ON THE CONJUGACY OF CARTAN SUBSPACES

ALQYSIUS G. HELMINCK

Abstract. Let G be a connected reductive algebraic group defined over a field
k of characteristic not 2, 6 an involution of G defined over k, H a k-open sub-
group of the fixed point group of 6 and Gy (resp. Hy) the set of k-rational points
of G (resp. H). The variety Gy/Hy is called a symmetric k-variety. For real
and p-adic symmetric k-varieties the space L2 (Gy/ H) of square integrable func-
tions decomposes into several series, one for each Hy-conjugacy class of Cartan
subspaces of G/ Hx.

In this paper we give a characterization of the Hy-conjugacy classes of these
Cartan subspaces in the case that there exists a splitting extension of order 2 and
(G, o) satisfies the additional condition that all tori which are maxima o-split
and k-split are Hg-conjugate. This condition is satisfied for k the the real numbers
and many of the p symmetric k-varieties with a splitting extension of order 2. For
k = R we prove anumber of additional results aswell.

1. Introduction

Let G be a connected reductive linear algebraic group defined over a field k of
characteristic not 2, o an involution of G defined over k, G, = {ge G | o(g) = g}
the set of fixed points of o and H a k-open subgroup of G,. Denote the set of
k-rational points of G (resp. H) by Gk (resp. Hg). The variety G/H is called
a symmetric variety and the variety Gy/Hy a symmetric k-variety. The symmet-
ric k-varieties over the real and p-adic numbers are also called reductive symmet-
ric spaces. Symmetric k-varieties occur in many problems in representation the-
ory and geometry. For real and p-adic symmetric k-varieties one mainly studies
the decomposition into irreducible components of the regular representation of Gy
on the Hilbert space L2(Gy/Hyx) of square integrable functions on Gy/Hy (also
called the harmonic analysis of the reductive symmetric space). Especialy the har-
monic analysis of real symmetric k-varieties has been studied extensively in the last
few decades. (see for example [HC84, BD92, CD94, Del97, FJ80, OM 84, 0S80,
BS97]).
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For real symmetric k-varieties L2(Gy/Hy) decomposes into several series, one
for each Hy-conjugacy class of Cartan subspaces of q := Lie(Gk/Hk). The most
extreme of these are respectively the most discrete series (in the group case called
fundamental series) corresponding to the conjugacy class of Cartan subspaces with
maximal compact part and the most continuous series, corresponding to the conju-
gacy class with maximal non-compact part. For the p-adic symmetric k-varieties
one gets a similar decomposition of L%(Gy/Hy). The equivalent of the “Cartan
subspaces of g = Lie(Gk/Hyk)” for general symmetric k-varieties are the maximal
o-split k-tori. These are those k-tori A of G, satisfying o(a) = a~! for dl a € A.
By abuse of notation we will also call these tori Cartan subspaces.

For real symmetric k-varieties a characterization of the conjugacy classes of Car-
tan subspaces can be obtained using the dual pair correspondence and identifying
them as maximal split tori for the dual pair (see [Mat79]). Unfortunately this dual
pair correspondence only exists for real groups and depends on the existence of
a unique compact real form for each complex reductive group. So for symmet-
ric k-varieties over other base fields, like the p-adic numbers and finite fields, one
will need a characterization of the conjugacy classes of Cartan subspaces which is
independent of this dual pair correspondence.

This paper is the first in a series of papers in which we characterize the conju-
gacy classes of the Cartan subspaces for a number of base fields. In this paper we
consider the special case that the Galois group I" of a splitting extension K O k
for the maximal o-split k-tori is of order 2 and the pair (G, o) satisfies the extra
condition that all maximal o-split k-tori containing a maximal k-split part are Hy-
conjugate. This condition is satisfied in the case that k = R and for many of the
p-adic symmetric k-varieties. The main reason that we treat this case separately
is because in this case we can give a much more detailed characterization of the
conjugacy classes of the Cartan subspaces in terms of involutions in a Weyl group.
When I' has order n one needs to consider conjugacy classes of elements of order
> 2 inthe Weyl group and much lessis known about these.

The characterization we give of the conjugacy classes of Cartan subspaces is
relatively short and direct and does not use the dual pair correspondence. Con-
sequently it holds for a number of other base fields as well. For real symmetric
k-varieties the characterization we obtain is different from the one given by Mat-
suki in[Mat79] viathe dual pair correspondence and we are also able to give more
precise results. In afuture paper we hope to expend these results to arbitrary base
fields.

The results we obtained are as follows. If T is a o-stable torus of G, then we
write: TV = (TNH)?and T~ ={te T|o(t) =t1}% Thetorus T~ iscaled a
o-split torus of G. Denotethe set of characters and the set of roots of T with respect
to G by respectively, X*(T) and ®(T). For aclosed subgroup M of G we denote
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the Weyl group of M relativeto T by W(A, M) = Nu(A)/Zm(A). If M = G,
then we will also write W(A) = W(A, G).

Let Ak denote the set of maximal o-split k-tori of G. An extension K > kwill be
called a splitting extension of (G, o) if all maximal o-split k-tori of G are K-split.
Assume I' = Gal(K/Kk) isof order 2, i.e " = {id, §}. If Aisamaxima o-split
k-torus of G, then we can write A = A2Ad, where A? is the anisotropic part of A
and AY is the k-split part of A. Since I is of order 2 we can aso write these as
eigenspaces under the action of I'. Let Xo(T') = {x € X*(A) | §(x) = —x} and
XI'={x € X*(A) | 8(x) = x}. Then A9 isthe annihilator of Xo(I") and A? isthe
annihilator of XT.

If we fix amaximal o-split k-torus A of G, then since al o-split tori of G are H-
conjugate, any other maximal o-split k-torus A; of G is of the form A; = gAg—t
with g € H and n = g~18(g) € Ng(A). Denote the image of n in W(A) by
wg. Then §(wg)wg = id, i.e., wg is a §-twisted involution in W(A). The rep-
resentative g of the Hy-conjugacy class of gAg~1 is unique up to left trandations
from Hy and right tranglations from Ng, (A). If x = hgn is another representative
(h € Hx, n e Ng, (A), w € W(A) the corresponding Weyl group element), then
Wy = w—lwga(w). So this leads to §-twisted conjugacy classes of §-twisted invo-
lutions. In the case that A contains amaximal (o, k)-split torus (i.e. atorus which
is both o-split and k-split) we show that we can choose g in such away that wg
becomes an involution (see Lemma 3.4). This involutionsin W(A) iscaled A;-
standard or k-singular. Unfortunately in general the k-singular involutions are not
unigquely determined by the Hy conjugacy class of maximal o-split k-tori. For this
an additional condition is required. We will say that the pair (G, o) is (o, K)-split
conjugate (resp. (o, k)-anisotropic conjugate) if all maximal o-split k-tori of G
containing a maximal (o, k)-split (resp. o-split k-anisotropic) torus of G are Hy-
conjugate. We note that both these conditions are satisfied in the case that k = R
or areal closed field and (G, o) is (o, k)-split conjugate in the case of most p-adic
fields with a splitting extension of order 2.

Fix an element Ag € Ay such that Ad is a maximal (o, k)-split torus of G
and let £(Ag) denote the set of involutions in W(Ag). In Theorem 3.11 and
Proposition 4.4 we show that if (G, o) is (o, k)-split conjugate, then there exists
amap ¢ : Ax/Hk — L(Ag)/W(Ag, Hy). If (G, o) isaso (o, k)-anisotropic con-
jugate, then ¢ is in fact one-to-one. In the other cases we need a second invari-
ant to characterize the Hy-conjugacy classes in «y. In section 5 we characterize
o(Ak/Hk) C L(Ag)/W(Ag, Hk). Thisis precisely the set of k-singular involu-
tionsin W(Ap).

Since Ag is maximal (o, k)-split the k-singular involutions in W(Ap) are also
involutions in W(Ag). The characterization of W (A, Hk)-conjugacy classes of
k-singular involutions can be reduced to W(Ag, Hy)-conjugacy classes. The Weyl
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group W(Ag) is the natural Weyl group of the symmetric k-variety and is known
from the classification in [Hel98b]. The subgroup W(AJ, Hy) is often easier to
determine than W(Ag, Hi) and in fact in many cases W(AJ) = W(AS, Hx). When
this happens we have even a stronger characterization of the conjugacy classes, see
Corollary 4.6 and Proposition 6.29. For k = R a characterization of the pairs for
which these Wey!| groups are the same is given in Proposition 6.32.

In section 6 we look in more detall at the real symmetric k-varieties. In this
case (G, o) isboth (o, k)-split conjugate and (o, k)-anisotropic conjugate, so the
above results give a characterization of the Hr-conjugacy classes of Cartan sub-
gpaces in terms of R-singular involutions. One can improve this characterization
by using the fact that G has a Cartan involution 6, which commutes with o. Since
every maximal o-split R-torus of G is H”%-conjugate with one which is 6-stable
(see Proposition 6.3), one can reduce in this case to 6-stable maximal o-split R-
tori. Denote the set of these tori by A%. Using the Cartan decomposition of Gg, it
then follows that A1, Az € :A[% are Hr-conjugate if and only if they are conjugate
under Hu‘{ = Hr N Gy(R) (see Corollary 6.5). Similar as in Theorem 3.11 the
H;: -conjugacy classes can be characterized by W(Ay, H)-conjugacy classes of
R-singular involutions, see Theorem 6.14. In fact in this case one can even extend
thisresult to Gg-conjugacy classes of Cartan subspacesusing aresult of [HHNO98]
(see Corollary 6.16).

In the real case we can also refine the characterization of the R-singular involu-
tions using the involutions 6 and o6 (see 6.19). Combined with the classification of
pairs of commuting involutions in [Hel88] it is then easy to determine whether an
involution of W(Ay ) isR-singular or not. Finally the conjugation of the R-singular
involutionsis under the group W(A;, (H[éﬁ )%) which isthe Weyl group of Ay with
respect to G,y. This Weyl group again easily follows from the classification in
[Hel88].

We conclude the paper by making the connection of the above results for red
reductive symmetric spaces with those one can obtain using the dual pair corre-
spondence. The characterization in this paper gives a number of additional results
including an easier way to classify the conjugacy classes.

2. Preliminaries and Recol lections

In this section we set the notations and recall afew resultsfrom [HW93], [Hel 8]
and [Hel91]. We use as our basic reference for reductive groups the papers of Borel
and Tits [BT65, BT72] and also the books of Humphreys [Hum75] and Springer
[Spr81]. We shall follow their notations and terminology.

2.1. Given an agebraic group G, the identity component is denoted by G°. We
use L(G) (resp. g, the corresponding lower case German |etter) for the Lie algebra



ON THE CONJUGACY OF CARTAN SUBSPACES 5

of G. If Sisasubset of G and H a closed subgroup of G, then we write Ny (S)
(resp. Z{(S)) for the normalizer (resp. centralizer) of Sin H. We write Z(G) for
the center of G. The commutator subgroup of G is denoted by D(G) or [G, G].

Let k be afield. An algebraic group defined over k shall also be called an alge-
braic k-group. For an extension K of k, the set of K-rational points of G is denoted
by Gk or G(K).

If Gisareductive k-group and A atorus of G then we denote by X*(A) (resp.
X4 (A)) the group of characters of A (resp. one-parameter subgroups of A) and by
®(A) = (G, A) the set of the roots of A in G. The group X*(A) can be put
in duality with X, (A) by apairing (-, -) defined asfollows: if x € X*(A), A €
X (A), then x (A (1)) = t%* for al t € k*.

For a closed subgroup H of G we denote the Weyl group of H relative to A
by Wy (A) = W(A,H) = N4 (A)/ZH(A). If H = G, then we will also write
W(A) = W(A,G) = Ng(A)/Zg(A). If x € ®(A, G), then let U, denote the
unipotent subgroup of G corresponding to «. If A isamaximal torus, then U, is
one-dimensional. Given a quasi-closed subset y of ® (A, G), the group G, (resp.
G;) is defined in [BT65, 3.8]. If Gj/", IS unipotent, v is said to be unipotent and
often one writes Uy, for Gj;.

If T isatorus of G defined over k, then there are subtori T2 and TY of T, where
T2 is the largest anisotropic subtorus of T and TY is the largest k-split subtorus of
T defined over k. Thesetori satisfy: T = T2. T9 and T2 N T9 isfinite (see [Bor91,
8.15]).

If T, and T, are tori and ¢ is a homomorphism of Ty into Ty, then the mapping
tg of X*(To) into X*(Ty), defined by

(2.1.1) '(x2) = x20¢, x2€ X*(T)

is a module homomorphism. If ¢ is an isomorphism, then '¢—1 is a module iso-
morphism from (X*(Ty), ®(T1)) onto (X*(To), ®(T»)). Instead of 'p we will
also write ¢*.

Throughout the paper G will denote a connected reductive algebraic k-group.

2.2. Involutions of G. Let k be afield of characteristic not two, G a connected
algebraic k-group, o an automorphism of G of order twoand G, = {ge G| o(Qg) =
g} the set of fixed points of . Thisis asubgroup of G which isreductiveif G is
reductive. If G issemisimple and simply connected, then G, is connected, but in
general G, is not necessarily connected. When G and o are defined over k, the
automorphism o will also be called a k-involution of G.

If Gisreductive and H a k-open subgroup of G,, then we call the variety G/H
asymmetric variety and the variety Gy/Hyx a symmetric k-variety. Symmetric vari-
eties are spherical.
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Given g, x € G, the twisted action associated to o is given by (g, Xx) — g
X = gxo(g)~L. This action will aso be called the o-twisted action. Let Q =
{g7l0(g) |ge Gl and Q' ={ge G| o(g) = g 1}. Theset Q is contained in
Q. Both Q and Q' are invariant under the twisted action associated to o. There
are only a finite number of twisted G-orbits in Q' and each such orhit is closed
(see [Ric82]). In particular, Q is a connected closed k-subvariety of G. Define a
morphismz, : G — G by

(2.2.1) (X)) = (X)X L, (xe G).

We will omit the subscript o from this map if there is no ambiguity about the
involution involved. The image 7(G) = Q is a closed k-subvariety of G and t
induces an isomorphism of the coset space G/ G, onto (G). Notethat 7(x) = 7(y)
if and only if y"1x € G, and o(z(x)) = t(x)" L for x € G.

23. If Tc Gisatorusand ¢ € Aut(G, T) an involution, then we write Tq;L =
(TNGy and T, = {xe T|¢(x) =x1°. Itiseasy to verify that the product
map

u: T(; X T¢_ — T, u(ty, to) =tts

is a separable isogeny. In particular T = T(;de and de N T, isafinite group.
(In fact it is an elementary abelian 2-group.) The automorphisms of (T, G) and
W(T, G) induced by ¢ will aso be denoted by ¢.

Recall from [Hel88] that atorus A of G is called o-split if o(a) = a~* for ev-
ey ae A If Aisamaxima o-split torus of G, then ®(A, G) is aroot system
with Weyl group W(A) = Ng(A)/Zc(A) (see [Ric82]). Thisis the root system
associated with the symmetric variety G/H. To the symmetric k-variety Gy/Hy
one can also associate a natural root system. Thisis the root system of a maximal
(o, K)-split torus, which are those tori that are both o-split and k-split. In [HW93,
5.9] it was shown that the set of roots ® (A, G) of amaximal (o, k)-split torus A
in G is aroot system with Weyl group Ng, (A)/Zg, (A). We can also obtain this
root system by restricting the root system of Gx. Namely let Ag O A beao-stable
maximal k-split torus of G. Then A= (Ag), and ® (A, G) can be identified with
D, ={a|A# 0| a e @(Ag, G)}.

2.4. Anextension K D kwill be called a splitting extension of (G, o) if al max-
imal o-split k-tori of G are K-split. We will call K a minimal splitting extension
of (G, o) if K is a splitting extension and any subfield Ko with k € Ko C K is
not a splitting extension of (G, o). We will denote the Galois group of K D k by
I' = Gal(K/k).
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2.5. Let A denote the set of maximal o-split tori of G and Ay the set of maximal
o-split k-tori of G. If k=R and A € Ay isamaximal o-split R-torus of G, then the
Lie algebraar of Ag is also caled a Cartan subspace of g. By abuse of notation
we will sometimes also call the maximal o-split k-torus of G a Cartan subspace of
G.

Asfor the conjugacy of the Cartan subspaces we first recall the following result
by Vust [Vus74].

Proposition 2.6 ([Vus74]). All maximal o-split tori of G are conjugate under H°.

3. Standard pairs

In this section we assume that there exists a minimal splitting extension K > k
such that every maximal o-split k-torus of G splitsover K and that I' = Gal (K /k)
is of order 2. We first note that this is also a splitting extension for all reductive
subgroups of G which are centralizers of tori:

Lemma 3.1. Let K D kbeaminimal splitting extension of (G, o) and Sa o-stable
k-torus of G. Then every maximal o-split k-torus of Zg(S) splitsover K.

Proof. Since any maximal o-split k-torus of Zg(S) is contained in a maximal o-
split k-torus of G, theresult is clear. O

3.2. If Aisamaxima o-split k-torus of G, then we can write, similarly asin 2.1
A = A2AY, where A? is the anisotropic part of A and AY is the k-split part of A.
Since I' is of order 2 we can also write these as eigenspaces under the action of
. Let T = {id, 8}, Xo(T') = {x € X*(A) | §(x) = —x} and X" = {x € X*(A) |
8(x) = x}. Then A = {ae A| x(a) = eforal x € Xo(I')} isthe annihilator of
Xo(I'") and A2 = {ae A| x(a) = eforall x € X'} isthe annihilator of XI'. Since
Xo(I") and X are the eigenspaces of § (which has order 2) we will write by aslight
abuse of notation A2 = Al and A% = A;, athough in astrict sense A% and A9 are
not eigenspaces of é.

Definition 3.3. For Ay, A € Ay, the pair (Aq, Az) iscalled standard if A9 ¢ Ad.
In this case, we also say that A; is standard with respect to As.

A standard pair (A1, Az) of maximal o-split k-tori of G gives rise to an involu-
tionin W(Ay).

Lemma 3.4. Let (A1, Ay) bea standard pair of maximal o-split k-tori of G. Then
we have the following conditions:

(1) Thereexists g € Zyo(A?) suchthat gA;g~1 = As.

(2) Ifn=38(g)g~1, thenn e Nyo(Ap).

(3) Int(n)* = —idod : X*(A2) = X*(Ap).



8 ALOYSIUS G. HELMINCK

(4) Let w betheimage of nin W(Ay). Then w? = e, and (A2}, = A‘ng which
characterizes w.

Proof. (1) isimmediatefrom Proposition2.6. Letg e ZHo(A‘f) suchthat gA1g~1 =
A, and let n = 8(g)g~t. Since A1, A, are k-tori, it follows that A, = §(Ay) =
8(9)A18(g)~1, hence n € Njo(Az), what shows (2).

Since g € Zo(AY) we may assumethat Ad = (e}, i.e. A isk-anisotropic and
consequently § acts as —id on X*(A1). The map Int(g) maps A; onto Ay, sO
by (2.1.1) the dua map Int(g)* : X*(A2) — X*(A1). Since aso Int(5(g))* :
X*(Az) — X*(Aq)itfollowsthat Int(n)* = Int(8(g)g~1)* = Int(g~1)* Int(8(g))*:
X*(A2) — X*(Az) isanisomorphism. Let Y € X*(Az) and let Y1, Yo € X*(A2)
besuchthatY = Y1 + Yo and (Y1) = — Y1, 8(Y2) = Yo. Let X1 = Int(g)* (Y1) and
Xo = Int(g)*(Y2). Then

Int(m*(Y) = Int(g™H)* Int(8(9)* (Y1 + Y2) = Int(g~H*s Int(9)*5(Y1 + Y2)
= Int(g™H*8INt(Q)* (= Y1 + Y2) = Int(g™H)*8(— Xy + X2)
=Int(g"H* (X1 — X2) = Y1 — Yo = —idos(Y).

This proves (3). Finaly (4) isimmediate from (3). O

Remark. By (4) of Lemma 3.4, w is independent of our choice of g € ZHo(A‘i')
with gA1g~1 = A,.

Definition 3.5. Let A1, Ay, w € W(A2) beasin Lemma 3.4. We call w the A;-
standard involution of W(Ay). We will call an involution w € W(Ay) a standard
involution if there exists A; € Ak such that (Az, Ay) is standard, g € ZHo(A‘i’)
such that gA1g~1 = As and n = §(g)g~! isarepresentative of w.

Remarks 3.6. (1). Inthe casethat G hasa Cartan involution asin [HW93, 11.8] we
canreplace § € I in the above discussion by a Cartan involution 6 of G commuting
with o. The Aj-standard involution of W(A,) etc. can then be defined as above
and similar results hold. We discuss this case in more detail in section 6.

(2) If T is cyclic of order n and § is a generator of I', then the element n =
8(9)g~! asin the above result is again contained in N0 (Ay), but the correspond-
ing Weyl group element no longer needs to be an involution, but has order < n.
In this case we get similar results asin the case that || = 2, but the standard in-
volutions are replaced by elements of order < n. A characterization of this case
will be discussed in aforthcoming paper. We give a separate treatment of the case
that |T"| = 2 since the corresponding standard involutions can be described in much
more detail and it also leads to a detailed description of the real case.

Definition 3.7. We will say that the pair (G, o) is (o, k)-split conjugate if for any
o-stable k-torus Sall maximal o-split k-tori of Zg(S) containing amaximal (o, k)-
split torus are Hx N Zg(S)-conjugate. Similarly we will say that the pair (G, o)
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is (o, k)-anisotropic conjugate if for any o-stable k-torus S al maxima o-split
k-tori of Zg(S) containing a maximal o-split k-anisotropic torus are Hy N Zg(S)-
conjugate.

In these two special caseswewill be able to prove anumber of additional results.
We note that both these conditions are satisfied in the case that k = R and in the
case of many p-adic fields with a splitting extension of order 2.

To show that all maximal o-split k-tori of G can be put in a standard position we
need the condition that all maximal (o, k)-split of G are Hyg-conjugate, i.e. (G, o)
is (o, k)-split conjugate. In the following, fix an element Ag € Ay such that Ad isa
maximal (o, K)-split torus of G. Using similar arguments as in the case of maximal
tori stable under asingle involution as in [Hel91] we get now the following result:

Lemma 3.8. Assume that (G, o) is (o, k)-split conjugate. Then every A € Ay IS
Hk-conjugate to one which is standard with respect to Ag.

Proof. Let A € A, and S A% amaximal (o, k)-split torus of G. Since (G, o) is
(o, K)-split conjugate and Ag isaso amaximal (o, k)-split torus of G there exists
h € Hy suchthat hSh=! = Ag But then hAh—1 Ag, what provestheresult. [

Remark 3.9. If A e Ak such that (A, Ap) is standard and w € W(A]) the A-
standard involution, then (Ag)j, = ABAY, (Ag); = (Ad), and AJ = AY(AD),
with A9 N (AD);, finite,

The following result will be useful in the sequel:

Lemma 3.10. Assumethat (G, o) is (o, k)-split conjugate and A1, Az € Ak. Then
we have the following:
(1) If A2 > A3, then there exists X € Zy, (A3) such that (Aq, xAxx 1) is stan-
dard.
(2) If in addition (G, o) is (o, k)-anisotropic conjugate, then Ad and A are
Hy-conjugate if and only if A; and A, are Hg-conjugate.

Proof. Let SC Zg(A3) be amaximal (o, k)-split torus of Zg(AS) with SO A‘i'.
Since Ag isamaximal (o, k)-splittorusof Zg(A3) andaswell and (G, o) is (o, k)-
split conjugate it follows from Lemma 3.1 that there exists x € Hx N Zg (AS) such
that xAdx—1 = S AJ. This proves (1).

(2). If Ay and A, are conjugate under h € H, then since A{ and Ad are the
k-split parts of Aq and A, we also have hAZh—1 = AJ.

Conversely assume that h € Hi such that hAZh—1 = AJ. Reducing to Zg(AJ)
we may assume that Ay = AS and A = AS. But then, since (G, o) is (¢, k)-
anisotropic conjugate it followsthat A; and A, are Hy-conjugate. O
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Theorem 3.11. Assume that (G, o) is (o, k)-split conjugate and that A1, Az €
Ak are standard with respect to Ag. Let w1 and w» be the A;j-standard and Ap-
standard involutionsin W(Ag). Then we have the following:
(1) If Ay and Ay are Hy-conjugate (resp. Hg-conj ugate), then wy and wo are
conjugate under W(AJ, Hy) (resp. W(AJ, H)).
(2) If (G, o) isalso (o, k)-anisotropic conjugate, then A; and A, are Hg-conjugate
if and only if wy and w» are conjugate under W(Ag, Hy).

Proof. (1). Assume hy € Hy such that h; Ath7? = A,. Then Ad and h; Agh; ! are
maximal (o, K)- split tori of ZG(Ad) Since (G, o) is (o, k)-split conjugate there
exists hy € Zg(AJ) N Hy such that hzhlAOh 'h;1 = AJ. Let h=hyhy. Then
h e Np (AD) and h(Ad),, h~1 = (AD),,, what provestheflrst statement.

(2). Assume first that A; and A, are Hk conjugate. From (1) and Remark 3.9
it follows that there exists h € Ny, (AJ) such that h(A3), h™ = (Ag),,, and
hA%h=1 = AJ. Then A2 and hA3h~1 are maximal o-split k-anisotropic tori of
ZG(AO) Smce (G, 0) is (o, k)-split conjugate it follows that there exists hg €
Zg(AG) N Hy such that hohASh~thy ™ = AJ. Then hoh € Niy, (Ao) and the corre-
sponding Wey! group element in W(Ao) maps w1 to wo.

Assume next that wy and wo are conjugate under w € W(Ag, Hx). Let h e
N, (Ao) be a representative of w. Then h(A3); h™! = (Ag);z. Since AJ isthe
k-split part of Ag and h € Hyx we also have h(AO)h_1 = AO From Remark 3.9
it follows now that hASh—1 = AJ. But then by Lemma 3.10 A; and A; are Hy-
conjugate. ]

4. W(AJ, Hy) and W(AJ, Hy)-conjugacy classes

The Weyl groups W(AJ, Hy) and W(AJ, Hy) play an essential rolein the above
results. If (G, o) is (o, k)-split conjugate, then the conjugacy of the standard in-
volutions under W(AJ, Hy) in Theorem 3.11(1) can be extended to W(Ao, Hy).
However in many casesit isin fact easier to determine the W(Ag, Hy)-conjugacy
classes. In this section we first characterize W(Ag, Hyx) and then look in more
detail at the relation between these Weyl groups and the corresponding conjugacy
classes.

41. 1f w e W(Ag, Hy) and h € Ny, (Ag) arepresentative, then hAdh~—1 is a k-
split torus contained in Ag, SO since Ag is the k-split part of Ag it follows that
h e NHk(Ag). This means that the restriction map induces a natural map ¢ :

W(Ag, Hk) — W(Ag, Hy). In general this map does not need to be surjective, but
if (G, o) is (o, k)-split conjugate thismap is surjective as follows from Proposition
4.4 below.
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In the following we recall and prove afew more results about these Weyl groups
and also their relation to W(Ag, H). We first recall the following results from
[Hel97]:

Lemma 4.2 ([Hel97, Corollary 6.6]). Let Ag be a maximal o-split k-torus of G
suchthat Adisamaximal (o, k)-splittorusof G, Wo(Ag) = {w € W(Ag) | w(a) =
a, for all ae AZ} and Wi (Ag) = {w € W(Ap) | w(Ad) ¢ Ad}. ThenW(Ag, HO) =
Wi (Ao) and W(AF) = Wi (Ag)/ Wo(Ao).

Proposition 4.3 ([Hel97, Proposition 6.7]). Let Ag be a maximal o-split k-torus of
G such that Ag isamaximal (o, k)-split torus of G and w1, w2 € W(Ap) involu-
tions such that (Ag),, C Ag. Then wy and wo are conjugate under W(Ap) if and
only if wy and w; are conjugate under Wi (Ag) = {w € W(Ag) | w(Ad) C AZ}.

This result shows that instead of looking at W(Ag)-conjugacy classes of stan-
dard involutions it suffices to look at W(Ag)-conj ugacy classes of standard invo-

lutions. The Weyl group W(Ag) is known from the classification of k-involutions
in [Hel98b], while not much is known about W(Ap). For the subgroups of these
Wey!| groups which have representatives in Hy we have a similar result in the case
that (G, o) is (o, k)-anisotropic conjugate:

Proposition 4.4. Let (G, o) be (o, k)-split conjugate, let Ag be a maximal o-split
k-torus of G such that Ag isamaximal (o, k)-splittorusof G and w1, w2 € W(Ap)
involutions such that (Ao),, C Ag, i =1, 2. Then w1 and w, are conjugate under
W(Ag, Hy) if and only if w1 and w2 are conjugate under W(Ag, Hy).

Proof. Assumefirst that w € W(Ag, Hk) suchthat wwiw~! = wp andh € Ny, (Ag)
arepresentative of w. Then hA3h~1 isak-split torus contained in Ag and since Ag
isthe k-split part of Ag it followsthat h € NHk(Ag). So w1 and w» are also conju-
gate under W(AJ, Hy).
Conversely assumethat w € W(AJ, Hy) suchthat wwiw™! = wp andh e Ny, (Ad)

a representative of w. Then hAoh~1 > Ad is a o-split k-torus. Since (G, o) is
(0, k)-split conjugate, there exists hy € Hx N Zg(Ad) such that hihAgh—tht =
Ap. Since hihisaso arepresentative of w the result follows. O

Remark 4.5. The Weyl group W(AJ, Hy) is easier to determine than W( Ao, Hy).
For an example of this see 6.27. Ideally one would like W(Ag, Hy) be identical
to W(Ag) = W(Ap, H) , but unfortunately this is not the case. However in many
cases, like amost standard pairsfor real symmetric spaces (see[Hel88] and [HS97,
Theorem 11.11]) these Weyl groups are the same. In the case that these Weyl
groups are the same we have the following result:
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Corollary 4.6. Let (G, o) be (o, k)-split conjugate, let Ag € Ak be a maximal o-
split k-torus of G with AJ maximal and assume W (AQ) has representativesin Hy.
Let A1, A € Ay be standard with respect to Ag and w1, w» the Aj-standard and
Ao-standard involutionsin W(Ap). Then the following are equivalent.

(1) w1 and wo are conjugate under W( Ao, Hy).

(2) w1 and w, are conjugate under W(AQ).
If in addition (G, o) is (o, K)-anisotropic conjugate, then the above is equivalent
to:

(3) A1 and Ay are Hg-conjugate.

Proof. (1) = (2) is immediate from Proposition 4.4 and since W(Ag) has repre-
sentativesin Hy (2) = (1) follows from Proposition 4.4 aswell.

Finaly if (G, o) isaso (o, k)-anisotropic conjugate, then by Theorem 3.11(2)
statement (2) is equivalent to (3), what proves the result. O

4.7. Let 4 (Ag) denotethe set of involutionsin W(Ag). Theorem 3.11 and Propo-
sition 4.4 show that if (G, o) is (o, k)-split conjugate, then there exists a map
@ . Ax/Hk = L(Ag)/W(Ag, Hyk). If (G, o) isaso (o, k)-anisotropic conjugate,
then ¢ is in fact one-to-one. In the other cases we need a second invariant to
characterize the Hy-conjugacy classes in 4Ag. In section 5 we will characterize

@(Ak/Hk) C L(Ag)/W(Ag, Hy).

5. k-singular involutions

Theorem 3.11 provides a sound criterion when elementsin -y are Hg-conjugate
inthe casethat (G, o) is (o, k)-split conjugate. To complete the characterization of
the Hy-conjugacy classes of Ay, it reduces to single out those w € W(Ag) which
arethe A-standard involutionsfor some A € Ay. We will discuss acharacterization
of these involutions in this section.

Definition 5.1. A k-involution T of a connected reductive k-group M is called
(7, k)-split if there exists a maximal z-split torus of G which is k-split. Similarly
t iscaled (r, k)-anisotropic if there exists a maximal t-split torus of G which is
k-anisotropic.
52. Let Ae Ak and w € W(A) satisfying w? = e and wo = ow. Set G, =
Zg(A}). Letnbeapreimageof win Ng(A). Thenn e Zg(A}) and A, N Z(G,)
isfinite. Asaconseguence, A, isamaximal o-split k-torus of [G,,, G, ].
Definition 5.3. Let A € Ax and w € W(A). Then w isk-singular if

(1) w?=e

(2) ow =wo

(3) theinvolution o|[G,,, G, ] is (o, K)-split and (o, k)-anisotropic.
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A root o € ®(A) iscaled k-singular if the corresponding reflection s, € W(A) is
k-singular.

Lemma5.4. If Aisa maximal o-split k-torus of G such that A% is a maximal
(0, k)-split torus of G and w € W(A) ak-singular involution, then A, c AY,

Proof. Assume w € W(A) is k-singular and S= A,,. Then Sis a maximal o-
split k-torus of [G,,, G,,]. Since A% ismaximal (o, k)-splitit followsthat S= S is
(o, k)-split. For if not, then since w isk-singular the group [G,,, G,,] would contain
a (o, k)-split torus A; O S and then A1 A9 D Al isalarger (o, k)-split torus, what
contradicts the maximality of A4, O

We have the following characterization of the Hx-conjugacy classes of maximal
o-split k-tori of G.

Proposition 5.5. Let Ag be a maximal o-split k-torus of G such that Ag isa max-
imal (o, k)-split torus of G. Then the standard involutions of W(Ag) are precisely
the k-singular involutions of W(Ap).

Proof. If w € W(Ap) is a standard involution, then there exists A1 € Ak such
that (A1, Ag) is standard and a g € Zo(AY) such that gA1g~t = Ag. Then
n=24(g)gte Npo(Ap) is a representative of w. From Lemma 3.4 it follows
that o|[Gy,, Gy ] isboth (o, K)-split and (o, k)-anisotropic, hence w is k-singular.
Conversely assume w € W(Ap) isk-singular. By Lemma 5.4 we have (Ag),, C
Ad. Let SC Zg((Ao)j)) be amaxima o-split k-torus of Zg((Ag);) with S
maximal. Clearly (S, Ag) is standard. From Proposition 2.6 it follows that there
existsh € Zg((Ao)};) N H suchthat hSh—! = Ag. Thenn = 58(g)g~* € No(Ag)
isarepresentative of w, what proves the result. O

Corollary 5.6. Assumethat (G, o) is (o, k)-split conjugate and (o, k)-anisotropic
conjugate. Let Ag be a maximal o-split k-torus of G such that Ag' is a maximal
(o, K)-split torus of G. Then there is a one to one correspondence between the
Hy-conjugacy classes of Ay and the W( Ag, Hk)-conjugacy classes of k-singular
involutions of W(Ap).

Proof. Thisresult isimmediate from Proposition 5.5 and Theorem 3.11. ]

Proposition 5.7. For A € Ay and a k-singular involution w of W(A), there exist
orthogonal k-singular roots 1, ..., g Of Asuchthat w =s,; . .. Sy,-

Proof. This result follows using similar arguments as in [HW93, 12.16]. The de-
tails are | eft to the reader. O]
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6. Real reductive symmetric spaces

In the case that k = R we can improve on the above characterization of the Hy-
conjugacy classes of Cartan subspaces by using the fact that one has a Cartan in-
volution as well. In this section we discuss this refinement and also discuss the
relation of these results with those following from the dual pair correspondence.
We note that all the arguments in this section also hold in the more general setting
of “Groups with a Cartan involution”, which were introduced in [HW93, §11] (see
also [HH98]). Thisincludes for example groups defined over areal closed field,
i.e. kisformally real, but has no formally real proper algebraic extension field (see
[Pre84, 3.2]). We leave it to the reader to verify that all the results and arguments
also hold in this more general setting.

6.1. Inthecasethat k = R thereal pointsof G are given by aconjugation p of G.
Then G, = {xe G| p(x) = x} isareal form of G. By choosing amaximal compact
subgroup of G, we get a Cartan involution 6 of G, which lifts to an involution of
G by extending the base field from R to C. It is well known that one can choose
this maximal compact subgroup to beinvariant under o, i.e. the Cartan involution 6
commutes with o (see [Hel88, 10.3] or [Ber57]). One can also construct this Cartan
involution by choosing a compact real form of G which is both p and o invariant
(see [Hel88, 10.3]). If t isthe conjugation of this compact real form, then 6 = 1p
isa Cartan involution of G, and G, which commutes with o.

For the remainder of this paper we assume that k = R, p is a conjugation of
G commuting with o such that Gg = G, T is a conjugation of a compact real
form G which is both p and o invariant and 6 = tp is the Cartan involution of G
commuting with o. We will write K = Gy and let H denote a open subgroup of
G, such that G, (R) C Hg C G, (R). We will assume that Hg/(Hg N Z(Gg)) is
noncompact. Let Hf = Hg N Go(R). Itiswell known that (H;1)° = H2 N Gy(R)
(see for example [HS97)).

6.2. Let A(G) denote the set of maximal o-split tori of G, AR (G) the set of
maximal o-split R-tori of G, A?(G) the set of 6-stable maximal o-split tori of G
and A?R(G) C A(G) the set of #-stable maximal o-split R-tori of G. We will say
that atorus A of G isamaximal o-split R-torus of G if its complexification in G
is a o-split R-torus of G and we will denote these by AR (G). The sets Ar(G)
and 4w (G) areisomorphic and the same for A% (G) and A% (G). We will use the
notation Ar for both 4 (G) and Ar(G). Similarly we will write Af, for both
A% (G) and A% (G).

If A e Arisamaximal o-split R-torus of G, thentheLiealgebraa of Aisalso
called a Cartan subspace of g. By abuse of notation we will also call the maximal
o-split R-torus of G a Cartan subspace of G.
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The study of the Hg-conjugacy classes of maximal o-split R-tori of G can be
reduced to (Hﬂ‘g )0-conjugacy classes of -stable maximal o-split R-tori as follows:

Proposition 6.3. Every Cartan subspace A of G is Hﬂ%-conj ugate to a 6-stable
Cartan subspace.

Proof. Let A be a Cartan subspace of G. Since A is a maximal o-split R-torus
of G we can write, similarly asin 2.1 A = A2A9, where A? is the anisotropic
part of A and A is the R-split part of A. Then A is a (o, R)-split torus of G.
Let S> Ad be amaxima (o, R)-split torus of G. By [HW93, 11.20] there exists
h € HY such that hsh~1 is ¢-split. But then hA%h~1 is g-split aswell. Reducing to
[Ze(hAh~1), Zg(hA%h—1)] we may assumethat A% = {e}. Then A= A?isao-
split anisotropic R-torus of G. Let S; € Zg(A) be amaximal R-split torus. Since
Aismaximal o-split it followsfrom [Vus74] that S € H N Zg(A). Sincef|H isa
Cartaninvolution of H (see[HW93, 11.9]) it followsfrom [HW93, 11.18] that there
existsh € HJ N Zg(A) suchthat hS;h~tis (6, R)-split. Reducing to Zg (hS;h~1)
we may assume that Zg(A) contains no R-split tori. Let T D A be a o-stable
maximal k-torus. Since Zg(A) contains no R-split tori it followsthat T = T2 isR-
anisotropic. By [Hel 78, Ch. 111, Theorem 7.1] (seeadso [Hel88, 10.3]) thereexistsa
compact real form of G with conjugation 7’ such that z/(T) = T and v’ commutes
with § and o. Then 6’ = 7§ is a Cartan involution of G commuting with o and
T C Gy. By [HW93, 11.17] there exists X € Gg such that Int(x)6’ Int(x)~1 = 6.
Since o commutes with 6 and ¢’ it follows that we can take x € Hu%. But then
xAx~1 c Gy is6-stable, what proves the result. O

This result can aso be derived from [OM80, Lemma 5], [Mat79, Lemma 3]
and [Loo69, Theorem 2.1]. However the above proof is relatively short and easily
generalizes to groups with a Cartan involution as well.

The conjugacy under Gr can be restricted to Kg:

Lemma6.4 ([HHNOQS, Lemma7]). Let Gy bea#-invariant R-subgroup of G and
denote the Lie algebra of G1 by g1. Assumethat A;, Az € A?R and g € G1(R) such

that gA1g~1 = Ay. If g = kexp X withk € Kg N G1(R) and X € (p N g1)Rr iSthe
Cartan decomposition of g, then kAzk=1 = A,.

Applying this result to Gy = H it follows now that we can restrict to H -
conjugacy:
Corollary 6.5. Assume that A;, Ao € A%. Then A; and A, are Hi-conjugate if
and only if they are Hu‘g -conjugate.

6.6. The notions of standard pair and standard involution can be dlightly refined
for the H[;{f-conj ugacy classesin A?R. In particular we can replace the role of § €
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" by the Cartan involution 6. The main change is that what we called the +1-
eigenspaces for § are +1-eigenspaces for 6 and conversely. Soin particular if Ais
a6-stable maximal o-split R-torusof G, then Ay = A; = AYand Al = Al = A%,
Since in the remainder we will mainly consider eigenspaces for 6 (instead of §) we
will write A* for Al and A~ for A;. In the following we show how the results
in the previous two sections can be modified in this setting of the Cartan involution
and 6-stable maximal o-split R-tori of G. Essential in this analyzes will be the
following result:

Lemma6.7. Let G, o and 6 be as above. Then we have the following:
(1) All 6-stable maximal o-split R-tori A of G with A; maximal are (Hﬂ‘{)o-
conjugate.
(2) All 6-stable maximal o-split R-tori A of G with Al maximal are (H})°-
conjugate.

Proof. If Aisa6-stable maximal o-split R-torus of G with A, maximal, then A,
isamaxima (o, R)-split torus of G, which by [HW93, 11.19] are all conjugate
under (Hﬂ‘{ )0. So it suffices to show that all 6-stable maximal o-split R-tori S of
G containing A, are (Hﬂ‘{ )0-conjugate. Passing to Zg(A, ) we may assume that
A C K. Switching to the real form given by the conjugation po, then o|K is a
Cartan involution of G,, N K and any maximal o-split R-torus of G is a maximal
(0, R)-split torus of G,, N K. By [HW93, 11.19] are all these are conjugate under
(KN H)% = (H;)O, what proves the first statement.

Since all 6-stable maximal o-split R-tori A of K with A;r maximal are maximal
(06, R)-split tori of G the second statement follows from the first applied to the
involution o6 of G. O

6.8. Inthe following we generalize the notions of standard pair and standard in-
volution to include the the Cartan involution 6.

Definition 6.9. For A1, Ay € A%, thepair (Aq, Ay) iscaled standard if A7 C A5
and Af D Ag“. In this case, we also say that A; is standard with respect to A,.

The 6-stable maximal o-split R-tori of G can be put in a standard position.

Lemma 6.10. Let Aj, Ay € 4% suchthat AT D AJ (resp. A7 C Ay). Thenthere
exists x € ZH[;{(A;) (resp. ZHD.{(AI)) such that (Az, XxAx™ 1) is standard. In
particular if AT and A} (resp. A] and A;) are H;} -conjugate, so are A; and As.

Proof. This result is immediate from Lemma 6.7 using an argument similar asin
Lemma 3.10. 0

A standard pair (A1, Az) of 6-stable maximal o-split R-tori of G givesriseto an
involutionin W(Az) (resp. W(A2)).
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Lemma6.11. Let (A1, Ay) be a standard pair of 6-stable maximal o-split R-tori
of G. Then we have the following conditions:

(1) Thereexists g € Zyjo (A7 AJ) suchthat gA1g~t = A
(2) Ifny =6(g)"tgandn, = 6(g)g~1, thenn; € Nijo (A1) andn, € Nio (A2).

(3) Let wy and wo betheimagesof ny and ny in W( A1) and W( Ay) respectively.
Then w? = e, w3 = e and (A1), = (A2)f, = A] AJ which characterizes
w1 and wo.

Proof. Thisresult followswith asimilar argument asin Lemma 3.4. O

Remark. By (3) of Lemma 6.11, w1 and w2 are independent of our choice of g €
Zypo (A AD) withgAg™t = A

Definition 6.12. Let A1, A2, w1 € W(A1) and wo € W(A2) beasin Lemmab.11.
We call w1 (resp. w») the Az-standard involution (resp. A;-standard involution)
of W(Ap) (resp. W(A?)).

In the following, fix an element Ag € A% suchthat A, isamaximal (o, R)-split
torus of G. Similarly we choose S A?R standard with respect to Ag such that S™
isamaximal o-split torus of K.

Lemma 6.13. Every A € 4% is Hg -conjugate to one which is standard with re-
spect to both Ag and S.

Proof. Let A e A%. By embedding A~ inamaximal (o, 6)-split R-torus of G and
using Lemma6.7 we may assumethat A~ C A;. But then by Lemma6.10 we may
assume that A is standard with respect to Ag. Let A* > At be a maximal o-split
R-torus of K. Then both S and A’ are maximal o-split R-tori of K N Ze(AaL ).
By Lemma 6.7 they are conjugate under H N Zg(A{). So we may assume that
At C S Passing to Zg(A™) we may assume that A = A~ is (o, R)-split. Again
by Lemma 6.7 it follows that A is conjugate under HH‘{ N Zg(A™T) with Ag, what
proves the result. O

Theorem 6.14. Assumethat A;, Ay € A?R such that they are standard with respect
to Ap (resp. S). Let wy and w, bethe Aj-standard and Ax-standard involutionsin
W(Ap) (resp. W(S)) respectively. Then A; and A, are Hﬂ‘{ -conjugate if and only
if w1 and wy are conjugate under W(Ag, Hit) (resp. W(S, Hi)).

Proof. We prove theresult for A1, Ay standard with respect to Ag. Theresult for S
follows with asimilar argument.

Assume first that h € H;f such that hAth~ = A;. Then Ay and hAjh~! are
maximal (o, 0)-split tori of Zg(A;). By Lemma 6.7 they are conjugate under
Zg(A;) N H . Sowe may assumethat h € Ny (Ag). But then Ao and hAgh—1
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are 0-stable maximal o-split R-tori of Zg(Ay) with A} and hAYh™! maximal.
By Lemma 6.7 they are conjugate under Zg(Ay) N Hﬂ{ , hence we may assume
that h € N+ (Ao). Since h(A0) 5, W1 = (Ao),, it follows that w1 and wo are
conjugate under W(Ao, H).

The converse follows with asimilar argument as in Theorem 3.11(2). O

Combined with Theorem 3.11 we get now the following result:

Corollary 6.15. Assumethat Az, Ao € ,A?R such that they are standard with respect
to Ag. Let wy and wy be the Aj-standard and Ax-standard involutions in W( Ag)
respectively. Then the following are equivalent:

(1) A1 and A, are Hg-conjugate.

(2) Arand A are H -conjugate.

(3) w1 and w2 are conjugate under W( Ao, Hg).

(4) w1 and w2 are conjugate under W( Ao, HH‘{).

In [HHNO98, Theorem 10] it was shown that two Cartan subspaces of G are
Ggr-conjugate if and only if they are Hﬂ%-conjugate. This leads to the following
refinement of the above result:

Corollary 6.16. Assumethat Az, Az € A?R such that they are standard with respect
to Ag. Let wq and wo be the Aj-standard and Ax-standard involutionsin W(Ag)
respectively. Then A; and A, are Gg-conjugate if and only if w1 and w, are
conjugate under W(Ag, Hg).

The aboveresult providesasound criterion when elementsin A?R are Hg-conjugate.
To complete the characterization of the Hg-conjugacy classes of Aﬂ%, it reduces
to single out those w € W(Ag) which are the A-standard involutions for some
A€ Ab.

Definition 6.17. A R-involution ¢ of a connected reductive R-group Mc is called
(o, R)-split if there exists a ¢-split maximal o-split R-torus of Mc.

6.18. Let A A% and w € W(A) satisfying w? = e and wo = ow. Set G, =
Zg. (A)). Let nbeapreimage of w in Ng.(A). Thenn € Zg.(A}) and A, N
Z(Gy) isfinite. Asaconsequence, A, isa (o, 6)-stable maximal o-split R-torus
of [Gy, Gy].

Definition 6.19. Let A € A% and w € W(A). Then w is@-singular if

1) w?=e

(2) ow = wo

(3) theinvolutions 6 |[G,,, G,] and 00| [G,,, G,] are (o, R)-split.

A root o € ®(A) iscaled #-singular if the corresponding reflection s, € W(A) is
f-singular.
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We have the following characterization of the H[;{f -conjugacy classes of 9-stable
maximal o-split R-tori of G.

Proposition 6.20. Let Ag be a 6-stable maximal o-split R-torus of G with maximal
A, . Thenthereis a one to one correspondence between the Hu‘{ -conjugacy classes

of e’“’% and the W( Ao, Hﬂ‘{ )-conjugacy classes of #-singular involutions of W(Ag).
Proof. Thisresult follows from Theorem 6.14 and Corollary 5.6. O

With asimilar argument as in Proposition 5.7 we have the following characteri-
zation for the 6-singular involutions:

Proposition 6.21. For Ae A?R and a 6-singular involution w of W(A), there exist
orthogonal #-singular roots a1, ..., ap of Asuchthat w = sy, ... Sy,.

Remark 6.22. All 6-singular involutions of W(Ag) are k-singular in the sense of
5.3. Thecondition for 6-singular is somewhat easier to check from the classification
of commuting involutionsin [Hel88].

The Weyl groups W( A, Hgr) and W(A; , Hr) have representativesin Hﬂ‘{:

Lemma6.23. Let let Ag be a 6-stable maximal o-split R-torus of G such that
Ay isamaximal (o, R)-split torus of G. Then W(Ap, Hg) = W(Ay, Hu;f) and

W(Ay, Hr) = W(A7, Hp).

Proof. We prove the result for W(Ag, Hg). The proof for W(A;, Hg) follows
with asimilar argument.

Let w € W(Ag, Hr) and h € Np, (Ag) a representative of w. Since 6|Hg is
also a Cartan involution of Hr we can write h = hy exp(X), where h € H;} and
X ehnp,wheref)istheLiealgebraof Hg andp = {Y € g | 6(Y) = —Y} theLie
algebra of t4(Gg) with 7y asin (2.2.1). With the same argument asin [HHNO98,
Lemma 7] it follows that exp(X) commutes with Ag, hence h; € NH[;{(AO) isa

representative of w aswell. O

Combining this result with Proposition 4.4 it follows that the conjugacy of the
6-singular involutions of W(Ag) can be restricted to W(A,, HH‘{):

Proposition 6.24. Let let Ag be a 6-stable maximal o-split R-torus of G such that
Ag isamaximal (o, R)-split torusof G and wy, w2 € W(Ap) involutions such that
(Ao)y; C Ay, i = 1,2 Thenthefollowing are equivalent:

(1) w1 and w2 are conjugate under W( Ao, Hg).

(2) w1 and wy are conjugate under W(Ag, Hg).

(3) w1 and wy are conjugate under W(A;, Hg).

(4) w1 and w are conjugate under W(Ay, H[;{f).
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The Weyl group W(A;) is known from the classification of R-involutions in
[Hel98b]. Unfortunately for general H the Weyl group W(A;, Hﬂ‘{ ) isdifficult to
determine. However the subgroup W(A, , (Hﬂ‘{)o) iscompletely known, sinceitis
the Weyl group of Ay in G:

Lemma 6.25 ([HS97, 4.4]). W(A;, (H)%) = W(Ay, Gos).

Combined with Corollary 6.16 it follows that the W( Ag, H; )-conjugacy classes
and W( Ao, (Hu{)o)-conj ugacy classes are the same:

Proposition 6.26. Thereisa one to one correspondence between the W( Ag, HH‘{ )-
conjugacy classes of #-singular involutionsand the W( Ag, ( Hn‘{ )9)-conjugacy classes
of #-singular involutions.

Remark 6.27. TheWeyl group W(A;, (Hu'{)o) =W(A;, Gy) easily followsfrom
the classification of commuting involutions in [Hel88], see also [Hel98a]. So the
above results give a simple algorithm to compute the W( Ao, (Hﬂ‘{ )9)-conjugacy
classes of #-singular involutions. The conjugacy classes of #-singular involutions
also follows from the classification of maximal R-split tori in [Hel98a] using the
dual pair correspondence.

6.28. For rea groups the Weyl group W(A, ) has representativesin H. So com-
bined with Corollary 4.6 it follows that in the case that the Weyl group W(Ay ) has
representatives in Hg we can reduce to conjugacy classes of involutions under the
full Weyl group:

Proposition 6.29. Let Ag € Au% be a 6-stable maximal o-split R-torus of G with
A, maximal and assume W(A; ) has representativesin Hg. Let wy, w € W(Ag)
involutions such that (Ag),,, C Ay, 1 = 1, 2. Then the following are equivalent.

(1) w1 and w2 are conjugate under W( Ao, HH‘{).
(2) w1 and wo are conjugate under W(Ap).
(3) w1 and wy are conjugate under W(A;) = W(A;, Hg).

Proof. This result is immediate from Proposition 6.24, Corollary 4.6 and Proposi-
tion 4.3. n

6.30. A remaining question is for which pairs (Gg, Hg) has the Weyl group
W(A;) representatives in Hg? In [HS97] the pairs (Gg, Hg) with this property
were called (o, 6)-split. Fortunately most pairs (Gg, Hg) are (o, 0)-split, however
for genera H itisdifficult to determineif apair is (o, 8)-split or not. On the other
hand the subset of pairs (Gg, Hg) for which W(A) has representativesin (Hﬂ‘{)0
can easily be determined from the classification of pairs of involutionsin [Hel88],
sinceit isthe Weyl group of the root system ® (A, (G°"9). Pairs (Gg, Hg) with
this property were called weakly-standard in [HS97]. In this case we will also say
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that the pair of involutions (o, 0) is weakly-standard. We note that the Weyl group
W(A;, (H)?) = W(A7, (HN K)3) and W(A;, (H N K)°) are the same (see
[HS97, 11.11]).

Clearly weakly standard pairs are split, but these notions are different as can be
seen from [HS97, Example 7.6].

6.31. The weakly standard pairs are completely determined by the signatures
which are given in [Hel88]. In the following we briefly review the characteriza-
tion by these signatures, which was given in [HS97].

Let Ag be a6-stable maximal o-split R-torus, such that Ay isamaximal (o, R)-
splittorusand T > Ag amaximal R-torus, such that T9 is amaximal R-split torus
of G. Let g(Ay, 1) denote the root space corresponding to A € ®(A;). Since
o(L) =0(r) = —A, 06 Stahilizesg(Ay, A). Set

a(Ay, MY =X eg(Ag, 1) | a8(X) = £X}
m*(x, 06) = dimg(Ay, )%

For A € ®(Ay) cal (m™ (A, 06), M~ (A, 00)) the signature of .

Proposition 6.32 ([HS97, 9.13]). Let A, (o, 0) etc. be as above and let A be a
basis of ®(Ay ). Then the following are equivalent:

(1) (o, 0) isweakly-standard (i.e. W(HOK)%(A(;) = Wihnk)o(Ag) = W(AG)).
(2) mt(x,00) £0o0r mt (21, 00) £ O0forall A € A.

Remark 6.33. The signatures of the roots A and 2A with A € A for al pairs of
commuting involutions are given in [Hel88]. From this classification it follows that
morethan 2/3 of the pairs of commuting involutions are in fact weakly standard. In
these cases the conjugacy of the 6-singular involutionsis under the action of the full
Weyl group. The conjugacy classes of involutions in Weyl groups were classified
in[Hel91].

6.34. Dual Pair correspondence. We conclude this paper by showing how the
results in this section relate to those one obtains through the dual pair correspon-
dence. The dua pair of (Gg, Hg) can be obtained as follows. Assume first that
Hr = G,(R). Therea form Gy corresponds to the conjugation p = t6. The invo-
lution o defines another real form via the conjugation to. Then o|G,, is a Cartan
involution of G;,. The dual pair of (G,, Hg) isthe pair (G, KN G;,). Using
the Cartan decomposition of Hg one can define adual pair aso in the case that Hg
is aopen and closed subgroup of G, (R). Now if A isa6-stable maximal o-split
R-torus of G with respect to the real form G, then A is a6-stable maximal R-split
(and o-split) torus of G with respect to thereal form G,. So we have the following
result:
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Proposition 6.35. There existsa oneto one correspondence between the HH‘{ -conju-
gation classes of the 6-stable maximal o-split R-tori of G, and the H;f -conjugation
classes of the 6-stable maximal R-split (and o-split) tori of G, .

Remark 6.36. Since by Proposition 6.3 the characterization of Hg-conjugation classes
of maximal o-split R-tori of G, can be reduced to HU‘{ -conjugation classes of 6-
stable maximal o-split R-tori of G,, the above result enables one to obtain a char-
acterization of the conjugacy classes of Cartan subspaces via a characterization of
conjugation classes of 6-stable maximal R-split tori. A first characterization of
these were givenin[Mat79]. A different characterization can be found in [Hel98a],
what includes a classification as well.
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