HOLOMORPHIC LINE BUNDLES OVER
HILBERT FLAG VARIETIES

A.G. HELMINCK AND G.F. HELMINCK

Abstract. In this contribution we present a geometric realization of an infinite
dimensional anal ogue of the irreducible representations of the unitary group. This
requires a detailed analysis of the structure of the flag varieties involved and the
line bundles over it. These constructions are of importance in quantum field the-
ory and in the framework of integrable systems. As an application, it is shown
how they occur in the latter context.

1. Introduction

It is a classica result that the irreducible representations of the unitary group
U (H) of afinite dimensional space H can be realized geometrically as the natural
action of U (H) on the holomorphic sections of a holomorphic line bundle over a
space of flagsin H. Infinite dimensional anal ogues of some of these representations
occur in quantum field theory, see e.g. [2]. In this paper we consider a separable
Hilbert space H and we introduce a manifold of flagsin H over which there exist
holomorphic line bundles that are similar to the finite dimensional ones. The defi-
nition of the flag variety and some of its properties can be found in the first section.
The second section is devoted to the construction of the holomorphic line bundles
and the analysis of their space of holomorphic sections. As an application, we show
in the final section what role the geometry plays in the context of some integrable
systems. A more detailed description of the content of the different sections is as
follows.

The first subsection starts with giving the type of flagsin H that will be consid-
ered. Here the basic flag F(© serves as amodel. The flag variety & is a homoge-
neous space for a certain unitary group Ures(H). Asin the finite dimensional case
one can see §§ also as a homogeneous space for alarger group of automorphisms of
H, namely Gl,es(H). Thisisthe analogue of the general linear group in thisframe-
work. The second subsection is devoted to an explicit description of the manifold
structure on . The first difference with the finite dimensional case appears at the
description of the connected components of % in the third subsection.

After these genera considerations we start the new section with the technical
prerequisites for the construction of the holomorphic line bundles. First we choose
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a suitable orthonormal basis of H, we order its index set S conveniently and in-
troduce the Weylgroup W of Uyes(H). Next we show that the charts around the
points in the W-orbit through F© cover . Let @ be the connected component
of ¥ that contains F©. The foregoing results enable you to introduce a dense
subspace F(oc0) of @ that is the direct limit of finite dimensional flag varieties.
The space §@ can be written as a homogeneous manifold G,/3, where G, is
a suitable Banach Lie group for which certain subdeterminants are defined. To
come to the form of the group G, one has to introduce the notion of an admissible
permutation of the index set S. Then we have the necessary ingredients for the in-
troduction of a collection of holomorphic line bundles over §© in the subsequent
subsection. Let Glr(gs) (H) be the connected component of Gl;es(H). If one wants
tolift the Gl ﬁgg (H)-action to these line bundles, oneisforced to introduce a central
extension G of the group Gl r(&) (H). We conclude this section with a subsection de-
scribing the space of holomorphic sections of these bundles and the irreducibility
of the G-action on it.

The third section starts with giving a framework for the equations of the multi-
component KP-hierarchy. Next we give the geometric ingredients that are needed
for the construction of solutions of the equations from the first subsection. In the
final subsection we give a geometric construction of solutions of the multicompo-
nent KP-hierarchy and a geometric interpretation of these non-linear equations and
some other related systems.

2. Properties of Hilbert flag manifolds

2.1. Theflagvariety. Let H beaseparable complex Hilbert space with innerprod-
uct < -, ->. We will consider certain chains of subspacesin H and as in the finite
dimensional case one has to specify the “size” of the components. Therefore we
start with an orthogonal decomposition of H,

Q) H=H1®...®Hn whereH; L Hjfori# j.

We assume that m; = dim(H;) satisfies1 < m; < co. Let pj, 1 <i < m, bethe
orthogonal projection of H onto H;. Then we will use throughout this paper the
following

Notation 2.1.1. If g belongsto B(H), the space of bounded linear operators from
Hto H, then g = (gij), 1 <i <mand 1 < j < m, denotes the decomposition of g
w.rt. the{Hj | 1 <i <m}. Thatistosay gij = pio g | Hj.

To the decomposition (1) we associate the basic flag F(© given by

r
OcHic...c@Hjc...cH.
=1
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Now weconsider in H flags F = {F (0), ... , F(m)}, that isto say chains of closed
subspaces of H,

{0=FO)CF@)cC...Cc F(m)=H,
that are comparable to the basic flag F(©, i.e. foralli,1 <i <m,
dim(F@i)/F@ — 1)) = dim(H;).
To such aflag F is associated an orthogonal decomposition of H,
H=F1®...®Fn wheeF =F(®)nF@i-1"%.

We will denoteaflag F by F = {F(0),...,F(m}aswellasF = {Fq, ..., Fy}.

The class of flags one obtains in this way is still too wide and we will require
that our flags do not differ too much from the basic flag. The condition by which
we express this property is a natural generalization of that used in [20] for the
Grassmann manifold and is such that it permits you to construct suitable measures
on your manifold, see [8] and [19]. Moreover the connected component §© of ¥,
containing F(©, is a homogeneous space for the group of all invertible operators of
theform identity + aHilbert-Schmidt operator and this group comes up in anatural
way in quantum field theory, see[22] and [3]. There are, however, situations where
other spaces of compact operators have to be considered, see e.g. [18].

Definition 2.1.2. Let ¥ be the collection of flags F = {F1, ..., Fy}, satisfying
dim(F) = dim(H;), such that for al i and j with j # i, the orthogonal projection
pj : i — HjisaHilbert-Schmidt operator. We call ¥ the flag variety correspond-
ing to the decomposition (1).

Example 2.1.3. The Grassmann manifold Gr(H) that plays an important role in
[20] and [21] corresponds to the case that H is the space of powerseries

H=L%s.0) = {Zanz”,an eC.) lanl® < oo},

neZ neZ
le{z(:)anz”e H} and szii(:)anz”eH}.
n> n<

For a decomposition that plays arole in quantum field theory, see[2].

As in the finite dimensiona case, the space I is a homogeneous space for a
certain unitary group. Let F = {F4, ..., Fyn} belong to §. From the definition of
& we know that thereisfor eachi, 1 < i < m, anisometry u; between H; and F. If
weputu=ui @ ...d un, then u belongs to the group of unitary transformations,
U(H), of Handforeach1 <i < mwehave
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In other words, the flag F is the image under u of the basic flag. The condition
defining ¥ implies that u = (ujj) satisfies: ujj is a Hilbert-Schmidt operator for
I # ]. Thisbrings usto the introduction of the following group.

Definition 2.1.4. The restricted unitary group, Ures(H), consists of all u = (uijj)
in U (H) such that ujj isaHilbert-Schmidt operator if i # j.

Thegroup Uyes(H) isdefined in such away that, reversibly, for each g € Uyes(H)
theflag g(F(@) belongsto J. If we extend a unitary transformation o of H; in the
trivial way to oneof H, then thisextended transformation belongsto Uyes(H). Thus
we have a natural embedding of each U (H;) into U,es(H). Clearly the stabilizer

m

of F©® in Ues(H) isequal to T U(Hi) and therefore we can identify & with the

i=1
homogeneous space

m
Ures(H)/ [ U (HY).
i=1
For several reasons, like the description of the manifold structure on ¥ and the
consideration of non-unitary flows on §, it is convenient to have a description of
as the homogeneous space of alarger group of automorphisms of H. The Banach
structure of this group follows directly from that of its Lie algebra. Therefore we
start with the analogue of the Lie algebra of the general linear group.

Definition 2.1.5. A restricted endomorphismof H isau = (u;j) in B(H) such that
uij isaHilbert-Schmidt operator for all i # j. We denote the space of all restricted
endomorphisms of H by Bres(H).

The space Byes(H) is a subalgebra of B(H) since the collection of Hilbert-
Schmidt operators is closed under left and right multiplication with bounded op-
erators. Henceit isalso aLie subalgebra of the Liealgebra B(H). On Byes(H) we
will introduce a norm. This requires some general notations.

Notation 2.1.6. If K1 and K2 are Hilbert spaces, then we denote the space of Hilbert-
Schmidt operators from K1 to Ks by T5(K1, K2) and the Hilbert-Schmidt norm by
Il - lus. If Ko isequal to Ky, then we ssimply write T,(K1) instead of (K1, K1).

For al i and j, we extend the elements of T,(H;, H;) outside H; by zero and
obtain thus a natural embedding of T, (Hi, Hj) into £>(H). The algebra Bres(H)
becomes a Banach algebraif we equip it with the norm || - || defined by

lullz =l + > uijlins.
i#]
If Gl (H) denotes the group of invertible elementsin B(H), then we consider
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Definition 2.1.7. The restricted linear group, Glyes(H), consists of {g | g €
Gl(H) N Bres(H)}.

One easily verifies that Glyes(H) consists of the invertible elementsin Byes(H)
and, as such, has a natural Banach manifold structure. With each gin Gl,es(H) we
can associate the flag

OcgHiCcg(Hi1®Hy) C...gH1®...®&Hj) C...CH.

From the definition of Gl,es(H) one sees directly that this flag belongs to ¥. The
stabilizer in Glyes(H) of the basic flag is the “parabolic subgroup”

g1 ... ... Oim
P=109|g€ Gles(H),g= O _ " |, withgi € GI(H)
O ... 0 dgmm

Thus we can identify § aso with the homogeneous space Glyes(H)/P. Let
Glies(H) — & bethe projection 7(g) = g- F©. On & we put the quotient topol-
ogy that makes 7 into an open continuous map. In the next subsection we will put
aHilbert manifold structure on 3.

2.2. The manifold structure of . To get an idea how the space % locally looks
like near the basic flag, we consider the open set 2 in Glyes(H) given by

Jiz ... Qi

Q= {geGlm(H)‘ ( : ; ) € Glies(H1 @ ... ® Hy) forall 1§i§m}.
g1 ... Gi

Asinthefinitedimensional case, Q2 iscaledthe“bigcell”. Let U_ bethe subgroup

of Gles(H) defined by

U_= {g: (9ij) € Glres(H)

gi = ldy, foradli
gij=0 forj>i
The groups P and U_ are given the topology induced by that of Gl;es(H) . By

induction on the number of components of the decomposition of H, one proves
then

Lemma2.2.1. The map (u, p) — up fromU_ x P — Gl;es(H) determines a
homeomor phism between U_ x P and .

In particular we see that the restriction of 7 to U_ gives you a homeomorphism
u > uF© between U_ and the open neighborhood 7(2) of F(©. Clearly the
group U_ is homeomorphic to the Hilbert space (E, | - ||ns) with

E= P TaHj H).

1<j=m-1
>
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Around each point of ¥, we will give a neighborhood homeomorphic to E. Note
that from the definition of €2 one can conclude directly that

P EPF - EPH; isabijectionforal 1<1 < m}.

=<l =<l j=l

T(Q)={F=(Fi)€%

This characterization of 7(£2) tellsyou what to choose around ageneral point of 3.
This requires, however, the introduction of a

Notation 2.2.2. If W is closed subspace of H, then we denote the orthogonal pro-
jection on W by pw.

ConsideraF = (F, ..., Fyn) in . Then the analogue of 7(2) for F is

@ PF, :@Vi N EBF. isabijectionforal 1 < | < m}.

i<l i<l i<l

UF:{VZ(Vi) in &

It is convenient to have a special expression for the flagsin Ug.
Definition 2.2.3. A flagV in U iscalled transversal to F.

Let gr bean element of Uyes(H) such that gr - F(© = F. Instead of the big cell
Q in Glyes(H) with respect to the decomposition H = H; & ... & Hpy, we could
also have introduced a big cell withrespectto H = F & ... ® Fy, and it will be
clear that this set can be written as

grU_P(geh.
Consequently, we get for Ug that
Ur = {gFup(gF)‘lF |withue U_and p e P} = 7(geU_P).
Assume that we have chosen for each F in & agr in Ures(H) with gg - F© = F.
Then we can define for each F in i ahomeomorphism ¢r: U — E by
oF (gFUF @) =u—Id.
The main result of this sectionis

Proposition 2.2.4. The (Ug, ¢f) are the charts of an analytic E-manifold struc-
tureon 3.

Proof. It issufficient to show for each Uru) and Ug ) with U@ NUg@e # that
PE@ © §0E<11> t o0 (Upw NUp@) = ¢p@ (Upa NUge)

is an analytic map. This follows from how the U_-component of (gg ) )—1gF<1>u
actually dependson u. Thisisgiven by Lemma2.2.1. O

It will be clear from the construction that the group Gl,es(H) acts analytically
on the manifold 3.
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2.3. The connected components of Glies(H). Let g = (gjj) be an element of
Glres(H) and put g=1 = (hij). Then we have, by definitionforali, 1 <i <m,
gihii = ldn, — Y gikhi.
ki
This implies that each gj; is a Fredholm operator, that is to say it has a finite di-
mensional kernel and cokernel. The collection of Fredholm operators on a Hilbert

space K isdenoted by @ (K) and it isan open part of the space B(K). Its connected
components are given by the index, which is defined as

ind(B) = dim(ker(B)) — dim(coker(B)), for B e ®(K).

Since all off-diagonal operators are Hilbert-Schmidt and hence compact, the oper-
ator

o1 0
g= ,  whereg = (gij) € Glres(H),
0 Omm

is a Fredholm operator of index zero. Hence we have that the indices of the {gi; |
1 <i < m} satisfy

m

> ind(gi) =0 and ind(gw) =0 if m<oo.

i=1
These relations lead to the introduction of the subgroup Z of Z™ defined by

Z= {z:(zi)ezm

3 z=0,z=0 Iif mk<oo}.
i=1
The standard properties of the index imply that themap i : Glies(H) — Z,
g > (ind(g11), . .. , ind(gmm)),
is a continuous grouphomomorphism. Hence the sets
Gli&(H) ={glge Gles(H).i(g) =2}, withze Z,
are open. In fact, they are exactly the connected components of Gl,es(H), for

Proposition 2.3.1. For each z € Z, the set Glr(éé(H) is non-empty and connected.
Proof. Let z= (z) bein Z and let hj € ®(H;) besuchthat ind(h;) = z. Then

hy 0
h ) ( ) | )
0 hm

belongsto ® (H) and has index zero. Therefore one can add to h an isomorphism
between the kernel of h and the orthogonal complement of the image of h to obtain

an element of GI{Z(H). The connectivity is proven in two steps: first one notes
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that P isconnected, since al the Gl (H;) are connected, see [17]. One concludes by
showing that every element of G|§8§(H) can be joined by a continuous path with
an element of P. ]

Since P is connected, we see that
Corollary 2.3.2. The connected components of ¥ are given by

5@ ={9F@gecl@H].

Remark 2.3.3. The space ¥ possesses many more properties reminiscent of the
finite dimensional flag varieties, like a Kahler structure and a stratification. They
are not treated here but can be found in [9] and [11]. In [9] one finds also the
Birkhoff decomposition for the group Glyes(H).

Remark 2.3.4. A holomorphic line bundle L over § consists ssimply of a collec-
tion of holomorphic line bundles {L, — & | z e Z}. Therefore we restrict our
attention to line bundles over F(©.

3. Holomorphic line bundles over §©

3.1. A special covering of . In this subsection we choose a suitable orthonor-
mal basis of H and we introduce a collection of charts of 3 that can be described
completely in terms of the index set of this orthonormal basis. In particular these
charts cover § and enable you to give a combinatorial description of the Birkhoff
decomposition of Glyes(H ) and to construct concretely a collection of holomorphic
line bundles over F(©.

Let {es| s€ S} be an orthonormal basis of H; for al i, 1 <i <m. We will
put atotal order on each § and we will combinethemtooneon S= |J S by

1<i<m

requiring that sj < s foral s € § and sj € S; with j > i. Since H is separable
we can choose for

S =1{keZ|0=<k<m} and for S$=1{keZ|0>k>m—1}.

Theusual order on Z inducesoneon S; and S, that satisfies the requirement above.
We would like to continuein thisfashion, but Z might already be exhausted. There-
fore we take for §j, j > 3, asuggestive description as a collection of formal num-
bers

Sj={-mz...—mj_1—k, with keN,1<k<m;+1]}.
The set S; isordered in the following way
—Mp...—Mj_1—k>-mp...—mj_1 — € & —k> —L.

Now that we have an orthonormal basis {es | s € S} of H with a totally ordered
index set S, we can associate to each bounded g in B(H) an S x Smatrix [g] with
coefficients

Os¢ =<0(&),e>, wheresandtareinS
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Several properties of g can be described in terms of these matrixcoefficients. For
example, the operator g in B(H) belongsto Bes(H) if and only if

>0 lgsl® < oo

te§; se§

j#i 1<i<m
Remark 3.1.1. Recall that the Liealgebra A, see[15], can berealized asacentral
extension of the Lie algebra gl of Z x Z-matrices {a j} of finite width matrices,
i.e. those matrices {aj;} satisfying aj = O if |i — j| > N for some N € N. The
Lie algebra of the matrices of the elements of Byes(H) can thus been seen as a
completion of a bounded version of gl,. Also the central extension A, of gl
occursin anatural way in this geometric framework, see the subsection 3.3.

A type of operator that we will meet in the sequel is

Definition 3.1.2. Anoperator gin B(H) iscalled a“finite-size” operator if it has
only afinite number of non-zero matrixcoefficientsw.r.t. the {es | s€ S}.

Remark 3.1.3. By the choice of the order on S, the columns of [g] increase from
“east” to “west” in the numbering and the rows of [g] from “south” to “north”. This
isdifferent from the finite dimensional habits, but isin agreement with that in [20].

In the sequel we will frequently use some notations related to subsets of S.
Notation 3.1.4. The number of elementsin asubset A of Sisdenoted by #A.

Notation 3.1.5. If Aisanon-empty subset of S, then we denote the closure of the
gpan of the {es | s€ A} by Ha. If Aisempty, then Ha denotes the space {0}. Itis
convenient to denote the orthogonal projection onto Ha by pa.

M aps between subsets of Shave adirect tranglation to partial isometries between
closed subspaces of H, i.e.

Notation 3.1.6. If Aand B are subsetsof Sand r : A — B is some map, then we
denote by t the mapping from Ha to Hg given by

T (Z Atet> = M.

teA te A

Now that we have chosen the orthonormal basis {es | s € S}, we can introduce
“diagonaloperators’ in Bres(H). Suppose that we have a set of bounded complex
numbers

{0s]s€S dseCand|és] < Mforalse S}.
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Then we can associate to it adiagonal operator diag(ss) in B(H) by

diag(ds) (Z )»tet) = Z5t)»tet-

teS teS
Inside Gl;es(H) we have then the “maximal torus”
T=1{g]9eGles(H),g=diag(ds)} .
Clearly T is commutative and with the help of the matrix one shows that the cen-
tralizer of T inside Gl (H) isequal to T. Hence we have
Lemma3.1.7. Thecentralizer Z(T) of T in Glyes(H) isequal to T.

Each permutation o of S determines a unitary map o : H — H asin (3.1.5).
With the help of the matrix, one shows that the normalizer of T in Gl (H) consists
of

{t-o|teT, oapermutation of S}.
Hence, if we define the the subgroup W of Uyes(H) as
W = {0 | o € Ures(H), o apermutation of S},
then we have

Corollary 3.1.8. Thenormalizer N(T) of T in Gles(H) isthe semi-direct product
of Wand T. In particular, we see that W isisomorphicto N(T)/Z(T) and we call
W the Weylgroup of T.

To each ¢ in W, corresponds a partition ¥ = ] %j, where & = 0(S). The

i>1

concrete description of which partitions occur in this way, brings one in a natural
way to the consideration of subsetsof Sthat are “equal up to afinite set”. Therefore
we define

Definition 3.1.9. If Aand B aresubsetsof S, thenwecall A and B commensurable
(notation A~ B) if A— {AN B} and B — { AN B} arefinite. Wewritei(A, B) for
the number

#{A—{ANB}} —#{B—{AN B}}.

This commensurability is equivalent to: the orthogonal projection pg: Ha — Hg
is a Fredholm operator with index i (A, B). Let ¥ = {Zj|i <i <m} be an ar-
bitrary partition of Sinto m digoint parts. Then this partition corresponds to an
element of W, if and only if the following two conditions hold:

2 #3; = #S forali,1<i<m,and
(©)) Yix S forali,1<i<m

To any partition ¥ satisfying these conditions there corresponds a flag Fy in §
given by

o C HElC H21U22C--~C Hs = H.
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In the sequel we will frequently make use of the following notion
Definition 3.1.10. Anelementin H issaidtobeof order s, s< S, if it hastheform

h= ases+Zatet, with ag # 0,

teS
t<s

The union of all the elements of some order sin Sand {0} is called the space of
elements of finite order.

For each zin Z, we denote the collection of partition  of Ssuch that Fx, belongs
to 3@, by S(z). The basic property of the {Fsx. | £ € ©(2)} is

Proposition 3.1.11. For eachflag F = (F(1), ..., F(m)) in¥@, thereisa X in
©(2) suchthat F istransversal to Fs.

Proof. Let g € Gles(H) be such that F = g.F(©. First we show that there is
a X1, commensurable with S§; and with #S; = #X%4, such that px, o g/, is an
isomorphism between Hy and Hy; . Since p1(g(H1)) hasfinitecodimensionin Hy,
wecanfinda$Si(n) ={k| ke S,k>n},n> 0, suchthat F(1) = g(H1) projects
surjectively onto Hs, (n). The kernel of this projection hasabasis {hj | 1 < j < N}
of elements of finite order, i.e.

hj=es+ ) aje . wheres #s;foris |.

teS
t<s;j

It is clear that we can take X1 = S;(n) U {sj | 1 < j < N}. The other parts of
the desired partition ¥ of S are constructed step by step form X4. For, assume
that we have found digoint {2 | j < i} with ¥ ~ §; and #S; = #X; such that
the orthogonal projection of F(j) onto @451' H, isabijection for al j <i. Then
we know that pjy+1(g(Hit1)) has finite codimension in Hj, ;. So there exists a
subset Sy1 of §41, commensurable with §41 and digoint of X1 U ... %, such
that F(i + 1) projects surjectively onto Hx, @ ... @ Hyx, & Hz . The kernel of
this projection is again finite dimensional and has a basis of elements of different
order. As X1 one takes then the union of S and the orders of the elementsin
thisbasis. In this way we obtain after afinite number of steps the desired partition
Y of S O

Foreach X in © = | &(2), the elements of finite order in Fx (j) span adense
ze”Z
subspace of Fy(j) foral j, 1 < j < m. Hence we have in general

Corollary 3.1.12. For eachflagin F in§ and for each j, 1 < j < m, the elements
of finite order in F(j) span a dense subspace of F(j).

For eachflag F = (F(0), ..., F(m)) in%® onecanalsodirectly assigna = (F)
in ©(2) such that F istransversal to Fx(r). For each 1 <i < m, put namely

Y(F)(i) ={s|se S F(i) containsan element of order s}
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and

Z(Fi=2F)(0)-2(F)(i-1).
Clearly each F (i) projectsbijectively onto Hx,(r) i) and therefore X (F) = { X (F);}
belongsto &(z).

3.2. F(00). In this subsection we consider some finite dimensional flag varieties
contained in §©@. Let K be afinite subset of S. For simplicity we assume that K
contains all § that are finite. We denote the unitary group of Hkx by U(K). It
embeds naturally into H by extending u € U(K) on Hs_k by the identity. We
write % (K) for the subvariety of 3@ given by

;ﬂK)ziu#®|ueU(Kﬁ

If K1 C Kp, then we have anatural embedding of U (K1) into U (K2) and of % (K1)
in % (K2). Now one considers a collection {Ky, | n € N} with K € K41 for adl n
and with | Kn = S. Then we write

n

U(co) = [ JU(Kn) and F(oo) = | F(Kn).

neN neN

both with the identifications mentioned above. Sincethe U (X), ¥ € &(0), cover
%@ and the “finite-size” operators are densein To(Hj, Hi), we get

Lemma 3.2.1. The space &(oco) liesdensein §©.
Hence, by restricting holomorphic functions on §(© to & (co) we get
Corollary 3.2.2. Theonly holomorphic functions from §(© to C are the constants.

3.3. Another description of §@. For each T in S(z), thereare numerouso € W
such that Fx = o F(@. We start by describing a specia choice that is useful at the
description of % as the homogeneous space of another group. Recall that we had
fori > 3 the notation

S={sk|l1<k<m+1}
In order to make this notation uniform we write
si(k)y=k—1, fool<k<m+1 ands(k)=—-k forl<k<mp+ 1.

Now we construct a bijection o : § — X, asfollows: since § and %; are com-
mensurable, thereisa N > 0 such that

{sk)[k>N}CZinsS.

Consider the finite set 3; — {s(k) | k > N}. We may assume that it is ordered
increasingly if i = 1 and decreasingly if i > 2. Thismeans XZ; — {si(k) | k > N} =
{t« | K < N+ ¢;} for some ¢ in Z and

t1 <t <...<tNnyg, orty >th>...>1tNnyy-
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Now we can define o : § — X by putting

oi(si(k)) =tk for1 <k < N+¢;,
oi(s(k)) =s(k—¢) fork> N+¢.

Theindex of pj o g; isequal tothat of z; : Hi — Hj, whereri : § — § isdefined
by

Ti(s(k)) =s(N+1) forall<k<N-+¢

7i(S(k)) =si(k—¢;) foral k> N+ ¢;.

Clearly we haveind(z;) = N + ¢; — N = ¢;. In other words, the number ¢; is equal
toz. The{oi | 1 <i < m} composeto abijectiono : S— Ssuchthat o F(® = Fs,.
We will introduce a special term for this type of permutations.

Definition 3.3.1. Let X beapartition of Sin &(z). A permutation o of Ssuch that
0(S) = Xj iscaled admissible of level N if the following properties hold

(i) Foreachiandforal k> N+ z, o(si(k)) =s(k—z).
(i) Forallkpandko < N+z andall 1 <i <m,s(ky) > si(k2) = o(si(ky)) >
o(s(k2)).

Now we can introduce another group that acts transitively on (@, Its advantage
isthat it enables you to construct in a simple way holomorphic line bundles over

O

Let X bein ©(0) and let o be an admissible permutation of Ssuchthat o(H;) =
%i. From the definition of admissibility we know that o decomposes in operators
(i) with the properties

(i) Foreach1l <i <m, g;; = ldy,+ a“finite-size” operator.

(i) Foralliand j, i # j, g; isa“finite-size” operator.

Since every flag F in 3@ is transversal to some Fy, with  in S(0), we may
conclude that each F in 3@ isequal to g.F©@ with g € Gles(H) of the form

(@ Foreachi, 1 <i<m,gj= ldy+ a“finite-size” operator.

(b) Fordliand j,i < j, gij isa“finite-size” operator.

(c) Fordliandj, j<i,gjjbelongsto £o(Hj, Hi).
For the operators g;; from (a) there always exists a determinant. Asiswell-known,
see [7], one can take the determinant of any operator of the form “identity + a
nuclear operator”. Therefore we introduce

Notation 3.3.2. If K1 and K5 are complex Hilbert spaces, then we denote the space
of nuclear operatorsfrom Kj to K by 9t (K1, Ko) and thetracenormonit by || - ||¢r.
If K1 equals K5, then we simply write 9t (K1) instead of 9t (K1, K»).

The desireto work in aBanach context and the fact that we like to be able to take
determinants of operators, make you consider the collection B, (H) of operatorsin
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Bres(H) given by

_ gii — ldn, € Jt(Hp) fordli
On B (H) we put a different topology than the one induced by Byes(H) . For, let
¢ be the subspace of Bes(H) defined by
bii € Yt(H;) forall i
bij € T2(Hj, Hi) foral j #i
Then € becomes a Banach space if we equip it with thenorm | - || given by

Iblle =) lIbijlns+ D _ bl
J# i

The map g — g — Id permits you to transfer this Banach space structure from ¢
to B2(H). Note that the subgroup U_ of Gl,es(H) defined by

U-={g|geGlies(H), gi=Idy forali,gj=0forali< j}
actson Bz (H) by left multiplication and its “adjoint” U, defined by
Uy ={u"lueu_},

acts by right trandlation on B> (H). Both actions are analytic w.r.t. the &-structure
on Bx(H). Let b = (bjj) belong to Bo(H). Since each bjj has the form ldy, +
anuclear operator, we can find for each bjj an operator bii in Gl (H;) satisfying
bij — Idw, and (bii)~1— ldy, € Yt(Hi). Then one verifiesdirectly that if u = (uijj)
inU_ and v = (vjj) in U are defined by

Uii=Uii:|dHi,Uijz—bij(Bjj)_l ifi>j,uj=0 ifj>i.

vij=—(bi) Yo ifi<jand wj=0 ifi>j.
then the operator u.b.v — 1d belongsto 9¢(H). Thisresult we putin a

Lemma 3.3.3. Everyb e By (H) can be decomposed asb = ub; v, where u belongs
toU_, by belongsto Id + 9t (H) and v belongsto U,..

If we take into account that for each i, the operator Bn can be chosen of the form
bii + fii, with f;; afinitedimensional operator, thenfor eachcin B, (H) sufficiently
closeto b, we can take Gj = ¢;j + fj;. By using this, one shows easily that the map
det: Bo(H) — C, defined by

det(b) = det(b;), whereb = ubjv,withueU_,b; eld+ % (H)andv e U,

isanalyticon Bo(H). Now we areinterested in the elements of B, (H) that belong
to Glies(H), i.€. in

G2 ={g1 g€ B2(H)NGClres(H)}.
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One easily verifies that G, is a group and, since it is known that an element g of
Id+ Y¢(H) isinvertible if and only if det(g) # O, we may conclude that G, isan
open part on B>(H) and thus inherits a Banach structure. It is a straightforward
verification that G, is a Banach Lie group that acts analytically on §©@. Aswe
have seen above this action is transitive and, if we denote the stabilizer of F(© in
Go by

t11 tim
< l_|o ti € {1d+ N(H)} N GL(H),
- o S tij € To(Hj, Hj) for j > i ’
0 O tym

then we can identify %@ with the homogeneous space G, /.

Remark 3.3.4. One can give the same type of description for the other components
%@, by taking some X € S(z) and by introducing the group G, as the operators
that decomposew.r.t. H = Hy, @ - - - @ Hy,, in the above way.

3.4. Theline bundles and the central extension. For every kK = (ky, ... ,Kkm) in
Z™, we can define a holomorphic character xy of the group T by

xk(t) = det(t11) ... det(tmm)*m.

To this character is associated aline bundle L (k) over (@ = G,/Z. It is defined
asfollows: consider on the space G, x C the equivalence relation

(91, A1) ~ (92, A1) © g1 =02ot, withte Tand iy = Aqxk(l).

The space G, x C modulo this equivalence relation is L (k). For each g € G, and
each A in C, we denote the equivalence class to which the pair (g, 1) belongs by
[g, A]. Thereisanatura projection 7 : L(k) — &© given by

7([g,2]) = g.F©.

Itisadirect verification to show that L (k) isaHilbert manifold based on the Hilbert
Space

P T2(Hj Hy®C

j<i
and that L (k) is aholomorphic line bundle over §©.

Remark 3.4.1. The line bundles L (k) are natura infinite dimensional generaliza-
tions of the holomorphic line bundles over the space of flagsin C" of afixed length
and of afixed size. In the case of the Grassmann manifold from example 2.1.3,
the bundles L((—1, 0)) and L((1, 0)) correspond respectively to the determinant
bundle Det and its dual Det* that play an important role in the connection with in-
tegrable systems.
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We have a natural action of the group G2 on the space L (k), namely by

01-[9. 2] =[919, A].
Thisis alifting of the natural action of G, on @ to one on L(k). However, the
natural action of GI{Q (H) on §© can, in general, not be lifted to one on L (k).
This has been shown in [20] for the Grassmann manifold from example 2.1.3 and
thebundle L((—1, 0)). If onewantsto lift the action to L (k) it is necessary to pass

to an extension of Glr(g(H). Note that for each g in G|§2§(H) thereexistsa pin
P such that gp~! e G,. Hence if we define the group

={@ P [geCli&H). peP.gpt e Gyf.
Then G is an extension of Glr(gS)(H) that actson L (k) by

(9, p) - [91, 21] = [9g1p ™1, A4].

This action clearly liftsthe action of G, viathe projection 71 : G — Glr(gs)(H). We
assumethat ¥ isembedded into G by meansof t — (1d, t). In¥ we haveanormal
subgroup

Ty ={dd,t) [ te T, x(t) =1}.

The group 1 actstrivialy on the space L (k) so we have in fact an action of G=

G/Z; on L(k). The group G is a central extension of Glr(gS)(H) with the group
¥ /%1. In general this extension is non-trivial.

Remark 3.4.2. The central extension G is determined by a 2-cocycle on GI{Q (H).
If one computesfor m= 2, my = mp = oo and k = (1, 0), the corresponding Lie
algebra 2-cocycle, then this gives you on gl N [Bres(H)], up to an irrelevant
factor, the one defining A.

3.5. The holomorphic sections of L (k). Let £(k) denote the space of holomor-
phic sectionsof L (k). The space £ (k) isgiven thetopology of uniform convergence
on compact subsets of §©@. It becomes then a complete locally convex space, see
[13]. Let f: O — L(I_<) belong to £(K) then it can be written as

f(g-F@) =g, f(g)]. foralge Gy,
where f : Go — C isaholomorphic function satisfying
f(gt) = f(@x(t)™t fordlge GyandalteT.

Thus we can identify ¢ (k) with the space of holomorphic functions on G, that
satisfy this condition. Since each (g, p) in G acts as an analytic diffeomorphism
onaswel F© as L(k), we get anatural action of G on (k) that corresponds on
the functionson G, to

(9, P)(F)(g1) = f(g7rg1p), withgs € Gz and (g, p) € G.
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The space ¥ (k) can be zero, as we know from the finite dimensional case. We are
interested in knowing when thisis the case. Assumefirst that k € 7™ satisfies

ki <ky...<km=0.

Then we will construct concrete non-zero elements of ¥ (k). If ¥ = {X;} belongs
to ©(0), then we write

2i)=Jz; ad GSi={Z()|ZeSO)}
j<i
Let o0 =01 ... ® om be an admissible permutation of S corresponding to X.
Consider for g € G, the operator (o, @ ... ® 0;) Lo psi)og| @ Hj from P H;

j<i j<i
to itself. It decomposes as
h11 haj
poc 1|, with hyj— ldy; € L(Hj), hij € Ta(Hj, Hy) forall j #i.
hil hii

In particular we can take the determinant of this operator. The function fx) :
Gy — C defined by

fs)(9) = det((a; ® ... ® ;) * o pxiyo 9| D H))

j<i
satisfies for each t = (tjj) in T the condition

fsi)(gt) = fx)(g) det(tyy) ... det(tj)

In other words fx belongsto ¥((-1,...,-1,0,...)). Let P}, 1< j<m-—1,
be ahomogeneous polynomial inthe { fx(j) | £(j) € ©j} of degreekj1 — kj then
m—1

it will be clear that [] Pj is anon-zero element of ¥ (k). Next we consider the
j=1
casethat k € Z™M satisfies
ki <...<Kknm

Wetakethe {R | i < m} asabove and we choose for Py, the function

g — det(g)km.

m
the function || P, defines then anon-zero element of ¥ (k). By restricting sections
i=1
of L(k) to the dense collection §(c0) of “finite flags” in §© and exploiting the
finite dimensional results one obtains

Theorem 3.5.1.

(a) The space ¥ (k) isnon-zeroifandonlyifky <... < kn
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m
(b) If (k) is non-zero, then the functions [ R({ fxq | (i) € &j}) span a
i=1
dense subspace of ¥ (K).

Next we consider the representation of G on L(k). Then each closed non-zero
subspace of ¥ (k) can be shown to contain a non-zero vector that isU (K)-finite for
some finite K in S. By analyzing the restriction map at increasing K, by applying
the action of U (co) and by using the finite dimensional results one obtains

Theorem 3.5.2. The action of G, (and hence of Gon L(k)) isirreducible.

After this description of the geometry of this infinite dimensional flag variety
% and this collection of line bundles over F©, we will give a link with some
integrable systems and we start by giving a description of the system of non-linear
eguations we are interested in.

4. Applications to integrable systems

4.1. The multicomponent KP-hierarchy. The formal set-up of this system of
equations is as follows: consider a complex commutative differential algebra R
with a collection of commuting derivations {dj, | i > 1,1 <a <r}of R Letd

.

be the derivation )" 91,. The equations of the hierarchy can be formulated conve-
a=1

niently in terms of relations for certain elements from thering gl, (R) ((3, 8~1)) of

pseudodifferential operators in d with coefficients from gl, (R). We extend the 0,

to derivations of gl (R) ((9, 8—1))_ by letting it act coefficientwise on elements of

glr(R) and onan element 3~ p;d) of gl (R)((d, 371)) by
j<N

dia (Z pﬁ") =D da(p?’

j<N j<N

In the ring gl; (R)((3, 3~1)) we denote the differential operator part _ p;d! of
j j=0
P = p;d by P and we write P_ for P — P,.

j
Let Ey, 1 < o <, be the diagonalmatrix in gl; (C) with («, «)-entry equal to
1 and the other entries equal to zero. In the ring gl (R)((d, 8~1)) we consider
elements of the form

(4) L=0+) ¢ and Uy=Ey+) Uy~
j>0 j>0
Examples of this type of operators can be obtained as follows: take the trivial

example L = Idd = 9 and U, = E, and choose some K = Id + )_ k,-a—i in
j>0
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gly (R)((3,9~1)). Such aK isinvertible and
(5) L=KdK™! and U, =KE,K™?

have the form (4). Following [23], the equations of the multicomponent KP-
hierarchy are

(6) [L,Us] =[Uq, Ugl =0

@) UaU/3 = 3aﬁUﬁ

(8) 8ia(L) = [(L'Uy) 4, L] :=[Bja, L]
9 Sia(Up) = [Bia, Ug].

The equations (6) and (7) are satisfied for all elements L and {U,} of the form
(5). The equations (8) and (9) boil down to non-linear differential equationsfor the
{Uyj} and {£;}. Since al the solutions of the multicomponent KP-hierarchy that
we will construct are of the form (5), we merely have to focuss on (8) and (9).
These last equations can be seen as compatibility conditions for a linear system.
This requires the introduction of a gl, (R) ((3, 8~1))-module. Let M consist of the
formal products

N N
{ > ﬂjkj}exp Y tigEu ={ > ﬂj)\j}g()»),
j=—00 i>1 j=—o00

1<a<r

with 8j € glr (R). For g € gl (R), the action of g is defined by

M M
ﬁ{_z ﬂjw}gm: {_Z ﬂﬂjw}gm.

J:—OO J:—OO

The action of 9j, on M is defined such that it corresponds to “ differentiating” this
formal product w.r.t. the variable tj,, i.e.

B <{Zb,—w’} g(/\)> = {Z dia(bj)2) + b Eaxi“} g(n).
j j j
In particular we see that the action of 9 on M

o[> bialtae) =" fapal + Y b+t g)
isinvertible with the inverse 9~ given by

7Y obiadf g = {ZZ(—l)ia%bj)xj—i—l} g(%).
j

i=0

These actions compose to a gl (R)((3, 3~1))-module structure on M. In fact,
M is afree gl; (R)((d, 3~1))-module with generator g(1), for, if P = XP;jd) €
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gl (R)((3, 371)), then
P-g0) = {> Pirl} g,
Let A be the subgroup of gl (C(x, A~1)) given by
A= {5‘3 = diag(x™, ..., A%)with (ke,... . k) € zf} .
Tekeany § = =djAJ, dj € gl (C), in A. To § corresponds the element § = £d; 3!

in gl (R)((3, 8~1)). Then we have the notion
Definition 4.1.1. A function of type § is an element of vy of M that has the form

¥ = { <Id + J;WJ) (;dkx"> } g(r).

To any function v of type § we associate the operator Ky, in gly (R) ((9, 9-1)) given
by

Ky=1d+) yjol.
j

Next we assume that we have been given operators L and {U,} of the form (5).
Then we introduce the following notion:

Definition 4.1.2. A wavefunction of type § for L and the {U,} is a function vy of
type § satisfying

@ L) =21y
(b) an = WEa
(C) aia(w) = F)Iot : leth F)Iot € g|r(R)[8]

The first two properties trandlate respectively into
L=KydK, b and Uy = KyEo Kt

Hence L and the {U, } are completely determined by v». One computes directly that
(c) implies P, = (L'U,). and by applying the operators 9;, to the equations (a)
and (b) and by substituting (c) one shows

Theorem 4.1.3. If ¥ is a wavefunction of type §, then the operators Ky, d KJl and
{Ky Eq Klzl} satisfy the equations of the multicomponent KP-hierarchy.

Now we are ready to describe the geometric setting from which we can construct
wavefunctions of type 6.
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4.2. Thecommuting flows. Let H be the Hilbert space L?(St, C") with the usual
norm. Let { f, | 1 < ¢ < r} bethe standard basis of C". Then the elements of H are

written as
> aikfid!,  withajy e C.
ieZ k=1

The space H isdecomposed as H = Hy & H» with

le{Zhiki‘hiECr} and Hy= Hf‘.

i>0

The elements { fll | 1 <k <r,i > 0} are an orthonormal basis of H; and the
{fur! |1 < 0,1 <k <r} one of Hy. To get a numbering like in the foregoing
section, one defines e ir_1 = fikA'. Inthe present context it is al'so convenient to
see the matrix [g] of an operator g in Bres(H) asan Z x Z-matrix with entries in
gl (0),i.e

. Gry1e+1 Gkt1e ,
[g] = Guii  Gu , with Gg € glr (C).

An important operator in Bres(H) isthe multiplication A on each factor with A. It
hasthe matrix [A] with Aji_1 = Id and Aj; = O, if j # i — 1. One verifiesdirectly
that the centralizer Z(A) of A in Bes(H) consistsof all gin Byes(H) such that the
matrix of g lookslike

(- )
. Goo  Gio
[d] = G_10 Goo G
G_10 Goo -
)

\

Clearly, multiplying with an A from gl; (C), defines an element of Byes(H). Let )
be the diagonal matricesin gl; (C). It is obvious then that

{Z HiA' € Bies(H), Hi € § forall i}
ieZ

isamaximal commutative subalgebra of Byes(H). The group of commuting flows
that we will consider is contained in this algebra and takes care of essentialy all
independent directions. To be more precise, let U be a connected neighborhood
of Stin C and let I'(U) be the space of all analytic maps y : U — 1) such that
det(y(u)) # Oforal ue U. Inanatural way I"'(U) isagroup. If U; D U, thenwe
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get an embedding of I"'(U1) into I"(U>2) by restricting functions to U,. We write I
for the direct limit of the {I"(U)}. Each y € T" hasa Fourier series

y=>Y vi.yeb
ieZ
The multiplication with y, defines the element > V.Ai in Bres(H). At the consid-
ieZ
eration of the flows from I on § we make use of a decomposition of the elements
of I". InI" we consider namely the following subgroups

r, = y‘ yel.y=exp| > tuEsd'| ¢,
1%3%

r_ = H y=>Y yirle r}
j<0
and A = {§ | § = diag(xke, ..., A%) withk e Z for dl i}. Then there holds
Lemma4.2.1. Thegroup I' decomposesas” = ' AT'_.

This lemma is a direct consequence of the decomposition of holomorphic line
bundles over P1(C), see[6].

4.3. The solutions. Sincem = 2, al flagsin § correspond to subspaces W of H.
For each W in &%, consider

Aw = {8 | § € A, thereisay e I'; such that y 16 W istransversal to Hl}
Thefirst property of A is
Lemma4.3.1. Thecollection Ay is non-empty.

For each § in Ay we consider the open subset I"(§, W) of " given by
L, W)= {y eI, |y 187w istransversd to Hl}.

Let R be the ring of analytic functions on I'(§, W) and let 9;, be the derivation of
R consisting of partial differentiation w.r.t. tj,. Then there holds

Theorem 4.3.2.
(8) For each W e & and each § € Ayy thereis a unique function g, = 3, - 8 -

g(1) of type §, such that ¥4, (y) € W for all y € T'(8, W).
(b) The function Wisxv from (a) is a wavefunction of type s.
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For a proof, we refer to [10]. If we write y$, = K¢, - § - g(1), then we know
from theorem 4.1.3 that

Ly = Kiya(Ky™t  and U2\ = K{Ea(K)) ™

are solutions of the multicomponent KP-hierarchy. The following theorem makes
clear why we did not consider the commuting flows from I'_.

Theorem 4.3.3. For each g = j;oiji in T_, we have ng = L}, and Ug,gw =
Ul w-

Remark 4.3.4. If r > 1, then Ay may contain several elements. If §1 and 8, are
in Aw, then the solutions {LJ%, Us\l,’a} and (L2, US\Z,,O{} are related by so-called
differential difference equations that reduce in a specific case to the equations of
the Toda-lattice, see [10]. These equations are a generalization to the KP-level of
equations considered in [1].

In the one component case, one has the independent variablest = {tj | i > 1} and
the derivatives {9; = 3% | i > 1}. Onewritesthe elements of Rasfunctionsint. In
[5], they introduced a new dependent variable called the t-function, that is related
to awavefunction of type 1 by

i U i) Tk
(10) W {1+§)a(t)k }e ) e
For z, depending polynomially of the {tj}, a representation theoretic interpretation
of the t-function was given in [15]. For a discussion of the role of the z-functions
in the theory of inverse scattering, we refer the reader to [4].

It was shown in [21] how t can be interpreted in the context of the line bun-
dle L((—1,0)) over F© and this gives an interpretation for a wider class of -
functions. In particular, these z-functions are Fredholm determinants of certain
operators. Also in the multicomponent setting one can express the coefficients of
w@v in terms of Fredholm determinants related to the line bundle L((—1, 0)). If

W = g1 F @, with g; € Gy, then we define tg, 1, : G — C by

gy H, (9, @) = (0, q) - (fx;) (1) = det(ps, 0 g o (g1]H1) 0 Q).

It measures the failure of é-equivariance of the section correspondingto fx,. In A
we consider the elements Ajj given by

Ajjj=diag(...A, ... ,)\_l,...),

where the A-factor stands at the i-th place, the A ~1-factor at the j-th place and the
resulting factors are equal to 1. .
If k e C, |[K| > 1, then we still need the element ql((') from " given by

qf(i)=diag(...1,1—%,1,...),
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where the factor 1 — % stands at the i-th place. Then there holds

Theorem 4.3.5. Consider aW in § and a s in Aw. Then ~1(W) = gF©@, with
g € G, and we have

(8 Foral 1<i <r,the (i,i)-entry of ¥, isthe L2-boundary value of
Tgih, (V)
Tg|H1(V)

(b) For j # i, thereisalifting Aj/j of Aj,j to G such that the (j, i) entry of ¥,
is the L2-boundary value of

Kt

= TgiH, (YAisjO;) .
TgiH, (V)

This theorem gives a geometric interpretation of formulae, stated in the appendix
of [23]. For a proof of thistheorem we refer the reader to [10]. There one can also
find more equations that fit in the framework just described.

In the one component case the Japanese school, see[14], trandates the equations
that are satisfied by the wavefunction to equations for the z-function and these can
be written in the so-called bilinear form

Kt

1 1 TE-s)K
(11) frti—en ws+ponet k=0,
for al (tj) and (s) and with dk such that
dk
¢2ﬂk:_l

Also this formula can be given a geometric interpretation. For if W € F© then
one can consider W+ as an element of the Grassmann manifold corresponding to
H = Ho & Hj. If Y islinked to = by (10), then one can show

Theorem 4.3.6. The wavefunction v,. can be expressed in by

PL(UEE))
T((t))

If we consider instead of I" the group of flows consisting of the adjoints of the
elementsof ', then relation (11) boils down to the orthogonality relations for vy
and wwj_ .

For ¢ € Z, let W, be a general element of %, According to the theorems
4.3.2 and 4.3.5 there corresponds a wavefunction of type A¢ to W, and a r-function
70 t0 W,. In [14], they also discuss a system of non-linear equations that relates
2 different z-functions. For ¢ and k € Z, k > ¢, these equations are called the
bilinear equations of the (k, ¢)-modified KP-hierarchy. They have the following
interpretation in terms of the flag variety.

Ywr (L) = A
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Theorem 4.3.7. Letkand £ € Z, k > ¢, and let W, resp. W belong to ¢~ resp.
S =K 1f Wy D W, then 7, and 7 satisfy the equations of the (k, £)-modified KP-
hierarchy.

For a proof we refer the reader to [12].

Remark 4.3.8. Hereby we have given a geometric description of the solutions of
the modified hierarchies belonging to the Segal-Wilson class. This generalizes the
description of the rational solutionsin [16].
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