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Abstract

Much of the structure of Lie groups has been implemented in several computer algebra
packages, includingiE, GAP4, Chevie, Magma, Maple and Mathematica. The structure of
a reductive symmetric space is similar to that of the underlying Lie group and a computer
algebra package for computations related to symmetric spaces would be an important tool
for researchers in many areas of mathematics. Until recently very few algorithms existed
for computations in symmetric spaces due to the fact that their structure is much more
complicated then that of the underlying group.

In recent work, Daniel and Helminck (2004) gave a complete set of algorithms to com-
pute the fine structure of Riemannian symmetric spaces. In this paper we make the first step
in extending these results to general real reductive symmetric spaces and give a number of
algorithms to compute some of their fine structure. This case is more complicated since it
involves the intricate relations of 5 root systems and their Weyl groups instead of just two
as in the Riemannian case.
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1 Introduction

Real reductive symmetric spaces are the homogeneous spaekswhereG is
a reductive Lie group andl is an open subgroup of the fixed point group of an
involution o of G. They are of importance in mathematics and physics and are
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best known for their role in representation theory (see for example Harish-Chandra
(1984);0shima and Matsuki (1984); Delorme (1998)).

It was shown in Helminck (1988) that a real symmetric space can be related to a
complex reductive algebraic group with an ordered pair of commuting involutions.
In section 2 we show that the fine structure of a general real symmetric space is the
same as that of a complex semisimple Lie algebra with an ordered pair of involu-
tions. The fine structure of a general real symmetric space is more complicated then
that of a Riemannian symmetric space, since it involves the intricate relations of 5
root systems and their Weyl groups instead of just two as in the Riemannian case.
In this paper we give a number of algorithms to compute some of the fine structure
of the general real symmetric spaces. The fine structure of root systems and Weyl
groups can be computed at the level of the Lie algebra. Therefore the algorithms in
this paper will be presented at the Lie algebra level.

Note 1 The notation used is mostly standard, but the following list may be of help.

G a reductive algebraic group;

qQ the Lie algebra of G;

0,0 commuting involutions af;

] the set of x iny such thatz (x) = X;

q the set of x iy such thato (X) = —X;

f the set of x iny such tha¥)(x) = x;

p the set of x iny such that)(x) = —X;

D(3) the set of roots of with respect to a toral subalgebrg

Remark 1 g andyp are local compact reductive symmetric spaceslq Np is a
local real reductive symmetric space

The isomorphy classes of pairs of involutions can be represented by two invariants,
one of which is the(s, #)-diagram (see section 3.4) which represents the action
of the involutions on the root system and determines 4 of the 5 root systems. In a
forthcoming paper we will give algorithms to compute the fifth root system. The
four root systems that we deal with in this paper are:

(i) @(1), wheretis a maximal toral subalgebra gf

(i) ®(a1), whereas is a maximal toral subalgebra of
(ii) ®(ap), whereay is a maximal toral subalgebra pf
(iv) @(a), whereais a maximal toral subalgebra oin p

For g simple there are 88 types of local symmetric spaces and the corresponding
(o, 0)-diagrams are called absolutely irreducible. garot simple there are addi-
tionally 83 types types of local symmetric spaces for which ({he)-diagram is
irreducible, but not absolutely irreducible. In this paper we give a number of algo-
rithms to compute some of the fine structure of the general real symmetric spaces.



These algorithms are briefly outlined in the following steps:

(i) Recover the action of and@ on the original root systemp(t), from the
(o, 6)-diagram.

(i) Compute the restricted- andd- diagrams that represent the actions of the
involutions on the restricted root systedga,) and® (ap) respectively.

(i) There are several projections (restrictions) by restricting root systems to smaller
tori. In each of the 5 cases that the roots of one torus are restricted to a smaller
torus determine all the positive roots that project down to each root in the base
for the restricted root system.

(iv) For each case as in (iii) find representatives in the Weyl group of the larger
torus for each element in the (restricted) Weyl group of the smaller torus.

(v) Use the Weyl group representatives to find a complete list of positive roots in
the restricted root systems.

(vi) Determine all the positive roots af that project down to each root in the
base for the restricted root system using the restricted Weyl group and the
representatives in the original Weyl group as in (iv).

This fine structure can be used to compute many other aspects of these reductive
symmetric spaces. We illustrate this by computing the various root spaces for the
above toral subalgebras. These in turn can then be used to compute nice bases for
the reductive symmetric space. All that is needed is the following additional step to
the above algorithm:

(vii) Using (v) and (vi) compute the root spaces for the toral subalgehras and
a in terms of sums of the 1-dimensional root spaces of

For each of these steps one needs to develop algorithms to compute the correspond-
ing structure. In this paper we setup the proper framework to compute the fine struc-
ture of the 4 restricted root systems and Weyl groups that can be derived from the
(o, )-diagram. We first illustrate the algorithms by working through the first few
steps of an example. Finally we give an outline of the algorithms for computing the
various steps above.

2 Geometric Motivation

Reductive groups over algebraically closed fields have a natural fine structure of
a root system with its Weyl group coming from a maximal torus. If the group is
defined over a field which is not algebraically closed then there is a second root
system and Weyl group which characterizeskiséructure of the group. This addi-
tional fine structure comes from the root system of a maxkelit torus A of G
together with its Weyl group and the multiplicities of the roots. This fine structure
of the two root systems with their Weyl groups and multiplicities of the roots plays



a fundamental role in all studies of reductikegyroups and their representations.
Reductive symmetric spaces have a similar fine structure, which plays an equally
important role in the study of these symmetric spaces and their applications as their
counterpart in the groups case. However this fine structure is much more compli-
cated since it involves the intricate relations of 5 root systems instead of just one or
two. To describe these we need a bit more notation. For a subdtmfpG and a
torusSin K let Ky denote the set di-rational points, letb (S, K) denote the set of
roots ofSin K and letW(S, K) = Nk (S)/Zk (S) denote the Weyl group @&in K,
whereNk (S) is the normalizer irkK of SandZk (S) is the centralizer irK of S. In

the case thak = G we will also write®(S) for @ (S, G) andW(S) for W(S, G).

If Sis ak-splittorus, thend (S, Gx) = @ (S, G). The 5 root systems of a symmetric
space are the following. First there is the natural root system associated with these
symmetric spaces. This root system is the set of roots of a makhsglit torus

of G contained in the symmetric variet = {xo(x)~1 | x € G¢} ~ Gy/Hk. The
k-split tori in Q are also calledo, k)-split tori and in Helminck and Wang (1993)

it was shown that the set of roots of a maxinalk)-split torusA is actually a root
system with Weyl grouW(A) = Ng, (A)/Zg, (A). The second root system is that

of a maximalo-split k-torus A; of G (i.e. o(a) = a~* for all a € Ay). It can be
chosen to contairh. Since this torus igo, k)-split over the algebraic closuteit
follows that® (A1) is a root system with Weyl grou/(A1) = Nc(A1)/Zc(A1).

The third root system comes from a maxirkadplit torusA, of G, which again we

can choose containing. There exists a maxima&-torus T of G which contains

A, A1 and Ay. This is called ar-standardmaximalk-torus. It gives us our fourth

root system. Finally the fifth root system is the subsystegof ®(A) consist-

ing of those roots: € ®(A) for which the corresponding reflection in the Weyl
group has a representative k. The Weyl group ofdg is precisely the subgroup
W(A, Hk) = Nu, (A)/Zn, (A) of W(A, Gx). The root system® (A), (A1) and
®(Az) can be identified with the projections ®(T) to A, A1 and A,. Similarly,

the Weyl groups can be identified with the quotient of two subgroups of the Weyl
groupW(T). The root systen® (A) can also be identified with the projections of
®(Ay) or ®(A2) on A. Similarly, the Weyl groupV (A, Gk) can be identified with

the quotient of two subgroups of the Weyl grol A;) or the quotient of two
subgroups of the Weyl grou/ (A2, Gx). The intricate relations between all these
root systems and their Weyl group plays a fundamental role in the study of these
symmetric spaces.

It remains to show that the fine structure of the reduced root systems with Weyl
groups and multiplicities for a reductive symmetric space is the same as that of a
complex semisimple algebraic group with an ordered pair of commuting involu-
tions. We use the same notation as in the introduction. Fostable torusA let

A, and A_ denote the maximal subtori &k such thats| AL =1, o|A_ = —1,
where 1 is the identity map and1 the mapx — x~1. Then we have the decompo-
sition A= AL A_. Let ¢ andd be commutingk-involutions of G with § a Cartan
involution of G and letH be an operk-subgroup ofG?. In (Helminck and Wang,
1993, Section 11) it was shown that any (maxintagplit k-torus of G is (maxi-



mal) (4, k)-split. Moreover given any-stable maximak-split torus A of G, there
is h € H(k) such thah Ah™1 is #-stable. Two(, §)-stable maximak-split tori A
and A, which are Hg-conjugate are alsoH N G?)i-conjugate. Theo, 6)-stable
maximalk-split tori A of G with maximal A, (resp.A_) parts (with respect to the
involution o) are (G N G%){-conjugate and all maximab, k)-split tori are Hy-
conjugate. A maximak-torus will be called &0, 6)-standard maximal k-torui$ it

is (o, 0)-stable, contains a maximéd, )-split k-torus, a maximab-split k-torus
and a maxima#b-split k-torus.

Proposition 2 Let ¢ and @ be commuting k-involutions of G witha Cartan in-
volution of G. Then any-standard maximal k-torus isG")(k’-conjugate with a
(o, )-standard maximal k-torus.

PROOF. Let She a maximalo, k)-split torus ofG and letC, M1, M» denote the
central, anisotropic and isotropic factors&d (S) overk respectively. Then from
(Helminck and Wang, 1993, Lemma 4.5) it follows thdp ¢ H and if A is any
maximalk-split torus of Zg(S), then A is #-stable and moreoveE M1 C Zg(A).
From this it follows that there existsaastandard maximat-torus. Then the result
is immediate from the above results.

Corollary 3 Lets andd be commuting k-involutions of G witha Cartan involu-
tion of G. If T is a(o, #)-standard maximal k-torus of G, then:

() T? :={t e T | 6(t) = t71}0 is a maximalg-split torus of G, which is also
maximal k-split.
(i) T2 :={te T | o) = 6(t) = t~1}° is a maximal(s, §)-split torus of G,
which is also maximalo, k)-split.
@iy ®(TY) = @ (T (k)) and W(T?) = W(T? (k)).
(iv) ®(T%%) = &(T20(k)) and M(T2?) = W(T%?(k)).

PROOF. (i) follows from the definition of a(e, 8)-standard maximak-torus of
G and (Helminck and Wang, 1993, 11.5). A similar argument shows Th4tis
maximal (o, k)-split. SinceT? and T%? arek-split (jii)-(iv) are immediate.

These results show that it suffices to consi¢ierd)-standard maximal tori with

all the restricted root systems and Weyl groups of the related subtori defined by
the involutions and one does not need to consider the tori and root systems with
Weyl groups defined by thestructure. In other words the fine structure of the real
reductive symmetric spaces is the same as that of a complex reductive algebraic
group with an ordered pair of commuting involutions.



3 Root systems and Weyl groups of a symmetric space

In this section we discuss some results about these symmetric spaces and their fine
structure, which will be needed for the algorithms. We start out by introducing
some of the notation used throughout the remainder of this paper.

3.1 Preliminaries and Notation

Leto, 8 € Aut(G) be involutions, i.ea? = #? = id and writeK = {g € G | 8(g) =
g} the fixed point group o, Py = {gd(g) ! | g € G} and similarlyH = {g € G |
o(g) = g} the fixed point group o&, P, = {go(g) ! | g € G}. The varietiesPy
and P, are calledsymmetric varietiesr alsoreductive symmetric spacds$ G is
semisimple Py and P, are also calledemisimple symmetric spaces

Note 2 Py~ G/K and B, ~ G/H.

Let g denote the Lie algebra @& and denote the involutions @f induced byo
and@ also bys andd. Theng = f @ p, wheref = {x € g | 8(X) = X} is the Lie
algebra ofK andp = {x € g | #(X) = —x} is the tangent space in the identity of
Py. Similarly g = b & q, wherel) = {x € g | 6(X) = X} is the Lie algebra oH and
qg={Xe€ g|o(X) =—x}is the tangent space in the identity Bf. Sincec andéd
commute, we canwritg=HNfdHnNnpdtfNngdprnag.

3.2 Root space decomposition.

For a vector spac¥, we denote its dual space M. Let 3 be a toral subalgebra
of the Lie algebray. Fora € 3%, letq, = {x € g | [h,X] = a(h)x forall h e 3}
and let®(3) = {a € 3* | g, # 0}. The elements ol (3) are calledootsand the
subspaces,, are calledoot subspacesThen

is aroot space decompositiaf g. Herego = Z,(3) is the root subspace far= 0,
which is exactly the centralizer afin g. Fors = t a maximal toral subalgebra in
q we havet = gp and dimg, = 1 foralla € ®(t).

Remark 4 For somes the set of rootsb (3) is a (reduced) root system in the sense
of Bourbaki (1981). Examples are= t a maximal total subalgebras = ag C p

a maximal toral subalgebra of (see Richardson (1982)) and=a Cc pNqg a
maximal toral subalgebra af N q.



Let a be a maximal toral subalgebrapm . We use the root space decomposition

a=ao® Z a, with respect tax to find a basis fof N ) andp N q. Heregq; =
AED(a
{xeallt X =) At)x forallt € a} and®(a) = {1 € a* | 4 # 0andg; # 0}.
These root subspaces can be decomposed as a sum of root subspaces of a maximal
total subalgebra containing but also as sums of root subspaces of a maxémal
split (or o-split) toral subalgebra containinng To handle all these decompositions
at the same time we define the following:

Definition 5 A maximal toral subalgebraof g is calledstandardf it satisfies the
following conditions:

(i) tis (o, 0)-stable,i.et=tf @1, =t dt,;, wheret: = {x €t | o(X) = £x}
andt; = {x e t | 6(x) = £x}.
(i) t, is a maximal toral subalgebra im.
(i) t, is a maximal toral subalgebra ip.
(iv) a=t_ Nty ={xet|a(X)=0(x) =—x}is amaximal toral subalgebra in
pNa.

Note 3 To avoid confusion between roots, we resetvi®r roots in ®(t), S for
roots in® (ay), y for roots in® (az) and A for roots in ® (a).

Let R(t) = Zspan{ @ (1)} be the root lattice ofb (1), Xo(o) = {x € R(t) | 6 (x) = 1},
Dp(o) = (1) N Xo(o), andAg(o) = A(t) N Dg(o). Similarly we defineXy(9),
®(0), andAg(0). Define the projections:

(i) 71: X — R(t)/Xo(o) by 1(a) = 3(a — o (a))
(i) 72: X — R(t)/Xo(0) by 72(a) = 3(a — O(ar))

By abuse of note we will also write1, resp.z» for the restrictions ofr1, resp.z»
to R(t)/ Xo(0), respR(t)/ Xo (o).

Lemma 6 The second and third root system associated with the local symmetric
space can be found by

(i) ®(a1) =71 (P(t) — Po(0))
(i) @(a2) =m2(@(t) — Do(6))

Let E C t* be the Euclidean space spanneddpt), i.e. E = R(t) ®7z R. Since
hnt,Hnp,fNg, andp N g decomposeay orthogonally, we are looking at the
projection of E onto a*. The next question is how are the rootsdr{t), ®(a1),
®(ap), andd (a) related?

Lemma7 Leta € ®(t) with f = alai, y = alaz, andi = ala.

(i) pe ®(ar)U{0} andg, C gp.



(i) y € @(az) U {0} andg, C g,.
(i) A e d(a)U{0}andg, C g;.
(iv) 4 =ala= plaz = ylas.

PROOF. Let 1 = a|a andf = a|ai. We have h, X] = a(h)x= f(h)xV h € aj.
Now consider the restrictiof|as. Sincea = aj N ay, this is the same as con-
sidering the restrictiorf|a. We have h, x] = a(h)x = g(h)x = A(h)x V h € a.
Therefore,A = f|ap. By similar arguments] = y|a;. The remaining statements
are immediate from this.

Let A(t), A(a1), A(a2), andA(a) be bases fo (1), ®(ay), ®(az), and®(a),
respectively. Ideally we would like the natural projection mapg* — (b N q)*,
defined by (a) = (¢ — o(a) — (@) + a6(a)) to satisfyz (A (t)) = A(a). This
will only be the case with a special choice of basisdgit) (see 3.4).

3.3 Root systems and Weyl groups.

Let W(t) denote the Weyl group of the root systaht). Let Xo(o,60) = {y €
R®) | y —0(x) —a(x) + 0c0(x) = 0} and ®g(o,0) = @(t) N Xo(o, #). Define
Wo (o, 0) = {w € W(t) | w(Do(o,0)) = Do(o,0)} andWi(o,0) = {w € W(L) |
w(Xo(a,0)) = Xo(o, 0)}.

Let ® = 7 (D (t) — Do(o, 0)) denote the set akstricted rootsof @ (t) relative to
(0,0). All w € Wy(0,0) induce a mapping (w) € Aut(R(t)/ Xo(o, #)) such that
m(w(y)) = w(w)(w(x)). DefineW = {z(w) | v € Wi (0, §)}. Let W(a) denote
the Weyl group of the restricted root systea). It is also called theestricted
Wey!| groupwith respect to the action d@b, 8) on R(t) due to the following result.

Proposition 8 Let ®, W, etc. be as above. Then

(i) @ = d(a).
(i) W(a) =W = Wy (a, )/ Wo(a, 0).

The roots in®(a) can be computed as projections of rootsdai), ®(ay),

or d(t). Let X§(0) = {x € R(a1) | 0(x) — x = 0} and @ (0) = @ (ar) N XZ ().
Similarly defineX§(c) and®$ (). Note thatr; 1 (X5 (6)) = Xo(a, 0) andz; 1 (X(0)) =
Xo(o, 6). From this we get:

Theorem 9 The restricted root systed(a) can be obtained in three ways.

(i) @(a) =z(D(t) — Do(a,0))
(i) ®(a) = m2(P(ar) — @G(0))



(i) @(a) = 71(@(a2) — DG(0))
Let WY (o, 0) = {w € Wi (0, 0) | w(Xo(c)) = Xo(o)}. Similarly definve(a, 0).
Theorem 10 The restricted Weyl group i) can be obtained in three ways.

(i) W(a) = Wi (a,0)/Wo(a, 0).
(i) W(a) =W(q,0)/Wo(a,0).
iy W (a) = W (g, 6)/Wo(a, 6).

3.4 (o, 6)-diagram.

We can represent the action@fndd on these root systems by a diagram. For this
we first need to define a compatible order(# 8)-order on(R(t), ®(t)) related
to the action(e, 0) is defined by

if y € R(t), x> 0,andy ¢ Xo(o,0), thena(y) < 0andd(y) <O0.

In other words, ify is a positive element of the root lattice apds not fixed by
botho andé theno () andé(y) are both negative. Ag, 6)-order on(R(t), @ (t))

induces orders orXg(o, 8) and R(t)/ Xo(o, #) and vice versa. A basia (1) for

@ (t) with respect to th&o, 9)-order will be called &o, #)-basis ofd (t) and we
write Ag(o, ) = A(t) N Dg(o, H).

Proposition 11 For a (o, 8)-basis A (t), we haver (A(t) — Ao(o,60)) = A(a),
whereA (a) is a basis ford (a).

Remark 12 Let A(t) be a(o, 8)-basis ofd (1), wo(o), we(d) € Wo(o, 0) the in-
volutions such thaig (o) (Ag(c)) = —Ao(o) andwo(6)(Ao(0)) = —Ao(6). Let
0* = —idoo o wo(o) andd* = —id o o wo(#). Then

() wo(o), wo(H), o*, 8 and —id commute.
id

(i) o*, 0% = L ,
Dynkin diagram automorphism of order 2

If (o,0) € Aut(R(t), @) is a pair of commuting involutions and a (o, 9)-basis

of @, thend is determined by the quadrup(dR(t), A, Ag(0), 8*), because) =

—6*wo(0). We call such a quadrupldR(t), A, Ag(0), ) ad-index. Similarlys is

determined by the quadrupl®(t), A, Ag(o), c*). The sextupléR(t), A, Ag(o), Ag(0), o*, 6)

is called a(o, #)-index. These indices are an invariant for the isomorphy classes of

pairs of commuting involutionés, #). As in Helminck (1988) we make a diagram-

matic representation of th@, #)-index of (¢, ) by coloring black those vertices of

the ordinary Dynkin diagram oP, which represent roots ing(c) U Ag(6), and

by giving the vertices ofAg(a) U Ag(€) which are not inAg(o) N Ag(6) a label



oor@if o(a) # a orf(a) # a, respectively. The actions ef* andg* are indi-
cated by arrows. We omit the actionsaf, 6* on Xo(o), Xo(60), respectively since
these are completely determined by the root syst®g(@), ®o(#). This diagram
is called a(o, #)-diagram. An example in typEg is:

O?I?O

t f

0_*

Remark 13 The involutions of R(t), @) can be recovered from the, §)-diagram
by = —id of* o wo(f) ando = —id oo™ o wo(o).

4 Example of Algorithm

In this section we illustrate the algorithm by computing the first few steps in the
case of A3 (Il p, 1. Its (o, §)-diagram is:

41 Stepl

The notationAy*(lll b, I1) indicates that we start with the Lie algelra= Ag. o
is an involution of type Il} (from Helgason (1978)) ando(c) = id. Likewise®
is an involution of type Il andog(0) = Sy;SusSusSu;Swe- WE also notice that™*
is a nontrivial Dynkin diagram automorphism of order 2, whife= id. So our
involutions act ag = —c™* andf = —S; Sy3Su5Su7Sug-

42 Step?2

We compute bases for the restricted root systérs; ), ® (a2), and® (a).

Recall thatd (a1) = 71(D (1) — ®o(0)). The restricted base roots are
w1(a1) = m1(ag) = 3(a1 + ag) = f1, m1(02) = w1(as) = 3(az + ag) = Pa.
71(a3) = m1(a7) = 3(az+ a7) = P, 71(aa) = w1(ae) = 3 (a4 + ag) = fa, and

m1(as) = as = 5. SO A(ayr) = {1, p2, p3, Pa, Ps}.

10



Recall thatd (az) = 72(D (1) — ®o(F)). The restricted base roots are

w2(a2) = 3(a1 + 2a2 + a3) = 1, w2(04) = 3(az+ 204 + as) = y2,

w2(ag) = 3 (a5 + 2a6+ a7) = y3, and wa(ag) = 3(a7 + 2ag + ag) = ya. SO
A(az) = {y1, 72, 73, y4}.

Recall that® (a) = 7 (P (t) — Do(o, #)). Now lettingz act onA (1), we find that
7 (02) = m(ag) = 3(a1 + 2a2 + a3 + a7 + 208 + ag) = A1, andr (as) = 7 (ag) =
%1(0{3 + 204 4 205 + 206+ a7) = A2. SOA(a) = {11, A2}.

Note 4 @ (a) can also be computed as projections of rootsAifi;) — Ag () or
as projections of roots i\ (a2) — Ag(a).

(i) Letting 72 act on all the restricted roots im (ay), we find thatz(f2) =
$(B1+2B2+ P3) = 3 (a1 + 202+ a3+ a7+ 2ag+ ag) = A1, and w2(Ba) =
2(B3+ 2Ba+ Ps) = 3(az3 + 204 + 205 + 206 + a7) = 2.

(i) Letting =1 act on all the restricted roots im\ (az), we find thatzy(y1) =

71(ya) = 3(y1+y4) = 3(01+ 202+ a3+ a7+ 2ag+ag) = 1, and w1(y2) =
71(y3) = 3(y2+ y3) = 7 (az + 204 + 205 + 2a6 + a7) = L2.

43 Step3

The restricted root syste(ay) has basis\ (a1) = {1, f2, B3, a4, fs}. The Dynkin
diagram of this root system is

O O O O

1, P3, Bs are fixed byd so we will color these vertices black® is a trivial auto-
morphism so the restricteéddiagram that will complete our projection frod(ay)
to ®(a) is

o—O—0—O—0

The restricted root systed(a2) has basisA (a2) = {y1, y2, 73, y4}. The Dynkin
diagram of this root system is

Oo——O0——O0—=0

None of the base roots are fixed #ynds™* is a non-trivial automorphism of order
2. The restricted-diagram that will complete our projection fro@(az) to @ (a)
is

11



4.4 Step4

The computations now become lengthy and cumbersome (hence the need for sym-
bolic computation). To illustrate the algorithms, we include only the evolution of
one rootl1 € A(a) in the remainder of the examplé; = a2|q = f2la = 71la-

For the restriction of®(t) to ®(a1), all roots that project t@, are{a2, ag} and
the multiplicity of f2 in this restriction is 2.

For the restriction of®(t) to ®(ay), all roots that project tg1 are {a2, az +
as, o1+ a2, a1+ az + az} and the multiplicity ofy in this restriction is 4.

For the restriction ofd(t) to ®(a), all roots that project ta; are{asz, ag, as +
a3, 01+ az, 07+ ag, og + ag, a1 + a2 + a3, a7 + ag + ag} and the multiplicity
of A1 in this restriction is 8.

For the restriction of®(a;) to ®(a), all roots that project tol; are {f2, f1 +
B2, B2 + B3, B1 + B2 + B3} and the multiplicity ofi1 in this restriction is 4.

For the restriction ofd (a) to @ (a), all roots that project td; are{y1, y4}and the
multiplicity of A1 in this restriction is 4.

45 Step5

Here we compute representativesif (o) for sg, in W(ay) and inWy(0) for s,
in W(az). Moreover we need to compute representative®Virio, 9), Wy (o, ),
andW/ (o, 0) for eachs;, in W(a).

Po = %(az + ag). So a representative Wy (o) for s, IS Sy, Sy,-

71 = 3(a1+ 2a2 + a3). So a representative Wi (6) for s,, iS Su,Su; SusSus-

A1 = %1(061 + 202 + a3 + a7 + 208 + a9). SO a representative Wy (a, 0) for sy,
|S Sazsagsalsagsa:-}SOﬂSaZSaB'

A1 = 3(B1+ 2B2+ B3). So arepresentative W () for s;, is S,S5, 555, -

A1 = 3(y1+ y4). So arepresentative W/ (c) for s, is s, s,,.
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Remark: To compute the results in this example we implemented the algorithms
in this paper in Maple’s Coxeter package for the cﬁgﬁj’ln(lll b, I1). Maple’s
Coxeter package uses generators and relations for the Weyl groups and this has
turned out to be very inefficient for implementing our algorithms. We are currently
working, together with R. Haas and D. Gagliardi, on building a new Weyl group
package from scratch, which uses unique representation of Weyl group elements
rather than generators and relations. This package will enable us to implement the

algorithms in this paper and previous algorithms much more efficient.

5 The Algorithm
5.1 Stepl

Input: Type of (¢, 8)-diagram.
Output: wo(o), wo(0), o andd

We need to recover the action of bettandéd on @ (t). * andé* can be recovered
from the (o, #)-diagram. We can computeg(o) by ignoring the action of) on

A (t) and considering the underlying, id)-diagram. This diagram and th& (o)
element can be found using (Daniel and Helminck, 2004, Algorithm 1). Similarly,
we recover the elemenmip ().

52 Step?2

Input: Type of (¢, )-diagram,o in A (t)
Output: gin A(ayg), y in A(az), andZ in A(a)

The next step involves finding the basis rogtsy, and . for the root systems
®(a1), ®(az), and®(a), respectively. The base rogise A(a1) andy € A(az)

can be computed using the algorithms of Daniel and Helminck (2004) since they
involve only one involution.

Algorithm 1 We compute in A (a) as the projections of rootsin (t) — Ag(o, 0)
in these steps.

(i) If the white dot in thg g, #)-diagram representing € A (t) — Ag(o, 8) is not
adjacentto ablack dof, = z(a) = %(a + 0*(a) + 6*(a) + 0*0* (a)) € A(a).

(ii) If the white dot in the(o, )-diagram representing € A (t) — Ag(o, 0) is ad-
jacent to a black dot, then

13



L=m(a) = 3(a+ wo(c)s*(a) + wo(0)6* (@) + wo(o)o*wo(H)F* (a)) € A(a).
5.3 Step3

Input: Type of (¢, 8)-diagram and Dynkin diagrams df(a;) and® (ay).
Output: Restrictedd- ando-diagrams

Next we need to find the restrictedandd-diagrams that represent the actions of
the involutions on the restricted root systefngiy) and® (ay).

Algorithm 2 To find the restricted-diagram we consider the Dynkin diagram of
the restricted root systed (a1) with basisA (a1) = {f1, -+, fk}-

Assuming thaA (t)| = n, we haves = Z’j‘zl Cjai;. Create the restricted-diagram
in these steps.

(i) Color black any vertexs that is fixed by.

(i) If * is a non-trivial Dynkin diagram automorphism we transfer the action of
" to the restrictedd-diagram. If6* is non-trivial, we have tha#* (a;) # ai;
for some i. Denoté* () = >1_; ¢;j0* (ai)).

Lemma 14 6*(p) € A(a1).

PROOF. f=r1(a) for somea € A(t). Sop = %(a —o(a)). Sinced* commutes
with wo(o) ando™* we haved* () = %(9*(0:) —o(@(a))) = 71(0*(a)). All we
have left to show is that* (a) &€ Ag(o).a & Ap(c) SOa — o (a) # 0 which implies
thatd*(a) — o (6" (a)) # 0. Therefored* () = 71(6*(a)) € A(a1).

Similarly we compute the restricteddiagram.

Remark 15 Many of these restricteal- and #-diagrams are new to our computa-
tions, i.e., they were not dealt with in Daniel and Helminck (2004) and their fine
structure must also be computed.

Algorithm 3 Alternatively using the restricte@tdiagram, we could computein
A (a) as the projections of roots in (a1) — AZ(0) in these steps.

(i) If the white dot in the restricted-diagram, representing € A (a1) — Ag(9)
is not adjacent to a black dot theh= z2(S + 6*(5)).

(i) If the white dot in the restricted-diagram, representing € A (a1) — Ag(0)
is adjacent to a black dot theh= 72 (S + wo(0)6*(B)).
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Similarly, using the restricted-diagram,i € A (a) can be computed as the projec-
tion of roots inA (az) — Af(c).

54 Step4

Input: Type of (¢, 8)-diagram g in A(az), y in A(az) andZ in A(a).

Output: List of positive roots in® (t) that project down tal € A (a), f € A(az),
y € A(ap). List of positive roots ind (a1) that project down ta € A (a). List of
positive roots ind (az) that project down ta. € A (a).

We compute the multiplicity of3, y, and/ in each basis. To do this we need to
introduce a little notation.

D(1) =f{o € @) | ala = A}, My = |O(1)]
D, (B) = o € OX) | aloy = B}, NG = | O, (B)]
Dy(y) ={a € @) | alo, = 7}, M) = |Dy(y)]
D1()) = {f e D(ar) | fla = 4}, M} = [@1(1)]
Do(h) ={y € ®(a2) | yla =4}, M = |D2(1)]

@, (f) and @y(y) can be computed by methods in Daniel and Helminck (2004)
since they involve only one involution.

Algorithm 4 Computing®(4).

() If A ==x(a), wherea corresponds to a white dot in the, #)-diagram, is not
adjacent to a black dot then
@ @A) ={a}if(a) =0*(a) = a.

(b) ®(4) ={a,c*(a)}, if 6™ (a) # a.
() ©(1) ={a,0 ()}, iF 0 (a) #aando™(a) = a.

(i) If 2 = z(a) is adjacent to one black dot which corresponds to a root in a
closed subroot systeﬁl of ®g(0,0), then® (1) = {a + a1 € O(t) | a1 €
®f, (a,a1) > 0}.

(i) If A = z(a) is adjacent to two black dot which correspond to roots in closed
subroot system®; and Dy, respectively, obg(o, 0), then® (1) = {a + a1 +
G2 € ®(1) | @i € D, (o, @) > Ofori =1,2}.

Algorithm 5 Computingd1(1).

() If 2 =m2(p), wherep corresponds to a white dot in the restrictedliagram,
is not adjacent to a black dot then

(@) ©1(4) ={B,0°(B)} T 6°(B) # B.
(b) @1(2) = {B}if 0" (B) = p.
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(i) If 2 ==2(p) is adjacent to one black dot which corresponds to a root in a
closed subroot systeml of ®7(0), then®1(A) = {f+ p1 € ®(a1) | p1 €

, (B, B1) = O}.

(i) If /1 = m2(p) is adjacent to two black dots which correspond to roots in closed
subroot system@l and @5, , respectively, o (0), then®1 (1) = {f + ,6’1 +
B2 e ®(a1) | Bi € O, (B, Bi) = Ofori = 1,2}

By similar methods, we comput®; ().

55 Step5

Input: Type of (¢, 8)-diagram,f in A(az), y in A(az) andZ in A(a).
Output: Weyl group representatives feg, s,, ands;

From Daniel and Helminck (2004) , we have tha&f(a1) >~ Wi (o)/Wp (o) and
W(az) >~ W1 (8)/ Wo (). We compute

0] Representativee)iﬁ in Wy (o) for sg in W(ay).
(i) Representativea)iy in W1(0) for s, in W(ay).

From Theorem 10, we have that
W(a) ~ Wi (o, 8)/Wo (o, 0) =~ WY (g, 0)/ Wo(o, 8) =~ WY (o, 0) / Wo (o, 0).
We compute
(i) Representatives; in Wy (g, 8) for eachs;, in W(a).

(i) Representativesy in Wg (o, 0) for eachs;, in W(a).
(iif) Representatlveaﬁ in W/ (o, 0) for eachs); in W(a).

56 Step6

Input: Type of (¢, 8)-diagram, bases fok (a1), A(az) andA (a).
Output: Complete list of roots inb (ay) ™, ®(az)™, and®d (a)™

We compute the list of positive roots fh(a1) and® (az) by using the weyl group
representativetaiﬂ andw! appliedto allgin A (a;) and ally in A (a2) and compute
the list of all positive roots i (a) by using the weyl group representatives(or
w? ,w) applied to allZ in A (a).
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5.7 Step7

Input: Type of (o, #)-diagram, complete list of roots i®(a1)™, ®(az)™, and
O(a)*

Output: List of positive roots in® (t) that project down tal € ®(a), f € ®(a1),
y € ®(ap). List of positive roots ind (a1) that project down ta € @ (a). List of
positive roots in® (az) that project down ta € ®(a).

The next step is to compute the multiplicity of all roots in each restriction. A nice
way to do this is to note that

D(sy;, () = P(4j — (4}, Ai) Ai) = wi(D (1))
D, (s, (8))) = w’ (©, (B)) Do(S), (7})) = w] (Do(y))
D1(sy,(4})) = wf (P1(4))) Do(sy (4))) = vl (@2(2)))

Essentially, we use the same weyl group representatives that we used above in 5.6
to compute the the list of positive roots in each restriction, but this time we apply
them set-wise to the projection spaces from 5.4.

5.8 Step8

Input: Type of (o, #)-diagram and a restricted root in one of the restricted root
systemsb (a), ®(ag) or ®(ay).

Output: Root spaces as the direct sum of subsequent root spaces.

For each restriction, we write the root spaces as the direct sum of subsequent root
spaces using:

EN)

Y,
f
ap = D e Wherea; € O, (f) gy aq; Whereaj € @p(y)
i—1
m

.
Q)= ZQai wherea; € O (1) g, = ) gp wherefi € ®1(4)
i=1 i=1

>
m;

a1 = >_ay whereyi € ®z(4)
i=1
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