COMPUTING ORBITS OF MINIMAL PARABOLIC k-SUBGROUPS
ACTING ON SYMMETRIC k-VARIETIES

A.G. HELMINCK

Abstract. The orbits of aminimal parabolic k-subgroup acting on a symmetric
k-variety are essential to the study of symmetric k-varieties and their representa-
tions. This paper gives an algorithm to compute these orbits and most of the com-
binatorial structure of the orbit decomposition. There are several waysto describe
these orbits, see for example [22, 28, 35]. Fundamental in all these descriptions
arethe associated twisted involutionsin the restricted Weyl group. These describe
the combinatorial structure of the orbit decomposition in a similar manner to the
special case of orbits of aBorel subgroup acting on a symmetric variety, see[19].
However, the orbit structure in the general case is much more complicated than
the special case of orbits of a Borel subgroup.

In this paper we first modify the characterization of the orbits of minimal par-
abolic k-subgroups acting on a symmetric k-varieties given in [22], to illuminate
the similarity to the one for orbits of aBorel subgroup acting on a symmetric va-
riety in [19]. Using this characterization we show how the algorithm in [19] can
be adjusted and extended to compute these twisted involutions as well.

1. Introduction

Symmetric varieties are defined as the spherical homogeneous spaces G/ H with
G areductive algebraic group and H the fixed point group of an involution 6. They
occur in many problems in representation theory, including the study of Harish-
Chandra modules with k = C (see for example [44]), geometry (see [31], [21] and
[1]) and singularity theory (see [26] and [37]).

When G and 6 are defined over afield k which is not necessarily algebraically
closed, then the variety Gy / Hy is called a symmetric k-variety. Here Gy (resp. Hy)
denotes the set of k-rational points of G (resp. H). These also occur in several ar-
easincluding the conomology of arithmetic subgroups (see[43]) and representation
theory. It isin thislast area that these symmetric k-varieties are best known. The
representation theory and Plancherel formulas of symmetric k-varieties over the
real numbers (also called reductive symmetric spaces) has been studied extensively
in the last few decades. Most of the early work was done by Harish-Chandra, who
gave the Plancherel formulas for the Riemannian symmetric spaces and the groups
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case. Expanding on Harish-Chandra's ideas the representation theory for the gen-
eral reductive symmetric spaces has been carried out by a number of mathemati-
ciansincluding Flensted-Jensen, Oshima, Sekiguchi, Matsuki, Brylinski, Delorme,
Schlichtkrul and van den Ban (see [9, 30, 29, 8, 2, 3]). Once the work on the real
symmetric k-varieties and their representations has been completed, a natural next
case to study will be the p-adic symmetric k-varieties and their representations.
Some people have already started on this with a number of interesting results (see
[24, 32, 20]). Another case which has been studied is the representati ons associ ated
to symmetric k-varieties defined over afinite field (see [25] and [10]).

The one essential tool in all of the above studies of symmetric k-varieties and
their representations is a description of the geometry of the orbits of a minimal
parabolic k-subgroup acting on the symmetric k-variety. A description of these or-
bits naturally leads to a description of most of the fine structure of these symmetric
k-varieties including the restricted root system of the symmetric k-variety. Be-
sides representation theory, these orbits are a so of importance in anumber of other
areas, including geometry (see [31] and [26]) and the cohomology of arithmetic
subgroups (see [43]).

The orbits of aminimal parabolic k-subgroup acting on the symmetric k-variety
have been studied for various base fields by many mathematicians. For k = k a
description was given by Springer [39]. For k = R descriptions were given by
Matsuki [28] and Rossmann [35]. For arbitrary fields of characteristic not 2 a de-
scription was given by Helminck and Wang [22]. In practiceit is quite difficult and
cumbersome to actually compute these orbits and their closures. Fortunately most
of the geometry of these orbits and their closures can be described combinatorially
and therefore most of this work could be done by a computer. For k algebraically
closed (of characteristic not 2) we gave in [19] an efficient algorithm to compute
the orbitsand their closures. In this paper we show how the algorithmin [19] can be
modified and extended to compute the orbits for a number of base fields, including
k = R. Although the structure of symmetric k-varieties and the related k-groupsis
much more complicated than that of symmetric varieties over algebraically closed
fields the algorithm to compute the above orbitsis similar to the one for symmetric
varieties over algebraically closed fields given in [19]. Most of the code devel oped
for that situation can be modified to compute the orbitsin this case as well.

Essential in the algorithm to compute the orbitsin [19] was the description of the
image and fibers of the natural map ¢k : Vk — 4, where Vi denotes the set of orbits
of aminimal parabolic k-subgroup acting on the symmetric k-variety and £ the set
of twisted involutions in the Weyl group. Most of the combinatorial structure of
the orbits in Vi depended only on properties of the associated twisted involutions
in px(Vkx) C L. For arbitrary base fields we can define this map again and also
in this case most of the combinatorial structure can be adapted from the twisted
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involutions to the orbits and their closures. As can be expected there are a few
additional difficultiesin describing the twisted involutions contained in ¢k (), but
the main problems occur when one tries to compute the orbitsin V. For most base
fields the fibers of ¢y are infinite, which makes it impossible to compute V. For a
number of base fields, including local fields and finite fields there are finitely many
orbits and a computation of the orbits becomes feasible. The algorithm to compute
the orbits in Vi necessarily also depends on a classification of the k-involutions
involved. These have been fully classified for k = k and k = R. For these fields
the algorithm will be able to compute the orbits. For k a p-adic field, afinite field
or a number field, partial classifications of the k-involutions exist, which actually
enable us to compute the twisted involutions and the corresponding combinatorial
structure in these cases. For k = Q,, a classification of the k-involutions is nearly
finished, which will enable us to compute the orbitsin Vy in that case as well.

In this paper we will use the description of the orbit structure in [22] and and
prove a number of additional results about these orbits which are useful for the
actual computation. Using these results we can modify the algorithm in [19] to
compute the orbits for a number of other base fields as well. This algorithm can
be implemented again on a computer using existing symbolic manipulation pro-
grams or by writing an independent program. Probably the easiest would be to
write an extension to the program LiE. This would also give a relatively efficient
implementation. To obtain a more efficient implementation one will need to write
an independent program. Note that most of the remaining structure of a symmetric
variety, like the restricted root system, will also follow from the above structure.

A brief outline of this paper is as follows. In section 2 we introduce notation
and review afew generalities about the orbits of a minimal parabolic k-subgroup P
acting on the symmetric k-variety Gx/Hy. We also discuss the action of the Weyl
group W on these orbits. In section 3 we discuss the connection of these orbits
with twisted involutions in the Weyl group. In particular we analyze the natural
maps gk : Vk > 4 Cc Wand ¢ : V — 4, where V isthe set of orbits B\ Gk/ Hk, V
the set of orbits P\G/H and J the set of twisted involutions in the Weyl group W.
Theimage ¢k (Vk) iscontained in ¢ (V) and the combinatorial structure from ¢(V)
carriesover to gk (Vk). We will use these maps ¢ and ¢y to classify the sets of orbits
V and V for anumber of base fields. For k algebraically closed, the real numbers,
the p-adic numbers, a finite field or a number field we will compute ¢ (V). For
k = kand k = R wewill compute gy (Vi) and Vi aswell. Most of these results are
from [22] and [17].

In section 4 we discuss the I'-, 0 and (T", 6)-indices related to the k-structure
and the k-involutions. In section 5 we introduce the 6-singular and (6, k)-singular
involutions in the restricted Weyl group and prove a number of results about these.
These involutions will give us a set of representatives for the W-orbits in ¢ (V)
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and ¢k (V). For this see section 6 and 8. In section 6 we also look at the Weyl
group W(A) of a6-stable maximal k-split torus containing a maximal (6, k)-split
torus. In this case we can show that there is a bijective correspondence between the
twisted W-orbitsin ¢ (V) and the W-conjugacy classes of #-singular involutionsin
the Weyl group W(A).

In section 7 we show how the algorithm in [19] can be modified to compute ¢ (V)
for k algebraically closed, the real numbers, ap-adic field, afinitefield or anumber
field. This computation only depends on the (T, 6)-index of the k-involution.

Finally in section 8 we show how the algorithm in section 7 can be extended
to compute ¢k (Vi) and Vi as well, provided one has a classification for the k-
involutions for that field. This algorithm can be used to compute ¢k (Vk) and Vg for
k = R. A discussion of this case isincluded aswell.

2. Preliminaries and Recollections

In this section we set the notations and discuss the relation between the orbits
of minimal parabolic k-subgroup acting on a symmetric k-variety and the Hy-
conjugacy classes of 6-stable maximal k-split tori. For this we will rephrase the
characterization of these orbits in [22, 17] by giving another characterization of
the orbits, which is geared more toward the conjugacy classes of 6-stable maximal
k-split tori. We will also prove a number of additional results. Our basic reference
for reductive groups will be the papers of Borel and Tits [5, 6] and also the books
of Borel [4], Humphreys [23] and Springer [38]. We shall follow their notations
and terminol ogy.

2.1. Notations. Given an algebraic group G, the identity component is denoted by
GP. Weuse L(G) (resp. g, the corresponding lower case German letter) for the Lie
algebraof G. If H isasubset of G, then we write Ng(H) (resp. Zg(H)) for the
normalizer (resp. centralizer) of H in G. We write Z(G) for the center of G. The
commutator subgroup of G isdenoted by D(G) or [G, G].

An algebraic group defined over k shall also be called an algebraic k-group. For
an extension K of k, the set of K-rational points of G isdenoted by Gk or G(K).

If Gisareductive k-group and A atorus of G then we denote by X*(A) (resp.
X« (A)) the group of characters of A (resp. one-parameter subgroups of A) and by
®(A) = D (G, A) theset of therootsof Ain G. Thegroup X*(A) can beput in du-
ality with X, (A) by apairing (-, -) defined asfollows: if x € X*(A), A € X, (A),
then x (1 (t)) = t'* for al t € k*. Let W(A) = W(G, A) = Ng(A)/Zg(A) de-
note the Weyl group of G relativeto A. If @ € ®(G, A), then let U, denote the
unipotent subgroup of G corresponding to «. If A isamaximal torus, then U, is
one-dimensional. Given a quasi-closed subset ¢ of & (G, A), the group G, (resp.
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Gz) isdefined in [5, 3.8]. If Gj;, IS unipotent, v is said to be unipotent and often
one writes Uy, for Gjj.

2.2. Throughout the paper G will denote a connected reductive algebraic k-group,
6 aninvolution of G defined over k, Gy = {g € G | 6(g) = g} the set of fixed points
of 6 and H a k-open subgroup of Gy. Theinvolution 6 is also called ak-involution
of G. The variety G/H is called a symmetric variety and the variety Gx/Hy is
called a symmetric k-variety.

Given g, x € G, the twisted action associated to 6 isgiven by (g, X) — gx X =
gx6(g) . Let Q={g7'0(g) |ge G} and Q' = {g € G| 6(9) = g~ !}. Theset Q
iscontainedin Q. Both Q and Q' are invariant under the twisted action associated
to 6. There are only afinite number of twisted G-orbitsin Q' and each such orbit is
closed (see [33]). In particular, Q is aconnected closed k-subvariety of G. Define
amorphismzt: G — Gby

(1) (X) = x0(x 1), (xe G).

Theimage 1(G) = Q isaclosed k-subvariety of G and t induces an isomorphism
of the coset space G/ Gy onto t(G). Notethat 7(x) = (y) if and only if y~1x € Gy
and A(t(x)) = t(x)" L forx e G.

23. If T c Gisatorusand o € Aut(G, T) an involution, then we write T\ =
(TNG)?and T, = {xe T|o(x) =x"1°. Itiseasy to verify that the product
map
uw: ch_ x T, — T, wu(ty, t2) =tito

is a separable isogeny. In particular T = T T, and T;- N T, is a finite group.
(Infact it is an elementary abelian 2-group.) The automorphisms of ® (G, T) and
W(G, T) induced by o will also be denoted by o. If o = 6 we reserve the notation
Tt and T~ for T9+ and T, respectively. For other involutions of T, we shall keep
the subscript.

Recall from [11] that atorus A iscalled 6-split if 6(a) = a~* for every a € A. If
A isamaximal 6-split torus of G, then ® (G, A) isaroot system with Weyl group
W(A) = Ng(A)/Zc(A) (see [33]). Thisis the root system associated with the
symmetric variety G/ H. To the symmetric k-variety Gy /Hy one can also associate
anatural root system. To see this we consider the following tori:

Definition 2.4. A k-torus Aof Giscalled (6, k)-splitif it isboth 6-split and k-split.

Consider a maximal (6, k)-split torus A in G. In [22, 5.9] it was shown that
® (G, A) isaroot system and Ng, (A)/Zg, (A) isthe Weyl group of this root sys-
tem. We can aso obtain this root system by restricting the root system of Gy.
Namely let A° > A be a¢-stable maximal k-split torus of G. Then A= (A?%), and

® (G, A) can beidentified with ®g = {¢|A# 0| o € ®(G, A%)}.
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2.5. P-orbitson Gy/Hg. Let P beaminimal parabolic k-subgroup of G. There
are several way’s in which one can characterize the double cosets P\ Gx/Hk. One
can characterize them as the Py-orbits on the symmetric k-variety G/ Hg (using
the 6-twisted action), one can take the Hg-orbits on the flag variety G/ P or one
can consider the P« x Hg-orbits on Gy. All these characterizations are essentially
the same. For more details see [22]. We will use the P x Hg-orbits on Gy to char-
acterize P\ Gk/ Hk. In this subsection we will briefly review this characterization.
Let A be a 6-stable maximal k-split torus of P, N = Ng(A), Z = Zg(A) and
W = W(A) = Ng(A)/Zc(A) the corresponding Weyl group. Asin[22, 6.7] set
V= {xe€ Gk | t(X) € N¢}. Thegroup Zx x Hg actson Vi by (x, z) - y = xyz 1,
(X,2) € Zx x Hk, y € V. Let Vi bethe set of (Zx x Hg)-orbitson Vi. Similarly
letV={xeG| (X)) e N}. ThenZ x Hactson'V by (x,2) - y=xyz 1, (Xx,2) €
Zx H,ye V. Denotetheset of (Z x H)-orbitson vV by V. If v e Vk (resp. V), we
let X(v) € Vk (resp. V) bearepresentative of theorbit vin Vi (resp. V). Thesesets
Vi (resp. V) are essential in the study of orbits of minimal parabolic subgroups on
the symmetric k-variety Gx/Hg. The inclusion map Vx — G induces a bijection
of the set Vy of (Zx x Hg)-orbitson Vy onto the set of (P x Hg)-orbitson Gy (see
[22]). Similarly the set V isassociated with the set of H x P orbitson G (see[17]).
The set V isfinite, but the set Vi isin general infinite. In anumber of cases one can
show that there are only finitely many (P x Hy)-orbitson Gy. If kisalgebraically
closed, the finiteness of Vi was proved by Springer [39]. The finiteness of the orbit
decomposition for k = R was discussed by Wolf [45], Rossmann [35] and Matsuki
[28]. For general local fields this result can be found in Helminck-Wang [22]. An
example that in most cases the set Vy isinfinite can be found in [22, 6.12].

2.6. W-actionon V and V. TheWeyl group W actson both V and V. Theaction
of WonV (resp. V) isdefined asfollows. Let v € V and let X = X(v). If n € N,
then nx € V and itsimage in V depends only on the image of nin W. We thus
obtain a (lIeft) action of W on V, denoted by (w, v) — w-v (w e W, v e V).

To get another description of Vi and 'V we define first the following.

Definition 2.7. A torus Aof Giscalled aquas k-split torusif Aisconjugate under
G with ak-split torus of G.

Since all maximal k-split tori of G are conjugate, also all maximal quasi k-split
tori of G are conjugate. If A isamaxima quas k-split torus of G, then & (G, A)
isaroot system in (X*(A), Xo) in the sense of [5, §2.1] where Xg is the set of
characters of A which are trivial on (AN [G, G])°; moreover the Weyl group of
®(G, A) isNg(A)/Zg(A).

2.8. Let A be the variety of maximal quasi k-split tori of G. This is an affine
variety, isomorphic to G/Ng(A), on which 6 acts. Let A° be the fixed point set of
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0, i.e. the set of 9-stable maximal quasi k-split tori. It is an affine variety on which
H acts by conjugation.

Similarly let 4y denote the set of maximal k-split tori of G and let A be the
fixed point set of 6 i.e., the set of §-stable maximal k-split tori. The group H acts
on ¢ by conjugation.

If X € Vg, then x 1 Ax is again a maximal k-split torus and conversely any 6-
stable maximal k-split torusin .4{ can be written as x = Ax for some x € V. Simi-
larly any 9-stable maximal quasi k-split torusis of theform x~1 Ax for some x € V.

If v e Vi (resp. v e V), then x(v) 1 Ax(v) € A (resp. A%). This determines
maps of V, resp. V to the orbit sets Aﬁ/Hk resp. A%/H. Itiseasy to check that
these maps are independent of the choice of the representative x(v) for v and are
constant on W-orbits. So we also get maps of orbit sets: yx : Vk/W — ,Aﬁ /Hk and
¥ V/W — A?/H. Infact we have a bijection:

Proposition 2.9. Let G, A%, A?, y and y be asabove. Then we have the following.

(i) 71 iy W — A/Hy is bijective.
(i) y: V/W — A/H isbijective.

Proof. (i). Since any #-stable maximal k-split torusis of the form x~ Ax for some
X € Vi, the map y is surjective.

Let v1, v2 € Vi with p(v1) = w(v2). Let X3 = X(v1), X2 = X(v2) € Vg be
representatives of vy, v and let Ay = X7 1Ax1, Az = ;1 AXp. Since y(v1) =
¥k (v2) there existsh € Hy such that hAsh=! = hx; 1 Axoh ™! = x71Ax = Aq. So
we may assume that A; = Ap. But then by [22, 6.10] there exists n € Ng (A1)
such that Pxnxi Hx = PuxoHk. If w € W(A;z) isthe image of nin W(Ay), then
w - v1 = v2, What proves (i).

The proof of (ii) followsusing asimilar argument asin (i). O

2.10. Let Ag denote the set of ¢-stable quasi k-split tori of G, which are H-
conjugate to a 6-stable maximal k-split torus. Then A2/H C A?/H can be iden-
tified with the set of H-conjugacy classes of 6-stable maximal k-split tori of G.
There is anatural map

) ¢ Ap/He — A°/H,

sending the Hy-conjugacy class of a 6-stable maximal k-split torus onto its H-
conjugacy class. Then Ag/ H is precisely the image of ¢. On the other hand the
inclusion map Vx — vV inducesamap n : Vx — V, where n maps the orbit Z,gHg
onto ZgH. This map is W-equivariant. Denote the corresponding orbit map by
8. Vk/W — V/W and write \ for the image of n in V. Denote the restriction of
y to Vo/W by yp. Then y9 maps Vp/W onto Ag/H. This all leads to the following



8 A.G. HELMINCK

diagram:
Vi/W —25 A8/ Hy

L L

Vo/W —> Af/H

Since yp and y are hijections, it follows that there is a bijection between the
fibersof § and ¢. For ad-stable maximal k-split torus A, thefiber =1 (A) consists of
all 6-stable maximal k-split tori, which are H-conjugateto A, but not Hy-conjugate.
That these fibers can be infinite can be seen from example [22, 6.12].

3. Twisted involutions

Another way to characterize the W-orbits in Vi and V is by characterizing the
image and fibers of the natural map from V into W, induced by themap 7|V : V —
Ng(T). This map also enables usto port the natural combinatorial structure on the
image (contained in the set of twisted involutionsin W) to V and V. Similar to the
case of orbits of aBorel subgroup acting on a symmetric variety asin [19, 34] this
will enable us to describe most of the combinatorial structure involved.

3.1. Recall that an element a € W(A) is a twisted involution if #(a) = a~1 (see
[39, §3] or [22, §7]). Let
©) 1=1Jp=1(W(A),0) ={weW|ow) =w"}
be the set of twisted involutionsin W(A). If v € V, then ¢(v) = t(X(v))Zc(A) €
W(A) isatwisted involution. The element ¢ (v) € 4 isindependent of the choice
of representative x(v) € V for v. So thisdefinesamap ¢ : V — J{.

We can define amap ¢k : Vk — L inasimilar manner. Namely if v € Vi, then
let pk(v) = T(X(v))Zc(A) € W(A). Again thisis atwisted involution. From the
above observations we get the following relation between ¢y and ¢:

4 gk=@on
The maps ¢ (resp. ¢x) play an important role in the study of the Bruhat order on V
(resp. Vk). For more details, see[34] and [17].

3.2. The Weyl group W acts also on {. This action comes from the twisted action
of W on (the set) W, which is defined as follows:. if w, w1 € W, then w x wy =
ww10(w) L If wy € W, then W wq = {wx w1 | w € W)} isthe twisted W-orbit
of wi. Now [ is stable under the twisted action, so that we get a twisted action of
W on {. Theimages of ¢ and ¢k in 4 are unions of twisted W-orbits, as follows
from the following result:

Lemma3.3. Let we Wandv e V (resp. Vk). Then ¢p(w - v) = w * p(v) (resp.
Pr(w - v) = w* pk(v)).
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Proof. The proof isimmediate from the above observations. O

3.4. Fromthisresultit followsnow that themapsg : V — { (resp. ¢k : Vk — 1) are
equivariant with respect to the action of W on V (resp. Vi) and the twisted action of
W on {. Sotherearenatural orbit maps¢ : V/W — 4 /W and ¢k : Vk/ W — £/ W.
From (4) and 2.10 we get the following relation between ¢ and ¢.

Pk =¢od

Since y and yy are one-to-one, we also get embeddings of A%/H and A{/Hy
into £/W. This indicates that the W-orbits of twisted involutions can be used as
an invariant to characterize the conjugacy classesin Ag/H and Aﬁ/Hk. Infact in
Proposition 6.11 we will show that we can use conjugacy classes of involutionsin
the Weyl group W, instead of W-orbits of twisted involutions.

Remark 3.5. If kisalgebraically closed, then it follows from [34, 2.5] that the map
¢k isone-to-one. So in this case the classes in ¢k (Vk)/ W completely characterize
the Hy-conjugacy classes of 6-stable maximal k-split tori. The map ¢y is also one-
to-one in a number of other cases, like the standard pairs (Gk, Hk) for k = R. For
afurther discussion of thissee[13, 14].

An example that the map ¢y is not always one-to-one can be found in 5.8.

3.6. In this paper we will need several properties of the twisted involutions. In the
remainder of this section we will collect some of their properties from [22, 19] and
prove some additional results. A first description of these twisted involutions, in
the case that 9(d+) = &, was given by Springer in [39]. For k = k there exists
a 0-stable Borel subgroup (see [40]), so then this condition is satisfied. However
if k # k then G does not necessarily have 6-stable minimal parabolic k-subgroups.
One can easily generalize the description in [39] and give a similar description
of the twisted involutions, when (®*) # ®*. This follows essentialy from the
resultsin [22], although some of these results are not explicitly stated there. In the
following we will review this characterization and prove a few additional results.
First we need afew facts about real, complex and imaginary roots.

3.7. Intheremainder of thissection, let A be a6-stable maximal quasi k-split torus
of G, ® = ®(A) the root system of A with respect to G, ®* a set of positive
roots of ®, A the corresponding basis, W = W(A) the Weyl group of Aand ¥ =
{sy | @« € A}. The Weyl group W is generated by X. Let E = X*(A) @7z R. If
o € Aut(®d), then we denote the eigenspace of o for the eigenvalue &, by E(o, &).
For asubset IT of A denote the subset of & consisting of integral combinations of
IT by ®p1. Then @ isasubsystem of & with Weyl group Wiy. Let w®, denote the
longest element of Wy with respect to IT.
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Theinvolution 6 of G induces an automorphism of W, also denoted by 6, given
by
O(w) =0owob, weW.

If s isthe reflection defined by «, then 0(sy) = Sy(a), @ € P.

3.8. Theroots of ® can be divided in three subsets, related to the action of 8, as
follows.

(@) 6(x) # Lta. Then o iscalled complex (relativeto 6).
(b) 6(a) = —a. Thena iscaledreal (relativeto 6).
(c) () = . Then @ iscalled imaginary (relative to 6).

These definitions carry over to the Weyl group W and the set V. We define first
real, complex and imaginary elements for the Weyl group, which then will imply
similar definitionsfor V.

Definition 3.9. Given w € Jdy, an element « € ® is caled complex (resp. real,
imaginary) relative to w if wba # +a (resp. wba = —a, wha = o). We use the
following notation,

C'(w,0) = {aed|—a#wha <0}
C'(w,0) = {aed®|a#uwha> 0}
Rw,0) = {aedt|—a=wda}

I (w, ) = {ae®" | a=wda}.

We will omit 6 from this notation if there is no ambiguity as to which involution
we consider.

3.10. To get a similar description of the twisted involutions as in [39], we pass to
another involution, which leaves @ invariant. Let wg € W such that

() 0(P") = wo(®™).

and let 8" = Owq. Instead of working with & we can work again with 8" and w’.
Similar asin [19, 4.6-4.8] we get the following results for wo, 6’ and the sets of
twisted involutions 4y and J4:

Proposition 3.11. Let ®, ®*, 9, wo and §’ be as above. Then we have the follow-
ing properties:
(i) wo € Ly.
(i) O/(®T) = DT
(iii) @ isaninvolution of ®.
(iv) 19/ = 19 * wWo.

For the real, complex and imaginary roots we have again the following:
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Lemma3.12. If w € 4y and w’ = wwyg, then w’'6’ = wh. In particular we have

I (w, 0) l(w', 0", R(w, 8) R(w’, 0")
C'(w, 0) C'(w',0), C"(w, 6) C’"(w',0")

We also have again the following characterization of twisted involutions:

Proposition 3.13. [22,7.9] Ifw € Jgand w’ = wwg € Lg, thenthereexist sy, ..., sh €
3 and a 0’-stable subset TT of A satisfying the following conditions:

(i) w =si...5wX0 (sp)...0 (s1) and [ (w') = 2h + | (wY).
(i) wh0a = —a,a € p (i.e DF C RwY, 0)).

Moreover if w’ = t1...tmwQ 6 (tm) ... 0 (t1), where ty, ... ,tme X and A a ¢’
stable subset of A satisfying conditions (i) and (ii), then m=h, s;...sI1 =
t1...thA and

S1...S0'(Sh)...0(s1) =t...the (th) ... O (t1).

3.14. Inthe case of orbits of a Borel subgroup acting on a symmetric variety asin
[19] the involution 6" could be lifted to an involution of G conjugate to 6. In this
case ¢’ can again be lifted to an involution of G conjugate to 6, but this involution
is mostly not a k-involution. To solve this question we will have to look at the
following class of parabolic subgroups of G:

Definition 3.15. A parabolic subgroup P in Giscalled aquasi parabolic k-subgroup
if there exist x € 'V such that xPx 1 is a parabolic k-subgroup.

Using asimilar argument asin [22, 2.4] one can show that every quasi parabolic
k-subgroup of G contains a 6-stable maximal quasi k-split torus of G.

Let P be a quasi parabolic k-subgroup of G, A C P a 6-stable maximal quasi
k-split torus, W = W(A), ® = ®(A), and 4 = 4y the set of twisted involutionsin
W. Let w € 4 and & = wé. Then & isan involution of ®. In the following we show
when & can be lifted to an involution of G and when that involution is conjugate to
0. Using asimilar argument asin [19, 5.1] we get the following results:

Lemma3.16. Let w € W and n € Ng(A) a representative. Then Int(n)é is an
involution of G if and only if 6(n) = n~1z with ze Z(G).

Lemma3.17. LetV,V,¢p:V — { beasabove. Let w € £, n € Ng(A) arepre-
sentative of w and & = Int(n)6. Assumethat 6(n) = n~1z withze Z(G). Then ¢
isconjugateto @ if and onlyif n € 7(V)Z(G).

Proof. Assumefirst that x € G suchthat £ = Int(x)0 Int(x~1). Then & = Int(n)d =
Int(x8(x)~1)0, son € 7(V)Z(G). Conversely if n e t(V)Z(G), thenlet x € V
and z € Z(G) such that n = x8(x)~1z. Then & = Int(n)6 = Int(x)0Int(x~1) is
conjugate to 6. O
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Combining the above results we get:

Lemma3.18. LetV,V,¢:V — 4 beasaboveandlet w € {. Then the following
are equivalent.

(1) There exists a representative n € Ng(A) for w, such that & = Int(n)6 is an
involution of G conjugate to 6.
(2) weoplV)CJ.

3.19. Let P and A be as above. Asin (5), let wo € W = W(A) be such that
O(d1) = wo(dT) and let ' = Gwg = wgle. We can solve now the question of
when the involution 6’ can be lifted to a conjugate of 6. By Lemma 3.18 it suffices
to show that wo € ¢(V). Thisis equivalent to the following:

Proposition 3.20. Let V, V, ¢ : V — { and wg be as above. Then we have the
following:

1. wo € (V) ifand only if G contains a 6-stable quasi parabolic k-subgroup.
2. wo € pk(Vk) if and only if G contains a 6-stable parabolic k-subgroup.

Proof. Assume first wg € ¢(V). Let vg € V be such that ¢(vg) = wg and let
Xo = X(vg) € V be arepresentative of vg. Then t(Xp) is a representative of wg
in Ng(A). Since 8(®T) = wo(®™), we have 8(P) = t(x0) Pr(X51). But then
PL = 0(x5 1) Po(xo) isab-stable quasi parabolic k-subgroup of G.

Conversely, assume Py C G is a #-stable quasi parabolic k-subgroup. By [13,
3.11] there exists x € V such that Py = xPx~L. Since 8(Pg) = Py it follows that

O(P) = 0(x) " IxPx10(x) = t(6(x) 1) Pr(8(x))

Now 7(8(x)~1) € Ng(A). Let w € W be the corresponding Weyl group element.
Then (®1) = w(d™), o w = wo € ¢(V). This shows (1). The proof of (2)
follows with asimilar argument replacing V and 'V by Vi and V. O

Remark 3.21. By [13, 3.11] there alwaysexistsaf-stable quasi parabolic k-subgroup,
but 6-stable minimal parabolic k-subgroups of G do not necessarily exist as can be
seen from example 5.8. See [22, sect. 3] for a discussion of #-stable parabolic
k-subgroups.

If &£ € Aut(G) with £&(A) = A, then by abuse of notation we will write &|® for
the action of & on ®. Summarizing the above results we get now the following
result.

Corollary 3.22. Let wg, 8’ beasabove. Thereexistsarepresentativen € Ng(A) of
wo, such that & = Int(n)0 isan involution of G conjugate to 0 satisfying £|® = ¢'.
The involution 6’ € Aut(®) can be lifted to a k-involution if and only if G has a
0-stable parabolic k-subgroup
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3.23. Relation between 6 and ¢’. Now we have shown that 6’ can be lifted to G
and that it is conjugate to 6’ we can show that corresponding orbit decompositions
for V and ¢ (V) are again similar. Thisall can be seen asfollows.

Let P, A, V,V,dadg:V — J beasabove. Write ® = ®(A) and W =
W(A). Take wg € W such that 8(d) = wo(PT), ng = x08(X0) L € Ng(A) N
7(G) a representative of wgl, & = Int(no)6 and H' = xoHxy1. Then H' isa
closed reductive subgroup of G satisfying

G) c H' C Gy.

Denote the actions of 6 and &' on @ also by 6 and . Then ¢’ = dwg = wgyt6.
Asfor 6 let ' : G — G be the map defined by 7/(x) = x0' ()", V' = {x € G |
7(X) € Ng(A)}, V' the set of (Zg(A) x H')-orbitsin V', {4 the set of twisted
involutions of W with respectto ¢’ and ¢’ : V' — Jg asin 3.1.

Let iy, : 4 = do betheright trandation by wo and let § : V — V' be the map
induced by themap g — gxa1 fromVtoV’. Then¢’ o § = 1y, o ¢. SO we obtained
the following relation between the sets vV, V’, 4 and 4.

Lemma3.24. Let V, V', 4, 4¢, X0, Ngp and wq be as above. Then we have the
following.

(i) V=V xgtand 7/ (V') = ©(V) - ngL.

(II) 19/ = 19 + Wo.
3.25. W-action on {¢. Asin 3.2 thereis also an action of the Weyl group W on
Jo. Namely if w € W and & € 4y, then define an action w ' &’ = wa'¢’ (w) 1.
Since 8’ = Owg and @’ = awg for some a € 4y, we get

wx'd = wawd w0 = wawowg Hw 0w
= wa@w_lewo = (w * a)wg.

This means that the isomorphism ¢,,, iS equivariant with respect to the actions of
W on 4 and 4y . Thisleads to the following result.
Proposition 3.26. Let V, V', {, {4, Nnp and wo be as above. Then we have the
following.

(i) Themap vy, : 4 — Lo induces an isomorphism between £/ W and 44/ W.
(i) ' (V)/W = p(V)/W.
Remark 3.27. In the case that G contains a 9-stable parabolic k-subgroup we can
get the same results for Vi and ¢k (V).

Thefollowing result is useful in the study of twisted involutions and will be used
in the sequel.

Lemma3.28. Letac gy, @ =awg e dy andw € W. Then E(a’¢’, —1) = E(a9, —1)
and w(E(af, —1)) = E((w xa)6, —1).
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Proof. The first statement follows from Lemma 3.12 and the second statement is
immediate from the definition of the twisted W-action on 4. [l

4. (T, 6)-index

The computation of ¢ (V) and V will depend on the (T, #)-index of the k-
involution 6. In this section we briefly review some results about these from [15].

4.1. Let G be areductive k-group and 6 € Aut(G) a k-involution. Let A be a 6-
stable maximal k-split torus, T O A a#-stable maximal k-torusof G, X = X*(T)
and ® = & (T). Thereisafinite Galois extension K/k such that T splits over K.
Denote the Galois group Gal (K/k) of K/k by I and let I'g C Aut(X, @) be the
subgroup corresponding to the action of I" on (X, ®). Similarly let ® = {1, —6} C
Aut(X, @) bethe subgroup spanned by —6 | T and let 'y = I'g.® the subgroup of
Aut(X, @) generated by I'g and ©. In the following & C Aut(X, ®) will be one
of I'g, ® or I'y.

4.2. Foro € & and x € X wewill also write x° or o(x) for the element 0.y € X.
Write W = W(®) for the Weyl group of ®. For any closed subsystem &1 of ®
let W(®1) denote the finite group generated by the s, for @ € ®1. Now define the
following:

(6) Xo=Xo(8)={x€X

> =0l

oeé

This is a co-torsion free submodule of X, invariant under the action of &. Let
dg = ® N Xg. Thisis aclosed subsystem of @ invariant under the action of &.
Denote the Weyl group of &g by Wg and identify it with W(®q). Put W = {w e
W | w(Xo) = Xo}, Xe = X/ Xo(€) and let 7 be the natural projection from X to
Xe. Ifwetake S={te T | x(t) = eforal x € Xo} and Y = X*(S), then Y
may be identified with X¢ = X/ Xo. Let &g = n(P® — (€)) denote the set of
restricted roots of ® relativeto €.

Remark 4.3. Inthe casethat & = TI", then X isthe annihilator of a maximal k-split
torus Sof T. Similarly inthe casethat & = ©, then Xg isthe annihilator of a6-split
torus Sof T. In both these cases ®¢ is the root system of ®(S) with Weyl group
We.

Anorder on (X, ®) related to the action of & can be defined as follows.
Definition 4.4. A linear order = on X which satisfies
(7 if x>0 and x ¢ Xo, then x° =0 foral o€ é&

iscalled a &-linear order. A fundamental system of ® with respect to a &-linear
order is caled a &-fundamental system of ©.
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A &-linear order on X induces linear orders on Y = X/ Xg and Xp, and con-
versely, given linear orders on Xg and on Y, these uniquely determine a &-linear
order on X, which inducesthe given linear orders(i.e., if x ¢ Xo, then define y > 0
if and only if 7(x) > 0).

4.5. Fix a &-linear order > on X, let A be a &-fundamental system of & and let
Ao be afundamental system of &g with respect to the induced order on Xp. Define
Ag = (A — Ag). Thisis called arestricted fundamental system of @ relative to
S.

There is also a natural (Weyl) group associated with the set of restricted roots,
which is related to W€ / Wp. Since Wy is anormal subgroup of W¢, every w e W¢
induces an automorphism of X¢ = X/ Xo = Y. Denote the induced automorphism
by 7(w). Then m(wy) = w(w)m(x) (x € X). Define Wg = {m(w) | w € WE}.
We call thisthe restricted eyl group, with respect to the action of & on X. Itisnot
necessarily aWeyl group in the sense of Bourbaki [7, Ch.VI,no.1]. However in the
case that Sis amaximal k-split, 6-split or (6, k)-split torus, then ®¢ is actually a
root system with Weyl group W.

4.6. Thereisanatura action of & on the set of &-fundamental systems of ®. this
set. If A isa &-fundamental system of ®, and o € &, then the &-fundamental
system A% = {«° | @ € A} givesthe samerestricted basisas A, i.e. A = A. Let
wys € Wo be the unique element w, € Wp such that A = w,A and define a new
action of & on (X, ®) asfollows:

(8) xlol = w;lx", XEX, o€é.

It is easily verified that x — x[°! is an automorphism of the triple (X, ®, A) and
that xloll7] = yled foral o, T € &, x € X. Thisaction of & on W is essentially de-
termined by A, Ag and [o]. Following Tits[42] the quadruple (X, A, Ao, [o]) is
called anindex of & or an &-index. We will also use the name &-diagram, following
the notation in Satake [36, 2.4].

4.7. Asin [42] we make a diagrammatic representation of the index of & by col-
oring black those vertices of the ordinary Dynkin diagram of &, which represent
rootsin Ag(&) and indicating the action of [o] on A by arrows.

Inthe casesof & = ® and & = I" we get the well known 6-index and I'-index,
which are essential in the respective classifications. For k-involutions we do not
use the I'y-index, but we combine it with the I'-index and 6-index to add additional
information. These indices are defined as follows.

4.8. (I',0)-order. Assume Ag C Aisamaximal (0, k)-split torus of G, Samax-
imal #-split torus of G such that Ag € SC T. By [22, 4.5] tori Ag, A, Sand T
exist. A linear order on X = X*(T) which is simultaneously aT"-, 6- and I'y-order
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iscalled a (I", #)-order. A fundamental system of & with respect to a (I", )-order
iscaled a (I", 8)-fundamental system of .
An I'g-order on (X, ®) isa (T", #)-order if and only of the following condition
is satisfied:
If &1 C ®o(I'y) irreducible component then &, C ®g(6) or &1 C Po(T).

Remarks4.9. (1) A (T, 6)-order, as above, is completely determined by the sextu-
ple

(X, A, Ao(T), Ao(8), [a], 7).
We will call this sextuple an index of (I", ) or an (T, 6)-index. This terminology
follows again Tits [42]. We will also use the name (T", 6)-diagram, following the
notation in Satake [36, 2.4].
(2) We can make a diagrammatic representation of the (I", #)-index by coloring
black those vertices of the ordinary Dynkin diagram of &, which represent roots
in Ao(T", #) and giving the vertices of Ag(I") U Ag(6) which are not in Ag(I") N
Ao(#) alabel kor 8 if a € Ag(T") — Ag(T") N Ag(8) or & € Ag(8) — Ag(T) N
Ao (6) respectively. The actions of [o] and 6* are indicated by arrows.
(3) Theaboveindex of (T", ) determinestheindicesof both I and 6 and vice versa.

We conclude this section with some additional results for the action of the invo-
lutionon (X, ).

4.10. #-orderson quas k-split tori. For #-stable maximal quasi k-split tori we
will need both the action of 6 and —6. The action of 0 is as defined in 4.4. The
action of —6 can be defined in a similar manner. We will discuss this action in the
following. We will use the same notation asin 4.2. In particular let A be a6-stable
maximal quasi k-split torus of G and write X = X*(A) and ® = ®(A). Similar as
in4.2let
Xo(0) ={x € X | 0(x) = x}, @o(0) = ® N Xo(0)
Xo(=0) ={x e X[ 0(x) =—x}, Po(—0) =N Xo(-0).

Let v be the natural projection from X to X/ Xp(6) and 7~ the natural projection
from X to X/ Xo(—6). Asin [12] we define a 6-order (resp. —6-order) on & by
choosing orderson Xo(6) and X/ Xo(0) (resp Xo(—6) and X/ Xo(—6)). To bemore
precise:

Definition 4.11. Let > be alinear order on X. The order > iscaled ad™-order if
it has the following property:

9 if xeX, x>0, and x ¢ Xo(0), then6(x) < 0.

The order > iscalled a0~ -order if it has the following property:

(10) if xeX, x>0, and x ¢ Xo(0), then6(x) > 0.
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Similar asin [11], a#™-order on X will also be called ag-order on X. Note that
a6~ -order on X isa6-order on X for theinvolution —6 of (X, ®).

A basis A of ® with respect to ad*-order (resp. 6~ -order) on X will be called a
6% -basis (resp. 6~ -basis) of ®. If A isabasisof ® with respect toad™-order on X,
then we write Ag(6) = A N &g(#) and Ay = (A — Ag(9)). Similarly if A isa
basis of ® with respect to af—-order on X, then wewrite Ag(—60) = A N dg(—0H)
and A_g = (A — Ag(—0)). Clearly Ag(6) (resp. Ag(—0)) isabasis of ®q(6)
(resp. do(—0)). A similar property holds for Ag and A_g (see[11, 2.4]).

4.12. A characterization of @ on a #-basis of ®. Let A1 be af-basis of ®. As
in[11, 2.8] we can write 6 = —id6;wo(0), where wo(6) € Wo(0) is the longest
element of Wy (6) with respect to Ag(6), and 0] € Aut(X, @, Ay, Ag(h)) = {¢
Aut(X, @) | (A1) = A1 and ¢(Ag(0)) = Ao(0)} with (6%)2 = id. For more
detailssee[11, sect. 2]. Thisiscalled acharacterization of 6 onits (+1)-eigenspace
(because Wy (0) isthe Weyl group of ®q(6)).

Similarly we get acharacterization of 6 on a®~-basis of ® asfollows. Let A, be
af~-basisof ®. Then 6 = 65 - wo(—6), where wo(—0) € Wo(—0) is the longest
element of Wo(—0) with respect to Ag(—6), and 05 € Aut(X, @, Az, Ag(—6)) =
{¢p € AUt(X, @) | #(A2) = Az and ¢(Ao(—0)) = Ag(—6)} with (63)? = id. This
is called a characterization of 6 on its (—1)-eigenspace.

5. (0, k)-singular involutions

In this section we introduce two classes of involutions in W which will be used
in the characterization of the W-orbitsin ¢(V) and ¢k (Vk).

5.1. We use the notation of section 2. In particular let G be a connected reductive
k-group, 6 an involution of G defined over k and H a k-open subgroup of Gg.

For quasi k-split tori we defined singular roots with respect to the involution (see
3.8). For k-split tori we have to combine this with the k-structure of the group
itself. Before we can define this all we need a bit more notation. Let A be a
6-stable maximal k-split torus. For « € ®(A) let A, = {ae A1 | s,(a) = a}°,
Gy = Za(Ay) and G, =[Gy, G,]. If « is either rea or imaginary, then G, is
0-stable. We first define 6-singular roots:

Definition 5.2. Let A be as above. A root o € ®(A) with (o) = +o« is caled
p-singular (resp. 6-compact) if G, ¢ H (resp. G, C H).

The 6-singular roots can be divided in those which are singular with respect to
the k-structure and those which are not. These are defined now as follows.
Definition 5.3. A real #-singular root o € ®(A) iscalled (0, k)-singular (resp. 6-
singular anisotropic) if G, N H isisotropic (resp. G, N H isanisotropic). Similarly
aimaginary 6-singular root is called (6, k)-singular (resp. 6-singular anisotropic)
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if G, has a non-trivial (6, k)-split torus (resp. G, has no non-trivial (8, k)-split
tori).

Similar asfor 6-stable maximal tori we have the following result (see [12]).

Proposition 5.4. Let A be a 6-stable maximal k-split torus of G. Then we have the
following.
(1) At isamaximal k-split torusof H if and only if ®(A) hasno (6, k)-singular
real roots.
(2) A~ isamaximal (0, k)-split torus of G if and only if ®(A) has no (0, k)-
singular imaginary roots.

Proof. We will prove (1). The proof of (2) issimilar.

Assume first that A™ is a maximal k-split torusof H. If « € ®(A) isa (4, k)-
singular rea root, then G, N H contains a k-split torus, say S. Since « is red,
At C ker(a) C Z(Gy). So S.AT isak-split torusof G, N H, what contradicts the
maximality of A™.

Conversely assume ® (A) hasno (6, k)-singular real roots. By passingto Zg(A™),
we can assumethat AT = {e}. Since ®(A) hasno (0, k)-singular real roots, it fol-
lowsthat G, N H isanisotropic for al « € ®(A). But since A is maximal k-split,
we get that H is anisotropic and hence does not contain any k-split tori. O

Remark 5.5. In [13, 3.8] it was shown that every real root of a 6-stable maximal
k-split torus A is 6-singular. If A, is maximal (6, k)-split then all #-singular are
real and the set of 6-singular rootsin @ (A) iscompletely determined by the (T, 0)-
index of the k-involution 6.

Unfortunately not all real roots are (60, k)-singular. Whether a 6-singular root
IS (0, k)-singular or not depends on other properties of the k-involution, like the
guadratic elements. We illustrate this in the following example.

Example 5.6. Let k = R. Assume Gg = SU*(4, R) and 6 isof type Al I. Then the
(T, ©)-index of (G, 0) is.

1
o—O—0

There are two k-involutions related to this (T, 8)-index. Let 61 be the standard
involution of type AZ(11) and 62 = 61 Int(e1) the involution of type AL(11)(e1).
We use here the same notation asin [11]. Seeaso [15].

In both these cases G has a 6-split maximal k-split torus Aand ®(A) = ®(A7)
is of type A1. In the first case the Lie algebra of (G, )k is $p(2) and (Ggl)(k) is
compact. So all roots of ®(A) are 6-singular, but not (6, k)-singular. In the second
case the Lie algebra of (Gg, )k issp(1, 1) and (ng)(k’ isisotropic. So al roots of
®(A) are (0, k)-singular.
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Remarks 5.7. (1) From [13, 3.8] it follows that every real root is 6-singular.

(2) In general the root system @ (A) of a 6-stable maxima quas k-split torus
A is reduced. It would be quite natural to expect that if A,2x € ®(A) and 1 is
6-singular, then also 2i is#-singular. Thisistrue for real roots, however for imag-
inary 6-singular roots thisisin general not true, as can be seen from the following
example.

Example 5.8. Assume (T, 8)-index of (G, 0) is:
1
0*&TI

Then G has a maximal k-split torus A, which is also 6-split. Let T > A be a 6-
stable maximal torus of G. The root system ®(A) is of type BC; and the long
root « is contained in ®(A) N ®(T). Thisroot is #-singular, since H contains a
maximal torus T, of G. Consequently T, contains a 6-stable maximal quas k-split
torus A; and the long root 8 € ® (A1) N ®(Ty) isH-singular. On the other hand,
since ®(Ty) contains H-compact roots, there exists w € W(Ty) such that w(B) is
0-compact and consequently w(g) is not 6-singular. However, %w(ﬁ) is still 6-
singular, since Gy, (s = G- Note that Gy, (g is of type A1. Inthis example G has
a no 6-stable minimal parabolic k-subgroup, but G has a 6-stable minimal quasi
parabolic k-subgroup.

5.9. Now we have defined #-singular and (0, k)-singular roots we can generalize
these definitions to include involutions as well. For the remainder of this section let
Ao be a 9-stable maximal k-split torus with Ay amaximal (6, k)-split torus of G.
Let A bea6-stable maximal quasi k-split toruswith A~ ¢ Ay and At > AE,r For
acd(A)let Ay ={aec A | (@) =a)° G, = Zg(Ay) and G, =[Gy, G,]. If
a is ether rea or imaginary, then G, is 0-stable. Similarly if w € W(A) satisfies
w? = eand wh = Ow, then we set G, = Zg(A}) and G, = [G,, G,]. Let nbe
apreimage of w in Ng(A). Then n € Zg(A}) and A, N Z(G,) isfinite. Asa
consequence, A, isa6-stable maximal k-split torus of [G,,, G,,].

Recall that a k-involution o of aconnected reductive k-group M iscalled (o, k)-
split if there exists a t-split maximal k-split torus of M.

In 5.2 and 5.3 we defined 6-singular and (0, k)-singular roots. We can lift these
definitions to involutions in the Weyl group by defining the following.

Definition 5.10. Let A be a 6-stable maximal quasi k-split torus with A~ C Ay
and AT > Al and w € W(A). Then w is called 6-singular if

1) w’=e

(2) 6w = wo.

(3) Theinvolution 0 |[G,,, G,] is (6, k)-split.
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(4) [Gy, Gy] N H contains amaximal quasi k-split torus of [G,,, G,,].
Aninvolution w € W(A) iscalled (6, k)-singular if it satisfies (1), (2), (3) and if
(5) [Gy, Gy] N H contains amaximal k-split torus of [G,,, Gy,].

A root « € ®(A) iscaled 6-singular (resp. (0, k)-singular) if the corresponding
reflection s, € W(A) isf-singular (resp. (0, k)-singular).

Remark 5.11. Note that these definitions of 6-singular (resp. (6, k)-singular) roots
coincide with those defined in 5.2 and 5.3.

Lemmab.12. Let A bea 6-stable maximal k-split toruswith A~ amaximal (6, k)-
split torus of G and w € W(A) a (6, k)-singular (resp. 6-singular) involution.
Then we have the following conditions:

(i) A, = (A,)~ isa6d-split maximal k-split torus of [G,,, G,].

(i) A= AT (AN
Proof. We show the assertion for the case that w is (0, k)-singular. The result for
the case that w is 6-singular follows with a similar argument.

(). From 0w = wo it followsthat A~ = (A7) (A7);,. Since A~ isamaximal
(0, k)-split torus of G, (A™),, is aso a maximal 6-split torus of [G,,, G,,]. But
since 0|[Gy, G,] is (6, k)-split, it followsthat (A™),, isamaximal k-split torus of
[Gw, Gy]. Hence (A7), = A,.

(ii) isimmediate from (i) and the observation that A} = (AL) T (Af) ™. O

The #-singular involutionsin W(Ap) can be characterized as follows.

Theorem 5.13. Let Ag bea6-stable maximal k-split torusof G with A, a maximal
(6, k)-split torus of G and w € W(Ag), w? = e. Then the following are equivalent:

(i) wisé-singular

(i) (Ao), C Ay
Proof. (ii) = (i). From (Ag),, C Ay it follows that w and 6 commute. Since
(Ao),, iIsab-split maximal k-splittorusof [G,,, G, ] it sufficesto show that [G,,, G,,)] N
H contains a maximal quas k-split torus of [G,,, G,,]. But this follows from [13,

8.13].
(1) = (ii) followsfrom Lemma5.12. O

Corollary 5.14. Let Ag be a 6-stable maximal k-split torus of G with A a maxi-
mal (6, k)-split torus of G. Then we have the following.

(i) Everyinvolutionin W(Ag) N W(Ay) isf-singular.

(i) a e ®(Ag) isv-singular if and only if o isareal root.

Thisresult isimmediate from Theorem 5.13.
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Remark 5.15. Let A be a 6-stable maximal k-split torus of G. Using a simple
induction one can show that an involution w € W(A) is #-singular if and only if
there exists a set of strongly orthogonal 6-singular roots {«1, ... , a;} of of ®(A),
suchthat w = Sy - . - Sy, -

Similarly w € W(A) is (6, k)-singular if and only if there exists a set of strongly
orthogona (0, k)-singular roots {a, ... , ar} of of ®(A), suchthat w =S, .. . Sy, -

6. Twisted W-orbitsin 4

In this section we establish the correspondence between W-twisted isomorphy
classes of the involutions woH € 4 and the W-conjugacy classes of the involutions

0
wp € 4.

6.1. Themap ¢y~1: A?/H — ¢(V)/W C 4/W, wherey isasin 2.9 and ¢ asin
3.4, enables us to use results proved for conjugacy classes of §-stable quasi k-split
tori in [13, 14] to characterize ¢ (V). In the following we use this correspondence
to prove that every W-orbit in ¢ (V) contains a-singular involution.

6.2. We give first another description of the involutions won in the characterization
of the twisted involutions as in Proposition 3.13.

Let Ag be a o-stable maximal k-split torus of G with Ay amaxima (6, k)-split
torus and A; a6-stable maximal quas k-split torus of G. There exists g € G such
that A1 = gAog~ L. Let w = t(9)Zg(Ag) € W(Ag). Fix abasis Ag of &g =
Po(—0) = {a € P(Ag) | (o) = —a}. We can extend Ag to a 6~ -basis A of
®(Ag). Let wg be the opposition involution of W(®q) with respect to Ag. Then
by 4.12 it follows that 6 = 6*wg. S0 6’ = Bwg = 6* and hence ' (A) = A. Write
w' = wwo = Sy, - ..sakwone/(sak) ...0'(sy,) asin Proposition 3.13. Here T isa
subset of A and @1, ..., ax € A. We can reduce to won by removing the twisting
factor s;...s¢ asfollows. Choose ng, ..., nk € Ng(A) withimages s, ..., S in
W(A) respectively. Setu=gny...ng, m= t(u) = u~10(u), wi = ¢(u) € W(Ay).
Then wiwg = won. So assume w’ = wwg = wOH.

Proposition 6.3. Let g, w, w’ and wg be as above. Then there exists w1 € W(Ag)
such that wiw% 6’ (w1) =t = wonl, with T1; € Ag and woHl the longest involution
of &, with respect to I1;.

Proof. By [13, 5.8] there exists h € HO such that hATh~1 ¢ Aj and hATh~1
AS. Let Ay =hAth~ and let g1 € Zg(A; AJ) such that g1 Aggyt = Ao, Then
h~1g; and g both map Ag to A, namely h=1g; Aggy th = gAog~! = A;. Sothere
exists n € Ng(Ap) such that h—1g; = gn. Let w1 € W(Ag) be the Weyl group
element corresponding to n and let wo = t(h~1g1)Zg(Ag) = 1(91)Zs(Ag) €
W(Ag). Then wy = wilwé(wi) and (Ag),, C Ag. Since 6 = wyto = dwog
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and w’ = w9, we get

1

wo = wl_le(u)l) = wi wwed w1d = wIlw/Q/wle/wal

(12) = wi w6 (w1)wyt.
By [12, 2.14] there exists w3 € W(®p) such that wawowzlwo = w9 with 11 C

IT
Ag. Together with (11) this giV%' '

wol-I = W3wawsz wo_wgwl wné”wl@/w 1w3 wo

= wawy Twd e wiwz Yowo = wawy wné’(w1w3 ).
This proves the resullt. O

Corollary 6.4. Let Ag be as above. Then we have the following.
1. Every W-orbitin ¢(V) contains a 6-singular involution.
2. Every W-orbit in ¢ (V) has a representative woH € W(Ao) NW(Ay).

Proof. These results are immediate from Proposition 6.3, using the isomorphism
between 1o/ W and £y /W asin 3.26. O

For ¢k (Vk) wewill provein Theorem 8.5 asimilar result using the (6, k)-singular
involutions.

6.5. Since w9 € W(Ag) N W(A;) we can characterize ¢(V)/W by looking at
W(A, )-conjugacy classes of the involution won. For thisit will be useful to have
another characterization of W(A; ) by linking it to the group W(Ag, H). Let X =
X*(Ag), Xo(0) and ®g(0) beasin 4.2. Write

(12) Wi(0) = {w € W(Ag) | w(Xo(0)) C Xo(6)}
and Wo(0) = Wo (Ao, 8) = W(Dg(0)). Then by [36, 2.1.3] we have
(13) W(Ay) > Wi (0)/ Wo(0).

The group W(Ap, H) corresponds with Wy (8) due to the following result.

Proposition 6.6. Let Ag € Ag be a 6-stable maximal k-split torus of G with Ay a
maximal (6, k)-split torus of G. Then we have the following.
(i) Anyw € W(Ay) hasarepresentative in (H°Zg (Ag))k N Na(Ag).

(i) Nc(Ay) = Nyo(Ag)Za(Ag).

Proof. (i) Let n € Ng, (Ay) and P aminimal 6-split parabolic k-subgroup of G.
Then P, = nPn~1 is also a minimal 6-split parabolic k-subgroup of G contain-
ing Ag. By [22, 4.9] there exists x € (HOP) such that xPx~1 = P;. Let Py
be a minimal parabolic k-subgroup of P containing Ag. By [22, 4.8] HOPy =
HOP. On the other hand (HOP)x = (H%Zg(Ap))kUx, where U = Ry (Py) (see
[22, 10.2]). It follows that x = hzu with h € H?, z e Zg(Ag) and u € Uy. If we
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takeg = hz e (H°Zg(Ao))k thengPg~1 = Py and gA; g1 is (8, k)-split. More-
over gA; g1 C PLNO(P) = Za(Ay), 0 gA; g LAy isa (o, k)-split torus of G.
Since Ay is maximal (6, k)-split it follows that gA; g~ = Ay, what proves (i).
Finally (ii) isimmediate from (i). O

Remark 6.7. Idealy one would like W(Ay) to have representatives in Hy, but as
the proof of this result indicates, this will unfortunately not always be true. How-
ever in many cases, including the standard pairs for k = R (for a definition see
[11]), one can show that W( A ) hasrepresentativesin Hy. It isan interesting open
question to give necessary and sufficient conditions such that W(A; ) has represen-
tativesin Hy.

Corollary 6.8. Let Ag € Ag be a 0-stable maximal k-split torus of G with A; a
maximal (60, k)-split torusof G. Then Wo(Ag, H) = W1 (6).

Proof. Clearly Wo(Ag, H) € Wi (8). As for the other inclusion, it suffices by
Proposition 6.6 to show that Wp(6) = Wo(Ag, 6) € Wo(Ap, H). But this follows
from the fact that every root o € @ (Ao, 0) iscompact and therefor G, c H. [

To prove the correspondence between W (6)-conjugacy classes of involutionsin
W(Ag) N W(Ay) and the W-conjugacy classes we need the following result from
[19]. Write E = X, (A) ®7z R and for o € Aut(®d) denote the eigenspace of o for
the eigenvalue &, by E(o, &).

Proposition 6.9. [19, 9.7] Let 6 be an involution of & such that ®, isa root system
with Weyl group Wy. If wq, wo € W are involutions with E(wj, —1) C E(9, —1)
(i =1, 2), then the following are equivalent:

(i) w1 and w» are conjugate under W.

(i) wy and w» are conjugate under Wy (6).
(il1) w16 and w26 are conjugate under W.

(iv) w16 and w0 are conjugate under W ().

Remark 6.10. Note that the involutions w?, satisfy the condition E(w%, —1) C
E(60, —1). Sothisresult reducesthe characterization of the Wy (6)-conjugacy classes
of these involutions to W-conjugacy classes. A characterization of the latter can be
foundin[12].

For the 6-singular involutionsin atwisted W-orbit we can show now the follow-
ing:
Proposition 6.11. Let wi, w2 € (V) be 6-singular involutions. Then w1 and w»
are in the same twisted W-orbit if and only if w1 and w, are W-conjugate.

Proof. Assume first that wi and w, are W-conjugate. Since A; is a maximal
(6, k)-split torus, we have (Ag),, C Ay (i =1, 2) and hence w1, wz € W(Ag) N
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W(A;). By Proposition 6.9 wy and w; are conjugate under Wy (Ag). Let w €
Wi (Ag) such that wwiw ™1 = w,. Since Wy (Ag) = W(Ag, H) (see Corollary 6.8)
it followsthat 6(w) = w and hence ww16(w 1) = wwiw=1 = wo.

For the converse statement assume w € W such that ww16(w™1) = w». Then by
Lemma 3.28 we have w((Ay)5,) = (Ay)i, and with asimilar argument we also
have w((Ay), AY) = (Ag)w,AS- S0 wwibw ™! = wo6. Then by Proposition
6.9 w1 and w, are W-conjugate, what proves the result. O

7. Computing ¢(V) and V

In this section we give an agorithm to compute ¢ (V) and V. This algorithm is
essentially a modification of the one used for computing orbits or Borel subgroups
acting on symmetric varietiesasin [19].

7.1. Characterization of wg. To compute ¢(V) or ¢’ (V') we first need a char-
acterization of the involution wg asin 3.10. For this we give a characterization of
the open orbit which will lead to a description of wg. We use the same notation
asinsections 2 and 3. In particular let A be a 6-stable maximal k-split torus of G,
P > Aaminimal parabolic k-subgroup, ® = ®(A), @™ = & (P, A) the set of pos-
itive roots of @ related to P, A the corresponding basis of ®, wg the element in the
Weyl group W = Ng(A)/Zg(A) with wo(®1) =0(dT) and 0’ = Owo. If TT C A,
then we write & for the subsystem of ® (G, A) consisting of integral combina-
tions of IT and we write Py for the standard parabolic k-subgroup of G containing
P with ® (P, A) = & U ®*. The following result from [22, Proposition 9.2]
characterizes the open orbit.

Proposition 7.2. Let v € V, n = x(v)0(x(v)) ™%, w theimageof nin W and w’ =
wwo. Let ¢ betheinvolution of G corresponding to w'6’ = wé (i.e. ¢ isgiven by
z(x) = no(x)n1, x e G). The following conditions are equivalent:

(i) Pxnisopenin Q = {x8(x)"1|x € G}.

(i) LetIT=l1(w)NA. ThenC"(w) N A =@ and ¢istrivial on Go .
(i) w' = wlwQ and ¢ istrivial on Gg,, .
(iv) X(v)~1Pgx(v) isaminimal 6-split parabolic k-subgroup of G.

(v) Thereexistsaminimal 6-split parabolic k-subgroup of G containing x(v) ~1 Px(v).

Combining this result with Corollary 3.22 we get the following characterization
of wgand ¢'.

Corollary 7.3. Let A be a 6-stable maximal k-split torus of G such that A~ isa
maximal (6, k)-split torusand P > A a minimal parabolic k-subgroup of G such
that PH c G isopen. Let wg € W satisfy 0(®™) = wo(®™), and take vg € V
such that if Xg = X(vg) and ng = Xpf(Xg) 1 € Ng(A) then ng induces wg in W;
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let ¢ be the involution of G given by ¢(x) = ngle(x)no for x € G. Then we have
the following.

(i) wo = wgo(g)wg, where Ag(0) = {@ € A | B(«) = a} isasin 4.10.
(ii) ¢|® = wyl0 = 0w =0

Remark 7.4. The element wio(@) e W follows from the (I", 6)-index of the k-
involution 6. For k the real numbers, p-adic numbers, finite field or numbers field
the (T, )-indices of k-involutions are given in [15] (see also [16]). For k alge-
braically closed the (T", 8)-indices are given in [11]. The element wg € W follows
from the classification of involutions in [12]. Combining these two classifications
and we get alist of the elements wo € W. From the classification of (I", #)-indices
in [15] we also get a list of the involutions ¢’ for each of the irreducible (T, 6)-
indices. Note that in each case ¢’ = id or a diagram automorphism.

7.5. Image and fibers of ¢. Similar asin [19] the classification of the image and
fibersof ¢ : V — 4 (or ¢’ : V' — J4g) can be reduced to a problem related to the
involutions w?, as in the characterization of the twisted involutions in Proposition
3.13. The results about these involutions as proved in [19, §9] carry over to the
present situation. Let A beabasis of ®, wg € W = W(T) be such that (®™) =
wo(®T), 0’ = Owg = wy 10 and let Ly be asin 3.23. Write

Aa={TcA|0)=Tadwdd («) =—a, Ya € &},
(14) Ia={wh | TT e Ap}.

The set 4 A contains a set of representatives of {4/ W and aso of ¢’ (V') /W. Since
by Proposition 3.26 ¢’ (V') /W >~ ¢(V)/W we have the following result.

Lemma7.6. Lee Wacton {, 4y, V and V' asin 3.23 and 3.25. Let A be a basis
of ® and let 45 beasin (14). Then we have the following:

(i) Eachorbitin 4o /W and ¢’ (V")/ W has a representativein dx;

(ii) Eachorbitin /W and ¢(V)/W hasarepresentative in £, wy .

7.7. Classification of ¢(V)/W and ¢’ (V’)/W. We need to classify the involu-
tionsin £, which represent the different classesin 4o/ W resp. ¢'(V')/W. By
Propositions 6.9 and 6.11 it suffices to look at the W-conjugacy classes of the invo-
lutions won_ A classification of conjugacy classes of involutions in the Wey! group
isgivenin[12]. Similar asin [19] let

‘Zg = {wlq[19 ) wonk} C lA
be a set of representatives of £,/ W and let

AQ = (I, -+, Ty} C An
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be the corresponding subset of A . Similarly let
Ia(V) =43 0¢' (V)
and
IaV) =18 - wylnev)

Then 44 (V) isaset of representatives of ¢’ (V')/W and similarly 44 (V) isaset
of representatives of ¢(V)/W. Thesets 4 (V') and 44 (V') arerelated asfollows:

Ia(V) =14a(V) - wpt

7.8. Next we show that the orbitsin ¢’ (V) (resp. ¢(V)) under the twisted action of
W correspond with the conjugation classes of the involutions won € Ia (V') (resp
I (V)). For this we need to choose first a suitable maximal torus to characterize
the sets LA (V') and LA (V). Inthefollowing let A be a 6-stable maximal k-split
torus with A~ amaximal (6, k)-split torusof G. Let Ag = Ag(—6) be abasis of
®o(—0) and extend thisto a6~ -basis A of ®. Then by 4.12 we have 6’ = ewgo.

Asin[12, 7.4] we call an involution woH a Ap-standard involution if IT C Ag. We
can choose now Ag-standard involutions as representatives for both 44 (V) and
Ia (V') (seeaso[12, §7]). Using Proposition 6.3 and asimilar argument asin [19]
we get the following result:

Proposition 7.9. (i) Every W-orbit in ¢ (V) containsa Ag-standard involution.

(ii) Every W-orbitin ¢’ (V') = ¢(V) - wgo contains a Ag-standard involution.

Remarks 7.10. (1). It follows from the above results that in the case that A~ is
amaximal (6, k)-split torus of G, we can represent the elements of £ (V) and
IA (V) asinvolutions wonl or wonzwgo. For 44 (V') we will only use the first
characterization, but for £ (V) we will use both characterizations depending on

whether ' = id or a diagram automorphism.

(2). If A (V) = {w%l,--- ,wonk},wherewonl,~-- ,wonk are Ag-standard invo-
lutions, then £ (V) = {w%lwo, e ,wonkwo} and wonlwo, e ,w%kwo are invo-

lutions. In most cases we will use this characterization of 44 (V') and 44 (V).

(3). Using the above results, the classification of (I", 8)-indices of k-involutions
in [15] and the classification of involutions in the Weyl group in [12] we get alist
of the possible subsets IT € A%, which correspond to involutions which are not
W-conjugate.

With only very few exceptions, the isomorphism class of an involution woH €
I (V) is determined by the type of the root system & spanned by IT. Only in
the case that (G, 0) is (0, k)-split (i.e. G contains a 6-split maximal k-split torus)
can it happen that two involutions wol.[1 and on2 are not W-conjugate, while the

root systems &, and &, (IT1, [T2 C A) are of the same type. In these cases it
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is easy to find two subsets I, IT> C A, such that the root systems &y, and ®pq,

are of the same type and w®, - and w%_ not W-conjugate. For more details, see [12,
7] 1 2

sect. 7].

7.11. Image of ¢@. To compute ¢’ (V') (or ¢(V)) from the subsets IT € Ag as
above we can use the same method as in [11]. If won € I, then we also write
W(IT) for the stabilizer subgroup W0 = {w € W | w * wy = w}}. The orbits
W' w9 C 2y and W wwgt C 1 can be characterized as follows:

Lemma7.12. [19, 9.12] Let 9, ¢/, 4 and {y be as above. If w% € da, W(IT) as

above and wy, - - - , wy, minimal coset representatives of W/ W(I1), then we have
the following.

(i) W' le[ = {wq *’ won,-~ , Wp * won}.

(i) W u)onwa1 = {wq * wonwal,--- , Wp * wonwal}.

7.13. It remainsto determine the subsets IT e Ag and compute the corresponding
subgroups W(IT) for IT € Ag. Wefirst recall thefollowing. A pair (G, 0) iscalled
(0, k)-split if there exists a #-split maximal k-split torus of G. The pair (G, ) is
called quas (6, k)-split if there exists a6-split minimal parabolic k-subgroup of G.
Notethat if (G, 0) is (0, k)-splitand Aisa6-stable maximal k-splittoruswith A, a
maximal (6, k)-split torusof G, then§|® (A) = —id. Thismeansthat if s 4y and
w e W, then w xs= wsh(w™ 1) = wswL. So 4y consists of the set of involutions
in W(A) and the W(A)-orbitsin {4 are precisely the W(A)-conjugacy classes of
involutionsin W(A). We summarize thisin the following result.

Lemma7.14. Let (G, 0) be (6, k)-split, P a 6-split minimal parabolic k-subgroup
of G, A C Pa#-split maximal k-split torus of G and J the set of twisted involutions
in W(A). Then { consists of the set of involutionsin W(A).

Similar asin [11] we can nhow show that to compute the subgroups W(IT) of W
as above, it sufficesto consider {;q or {_iq. The W-orbitsin all other cases can be
identified with orbits for these two cases. This can be seen as follows.

7.15. Let Abeamaximal k-splittorusof G, ® = ®(A), W=W(A), 0 € Aut(G, A)
an involution with A amaximal (6, k)-split torus and A a6~ -basis of ®. Write
0= G*wg(_e) asin4.12 andlet 4° ¢ W denotethe set of involutionsin W. Assume
® isirreducible. Then we have three cases.

(1) —id € W. Then @ is of type By, C,, D2n, E7, Eg, F4 or Go. In this case
0 =0=id, 4y =4%=4_;gand gy = 10w%(_9). So we can compute either
o(V)ore (V). If wol_[ € LA (V), then W(IT) isthe commutator subgroup for
the involution w% which can easily be computed using LiE or other symbolic
mani pulation programs.
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(2) —id ¢ W and ¢ = id. Inthiscase ® is of type An, Dantr1 OF Eg and 0 is
an inner automorphism of G. Since ¢ = 6* = ng(_g) = id it follows that
dg =40 = 19wg(_9). In this case it is easier to compute fy and ¢’ (V')
instead of ¢ (V). The computation of the groups woH issimilar asin (1).

(3) —id g Wand ¢ # id. Inthiscase ® isagain of type An, Danr1 O Eg, but 6
isnow an outer automorphism of G. In thiscaseit is easier to switchto —id
instead of 6. Since 6 = 0'wQ _, we get oul _, wd = dw) = —id. So
Jo = Lidw%(_e)w% = 1°w%(_9)wg and 40 follows asin (2). In this case
it iseasier to compute 4y and ¢ (V) instead of {1y and ¢’ (V).

Remark 7.16. Theinvolution 6| A can also be described by a 6-index. This 6-index
of6| A follows from the corresponding (T, 6)-index. A list of these 6-indices is
givenin [13]. Both 6* and A (—6) areimmediate from these 6-indices.

Using asimilar argument asin [19, 9.15] it follows from the above observations
that by switching from a6~ -order to ad™-order one can reduce the characterization
of (V) from twisted involutions to involutions in W. We summarize this in the
following result.

Lemma7.17. Let A be a 6-stable maximal k-split torus, W = W(A), ® = ®(A)
and assume @ isirreducible. Let A1 bea6-basisof ®, A, af~-basisof @, wg(0)
the longest element of Wy (6) with respect to Ag(#) C A1 and wo(—6) the longest
element of Wp(—6) with respect to Ag(—0) C Az, If 1 = dy- wo(f) C W and
do = Jdg - wo(—0) C W, then {1 or {» consists of the set of involutionsin W.

Remarks 7.18. (1) The same argument asin [19] can be used compute the fibers of
@. Agan ¢ isinjective if and only if there is a unique closed orbit of P on G/H
and ¢ issurjectiveif and only if (G, 0) isquas (0, k)-split.

(2) The computation of the orbitsin V can be reduced again to the case that G is
semisimple and simply connected. For more details see [19, 9.21].

7.19. An algorithm to classify V. Combining the resultsin this paper we get now
an agorithm to classify the orbitsin V. Each step of this algorithm can be imple-
mented in LiE or a number of other programs. Assume that G is semisimple and
simply connected and assumethat the pair (G, 0) isirreducible. Inthefollowing let
A be a 6-stable maximal k-split torus such that A~ isamaximal (6, k)-split torus
of G, W=W(A),® =d(A) and A ab~-basisof ®. Theagorithm isasfollows.
(1) The first step is to compute the set fijg = 4_iq for al the irreducible root
systems. These were already determined in the computation of the orbits of a
Borel subgroupon G/H in[19].
The next step isto determine 6’ and wo and to classify (V) or ¢’ (V') by identify-
ing the corresponding W-orbitsin £iq or {_iq. Recall that by 7.3 the involution wg
is completely determined by the subset Ag(0) = {a € A | O(a) = «}.
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(2) Get alist of the pairs {Ag(0), 8’} from the classification of (T, 6)-indices of
k-involutions of G in [15] (see aso [16]) and the classification of involutions
of Win [12, §7]. If 8/ = id, then compute ¢’ (V') and if &' # id (i.e. a
diagram automorphism), then compute ¢ (V) by identifying ¢ (V) as a subset
of l_idwgo(_e)w%.

(3) Find L5 (V') C 43 or 4a(V) € IQwd g wQ. For L4 (V') this easily fol-
lows from Proposition 7.9 and the classification in [12, Table IV]. For 44 (V)
note that we can choose A (—#6)-standard involutions as representatives for
the W-orbitsin (V). Since these involutions commute with w%o(_e)w% a
list of these also follows from Proposition 7.9 and the classification of involu-
tionsof Win[12, TableIV].

(4) Determine ¢’ (V') C g or (V) C l_idwgo(_e)wg, by finding the W-orbits
of theinvolutionsin LA (V') or LA (V). For thiswe use (1) and (2).

After this one can finally find V asfollows:

(5) Determine |¢'~*(w?,)| for each involution w in 4 (V) or 44 (V). Then,
using the same argument asin [19, 9.17] we find the W-orbitsin V and V'.

Remarks 7.20. (1). Theresults about the Bruhat order on the set of twisted involu-
tionsin[19] and [34] carry over to this situation and can a so be used to characterize
the Bruhat order on V. For k a p-adic or real field one can also look at the Bruhat
order on V. This situation is however much more complicated and will need a
lot of additional work. The main complication is the fact that there is no longer a
unique open orbit. We intend to deal with thisin a future paper.

(2). The above algorithm can be implemented on a computer for each symmetric
k-variety Gy/Hg, asin [15]. The eventual goal is to be able to compute the orbits
of all finite cases and the infinite families up to a certain dimension. We should
note that some of the finite cases are extremely large and it will be hard to compute
these. The highest dimension of the infinite cases that can be handled will depend
on several factors. First of all it depends of course on the processor used, but more
importantly, it depends on the efficiency of both the algorithm and its implemen-
tation. To optimize the algorithm one will have to use some specific properties of
each of the symmetric k-varieties G/ H.

(3). To implement the above algorithm we can use most of the code written for
the computation of the orbits of a Borel subgroup acting on a symmetric variety
asin [19]. Nevertheless there will be alot of additional work, mainly due to the
fact that there are many more (I, 6)-indices then in the case of orbits of a Borel
subgroup acting on asymmetric variety asin [19]. There are 137 different types of
absolutely irreducible (T, 6)-indices, while there are only 24 absolutely irreducible
6-indices related to symmetric varieties.
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The amount of work needed to implement the algorithm can be reduced consid-
erably by using one of the available symbolic manipulation programs for which a
lot of Weyl group algorithms already have been implemented. For example one
could use the excellent package of Stembridge (see [41]), who has implemented
several Weyl group algorithmsin Maple. Even more suited is the package LiE (see
[27]). Using this package the calculation of W(IT) and the calculation of the min-
imal coset representatives in W/ W(I1) are easily implemented. Another reason
that LiE is agood choice is that the source code (written in C) is available, so one
can also optimize its algorithms to suit the above calculation of f¢ and V. An
implementation in LiE should be able to handle al the finite dimensional cases. If
amore efficient implementation of the algorithm is needed, then one will have to
write an independent program.

8. Computing ¢k (Vk)

In this section we give an agorithm to compute @i (Vk). This algorithm neces-
sarily depends on the classification of k-involutions. To get a classification of these
one needsto classify both the (T", 8)-index and the quadratic elements (see [15] for
more on this). The (T, 6)-indices have been classified for k the real numbers, p-
adic numbers, finite field, numbersfield or algebraically closed. However for most
of these fields a classification of the quadratic elementsis still lacking. For k = R
and k = k a classification of the k-involutions can be found in [11]. In these cases
the algorithm in this section can compute ¢k (Vk).

8.1. We will use the same notation as in the previous sections. In particular let
A be a maximal k-split torus of G, ® = ®(A), W = W(A), 6 € Aut(G, A) an
involution with A~ amaximal (6, k)-split torus. Let Ag = Ag(—6) be a basis of
do(—0) and extend thisto a6~ -basis A of ®. Thenby 4.12 we have ¢’ = ngo.

8.2. For the characterization of ¢(V) weusedthemap ¢yt : A% /H — ¢(V)/W C
4/ W. To compute gk (Vi) weneed to look at the map ¢kyk_1 : Aﬁ/ Hk — ok (Vi) /W,
where yx isasin 2.9 and ¢ asin 3.4.

Recall from 2.10 that we have anatural embedding ¢ : 4} /Hx — A?/H sending
the Hy-conjugacy class of a #-stable maximal k-split torus onto its H-conjugacy
class and we have that ¢k (Vk) C (V) C £ is W-stable. From [13, 4.13] it follows
now that the following diagram commutes.

—1

0 DKV
A/ He — oM/ W

lé‘ lid

-1

ALH 0 povyw
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This means that in order to find representatives for the W-orbits in ¢k (Vk) we
can look at H-conjugacy classes of #-stable maximal k-split tori instead of Hy-
conjugacy classes. This will enable us to characterize the Ag-standard involu-
tions in gk (Vk)/ W by using the classification of 6-stable maximal k-split tori in
[12, 13, 14].

8.3. Let A bead6-stable maximal k-split torus of G with A~ amaximal (0, k)-split
torus and let Sbe a 6-stable maximal k-split torus of G such that St a maximal k-
split torusof H, AT ¢ S" and A~ > S™. By [13, 4.10] such apair (A, S) always
exists. Let g1 € Zg(ATS™) such that g1Sg7 = A, n1 = 910(g1) ! € Na(A)
and w1 € W(A) corresponding Weyl group element. One easily checks that wj
is an involution and by 5.3 w1 is (6, k)-singular. It is easy to see that we can
choose w1 to be Ag-standard. Let 11 C Ag(—6) such that wq = w%l. Thisis
called the maximal (0, k)-singular involution. Since all 6-stable maximal k-split
tori G containing a maximal k-split torus of H are conjugate under H we get the
following result:

Lemma8.4. All maximal (0, k)-singular involutions are W-conjugate.

Combining the resultsin [13, §4] with the results of section 7 we get the follow-
ing result.

Theorem 85. Let A, S woHl be as above and let A; be a 6-stable maximal k-split

torus of G. Then we have the following.

1. There exists h € H such that A; = hAjh™! satisfies AT ¢ A] ¢ S* and
ATDA DS.

2. Thereexistsg € Zg(ATA;) suchthat gSg=t = A

3. Let n=go(g)~! € Ng(A) and w € W(A) corresponding Weyl group ele-
ment. Then w isa (0, k)-singular involution.

4. 1f wd € pk(Vi) isa Ag-standard involution, then w, is (6, k)-singular and
there exists s € W such that s(IT) C ITj.

5. Every W-orbit in ¢k (Vi) has a representative w% with IT C ITj.

Remark 8.6. It follows from the above result that in order to compute represen-
tatives for ¢k (Vk)/W it suffices to determine the maximal (6, k)-singular involu-
tions, which we can choose Ap-standard and representatives for al other W-orbits
in gk (Vk) are determined by the subsets of I1; which correspond to involutionsin
A . So to compute gi (Vi) we need to extend the algorithm for (V) in 7.19 with
the following additional step:

(6) For each k-involution determine the subset IT C A which represents the
maximal (6, k)-singular involution. The involutions w® € A% N (V) with
IT C I1; are representatives for the W-orbitsin ¢k (k).
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Remarks 8.7. (1). Themaximal (6, k)-singular involutions depend on the k-involution
and not on the (T", #)-index. In order to get alist of these for a specific field k one
needsfirst a classification of the k-involutionsfor that field. Sofar that classification
isonly known for k = k and k = R (see [11]).

(2). For k = R alist of the maximal (6, k)-singular involutionsisgivenin [14]. So
combined with the algorithm in 7.19 we can compute ¢k (Vi) for k = R.

(3). The computation of the orbit closuresin Vi is much more complicated than for
V. For afurther discussion of this see[18].

8.8. In[14] we showed that for k = R there exists a one to one correspondence be-
tween (6, k)-singular involutionsin A and Hg-conjugacy classes of 6-stable maxi-
mal k-split tori. Thisleads to the following resuilt:

Theorem 8.9. Assumek = R and let A, Vi, ¢k, €tc. be as above. Themap¢kyk—1 :
AL/ Hik = o(M) /W C 1/ W is a bijection.

Remark 8.10. It follows from this result that similar asin the case of k = k in [19]
the fibers of ¢k : Vk — J for k = R differ a Weyl group element. So these can
be computed in a similar way as in [19] for k = k. We note however that a more
efficient description of these is still needed. We hope to address this question in a
future paper.

We conclude with giving an example, which illustrates the above agorithm.

Example 8.11. Let G = SLo,(k) and assume k = R. Let 6(g) = L({g~ L1,
where L = ( 9 }). Then H =~ SP,,. Using the notation in [15] (see also [11] or
_[13]) t_he pair (G, 60) is of type Ag’nz_”l_l(l [lp, 1, €0). The corresponding (T, 6)-
index is:

Let B bethe Borel subgroup of upper triangular matrices, T the group of diagonal
matricesand A = {diag(az, ... ,an,a1,...,an) | @1,...,an € k*}. Clearly A C
T, T ismaximal k-split and Aisboth maximal 6-split and (6, k)-split. Theorbit BH
isopenin G. Let ® = ®(T) betheroot system of T with respect to G, ®* the set
of positiveroots of ¢ related to B, A the corresponding basis of &, W = W(T) the
Weyl group of T and X = X*(T) the group of charactersof T. Let wg € W such
that O(d+) = wo(®T), & = Bwo, vo € V and Ng = X(vg)d(X(vo)) "t € Ng(T)
such that ng induces wo in W and let ¢ be the involution of G given by ¢(x) =
Ny 10(x)ng, x € G. By Corollary 7.3 wg = wgo(é))w%’ where Ag(0) = {a € A |
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() = a}. Since (G, 0) isquasi (6, k)-split, we have Ag(6) = @ and wo = w\.
The set { consists of the set of involutionsin W. Let g = { - wg asin Lemma
3.24.

From [12, Table I1] it follows that the involutions w?, are all of type Ay + ... +
A1, (r times) and there is only one conjugacy class for each type.

Since (G, 0) isquasi (6, k)-split it followsthat themap ¢ : V — J{ issurjective.
So in particular (V) = {. However from [14, Table 2] it follows that the longest
(0, k)-split involution is the id, so gx(Vk) = {id}. The computation of { isasin

[19].
An implementation of the above algorithm in LiE is illustrated in Table 1. We
use there the following notation. Let A = {a1, ..., an} and write s = sy, for the

reflection defined by «j € A. Inthe table we list the minimal coset representatives
of W/W(IT) for each of theinvolutions w® € Lo >~ LA (V).

Table 1. Calculationof p(V) = 4

wd W/ W(IT)
n=2 id {id}
wo = St {id}
n=3 id {id, 51, Sp}
wo = 51 {id}
n=4 id {id, 51, $51}
S2 {id, s1, 83, 5153, 5251, 923}
wo = S15251538281 {id}
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