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Abstract. Let (W, Σ) be a finite Coxeter system, and θ an involution such that θ(∆) = ∆, where ∆ is a basis for the root system
Φ associated with W , and Iθ = {w ∈ W | θ(w) = w−1} the set of θ-twisted involutions in W . The elements of Iθ can be
characterized by sequences in Σ which induce an ordering called the Bruhat poset. The main algorithm of this paper computes this
poset. Algorithms for finding conjugacy classes the closure of an element and special cases are also given. A basic analysis of the
complexity of the main algorithm and its variations is discussed, as well experience with implementation.

1. Introduction

Twisted involutions are of fundamental importance in the study of reductive symmetric spaces and more general sym-
metric k-varieties and their representations. Real reductive symmetric spaces have been studied for almost a hundred years
and they are key in many areas of mathematics and physics. They can be defined as the homogeneous spaces G/H, where G
is a reductive Lie group and H is an open subgroup of the fixed point group of an involution of G. Initially mathematicians
mainly studied the Riemannian symmetric spaces, i.e., the symmetric spaces for which H is a maximal compact subgroup
of G. In the last 25 years the emphasis has shifted to include the general reductive symmetric spaces. Symmetric spaces
are best known for their role in representation theory and many people have studied the representations associated with
these real reductive symmetric spaces (see for example [HC84, FJ80, ŌS80, ŌM84, BD92, vdBS97, Del98]).

Similar spaces over other fields occur throughout mathematics. For any field k of characteristic not 2 a symmetric k-
variety is defined as the homogeneous space Gk/Hk, where G is a reductive algebraic group defined over k and H = Gσ

the fixed point group of a k-involution σ of G. Here we have used the notation Kk for the set of k-rational points of an
affine algebraic group K defined over k. The symmetric k-varieties over algebraically closed fields are also called symmetric
varieties. Symmetric k-varieties over base fields other then the real numbers occur in many problems in representation
theory (see [BB81] and [Vog83, Vog82]), geometry (see [DCP83, DCP85] and [Abe88]), singularity theory (see [LV83] and
[HS90]), the study of character sheaves (see for example [Lus90, Gro92]) and at the study of cohomology of arithmetic
subgroups (see [TW89]). The p-adic symmetric spaces are also of importance for the study of automorphic forms.

Symmetric spaces are similar in structure to Lie groups, but with additional complications. In the last two decades
much of the algebraic and combinatorial structure of Lie groups and their representations has been implemented in several
excellent computer algebra packages, including LiE, GAP4, Chevie, Magma, Maple and Coxeter. Most of the structure for Lie
Groups was developed long ago, before the advent of symbolic computation. An excellent description of the structure can
be found in Bourbaki [Bou81].

For symmetric spaces there are almost no implemented algorithms. Indeed, to date there are very few algorithms at all.
This is due not only to the higher level of complication mentioned above but also to the fact that most of the structure of
these symmetric spaces has been proved using non-constructive analytic methods. Over the last 20 years A.G. Helminck
gave algebraic proofs for much of this structure, extending at the same time the results to general fields. Using this
algebraic formulation he gave the first algorithms for computations in symmetric spaces ([Hel96, Hel00]). These algorithms
computed the orbits of a minimal parabolic k-subgroup acting on a symmetric space. A description of these orbits and
their closures also determines some of the fine structure of these symmetric spaces and are in fact the essential building
blocks in the structure of these symmetric spaces.

While the algorithms in [Hel96, Hel00] were important as the first algorithms to compute some of the structure of these
symmetric spaces, these algorithms were quite inefficient and allowed one to compute only small cases. Since the orbits
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of a minimal parabolic k-subgroup P acting on the symmetric k-variety Gk/Hk play a fundamental role in the study of
representations associated with these symmetric k-varieties, we started to look for other ways to characterize these orbits,
hoping both to compute them more efficiently and to reveal more of their structure. The traditional ways to characterize
these orbits are as Pk-orbits acting on the symmetric k-variety Gk/Hk by θ-twisted conjugation (i.e. if x, g ∈ Gk then define
g∗x := gxθ(g)−1), or as the number of Hk-orbits acting on the flag variety Gk/Pk by conjugation or also as the set Pk\Gk/Hk
of (Pk, Hk)-double cosets in Gk. The last is the same as the set of Pk × Hk-orbits on Gk. Using these approaches these orbits
were characterized for k algebraically closed by Springer [Spr85], for k = R characterizations were given by Matsuki [Mat79]
and Rossmann [Ros79] and for general fields these orbits were characterized by Helminck and Wang [HW93]. While these
characterizations work very well for theoretical purposes, they did not lead to efficient algorithms. For computational
considerations it is better to take a different approach. One can first consider the set of (P, H)-double cosets in G. Then the
(Pk, Hk)-double cosets in Gk can be characterized by the (P, H)-double cosets in G defined over k plus an additional (field
dependent) invariant describing the decomposition of a (P, H)-double coset into (Pk, Hk)-double cosets. The (P, H)-double
cosets in G can be characterized by combinatorial data, which are highly suited for computation, as follows. Let A ⊂ P be
a θ-stable maximal k-split torus of G, N the normalizer of A in Gk, Z the centralizer of A in Gk, let W = N/Z be the Weyl
group of A in Gk, and let Iθ = {w ∈ W | θ(w) = w−1} be the set of θ-twisted involutions in W . We will also call these
twisted involutions when it is clear which involution θ we are using. The (P, H)-double cosets in G defined over k can be
characterized by the pairs (O, w), where O is a closed orbit and w ∈ Iθ ⊂ W . (See [HH04]). In order to classify the P × H
orbits on G one needs to determine both the closed orbits and the twisted involutions that occur. In many cases there is a
unique closed orbit and then the P × H orbits on G are completely characterized by the twisted involutions in W .

The twisted involutions also play an essential role in the study of the orbit closures. The closure of a P × H orbit on G
decomposes as the union of other P × H orbits on G and these orbit closures are of fundamental importance in the study
of Harish-Chandra modules, see [Vog83]. There is a natural order � on the set of P × H orbits on G, called the Bruhat
order, which is defined as follows. If O1, O2 are orbits, then O1 � O2 if and only if O2 is contained in the closure of the
orbit O1. This order on the orbits induces an order on the related set of twisted involutions, which we call the Bruhat order
on Iθ . In [RS90] Richardson and Springer gave a combinatorial description of these Bruhat orders in terms of sequences
of reflections in simple roots. The geometry of these orbits and their closures induce a poset structure on the set Iθ .
Understanding this poset structure is not only key to understanding the structure of the orbits but also of fundamental
importance in the studying the representations associated with the related symmetric k-varieties. In this paper we will
give algorithms to compute the poset of twisted involutions, its Bruhat order and orbit closures. The poset of twisted
involutions is a combinatorial structure and can completely be defined in the setting of Coxeter groups. The combinatorial
and geometric structure of the poset of twisted involutions is of interest and importance for other areas of mathematics and
computer science as well. The poset is related to the Bruhat lattice for Coxeter groups, which has been studied extensively
by combinatorists for decades and has a very interesting geometrical structure. There are many open questions about this
poset of twisted involutions. Having a algorithms to compute this poset and its structure will be essential for all further
studies of this poset.

In section 2 we set the notation and recall some properties about twisted involutions. In section 3 the main algorithm
and variations for computing the poset of twisted involutions are presented. In section 4 we discuss the computational
complexity. The final section describes our experience with implementing the algorithms. We thank our undergraduate
student Kathryn Brennamen for her excellent assistance in implementation. The Appendix contains the implementation of
the basic Algorithm 3.2 in the Coxeter Maple package. Code for the other algorithms in this paper will be posted on our
website.

2. Preliminaries and Recollections

In the following let W be a Weyl group generated by a set of reflections Σ. We will assume that Σ comes from a basis ∆
for the root system associated with W , i.e., (W, Σ) is a Coxeter System. If θ is an involution of W then the set Iθ = {w ∈
W | θ(w) = w−1} denotes the set of θ-twisted involutions in W . As shown in [HH04] it is sufficient to consider only those
involutions θ such that θ(∆) = ∆, and hence θ(Σ) = Σ. The Weyl group W acts on the set Iθ by twisted conjugation which is
defined as wa = waθ(w)−1 where w ∈ W and a ∈ Iθ . This operation is sometimes denoted as w ∗ a. If s ∈ Σ and a ∈ Iθ
then define s ◦ a = sa (group multiplication) if sa = a and s ◦ a = sa otherwise. A sequence s = (s1, . . . , sk) in Σ induces a
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sequence in Iθ defined by induction as follows: a(s) = (a0, a1, . . . , ak), where a0 = e and ai = si ◦ ai−1 = si ◦ · · · ◦ s1 ◦ e for
i ∈ [1, k]. It will be important to keep track of for which elements in s the (bar) operation is used. Thus for s ∈ Σ, a ∈ Iθ
we will use the notation si if s ◦ ai−1 = siai−1. Define Σ := {s | s ∈ Σ} and let rs = (r1, r2, . . . , rk) be the sequence in Σ ∪ Σ
defined by ri = si if si ◦ ai−1 = siai−1 in a(s) and ri = si otherwise. A sequence r ∈ Σ ∪ Σ is called an admissible sequence if
it is induced from a sequence in Σ by this process. Recall l(w), the length of w with respect to Σ, is the number of elements
in a minimal expression of w as a (usual) product of basis elements. Note that for twisted involutions, this is not generally
equal to the number of elements in Σ ∪ Σ in a sequence determining w as an element of Iθ . The sequence rs is called an
ascending admissible sequence for Iθ if 0 = l(a0) < l(a1) < . . . < l(ak). Richardson and Springer [RS90] showed that every
element in Iθ can be represented by ascending admissible sequences. An element may be represented by several ascending
admissible sequences, and determining all of these will be important. We use xy to denote regular group multiplication of
x and y and the conjugacy action sx = sxs by sx. For a sequence r = (r1, r2, . . . , rk) where ri ∈ Σ ∪ Σ and w ∈ W , define
r · w := rk · · · r2r1w. For example, (s1, s2, s3, s4) · w = s4s3s2s1w = s4s3s2s1ws1s3.

Implicit in the definition of an ascending admissible sequence for an element w ∈ Iθ , is an associated expression for w.
This expression will be reduced. All reduced expressions for w contain the same number of elements, namely l(w). Hence,
if (r1, r2, . . . , rn1 ) is an ascending admissible sequence for w then l(w) = 2|(r1, r2, . . . , rn1 ) ∩ Σ| + |(r1, r2, . . . , rn1 ) ∩ Σ|,
where multiple occurrences of si or si, are counted multiple times. While this limits the possible number of elements in an
ascending admissible sequence for w something stronger is in fact true.

Lemma 2.1 (Richardson and Springer [RS90]). If (r1, r2, . . . , rn1 ) and (t1, t2, . . . , tn2 ) are two ascending admissible sequences
in Σ ∪ Σ and r · e = t · e then n1 = n2.

The size of an element w ∈ Iθ is the number of elements in an ascending admissible sequence for it. Let w0 denote the
unique longest element of the group W . For all θ, w0 is an element of Iθ . Denote the size of w0 by k0.

We extend the notion of an admissible sequence as follows. Given an element w ∈ Iθ and a sequence s = (s1, . . . , sk)
in Σ, induce a sequence in Iθ defined by induction as follows: a(s) = (a0, a1, . . . , ak), where a0 = w and ai = si ◦ ai−1 =
si ◦· · ·◦s1 ◦e for i ∈ [1, k]. Let rs = (r1, r2, . . . , rk) be the sequence in Σ∪Σ defined by ri = si if si ◦ai−1 = siai−1 in a(s) and
ri = si otherwise. A sequence r ∈ Σ∪Σ is called a w- admissible sequence if it is induced from a sequence in Σ by this process.
The sequence r is called an ascending w-admissible sequence for Iθ if for all i, l(rir(i−1) · · · r2r1w) > l(r(i−1) · · · r2r1w).
The sequence r is called a descending w-admissible sequence for Iθ if for all i, l(rir(i−1) · · · r2r1w) < l(r(i−1) · · · r2r1w).
An ascending e-admissible sequence will be simply an ascending admissible sequence, and a descending w0- admissible
sequence will be simply a descending admissible sequence.

3. Algorithms for elements and poset of Iθ

The main goal of this paper is to give an algorithm for determining all ascending admissible sequences for all elements
of Iθ , and their poset of relations. We begin with the simplest case where θ = Id. This algorithm is the main algorithm of
this paper. Two methods of calculating Iθ for general θ will make use of this algorithm.

3.1. Algorithm for elements and poset of IId. For each element w in IId we keep track of the following: (i) its size, (ii)
pointers from elements x of size one less and the element s ∈ Σ ∪ Σ such that w = sx. Note that we do not need to have
an explicit representation of w. Ascending admissible sequences (and thus reduced representations) of an element w can
be retrieved by following the labeled pointers from the identity element to w.

Algorithm 3.2. Input Weyl group. Output poset for IId.

0. Let the stack consist of the identity element of size 0, and set k = 0.
I. For each x of size k from the stack, do

A. For each si such that there is no pointer into x labeled si or si (no ascending admissible sequence for x begins
with si or si) do:

(i) Calculate y ′ = sixsi. If y ′ ≠ x then let y = y ′ which is of size k + 1. If y ′ = x then let y = six, which is of
size k + 1.
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(ii) For each element z of size k + 1, check if y = z if so put a pointer from x to y labeled si, (si) (add sequence
of y to list of ascending admissible sequences for z). If no such z add y to stack as new element of size
k + 1, with a pointer from x labeled si, (si).

II. If k < k0, let k = k + 1 and go to step [I].

The largest value of k that must be considered is for k = k0 the size of w0 the longest element in the Weyl group, which
is always an element of Iθ as well. In section 4 we find these sizes for the classical Weyl groups. Even without knowing the
explicit size k0 of w0 the algorithm will end after reaching w0 since for every s ∈ Σ, there is a pointer to w0 labeled s or s
(see [HH04]).

3.3. The general Iθ case. A direct modification of Algorithm 3.2 leads to an algorithm for the elements and poset of Iθ .
All that is required is to replace step (i) by :

(i’) Calculate y ′ = sixθ(si)−1. If y ′ ≠ x then let y = y ′ which is of size k + 1. If y ′ = x then let y = six, which is of
size k + 1.

Remark 3.4. Most computer algebra packages for Weyl groups use generators and relations and the Weyl group elements
are expressed as reduced words in the generators. These reduced expressions are not unique. To check if two elements y
and z are the same one usually checks if zy−1 = e. In the case of Algorithm 3.2 step (ii) it suffices to check if zy = e, since
all elements in IId are of order 2. Therefore the complexity of step (ii) in 3.2 is less than that in the variation for Iθ .

A discussion of the computational complexity of Algorithm 3.2 and the general version is given in section 4. Another
option for computing the poset of Iθ comes from Theorem 1.2 of [HH04].

Theorem 3.5 (Theorem 1.2 of [HH04]). Let (W, Σ) a Coxeter system, and θ an involution such that θ(∆) = ∆. Denote by · the
action of a sequence r ∈ Σ ∪ Σ on Iθ , and ·′ the action of r on IId.

(1) A sequence r = (r1, r2, . . . , rn) in Σ ∪ Σ is an ascending admissible sequence for Iθ if and only if it is an descending
w0-admissible sequence for IId.

(2) A sequence r = (r1, r2, . . . , rn) in Σ ∪ Σ is an descending w0-admissible sequence for Iθ if and only if it is also an
ascending admissible sequence for IId.

(3) Let q and r be two sequences in Σ ∪ Σ. They are two ascending admissible sequences for Iθ and q · e = r · e in Iθ if
and only if they are two descending w0-admissible sequences for IId and q ·′ w0 = r ·′ w0 in IId.

This implies the following algorithm for finding Iθ . The only work here is to change the orientation of all pointers. Thus
while for sequences in Iθ , the operation of sw means the twisted product swθ(s−1), this simple translation scheme does
not require performing any twisted computations.

3.6. Algorithm for elements and poset of Iθ.

I. Run Algorithm 3.2
II. For each element w of size k found in 3.2 associate an element w′ of size k0 − k in Iθ .

III. For each pointer x → w with label s ∈ Σ ∪ Σ found in 3.2 of associate a pointer w′ → x′ in Iθ with label s ∈ Σ ∪ Σ.

3.7. Special cases. From [HH04] (Corollary 5.1) we have the following.

Corollary 3.8. If Φ is of type A1, Bn, Cn, E7, E8, F4 or G2, then every ascending admissible sequence is also a descending
admissible sequence and vice versa. That is, the poset is symmetric.

Hence in these cases, only the top half of the poset needs to be found. That is:

3.9. Algorithm for symmetric cases of Iθ.

I. Run Algorithm 3.2 (or 3.3) but stop when k = dk0/2e
II. For each element w of size k < dk0/2e found in step I. associate an element w∗ of size k0 − k.

III. For each pointer x → w with label s ∈ Σ ∪ Σ found in step I. associate a pointer w∗ → x∗ in Iθ with label s ∈ Σ ∪ Σ.
IV. Note the elements of size dk0/2e have representations as ascending and descending sequences. Associate pairs of

these elements that are equal.
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3.10. Conjugacy classes. An element x is conjugate to w if and only if there exist a w-admissible sequence r, with ri ∈ Σ
such that r · w = x.

A variation of Algorithm 3.3 (or 3.2 as appropriate) can be used to find the conjugacy class of an elment w of Iθ . In this
case begin the algorithm with w in the stack and do not keep track of size but rather size relative to the size of w which
we will call distance from w and denote by dw(x) = length of shortest path in the poset between x and w. Note that the
size of x is in fact de(x), the distance from the identity element to x.

Algorithm 3.11 (Conjugacy in IId). Input Weyl group W and element w ∈ W . This algorithm will return the set of elements
conjugate to w.

0. Let the stack consist of the element w, where dw(w) = 0, and set k = 0.
I. If there is no element x in the stack with dw(x) = k stop.

For each x in the stack such that dw(x) = k, do
A. For each si such that there is no pointer into x labeled si (no admissible sequence for x begins with si) do:

(i) Calculate y ′ = sixsi. If y ′ ≠ x then let y = y ′ and dw(y) = k + 1.
(ii) For each element z such that dw(z) = k + 1, check if y = z if so put a pointer from x to z labeled si (add

sequence of y to list of admissible sequences for z). If no such z add y to stack as new element of size k + 1,
with a pointer from x labeled si.

II. Let k = k + 1 and go to step [I].

It is clear that this algorithm will compute all elements conjugate to w. It is perhaps less clear that it will correctly
check whether two elements conjugate to w are equal. Let y be an element conjugate to w such that rk . . . r1w =
tk+j . . . tk+1tk . . . t1w = y . The set of elements in both these paths of conjugate elements together form a cycle of length
2k + j in the poset. Since a poset is a bipartite graph this must be an even number. Hence j is even. Since the algorithm
finds all conjugate elements to w of a fixed distance from w before proceeding to the next bigger distance from w it will
find the representation of y as rk . . . r1w first at level k. The other representation of y will be implicit in the cycle. These
two paths (representations) will intersect at level k + j/2 at the unique element in the cycle furthest from w. That is we find
t(k+j/2+1) · · · tk+jrk . . . r1w and tk+j/2 . . . tk+1tk . . . t1w at the same level.

3.11.1. Conjugacy for Iθ . As usual there are two choices here. We can either replace step (i) above with

(i’) Calculate y ′ = sixθ(s−1
i ). If y ′ ≠ x then let y = y ′ and dw(y) = k + 1.

Or, run the algorithm for IId and convert the results to Iθ as in Algorithm 3.6. The second option requires knowing which
element in Iid is associated with w. I.e., knowing an admissible sequence for w in Iθ would suffice.

3.12. Closure of an element. An element x ∈ Iθ is in the +closure of w if and only if there exists an ascending w-admissible
sequence r = (r1, r2, . . . , rk) where ri ∈ Σ ∪ Σ; such that r · w = x. The −closure of w is similarly defined to be all x such
that there exists a descending w-admissible sequence r = (r1, r2, . . . , rk) where ri ∈ Σ ∪ Σ; such that r · w = x.

The main algorithm can also be modified to give the (±)closure of any particular element. To do this we must keep track
of the lengths of each element found as well as the distance from w.

Algorithm 3.13. Closure for IId. Input and element w and specify Weyl group W . This algorithm will return the set of
elements in the +closure of w.

0. Let the stack consist of w, where dw(w) = 0, and set k = 0.
I. For each x such that dw(x) = k from the stack, do

A. For each si such that there is no pointer into x labeled si or si (no ascending w-admissible sequence for x begins
with si or si) do:

(i) Calculate y ′ = sixsi. If y ′ ≠ x and l(y ′) > l(x) then let y = y ′ and dw(y ′) = k + 1. If y ′ = x and
l(six) > l(x) then let y = six, and dw(y ′) = k + 1.

(ii) If y = w0 stop.
(iii) For each element z with dw(z) = k + 1, check if y = z if so put a pointer from x to y labeled si, (si) (add

sequence of y to list of ascending admissible sequences for z). If no such z add y to stack as new element
of distance k + 1, with a pointer from x labeled si, (si).
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II. Let k = k + 1 and go to step [I].

The algorithm will find all elements in the closure, but as written does not find the whole closure poset, but stops after
completing one path to w0 from w. To compute the entire closure poset step [(ii)] should be removed and the stopping rule
added to step [II.] which should then read

II. If l(y) < l(w0) then let k = k + 1 and go to step [I].

For the −closure, simply change the orientation of the inequality signs in step (i). For Iθ , as usual, we can either change the
computation in step (i) to y ′ = sixθ(s−1

i ) or, translate the results from the IId case.

4. Complexity of main algorithms

We begin by discussing the complexity of Algorithm 3.2. The loop of step I. will be done for each element of IId, except
for w0. The following proposition gives |Iθ|.

Proposition 4.1. (i) For An−1 there are
∑bn/2c

k=0

(
n
2k

)
(2k)!
2kk! elements total in Iθ .

(ii) For Bn there are
∑bn/2c

k=0

(
n
2k

)
(2k)!
2kk! 2n−k elements total in Iθ .

(iii) For Dn there are
∑bn/2c

k=0

(
n
2k

)
(2k)!
2kk! 2n−k−1 elements total in Iθ .

Proof. By the results of [HH04] it is sufficient to consider the case where θ = Id. In each case the elements of IId are
precisely those of order 2. For An−1 these are just the permutations that are products of disjoint transpositions. For Bn
these include products of disjoint transpositions with signs restricted only by the condition that sign(ai) =sign(a|ai|) for
all i. For Dn there is the further restriction that the total number of negative signs is even. �

It is useful to think of the poset of elements of IId as a labeled directed graph. For type An, Bn and Dn, this graph
is regular of degree n, that is, each element will have a total of n edges incident to it, one for each basis element. The
number of si and si which are the first element of an ascending admissible sequence of x will vary, and these correspond
to the number of edges into x. However, the total number of edges is equal to (n − 1)/2 times the total number of vertices.
Proposition 4.1 provides the number of elements in IId in all classical cases. The number of edges is then E = |IId|(n − 1)/2.
Thus the work of step (i) will be done exactly E times. One occurrence of step (i) requires 2 multiplications by basis elements
and a comparison of two elements. Each occurrence of step (ii) requires a comparison. Step (ii) will occur once for each pair
of elements of each size. While we do not know how many elements there will be of each size we can get an upper bound
for this quantity. The worst case would occur if there was one element of each size, for all sizes but one. The total number
of sizes that occur is the size of w0 which is given for all classical cases in theorem 4.2, the proof of which is in [HH06].
The total number of sizes that occur is the size of w0. We refer to the sum of the number of pairs of elements of each size
as H. Thus is total there will be 2E multiplications and E + H comparisons.

Theorem 4.2. (i) For Weyl group of type An−1, the longest element w0 has size (n2 − 1)/4 if n is odd, n2/4 if n is even.
(ii) For Weyl group of type Bn, the longest element w0 has size (n + 1)n/2 .
(iii) For Weyl group of type Dn, the longest element w0 has size n2/2 if n is even and (n + 1)(n − 1)/2 if n is odd.

In algorithm 3.3 each occurrence of step (i’) requires computing an inverse, computing θ(si), as well as two multiplica-
tions and a comparison. The number of times each step is done is the same. This results in a total of 2E multiplications,
E + H comparisons, E inverses, and E computations of θ(si). The difficulty of each of these types of operations will depend
on the data structure used to represent the Weyl group elements.

On the other hand, algorithm 3.6, requires running Algorithm 3.2, followed by a relabeling and redirecting of each vertex
and edge in the poset graph of IId. That is, there are a total of 2E multiplications, E + H comparisons and E + H relabelings.
This will be less work than algorithm 3.3. However variations of 3.3 may prove useful when only subgraphs of the the poset
of Iθ are needed. (See section 3.10.)

If the elements of the Weyl group are represented as strings of generators (reduced representations) then multiplying
two such elements is a trivial concatenation. On the other hand, comparing two reduced expressions to see if they represent
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the same element is a complicated process. It can be done by finding the inverse of one (which is just reversing the order
of the generators in the reduced expression) and then multiplying it by the other and then reducing by the known list of
relations to see if the result is the identity.

5. Implementation

The algorithms in this paper can be implemented in any of the computer algebra programs which contain Weyl packages,
including Magma, LiE, Chevie, GAP4 and John Stembridge’s Coxeter Maple package. We implemented these algorithms in
the Coxeter Maple package (see appendix), where we computed the poset for Iθ for classical groups up to type A7 and B7.
Running A7 took approximately 6 hours, the computer crashed after 3 days of working on A8. When we attempted to run
E7 the computer also ran out of memory after about 3 days. In all cases the work was done on a double processor 2.7 GHz
Macintosh G5 with 8GB of RAM.

We expect this inability to run large examples is due to the fact that in existing Weyl group packages the elements do
not have unique representation. As described above, our algorithms requires determining if two elements are the same
a large number of times. It would thus seem more efficient to use a unique representation for Weyl group elements. We
have started working on such a package. Early results show a phenomenal increase in efficiency. Thusfar we implemented
algorithms for the Weyl group of type An. In early test runs of these algorithms we were able to obtain more than a 1000
fold increase in efficiency. For example computing the involution poset in the case of A6 in this new implementation took
less than 1 second, while using the Coxeter package it took 18 minutes and 15.72 seconds. The Weyl group of type A7

took 3.08 seconds in the new implementation and 6 hours, 5 minutes and 48.16 seconds for a total of 21948.16 seconds,
which is almost 7000 times as fast. The case of A8 only took 14.52 seconds while we were unable to compute the involution
poset for this case using the Coxeter package. Both implementations are in Maple, so the main difference is the unique
representation of the Weyl group elements.

The advantage of using an existing specialized package is clearly that one can take advantage of all the other structure
of Weyl groups and root systems already implemented in such a package. However for some algorithms, the computational
disadvantages that stem from using non-unique representations may be significant. After the success of implementing this
algorithm for An using a unique representation scheme, we are intending to build a complete Weyl group package suitable
for all Weyl groups that can do the array of computations as done by the standard packages (such as Coxeter). This package
should prove particularly useful for applications to symmetric spaces, for example, for algorithms included in recent work
of Daniel [DF03] and Gagliardi [Gag03].

Example 5.1. We conclude this section with an example of the poset as computed by the algorithm included in the appendix.
For the example we choose the case of the Weyl group of type A4, which is the symmetric group S5. We denote the elements
of the poset in one line notation. The poset was computer generated and only slightly touched up by hand. From each
element there is an edge for each group generator si. The edges will correspond to one of the two possible operations by
the ◦ action. In Figure 1, the twisted conjugation operation by si is designated by a solid line while the left multiplication
operation by si is designated by a dashed line.

Appendix: Implementation of main algorithm

In this section we give the Maple code for the main algorithm, using the Coxeter package. The other algorithms in this
paper are variations of this algorithm.

# Maple code for the Main Algorithm:
withcoxeter();
with(ListTools);
comparePoints := proc(n::(list), m::(list), R)
# R = a root system data structure
# n & m = lists of integers representing a member of W(R)
description "Determine if two lists of generators end at the same point.";
if reduce([op(n), op(m)],R) = [] then
return true;
else
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5 4 3 2 1

5 4 3 1 25 4 2 3 15 3 4 2 14 5 3 2 1

5 4 1 2 35 3 4 1 25 2 3 4 14 5 3 1 24 5 2 3 13 4 5 2 1

5 2 1 4 35 1 3 2 44 5 1 2 33 4 5 1 22 4 3 5 13 2 5 4 1

5 1 2 3 42 3 4 5 1 3 1 5 2 4 1 4 3 2 5 2 4 1 5 3

1 4 2 3 52 1 3 5 41 3 4 2 5

1 2 3 4 5

Figure 1. Poset of Iθ for type A4

return false;
end if;
end proc;

findInvolPoset := proc(R)
# 0. Let the stack consist of the identity element of size 0, and set k = 0
local InvolPoset, id, k, temp, s, si, pt, pts, k1_pt, k1_pts, new_pt, point_unseen, numgen, gen, bar, source;

# define constants
numgen := nops(base(R));
id := []; # intialize the identity element
print ("The Involution Poset for", R);
# Establish the generator points
k := 0; # initialize size to 0
InvolPoset := table(); # initialize InvolPoset to a table
InvolPoset[k] := table(); # initialize InvolPoset[0] to a table
print(base(R));
pt := id;
InvolPoset[k][pt] := table(); # define identity element of size 0
# I. For* each* x* of* size* k from the* stack, do
pts := [indices(InvolPoset[k])];
‘pts‘ := FlattenOnce(pts);
###Start Algorithm ###
while nops(pts) < > 0 do
print(nops(FlattenOnce([entries(InvolPoset[k])])),"element(s) of size", k);
InvolPoset[k+1] := table(); # define next row
for pt in pts do
# A. For each si such that there is no pointer into x labeled si or si-bar
for si from 1 to numgen by 1 do
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if not verify(si,FlattenOnce([indices(InvolPoset[k][pt])]), ’member’) then
# (no ascending admissible sequence for x begins with si or si-bar) do:
# (i) Calcualte y’ = sixsi. If y’ != x then let y = y’ which is of
# size k+1. If y’ = x then let y = six, which is of size k+1
source := pt; # set source to current test point
gen := si; # set gen to si
bar := ‘_‘; # report barring
temp := reduce([si,op(pt), si],R); # set temp to sixsi
if comparePoints(temp, pt, R) then # if this is equal to x
temp := reduce([si, op(pt)], R); # set temp to six
bar := ‘ ‘; # report unbarring
end if;

new_pt := [op(temp)];
k1_pts := [indices(InvolPoset[k+1])];
‘k1_pts‘ := FlattenOnce(k1_pts);
# (ii) For each element z of size k+1, check if new_pt=z if so put a
# pointer from x to y labeled si, (si-bar) (add sequence of y to
# list of ascending admissible sequences for z).
# If no such z add y to stack as new element of size k+1,
# with a pointer from x labeled si, si-bar.
point_unseen := true; # assume new point
for k1_pt in k1_pts do
if comparePoints(new_pt, k1_pt, R) then
point_unseen := false;
new_pt := k1_pt; # set new point to first found shortest path
break; # break out of loop
else
point_unseen := true;
end if;
end do;
if point_unseen then
InvolPoset[k+1][new_pt] := table(); # define new point as a table
k1_pts := [indices(InvolPoset[k+1])];
‘k1_pts‘ := FlattenOnce(k1_pts);
end if;
InvolPoset[k+1][new_pt][gen] := [source,bar];
# link new point to source via gen
end if;
end do;
end do;

‘k‘ := k+1;
pts := [indices(InvolPoset[k])];
‘pts‘ := FlattenOnce(pts);
end do;

print("The Poset of ", R, " in terms of generators and sources (gen = source (bar or unbar).");
for i from (nops([indices(InvolPoset)])-2) to 0 by -1 do
print("Size", i, " – ", FlattenOnce([eval(InvolPoset[i])]));
end do;
return(copy(InvolPoset));
end proc;
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