 'V such that PY9B is open in
P.

Proof. Let © be a (GY, P)-double coset in G. Then @ contains a unique open
(G?, B)-double coset @ B. Thelatter meets Vv along aunique (G?, T)-double coset
OP. Let g € ©OP, then G?gB is open in G’gP. Thisis equivalent to: GY¢B is
open in GY9P, and also to: PY9B is open in P. Indeed, the G¥s-variety G¥sP
is the quotient of G¥s x P by the action of P¥s defined as follows: x- (g, p) =
(gx~1, xp). Thus, asubset E of P isopen if and only if GY9E is open in G¥sP.

]

1.3. #-stable Levi subgroups. In this subsection, we assume that P contains a
6-stable Levi subgroup. Let GP be the set of all g € G such that gPg—! contains
a #-stable Levi subgroup. Clearly, G isaunion of (G’, P)-double cosets, which
we will parametrize. We begin with the easy

Lemmab. L is6-stable, and any 6-stable Levi subgroup of P isconjugateto L in
Ru(P)°.

Proof. Let M be a 6-stable Levi subgroup of P. Then M is a Levi subgroup of
PN 6&(P). Thelatter contains L N 6(L) asits Levi subgroup containing T. Thus,
M and L N 6(L) are conjugate; in particular, dimL = dimM =dimLNé&(L). It
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follows that L is 0-stable. The proof of the other assertion is similar to that of
Lemma 2. ]

Let S= Z(L)° denote the connected center of L, and Ng(S) resp. Zg(S) the
normalizer, resp. centralizer of Sin G. Then L = Zg(S), Ng(L) = Ng(S), and
these groups are 6-stable. Let VS = {g e G | g710(g) € Ng(S)}, a union of
(G?, Ng(S))-double cosets contained in GP. Finally, let VSP = vSn pP,

Proposition 3. Any (G, P)-double cosetin GP meets VS along aunique (G, L)-
double coset. The latter meets VS P along a unique (G?, T)-double coset.

Proof. Let g € GP, then gPg~! contains a 6-stable Levi subgroup of the form
guLu~tg~! for some u € Ry(P). Then gu € VS so that G’gP meets VS. If g
and gu are in VS for u as above, then gLg~! and guLu—1g~1 are 6-stable Levi
subgroups of gPg~t. By Lemma5, gug~! € G’. Thus, gu € G’g, which proves
the first assertion.

Let g e VS, then G'gP meets VP along aunique (G?, T)-double coset. Moving
g inits (GY, L)-double coset, we may assume that there exists u € Ry(P) such
that gu € VP. Then gPg~! = guPu~1g~! contains a #-stable Levi subgroup,
and contains the #-stable maximal torus guTu~g=!. By Lemma 5, it follows
thgt guLu~tg~tiso-stable, that is, gu € VS. By thefirst part of the proof, gu €
G0. |

Set VS := G?\ VS/L; then we have VS = G\GP/P = G\ VSP/T. The ac-
tion of Ng(S) on VS by right multiplication induces an action of the Weyl group
W(S) := Ng(S)/Zs(S) on VS, We interpret the orbit set VS/W(S) in terms of
certain conjugacy classes of 6-stable tori, as follows.

Let 8 bethe set of al conjugates of Shy elementsof G. Thisisan affine variety,
isomorphic to G/Ng(S), on which 6 acts. Let 87 be the fixed point set of 6, then
8% isthe set of conjugates of Shy elements of VS, It is an affine variety, on which
G? acts by conjugation. The bijective map VS/Ng(S) — 87 : gNg(S) — gSg~?
is GP-equivariant; thus, the induced map VS/W(S) — 87/G? is bijective. In the
casethat P = B thiswas observed in [13] Proposition 2.7.

For S amaximal ko-split torus of G, where kg C k isasubfield of k and G, 6
are defined over ko, the sets VS and 47/G? are discussed in more detail in [8].
Thisincludes a characterization of 87/G?; the case where Sis amaximal torusis
treated in [7].

1.4. Fixed pointsin parabolic subgroups. For aparabolic subgroup P > B, we
describe the subgroup P?, and itsimagein the quotient of P by its unipotent radical
Ru(P). Recall that P is the semidirect product of R,(P) with its Levi subgroup
L O T; we shal identify P/ R, (P) with L.
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Theorem 1. Wth notation asabove, R, (P)? isa connected unipotent normal sub-
group of P?. Furthermore, the quotient P?/R,(P)? (theimage of P? in L) is the
semidirect product of L N 6(Ry(P)) (the unipotent radical of L N 6(P), a para-
bolic subgroup of L) with L? (a reductive group).

Proof. Set Q := 6(P), a parabolic subgroup of G containing T, and set M :=
6(L), the Levi subgroup of Q containing T. Then PN Q is #-stable and contains
PY asits fixed point subgroup.

Weclaimthat PN Q isthe semidirect product of itsunipotent radical R,(P N Q)
with the 6-stable connected reductive subgroup L N M. Furthermore, R,(P N
Q) contains Ry(P) N Ry(Q) as a #-stable connected normal subgroup, and the
quotient

Ri(PNQ)/Ru(P) N Ru(Q)

isthe direct product of L N Ry(Q) with Ry(P) N M, where 6 acts by exchanging
both factors (thisanalysisof PN Qisimplicitin[3] p. 86-88.)

Indeed, both Ry(P) N Q and P N Ry(Q) are unipotent normal subgroups of
P N Q; because they are normalized by T, they are connected. Furthermore, we
have isomorphisms

(PNQ)/(Ru(P)YNQ(PNRu(Q) =(LNQ)/(LNRy(Q))=LNM

and the latter is a connected reductive group. Thus, the unipotent radical of PN Q
IS

(Ru(P)N Q)(PN Ry(Q)) = (Ru(P) N Ru(Q)) (Ru(P) N M) (L N Ru(Q)),

a product of three subgroups with trivial pairwise intersections. And R, (P) N
Ru(Q) isanormal subgroup of R,(P N Q), and contains all commutators [g, h]
whereg e LN Ry(Q) and h € Ry(P) N M. This proves the clam.

By that claim and Lemma 1 (iv), Ry(P)? = (Ry(P) N Ry(Q))? is connected,
and the quotient

P?/Ru(P)! = (PN Q/(Ru(P) N Ry(Q))’

isthe semidirect product of the group of all pairs (g, 6(g)) whereg € L N R, (Q),
with (LN M)? = L. It followsthat theimage of P’ in L isthe semidirect product
of LN Ry(Q) with L?. Furthermore, L N Q is a parabolic subgroup of L, with
unipotent radical L N R, (Q) and Levi subgroup L N M. O

1.5. Decomposition of double cosets. With notation asin 1.2, let g € V. We
shall decompose G?gP into (G?, B)-double cosets.

Set Lg:=LNyg(L),then Lgisayg-stable Levi subgroup of the parabolic sub-
group L N g(P) of L, and T is ayg-stable maximal torus of Lg with normalizer
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vg — | Yo

NN Lg. Furthermore, LY9 = Lg”. Set
: -1

By theresultsrecalled in 1.2, the map L‘/fG\"Vg/T — LY9\Lg/BN Lgishijective.

Finaly, denote by Ng the set of all n € NN L such that BN Lg is contained
in n(BN L)yn~1. Then, by the Bruhat decomposition, the map Ng/T — L N
Yg(P)\L/BN Lisbijective.

Proposition 4. Wth notation as above, we have

G'gp= [ J GgnB.

leVg,neNg

Furthermore, G?gInB = GYgl’'n’Bifand only if: L¥eIT = L¥sl’T andnT = n'T.
This defines a bijection

Vg x Ng — G/\G’gP/B.
Proof. Observe that
G\G’gP/B = g 1G’g\g ' G’gP/B = GVe\G"¢P/B.

Now any (GYs, B)-double coset in G¥sP meets P, aong a unique (PY9, B)-
double coset. Thus, we have

GY9\GYsP/B = PY9\P/B = Im(PY9)\L/BNL

where Im(PY9) istheimageof P¥sin L. But Im(P¥9) = (L N ¢g(Ry(P))LY9 by
Theorem 1. For simplicity, set Q := ¥4(P), QL := QN L (aparabolic subgroup
of L, with Levi subgroup Lg) and B, := BN L (aBorel subgroup of L); then L N
Yg(Ru(P)) = Ru(QL). Each (Ry(Qy)LY9, BL)-double coset in L is contained
inaunique (Q, BL)-double coset. The latter meets Ng along a unique T-Coset.
This defines a surjective map

Im(PY9)\L/BN L = Ry(Qu)LY9\L/B. — QL\L/BL = Ng/T.

For n e Ng, thefiber of this map over nT is

Ru(QL)LY9\QLnBL /Bl = Ry(QL)LY\QL/QLNnB.Ln"t = L8\ Lg/BN Lg.

Indeed, asnB_n~1 contains BN Lg, theimageof Q. NnBLn~tinLg= QL/Ru(QL)

is BN Lg. Finaly, each (LY9, BN Lg)-double coset in Ly meets Vg into a unique

(LY9, T)-double coset. Tracing through all identifications completes the proof.
O
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2. Combinatorics and geometry of orbits

2.1. Parabolic subgroupsassociated with double cosets. Any double coset G?gB
defines two parabolic subgroups containing B: itsright stabilizer, that is, the set of
al x e G such that G?gBx = GgB, and the right stabilizer of its closure G?gB.
We shall describe both parabolic subgroups in terms of the combinatorics of root
systems and involutions, which we recall below; as an application, we shall char-
acterize the set 'V introduced in 1.2.

For each @ € @, let U, C G be the corresponding root subgroup. Each simple
root « € A defines a parabolic subgroup P, of semisimple rank one, generated by
B and U_,. We denote by L, the Levi subgroup of P, which contains T, and by
G, the quotient of L, by its center; then G, isisomorphic to PSL (2). We shall
identify U, and U_,, with their images in G,, and we denote by T, the image of
T.

Recall that any parabolic subgroup P 2 B is generated by the P,’s that it con-
tains. We write P = Pp where IT isthe set of al « € A suchthat P, € P. The
corresponding parabolic subgroup of W is denoted by W, and we also denote VP
by VI,

Because T is 0-stable, 6 acts on ® by an involution, still denoted by 6. Recall
from [16] that « € @ is called red if O(«) = —«, imaginary if 0(«) = o and
complex if 6(«a) # +«. For real or imaginary «, the group L, is 6-stable, and 6
actson G, ; recall that « is compact if 6 fixes G, pointwise (then « isimaginary).
Observe that « is compact (resp. non-compact imaginary) if and only if 6(X,) =
Xa (resp. 0(Xy) = —Xa).

The following result is an easy consequence of [13] §4 or of Theorem 1.

Lemma 6. Theimage of P%%in G, is
G, if o is compact,
T, if a isnon-compact imaginary,
a copy of the multiplicative group, distinct from T, if « isreal,
U, if o iscomplexandin (&™),
o U_,ifaiscomplexandinf(d~).
As a consequence, o iscompact (resp. o € 0(®~); a € (d*)) if and only if P/B
isequal to P, (resp. isa proper open subset of P,; isclosedin P,).

For g € V, theinvolution g = Int(g~10(g)) o 6 actson ® aswell; if wg de-
notestheimagein W of g~16(g) € N, then VYg(a) = wgb(a) foral o € ®. Thus,
we can distinguish between vg-real, imaginary, complex,... roots. Let A¢ be the
set of al y4-compact simple roots.

Proposition 5. Letge V.
(i) Theright stabilizer of G’gB is generated by the P, where o € Ac.
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(ii) The right stabilizer of G?gB is generated by the P, where o isin A¢ or in
AN Pg(d7).

(iii) G’gB is open in G?gP (that is, g € V) if and only if IT is contained in
AcU¢Pg(P7).

(iv) G’gBisclosed in GgP if and only if IT is contained in yg(® ™).

Proof. Asin 1.5, we may reduce to the case where g = 1, then yg = 6.

(i) Theright stabilizer of G’B is generated by the P, (« € A) suchthat G/B =
G?P,. Thisamountsto: P/B = P,, that is, « is 6-compact by Lemma 6.

(ii) Similarly, the right stabilizer of G?B is generated by the P, (o € A) such
that GYB = GYBP, = GP,, that is, G’ B isopen in G’ P,. Thisamountsto: P!B
isopenin P,, or to: « iseither §-compact or in 6(d 7).

(iii) isadirect consequence of (ii).

(iv) Observe that G?Bisclosed in G?P if and only if PBisclosedin P. If this
holds, then, intersecting with P, for « € IT, we have that PgB isclosed in P,. By
the Lemma, wethen have o € 6(d™).

Conversely, if TT € 4(®™), we claim that BN 6(B) is a Borel subgroup of
PN o(P). Indeed, the assumption impliesthat BNo(B) = BNO(P) = PNH(B).
Thus, BN #(B) contains both R,(P) N 6(P) and PN 6(Ry(P)). By the structure
of PN O(P) giveninthe proof of Theorem 1, it followsthat B N 6(B) containsthe
unipotent radical of PN 6(P). Furthermore, BN 6(B) contains BN L N 6(L); the
latter isaBorel subgroup of the Levi subgroup L N6(L) of PN A(P). Thisproves
the claim.

Thisclaim and Lemma3imply that BY-0 isaBorel subgroup of P?. Thisimplies
inturn that P?/B? is complete, hence closed in P/ B. It followsthat PYB is closed
inP. O

In the case where P = B, we obtain the following result, which is also a conse-
guence of [9] Proposition 9.2 and Lemma 1.7.

Corollary 1. Wth notation as above, G’gB isopen (resp. closed) in G if and only
if each simple root is either yrg-compact or in y/g(P~) (resp. each simpleroot is
inyg(d), thatis, Bis yg-stable).

2.2. Isotropy groups. Let g € V. The G’-isotropy group of the point gP of

G/Pis G’ ngPg~! = gP¥sg~!. To describe this group, or, equivaently, PYs,
we need more notation. Set

Mg:={a €| ¥g(a) € dr}.

Then Ty contains I (the set of al vrg-compact roots of IT); we denote by &y,
&1y, the corresponding sub-root systems of ®. Let d¢ (resp. d¢) be the set of all
Yg-compact (resp. complex) roots.
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Finally, recall that a parabolic subgroup Q of G is split with respect to an invo-
lution v if the parabolic subgroup v ( Q) is opposite to Q.

Proposition 6. (i) The group Ly := L N yg(L) isequal to Lp; in particular,
&, is yg-stable. Furthermore,

Vo(Pfy, — @) = Pp, — Py,
Thus, @, is the set of all yg-compact roots of o, and Pp,NLgisa
minimal v4-split parabolic subgroup of Lg.

(i) The group PYs is the semi-direct product of a connected unipotent normal
subgroup of dimension

1
[OF — O |+ 51PE N Yg(@T) +]0f; — &F |

with the reductive subgroup ng.
Proof. (i) By Proposition 5 (iii), we have IT C y¢(®~ U IT) whence
O S Yg(P™ U D).

It follows that BN L is contained in vg(P~) N L. The latter is a parabolic sub-
group of L, with L Nyg(L) asits Levi subgroup containing T. Thus, there exists
asubset IT" C IT such that L N (L) = L. Thenwe must have IT" = Tg.

Leta e ITg—Ilc. Then yg(a) € @ﬁg — &y, by Proposition 5 (iii) again. Thus,
the coefficients of y¢(cr) onall elementsof Iy — I are non-positive, one of them
being negative. It follows that wg(CDJlf[g — @} ) consists of negative roots.

(i) By Theorem 1, the group LYs = ng is a maximal reductive subgroup of
PYs, and R,(PY9) isan extension of L N vq(Ru(P)) by Ry(P)¥s. Furthermore,
L N ¥g(Ru(P)) isthe unipotent radical of L N v4(P), aparabolic subgroup of L
with Levi subgroup Lg. Thus, we have

dimLNyg(R(P)) = |®f; — <1>;g|.

To compute the dimension of R, (P)¥9, we use the notation of the proof of Lemma

3. The X, (@ € @1 — &) areabasis of the Lie algebra of R,(P). Thus, abasis

of the Lie algebraof Ry(P)¥9) consists of the X, (wherea € ®F — &) together

with the X, + ¥g(Xy) (Where o is complex and both «, ¥g() arein @ — &py).
Observe that

Ol — @ =0l — (PnNYg(Pn)) = PF — Py = PF — Py

Finally, we check that the set of all complex rootse: € @+ — ®y suchthat yg(a) €
Ot — &p is L NyYg(@1). Indeed, there is no complex o € @}, such that
Yg(a) € @F (otherwise, Yg(a) € d)ﬁ whence o € @p,; but any complex root
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a € @, satisfies Yg(a) € 7, by (i)). And for & € &+ — @, the condition:
Yg(a) € T — & isequivalent to: yg(a) € O O

As an application, we describe the isotropy groups for the G’-action on G/ B;
this sharpens [16] Proposition 4.8. Let g € 'V, then the G?-isotropy group of gB/B
is

(gBg )’ = gBYsg™t.
By Proposition 5 (i), the parabolic subgroup P, is the right stabilizer of G?gB,
and moreover g € V2¢. Clearly, La, is yg-stable, and its derived subgroup con-
sists of y4-fixed points. It then follows from Theorem 1 that

PY® = Ry(Pa,) oL}’
Intersecting with B, we obtain the following

Corollary 2. With notation as above, B¥s is the semi-direct product of the con-
nected unipotent normal subgroup

Ru(Pa)"o(UNLa,)
with the diagonalizable subgroup T¥¢, and we have

. 1
dim Ry (Pa,)¥e = §|<I>é N Yg(P)].

2.3. Affineorbits. Let g e VP. Wegiveacriterion for the orbit G?gP/P € G/P
to be affine. As G? is reductive and the isotropy group G’ N gPg~1 is equal to
gP¥sg~1, thisis equivalent to: PYs isreductive.

This condition holds if P is yg-split: then P¥s = (P N yg(P))¥e = LYs. An-
other example of an affine orbit occurs when the symmetric space G/ G? is Her-
mitian, that is, there exists a parabolic subgroup Q € G and a Levi subgroup
M C Q such that G = M. Then QY = M is reductive; the corresponding orbit
G’Q/Q = G?/G"0 isfinite. In the general case, we shall see that affine orbits
arise from a combination of both examples.

Let A, be the set of all non-compact imaginary simple roots for vrg. Write
P = Pp and consider the Dynkin diagram of TTU A,,. Let Ap be the union of
all connected components of this diagram which meet A, — IT, and let I1° be the
union of the other components. Then ®ya,, is the digoint union of ;o and
P .

Proposition 7. Wth notation as above, PYs is reductive if and only if g satisfies
the following three conditions:

a) @ isyg-stable and contains all vg-compact roots of &.

b) EHUAn IS ¥g-split.

C) Apiscontainedin Ap U I¢.
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Then PVq.0 L}ﬁf’u Ay both Lo and Lz are yg-stable, and the symmetric space
Yy - . .
Lz, / in is Hermitian with Levi subgroup L % .

Proof. We use the notation of 2.2. If PVs is reductive, then |®f; — @ | =0

whence @ is yg-stable. Furthermore, |®¢ — q’JﬁJ = 0 whence ®; contains all
Yg-compact roots, and a) holds. Finally, |<I>(J:r N ¥g(®T)| = 0 whence

Yg(®T — &) = D™ — P

where ®; € @ denotes the subset of yg-imaginary roots. It follows that ®; =
® A, where Aj = A N ;. Because ¢ contains al yg-compact roots, we have
ITU Aj = ITU Ap. Furthermore, ®rjya, is yg-stable and

Yg(®T — dnua,) = ®~ — Prua,

whence b) holds.

Let | beaconnected component of the Dynkin diagram of IT U Ay, which meets
ITand A, — I1. Let J be a connected component of | N IT, and let o be the sum
of all smplerootsof J. Thena € ®f; andwecanfind B € (An — 1) N | whichis
connected to a. Thus, « + g € ®*. Itfollowsthat yg(e + B) = Yg(e) + f € DT,
whence @ + B € ®; and « isimaginary. Because o € & = @, Proposition 6
impliesthat « € .. Thus, | NIT C I¢. Thisimpliesc).

Conversely, assume that a), b) and c) hold. By b), we have P¥s C Lpa,, and
the latter is yg-stable. Thus, we may assume that A = [TU A,. Let Gy be
the connected adjoint semisimple group with root system @3 ; then 4 induces
an involution of G, and we have a yg-equivariant quotient map q: G — Gg .

Because g fixes A, pointwise, it acts on Gg, by conjugation by an element of
g(T). Thus, G_g contains q(T), and its roots are the yg-compact roots of &3 .
By @) and c), thlsset of rootsis ®p; x . Inother words,

Gzi’ = Q(anmzn)-

Becauseq~'q(Lp_x,) = L, itfollowsthat GV¢:? C L, that is, PY9-0 = GVo:0,
L]

Corollary 3. Theparabolic subgroup P is#-splitif and only if the orbit G P/ P is
an open affine subset of G/ P. Then this orbit consists of all 6-split G-conjugates
of P.

Proof. Choose B € P such that G?B is open in G’ P. Then, by Proposition 5 (iii),
each o € IT iseither 6-fixedor in 6(d 7).
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If Pis@-split, then (®+ — &) = &~ — dpq. Thus, eacha € A —TTisin
6(®~). Now Corollary Limpliesthat G?Bisopenin G. Then G'P/P ~ G?/P? =
G?/LY isan open affine subset of G/ P.

Conversely, if G'P/P is an open affine subset of G/P, then G?B is open in
G. It follows that al imaginary roots are compact, e.g. by Proposition 6 (i).
Applying Proposition 7 with A, = @, we see that P is 6-split. Let now Q be
a 0-split conjugate of P. Write Q = gPg~1, then G?gP is open in G, whence
GP9gP = G’P and g € G’P. Thus, Q isconjugateto P in GY. O

2.4. Examples. 1) (see[13] 10.1.) Let G beaconnected reductivegroup, B C G a
Borel subgroup, and T ¢ B amaximal torus. Consider G = G x G withinvolution
6 defined by (g1, g2) = (go, g1). Then G isthe diagonal diag(G). The maximal
torusT =T x T and the Borel subgroup B = B x B are 6-stable.

The map (g1, g2) — 97192 induces a bijection G'\G/B — B\G/B. More
generally, let P be a parabolic subgroup of G containing B; then P = P1 x P>
where P1 and P2 are parabolic subgroups of G containing B, and we have a bijec-
tion G/\G/P — P1\G/P, which is compatible with the partial orderings given
by inclusion of closures. Thus, our resultsin this case can be derived more directly
from the Bruhat decomposition.

The root system of (G, T) isthe digoint union of two copies of the root system
® of (G, T); we shal denote these copiesby ® x 0 and 0 x ®. Let N be the
normalizer of T in G; then

V = {(91. g2) | 97 *g2 € N} = diag(G)(1 x N).

For g = (01, 92) € V, let w be theimage of gzlgz inW = N/T. Then ¥4 actson
G by ¥g(x1, X2) = (nxen~t, n=1xqn), and on roots by ¥g(a, 0) = (0, w™(a)),
V¥g(0, o) = (w(a), 0). In particular, there are no yg-imaginary roots.

Let IT = (IT1 x 0) U (0 x IT2) be a subset of the set of simple roots, and let
ge V. By Proposition5, g € V1 if and only if w(IT1) and w1 (I1,) are contained
in ®~. Thisamounts to: w isthe element of maximal length in its (Wp,, W, )-
double coset. Furthermore, we have P = Py x P, and

Pzg ={(X1,X2) € P x P2 | X1 = nxzn_l} ~P1N szw_l.

And P isyg-split if and only if the parabolic subgroups Py, w(P2) are opposite.

Thisis also equivalent to: ng is reductive (this can be seen directly, or deduced
from Proposition 7 together with non-existence of imaginary roots.)

2) (see[13] 10.2)) Let G = GLp, with involution 6 defined by 6(g) = (g~ 1)%;
then G? is the orthogonal group Op. Let B be the Borel subgroup of G consisting
of upper triangular matrices, and let T be the maximal torus of diagonal matrices.
Then T is6-stable, and B is 6-split; we have 6(a) = —« for al o € ®.
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For g € V, we have wé = 1, and the map g — wg induces a bijection from

G’\G/B = G?\'V/ T onto the set of elements of W of order < 2, see [13] 10.2.
We identify W with the symmetric group S,, and @ with the set of pairs (i, j)
of distinct integers between 1 and n; then A consists of the pairs «j = (i,i + 1),
1<i<n—1 Wehave yq4(i, j) = (wg(j), wg(i)); as a consequence, the 1/g-
imaginary roots are the pairs (i, wg(i)).

We claim that there are no v/g-compact roots. To see this, let I" be the copy of
GL» in G associated with the the pair (i, wg(i)). Then 4 stabilizes T, and acts
there by inverse transpose followed with conjugation by a symmetric monomial
matrix. A matrix computation shows that wg(Ei,wg(i)) = —Ewg(i),i where E; j
denotes the elementary n x n matrix; this proves the claim. Asaconsequence, the
imaginary simple roots are the pairs (i, i + 1) such that wg(i) =i + 1; because
wé = 1, these simple roots are pairwise orthogonal .

Let IT be a subset of A and let g € V. By the claim, g € VI if and only if
wg(i) < wg(i + 1forany (i,i + 1) € IT. Then it follows easily that TTg consists
of those pairsin IT that are fixed by wg. In particular, ® is yg-stable if and only
if wg fixes IT pointwise.

For any subset IT" of A, the parabolic subgroup Pr is yg-split if and only if
wq stabilizes @ U & (because ¢ acts on roots by —wg). This amounts to:
wg € Wryr. Using these remarks, Proposition 7 simplifies as follows: for IT C A

and g € V', the group ng is reductive if and only if wq fixes IT and is a product
of simple transpositions with digoint supports.

3) (see [13] 10.5) Let G = GL,, with involution @ such that 6(g) = zgz*
where z=diag(1, ..., 1, —1); then G’ = GLp_1 xk*. Let Band T be asin the
previous example; then T is 6-fixed, and B is 6-stable. One checks that a system
of representatives of G?\'V/ T consists of the

g.j:(e,....,en)—~> (€1,...,6-1,6+€n,€41,...,€-1,6n,€j,...,En_1)
1<i<j=<n
together with the

Oii:(€,....e)+— (e1,...,6_-1,6n,6,641,...,6n_1) (I<i<n).

Furthermore, for i < j, the corresponding involution vg ; is conjugation by the
permutation matrix associated with the transposition (ij); and ¥, is conjugation
by diag(1,...,1,—1,1,...,1) where —1 occurs at the i-th place. As a conse-
quence, for asubset IT of A, wehave: g j € VIif and only if «j_1 and aj arenot
in IT.

We sketch a geometric interpretation of thisresult. Consider G/ B asthe variety
of complete flags

V=McViC...CVa1CVh=k"



ON ORBIT CLOSURES OF SYMMETRIC SUBGROUPS IN FLAG VARIETIES 17

where each V; is alinear subspace of dimension i. Observe that G? is the isotropy
group in G of the pair (¢, H) where ¢ is the line spanned by e,, and H is the
hyperplane spanned by e, ... ,en_1. For1 <i < j <n, set

X.j:={VeG/B|tcCVjandVi_1 C H}.

Then one checks that the X; j are the G?-orbit closures in G/B. More precisely,
denoting by O j the G?-orbit of g; jBin G/B, we have

Xij =W’j:(9i,jUXi+1,jUXi,j_1

where X5 isempty if a > b. In particular, the closed orbits are the X; i = O ;
(L<i<n).

The right stabilizer of GPg; ;B is the largest parabolic subgroup P = P D
B such that X; j is the pull-back of a subvariety of G/P under the projection
G/B — G/P. As a consequence, we see that P! is generated by the P,’s with
o ¢ {ai—1, aj}.

3. Closed orbits

3.1. Parametrization of closed orbits. For simplicity, we assume from now on
that G? is connected; by [17], thisholdsif G is semisimple and simply connected.
In order to describe closed G’-orbits in G/ P, it will be convenient to choose a
Standard pair (B, T), that is, B C G isa6-stable Borel subgroup, and T C Bisa
6-stable maximal torus (such pairsexist by [17] Theorem 7.5.) Then T? isaregular
subtorus of G by Lemma 4, and hence amaximal subtorus of G?. Furthermore, B?
isaBorel subgroup of G’ by Lemma 3.

With notation as in 2.1, the 6-action on & stabilizes ®* and hence A. Let
P = Pn be a parabolic subgroup of G containing B; then 6(P) = Py Finally,
for g € V, recall that wqy denotes the image in W of g to(g).

Proposition 8. For g € 'V, the following conditions are equivalent:
(i) G’gPisclosedin G.

(i) PN yg(P) isa parabolic subgroup of G.

(III) Wg € W]'[Wg(n).

In particular, G’gB isclosed in G if and only if wg = 1, that is, g~20(g) € T
(thisfollows also from Corollary 1).

Proof. (i)=(ii) Observe that GY9P is closed in G, whence G¥s/PVs is closed in
G/ P. Thus, P¥9 contains aBorel subgroup B’ of G¥9. Inturn, B’ iscontainedina
Borel subgroup B” of P. Then B” is y4-stable by Lemma 3. Thus, PN ¢4(P) 2
B” is a parabolic subgroup of G.
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(il)=(iii) Because P N vy,¢(P) contains T, it contains a Borel subgroup xBx~1
for somex € W. Then x € Wy (because xBx~1 C P) and x(®+) C yrg(dF U Ppp)
(because XxBx~1 C yrg(P)). But /g = wgf and @+ is6-stable. Thus,

dwgX0(®T) € @7 U Dy

Because fwg'x0 € W, we must have dwg'x0 € Wi, that is, wg'x € Wym). We
conclude that wg € Wi W) .
(iii)=(i) is checked by reversing the previous arguments. O

The statement (i)« (ii) also follows from [9, Lemma 1.7].
To parametrize the closed double cosets, we need more notation. Let

qg:N—-> N/T=W

be the quotient map; then q(N?) is a subgroup of WY. Because T? is a regular
subtorus of T, we have

Ngs (T?) = Ngo(T) = N.

It follows that q(N?) isisomorphic to the Weyl group W(G?, T?).
Finally, let
Q= PnN6O(P) = Prnem)
be the largest 6-stable parabolic subgroup contained in P. Then 6 actson G/ Q.

Proposition 9. (i) Anyclosed (G?, P)-doublecosetin G meetsq—1(W?), along
aunique (N?, q=1(W# ))-double coset. This defines a bijection from the set
of closed G?-orhitsin G/ P, onto q(N?)\W¥/W.

(i) The union of all closed GP-orbitsin G/ Q is the subset of all #-fixed points;
under the projection G/ Q — G/ P, this subset is mapped isomor phically to
the union of all closed G?-orbitsin G/ P.

Proof. Let G?gP € G be a closed double coset. Asit contains a closed (G?, B)-
double coset, we may assume that G’gB is closed in G, too. Then the G-orbit
G?gB/Bisclosedin G/ B; thus, it contains afixed point of BY. So we may assume
further that BY € gBg—1. Then gBg~! is #-stable by Lemma 3. Furthermore,
gBg 1 containsthe regular torus TY, whenceit contains T. It followsthat g € NB;
we may assume further that g € N. Now, because gBg~?! is #-stable, we have
0(g) € gB. Thus, g € g~ 1(W?). Conversely, if g € g~ (W?) then G’gP is closed
in G by Proposition 8.

Let now g € G’gP N g~ (W?). Then g’ normalizes T? and hence g'P/P isa
T-fixed pointin G?gP/ P. The latter is a complete homogeneous space under G.
Thus, g’ € Ngo (T?)gP = N?gP. Because g and g’ arein g~ (W?), it follows that
g isin Ng(P N N?) = Ngq=1(W#&). This proves (i).
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For the first assertion of (ii), we may assumethat P is6-stable. If g € g~ 1(WY)
then g~16(g) € T whence 6(gP) = gP, so that any closed G’-orbit in G/ P con-
sists of 6-fixed points. Conversely, let g € G such that gP € G/ P is 6-fixed; we
may assume that g € V. Then gPg~! is #-stable, whence g~16(g) € P. But
g-10(g) € Nsothat g~16(g) € NN L, and wg € Wiy By Proposition 8, G'gP is
closedin G.

For the second assertion of (ii), observe that

W = (Wi N O(W))” = W ngm)-

Thus, the map G/Q — G/ P induces a bijection on the subsets of closed orbits.
Furthermore, for g € g~ (W?), we have:

G?gQ/Q =~ G%/(gQg 1) = G?/(gPg~t n6(gPg 1))’
=G’/(gPg™")" ~ G’gP/P

because (gPg~—1) = gd(P)g~1. Sothe map G?gQ/Q — G’gP/P isanisomor-
phism. O

3.2. Standard representatives. We begin by constructing a set of representatives
for closed (G?, P)-double cosets in G or, equivalently, for (q(N?), WY, )-double

cosetsin WY. An element w € WY will be called standard if (wBw~—1)? = B?.

Proposition 10. For any w € WY, the double coset q(N?) wW§ contains a unique
standard u € WY such that u(IT) € &+,

Proof. By Proposition 8, G?wB is closed in G. Thus, G?wB/B is a closed G-
orbit in G/B, with wB/B as a T?-fixed point. It follows that there exists x € N
such that xw B/ B isfixed by BY. In other words, BY = (xwBw~1x~1)?. Replacing
w by gq(X)w, we may assume that w is standard. Then there exist unique u, v in
W such that: u(IT) € ®*, v € Wy and w = uv. Because 6 stabilizes IT and &,
it follows that u and v arein W.

Weclaim that (wUw~1)? = (uUu~1)?; then u will be a standard representative
of w. For this, observe that (wUgw~1)? C U. But wUgw=! CuLgu=t, and
uLqu=1NU = uUnu~1 because u(I1) < ®*. Thus,

(wUgw™H? € (uugu™hH?.

Furthermore,
wRy(Pm)w™ = uRy(Pm)u™*

because v € Wr. As wUw ™1 is the semi-direct product of the 6-stable normal
subgroup w Ry (P )w ™1 with the 6-stable subgroup wUpr w1, it follows that

(wUw™H? < (uuu=1y?.
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But (wUw~1)? = U? isamaximal unipotent subgroup of G?, which implies our
clam.

Let U be another standard representative of w such that u'(IT) € ®*. Then
u'B/B is a B?-fixed point in G’uPp/B. Under the map G/B — G/ Py, the lat-
ter is mapped to G’uPp /P, a complete GP-orbit with a unique BP-fixed point
UPr/Pr. Thus, u'B/Bisin thefiber uPr /B, that is, U € uPp. Because u and U’
arein W, we have U € uWy. It follows that u’ = u, as both u(IT) and U’ (IT) are
containedin ®+. O

We now give two characterizations of standard elements. Asin 2.2, denote by
d. (resp. dc) the set of all compact (resp. complex) roots for 6; there are no real
roots because ®* is g-stable. Let Aj C A be the subset of all imaginary simple
roots; then 6 acts trivially on ® 4.

Proposition 11. For w € WY, the following conditions are equivalent:
(i) w isstandard.

(i) U DL Cw(d™).

(iii) w € W,, and c1>gi N de C w(CD’ALi).

Proof. (i)<(ii) Asin the proof of Proposition 8, observe that w is standard if and
only if U? € wUw™1, that is, n? € wuw=1. Furthermore, a basis of 1? consists
of the X, (o € @) together with the X, + 6(X,) (o € ®&). This basisis con-
tained in wuw ! if and only if ¢ U @& < w(d™), because 0 stabilizes & and
commutes with w.

(it)=(iii) We argue by induction on the length | (w). The case where w =
1 istrivia. Otherwise, we can find @ € A and t € W such that w = s,7 and
| (w) = I(tr) + 1 where| isthe length function on W. Then w=(«) € ®~; thus,
a¢ dF U CIDJCF, that is, o is non-compact imaginary. In particular, « € Aj; asa
consequence, T € WY. Furthermore,

dTNw((dh) = (dTN(PdT)) — {a}.

Thus, ¢ U &¢ is contained in 7(®T). By the induction hypothesis, T € W,
whence w € W, aswell. It follows that

DR S w(@)Ndp =w(P}).

(iii)=(ii) If w € W, then w stabilizes @+ — ®,,. The latter contains al posi-
tive complex roots. |

Examples. We determine the standard elementsin the cases considered in Section
2.4.

1) The pair (B, T) is standard. As there are no imaginary roots, the identity
is the unique standard element. This agrees with the fact that the unique closed
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orbit of diag(G) in G/P1 x G/P> is the orbit of the base point, isomorphic to
G/P1NPy.

2)" We modify dlightly Example 2, because the pair (B, T) isnot standard there,
and G? is not always connected. Asin[13] 10.3, consider G = SL,, with involu-
tion 6 given by 0(g) = Int(dg) (g~ 1), where dg € GL,, maps each & t0 1.
Then G? is the special orthogonal group for the quadratic form q(Xa, ... , Xn) =
> L1 XiXn+1-i- Thepair (B, T) isstandard, and € acts on roots by 6(«i) = an—i.
If nisodd, then the set A; isempty, and the unique standard element istheidentity.
If n = 2n" iseven, then A; consists of the non-compact root «y; thus, the standard
elements are 1 and the transposition (n’, n" 4+ 1). This agrees with the fact that
SO, has two closed orbits in the Grassmanian of n’-dimensional subspaces of
k2", associated with two types of null subspaces.

3) The pair (B, T) is standard, and all roots are imaginary; the compact roots
arethepairs (i, j) with1 <i,j <n—2. Thus, w € S, isstandard if and only if
w ) <w 2 <... <w(n-1), that is, w istheimagein S, of g;; for
somei, 1 < i < n; denote thisimage by w.

If IT is the complement of {«i_1, @j} in A, then the standard elements w such
that w(IT) ¢ ®* are 1, wj_; and wj. They represent the three closed GY-orbits
in G/Pn = G/P"J, consisting of al pairs (Vi_1 C Vj) such that Vj ¢ H (resp.
€CVi_y;VicaC Hand 2 C Vj)

Let 7 j : G/B — G/P"! be the projection. Geometrically, 7 j maps each
complete flag V to (Vi_1 C Vj). Thus, the orbit closure X; j is the pull-back
via ; j of the closed orbit G?w;P"J/P"J. The latter identifies, via the map
(Vi1 C V)) = (Vi1 C VN H), to the variety of partia flags of dimensions
i—1, ] —1inH. And each fiber of

i X —> Ggwj Pi’j/Pi’j
is isomorphic to the complete flag variety for GLi_1 x GL j_j;+1 x GLn_j, aLevi

subgroup of P"I.
Thus, each orbit closure of GL_1 in GL /B isan “induced flag variety”.

3.3. f-stable parabolic subgroups. As an application of the results in 3.1 and
3.2, we describe the GP-conjugacy classes of #-stable parabolic subgroups, and
their relation to parabolic subgroups of GP.

Theorem 2. Let Q C G be a 0-stable parabolic subgroup; let IT be the subset of
A such that Q is G-conjugate to Pr;. Then IT is 6-stable, and Q is G’-conjugate
to wPpw~? for a unique standard w € W’ such that w(IT) € &,

Asa consequence, Q? c G isa parabolic subgroup, G’-conjugateto (w Pyw~1)?.
Conversely, any parabolic subgroup of G? is G’-conjugate to (wPrw™1)? for
some IT and w as above.
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Proof. Let g € G such that Q = gPrg~t. Moving g inits (G?, B)-double coset,
wemay assumethat g € V. As Q iso-stable, we have (wgf) (Pr) = Pr. Interms
of roots, thismeansthat (wgh) (®+ U &) = &+ U dpp. Thus,

Owgh(P1) C & U dy(pyy.
Because fwgt € W, it follows that 6wg6 € Wy() and that wq € Wi, whence

0(Pn) = wy " (Pn) = P

Thus, IT is 6-stable.

Now the 6-stable G-conjugates of Pr arethe 6-fixed pointsin G/ Pr;. By Propo-
sitions 9 and 10, there exists h € G? and a unique standard w € WY such that
w(IT) € &1 and that Q = hwPrw~th~1. Then

Q’ = h(wPgw 1H)’h~t > hB’h?

so that QY is a parabolic subgroup of G? (this follows also from Lemma 3).
Conversely, let ' € GY be a parabolic subgroup. For a multiplicative one-
parameter subgroup A : G, — G, set

G(\) :={geG| tIi_)rré)L(t)g)»(t_l) exists).

Then G()) isaparabolic subgroup of G; moreover, all parabolic subgroups of G
are obtained in this way. Applying this to the connected reductive group G?, we
obtain A : Gm — G? suchthat I' = G?(1). Then Q := G(A) isa6-stable parabolic
subgroup of G, and Q% =T. O

Remark. Given a parabolic subgroup I' of G? containing BY, there may exist
several 0-stable parabolic subgroups Q suchthat Q7 =TI (e.g. if I' = B? and there
are severa standard elements). And there may exist no parabolic subgroup P of G
containing B such that P? = T.

Consider for example G = Sp,, the group which preserves the symplectic form
(, )onk*suchthat (e1,e4) = (€2,€3) =1and (&,€)) =0ifi+j#4. Let B
(resp. T) be the standard Borel subgroup (resp. maximal torus) of G. Let 6 be the
conjugation by diag(1, —1, —1, 1), then G’ = SL, x SL, contains T, and the pair
(B, T) isstandard. Let «, g be the ssmple roots of (G, T) where « is short; then
the roots of (G?, T) are &8, +(2« + B). Let T be the parabolic subgroup of G’
containing T, with roots A and + (2« + B); then " contains BY but is not contained
in aproper parabolic subgroup P 2 B.
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4. Orbit closures and restriction of representations

4.1. Induced flag varieties. From now on, we assume that the characteristic of
the ground field k is zero. Asin Section 3, we also assume that G? is connected,
and we choose a standard pair (B, T). Let P be a ¢-stable parabolic subgroup
containing B; let

n:G/B— G/P

be the projection. The pull-back under 7 of a closed GP-orbit will be called an
induced flag variety.

Recall that any closed GP-orbit in G/ P can be written as G?w P/ P for aunique
standard w € WY such that w(IT) € ®*. Because w € WY, the group

Q:= wPw™?!
is a f-stable parabolic subgroup of G, with
M:=wLw™?®

as a f-stable Levi subgroup containing T. Furthermore, Q7 contains B? (because
w is standard), and

BNM=w(BnLw?
(because w(IT) € &7). It followsthat (BN M)? isaBorel subgroup of M?.
Set
X :=n1(GwP/P) = G?wP/B.

Then the image of X under 7 is the homogeneous space G’wP/P ~ G?/Q?, and
the fiber 7~1(wP/P) isisomorphic to wP/B = wL/B N L. This isomorphism
is Q-equivariant, where Q acts on wL/B N L through the quotient map Q —
Q/Ru(Q) >~ M. It follows that

X~ G xqp (wl/BNL)~ G’ xqg (M/BNM)

where Q° acts on the flag variety M/B N M through M?. This explains the termi-
nology of “induced flag variety”.

Let A be a character of T; then it extends uniquely to a character of B, aso
denoted by 1. Let £, bethe associated line bundle on G/B. Then

H%(G/B, £;) = Ind$ (%)

(the induced module from B to G of the one-dimensional B-module with weight
A). Thisisasimple G-module with lowest weight —, if A isdominant; otherwise,
HO(G/B, £,) = 0.

Theorem 3. Let X be asabove and let A be a dominant character of T.
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(i) Therestriction map
resx : HO(G/B, £,) — H(X, £;)

issurjective, and H' (X, £,) = Ofor all i > 1.
(i) We have an isomorphism of G?-modules

HO(X, £3) = IndZ, HO(M/B M, L4,,))

where Q7 actson HO(M/B N M, &£,,(1)) via the quotient map Q7 — MY .

(iii) The M?-module HO(M/B N M, L)) is a direct sum of simple modules
with G?-antidominant lowest weights.

(iv) The kernel of resy is a direct sum of simple G’-modules with lowest weights
of the form p + v where . is the lowest weight of a simple M?-submodule of
HO(M/BN M, L)), and v isthe restriction to T of a non-trivial sum of
non-compact rootsin w(®+ — o).

Proof. Under the isomorphism X ~ G? x o (M/BN M), therestriction of £, to
X identifieswith G” x o &£ (1), the G’-linearized line bundle whose restriction to
M/BN M is Ly ). Thisimplies (ii).

Composing resx with the restriction map

r': HO(X, &£3) — HOwP/B, £3) = HOM/BN M, Ly)),
we obtain the restriction map
r”: HY(G/B, £,) — HO(M/BNM, Ly,2)).

Observe that HO(M/B N M, £,,;)) is a smple M-module with lowest weight
—w(X). Furthermore, r”’ is non-zero (because £, is generated by its global sec-
tions) whence r” is surjective. Thus, the same holds for r’. Decompose the M?-
module HO(M/B N M, £Lqy(3)) into adirect sum of simple submodules; each of
them is of the form

0
Ind¥, o (@) = IndS, ().

By (ii), the G?-module H(X, £, ) decomposes into the direct sum of the corre-
sponding induced modules

IndS, IndS, (@) = IndS) (w).

Becauser’ issurjective, al these induced modules are non-zero. Thus, their lowest
weight vectors i = —w are GY-antidominant, which proves (iii). Furthermore, by
surjectivity of r”, theimage of resxy meetsall these induced modules. Because the
latter are simple, resy is surjective.
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To prove vanishing of H' (X, .£;) for i > 1, observe that Riz,..£, = O for all
j > 1, because A isdominant. Thus, we obtain isomorphisms

H (X, £,) ~ H(G?wP/P, m.£3) = H(G?/Q°, 7. L5).

The restriction of 7,..£; to the GP-orbit G?/ QY is the homogeneous vector bundle
associated with the Q’-module HO(M/B N M, Lyny). By (iii), this module is
semisimple and its lowest weights are G?-antidominant. So H'(G?/ Q?, ,.£;.) =
Ofori > 1, by Bott's theorem.

Let £ C Og/B be the ideal sheaf of X in G/B, then the kernel of resy is
HO(G/B, 4 ® £,). To study the lowest weight vectors of this G’-module, we
embed it into alarger module, asfollows. Let P~ be the parabolic subgroup of G
suchthat P~ NP = L;set Q~ := wP~wL. Then G/B contains

Q wP/B=wP P/B
as an open affine subset, stable under Q. Thus, the restriction map
H%(G/B, 4 ® £,) - HY(Q wP/B, L ® £;)

is injective, and equivariant for the action of (Q~)?. The latter is a parabolic
subgroup of G, with unipotent radical R,(Q~)? and Levi subgroup M? (because
Q™ is ab-stable parabolic subgroup of G). Furthermore, (Q~)Y meets Q? aong
M? their common Levi subgroup containing T?. Thus, Q% and (Q™)? are opposite
parabolic subgroups of GY.

Let B~ bethe Borel subgroup of G suchthat B~ N B=T. Then B~ isf-stable,
and (B™)? isthe Borel subgroup of G such that (B~)? N B? = T¢. Because B? is
contained in Q?, it followsthat (B~)? is contained in (Q™)?. Thus, (B™)? isthe
semidirect product of R,(Q™)¢ with

(B~ NnM)! =B nwLw™H? = (w(B~-nLw 1)’

(indeed, B~ N wLw ™1 = w(B~ N L)w~! because w(IT) € ).
By the Bruhat decomposition, the product map

Ru(Q ) xwP/B— Q wP/B

isan isomorphism. Combining thiswith Lemma (i), we obtain a (Q~)?-equivariant
isomorphism

Ru(Q")? x 7(Ru(Q7)) x wL/BNL =~ Q wP/B
which restricts to an equivariant isomorphism
Ri(Q) x {1} x wL/BN L~ (G'wPN Q wP)/B.

Let p2: Q" wP/B— t(Ry(Q7))and ps: Q" wP/B— wL/BnN L bethecorre-
sponding projection maps. Let | betheideal of K[ R,(Q™)] (the algebra of regular
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functions on R,(Q™)) consisting of functions that vanish at 1. Then the isomor-
phism above identifies 4| q-wp s With 51, and £, g-wp/B With p3L;. Thus, we
obtain a (Q~)?-equivariant isomorphism

HO(Q wP/B, 4 ® £3) ~K[R,(Q ) ® 1 @ HO(wL/BN L, £).

It identifies the subset of (B~)f-eigenvectors in the left hand side (that is, the
subset of lowest weight vectors), with the subset of (B~ N M)?-eigenvectorsin

| @ HO(wL/BNL,£y)=1®H)M/BNM, Lyn)).

The latter being the tensor product of two M?-modules, each of its lowest weights
is the sum of aweight of T? in £ with alowest weight of HO(M /BN M, L))

To complete the proof, we check that the weights of T? in 4 are non-trivial
sums of non-compact roots in w(®* — ®p). Indeed, the T-variety R,(Q™) is
isomorphic to a module with set of weights w(®~ — ®). Thus, the T?-variety
7(Ry(Q™)) isisomorphic to amodule with weights «| 1o Where « isanon-compact
element of w(®d~ — & 7). Furthermore, theweightsof T? in | are non-trivial sums
of opposites of weightsin t(R,(Q7)). O

For A as above, let V, bethe dual of the G-module HO(G/B, «£,) and let G, C
V,. be the G-orbit closure of a highest weight vector. If A isregular, then G, isthe
affine cone over G/ B for its projective embedding associated with .£; ; this cone
is smooth outside the origin.

Recall that ¢, isnormal, with arational singularity at the origin (see[12] for a
proof in arbitrary characteristics). We shall see that the same holds for the affine
cone X, C G, over X € G/B: because X is smooth, X, is smooth outside the
origin.

Corollary 4. Let X be asabove and let A be a regular dominant weight. Then X;
isnormal, with arational singularity at the origin.

Proof. Let
R=D HOUX. L = P HO(X. L)
n=0 n=0
Because X is smooth, the algebra Ris normal. The algebra Sof regular functions
over X, isthe subalgebra of R generated by HO(X, .£;). But
resy : H® (G/B, Lpy) — HO (X, Lnr)

is surjective, and the graded algebra

0

P HOG/B, £m)

n=0
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is generated by its elements of degree 1. It follows that S= R, that is, X; is
normal.

Let p: Z — X, bethe blow-up of the origin. Then Z is the total space of the
line bundle over X, dual of the restriction of .£;. It followsthat Z is smooth, and
that

o0
H'(Z,02) = P H'(X. £m)
n=0
for aIJ i > 0. By Theorem 3, we thus have H'(Z, ©7z) = O for i > 1. Thismeans
that X, hasrationa singularities. O

4.2. Restriction of representations. We begin by applying Theorem 3 to the de-
composition of simple G-modules into G?-modules.

Themap T — TY : t — to(t) is surjective, and its restriction to T? is the map
t — t2. Using this map, we shall identify the character group of T? with the set of
al x + 6(x) where x isacharacter of T.

Corollary 5. Let w be a G’-dominant character of T? and let A be a dominant
character of T. Then we have for multiplicities:

[Ind§ (2) : IndS; ()] > [Indly (w(1)) - Indh o ()]

with equality if A + 0(1) — 2w~ (w) is a sum of positive rootsin ®r. Further-

more, if Indgz (w) occurs in the GZ-module IndS (1), then A 4 8(%) — 2w (w)
isa sum of positive roots.

Proof. Theinequality followsfrom surjectivity of resy and thestructureof HO(X, «£)
(Theorem 3 (i) and (ii).)

Assume moreover that A + 0(1) — 2w 1(w) is asum of positive roots in &.
To prove equality, it is enough to check that Indgg (w) does not occur in the ker-

nel of resx. Otherwise, we can write w = —u — v where Indgg(—,u) occursin
HO(M/BN M, L), and visasum of rootsin w(®* — ®pq) (Theorem 3 (iv).)
In particular, u is aweight of T? in HO(M/B N M, L)) But each weight of
T in that module can be written as —w (i) + x where x is a sum of elements of
w(®f). It followsthat
wA) +0(wr)) +2u=w +6(1)) +2u
isasum of elements of w(®1;). Thus,
A+ — 2w Hw) = A+ 0(0) + 2w (w) + 2w (V)

isasum of positive roots, not all in ®, a contradiction.
The proof of the latter assertion is similar. O
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Define a polytope C (G, 6, A) as the convex hull of the set of al G’-dominant
weights w such that Indg‘s (w) occursin the G?-modulel ndg(k). Applying Corol-
lary 5 with IT = ¢, we see that w () isavertex of C(G, 6, A) and that the corre-
sponding multiplicity is 1. More generaly, for asubset IT € A such that w(IT) C
&t weseethat C(wLpw™1, 0, w(r)) isaface of C(G, 6, 1) and that the multi-
plicity functions agree on that face. Thiswill be developed elsewhere, in relation
to “moment polytopes’ [4].

For a reductive subgroup K of G, the pair (G, K) is multiplicity-free if the
multiplicity of any simple K-module in any ssmple G-module is at most 1. Equiv-
alently, aBorel subgroup Bk € K hasadense orbit in G/B.

By [10] or [5], any multiplicity-free pair with G semisimple and simply con-
nected is a product of (the ssimply connected cover of) one of the following inde-
composable pairs:

(SLn, GLn—l)a (Son, Soﬂ—l)v (8085 Spl n7)

In particular, multiplicity-free pairs are symmetric; their associated polytopes are
described in [15]. We check that the corresponding orbit closuresin flag varieties
have a very nice structure.

Proposition 12. If (G, G%) is multiplicity-free, then any G’-orbit closure X €
G/Bisaninduced flag variety; writing X = G? x o (M/BN M), thepair (M, M?)
ismultiplicity-free aswell. In particular, all G?-orbit closuresin G/ B are smooth.

Proof. We may assume that the pair (G, G?) is indecomposable. In the case of
(SLn, GLy_1), our assertion has been checked in Example 3 in 3.2. Consider the
case of (SO, SOn_1) Wheren = 2n’ iseven. Then G/ B isthe set of al flags

V=McViC---CVy-o1)

of null subspaces of k2" of dimensions 0,1,...,n — 1. Let H C k" be the
unique hyperplane stabilized by SO, _1. One checks that the SO,y _1- orbit clo-
sures of SOyy_1 in SOy /B arethe

Xi:={V|Vi.1 C H}

for 1 <i < n'. Inparticular, X, isthe closed orbit, isomorphic to the flag variety
of SO,y_1. More generally, one checks that the map

iV MycViC---CVi_1)

makes X; an induced flag variety with M/Me = SO2n_2i / SO _2i_1.
Thecase of (SOp, SOn_1) Wheren = 2n" 4+ 1lisodd, issimilar: thevariety G/B
isnow the set of all flags

V=McViC---CVy)



ON ORBIT CLOSURES OF SYMMETRIC SUBGROUPS IN FLAG VARIETIES 29

of null subspaces of dimensions 0,1,...,n". The orbit closures of SOy in
SOyv41/B are the varieties Xy, ..., Xy_1 defined as above, plus two varieties
XL, X2 defined by: Viy C H (the unigue hyperplane of k2" +* stabilized by SOzr),
and V,y belongs to a fixed orbit under SO, of n’-dimensional null subspaces of
k2" (there are two such orbits). Then X1, and X2 are the closed orbits, isomorphic
to the flag variety of SO,y ; the other X;’s are induced flag varieties as above.
Finally, the analysis of (SOg, Spin,) follows from that of (SOg, SO7) by ap-
plying atriality automorphism. O

4.3. An example where resy is not surjective. Asin Example 2 in 3.2, con-
sider G = SL,, with involution @ defined by 6(g) = (g~1)!. The standard Borel
subgroup B of G istheisotropy group of the flag

Klck®c...ck"

where each K' is the span of theii first basis vectors of k". And G/ B is the variety
of complete flags

V=McViC---CVh1CVh=k"

where each V; isalinear subspace of dimensioni.

Forl1<i<n-1,let X; c G/B be the subset of flags V such that restriction
of gto V; is degenerate (where q denotes the standard quadratic form on k".) Then
the pull-back of X; in G is the subset of al g such that restriction of g iqto
k' is degenerate, that is, the discriminant of g=1q|,: is zero. This discriminant
isinvariant for the action of SO, by left multiplication, and is an eigenvector of
weight 277; for the action of B by right multiplication; here r; denotes the highest
weight of the simple GL,-module A'kK". Thus, X; isthe divisor of a SOp-invariant
section of L£,,,. Observethat each X; isirreducibleif n > 3 (which wewill assume
from now on.)

Let A be aweight, then we have an exact sequence of sheaveson G/ B:

0— Lyog = Ly — Lo ®0¢s Ox — 0.

If moreover A is dominant, then H1(G/B, «£,) = 0 and we obtain an exact se-
quence

HO(G/B, £3) = HO(X, £,) — HY(G/B, £5_2,) — O.

Now choose
k:ZXjn’j
J#
where the xj areintegerssuch that xj > Oif [j —i| > 2, and xj > 1if |j —i] = 1.

Let a1, ...,an_1 bethesimplerootsand sy, . .. , Sh—1 the corresponding simple
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reflections; let p be the half sum of positive roots. Then

SA=2mi+p)—p=A—27i+aj=A— Z T

is dominant, and hence H1(G/B, .£ r—2m;) ISnon-zero by Bott's theorem. In other
words, the restriction map

resy, : HO(G/B, £,) — HO(X;, £5)

is not surjective.

Let P C G be the stabilizer of the line k. Then G/P is the projective space
of linesin k"; it contains a unique closed SOn-orbit @, the quadric (g = 0). Let
7. G/B — G/P betheprojection, then X; = 7~1(Q); in particular, X1 issmooth.
Thus, Theorem 3 does not extend to all parabolic subgroups (here P is not conju-
gate to a #-stable parabolic subgroup!)

Observe finally that resy; is surjective for al X; as above, and al regular dom-
inant weights A. In fact, we do not know any example of a symmetric subgroup
G’ c G, aGP-orbit closure X ¢ G/B and aregular dominant weight A such that
resy : HO(G/B, £,) — HO(X, «£,) failsto be surjective.
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