COMPUTING B-ORBITSON G/H

A.G. HELMINCK

Abstract. The orbits of a Borel subgroup acting on a symmetric variety G/H
occur in several areas of mathematics. For example, these orbitsand their closures
are essential in the study of Harish Chandra modules (see [Vog83]). There are
several descriptions of these orbits, but in practice it is actually very difficult and
cumbersome to compute the orbits and their closures. Since the characterizations
of these orbits are very combinatorial in nature, this work could conceivably be
done by acomputer.

In this paper we prove a number of additional properties of these orbits and
combine these with properties of the various descriptions of these orbitsto obtain
an efficient algorithm. Thisalgorithm can beimplemented on acomputer by using
existing symbolic manipulation programs or by writing an independent program.

Introduction

In the last two decades computer algebra has had a major impact on many areas
of mathematics. Best known are its accomplishments in number theory, algebraic
geometry and group theory. In the last few years several people have also started to
devise and implement algorithmsrelated to Lie theory. The most noteworthy exam-
ples of this are the package LiE written by CAN (see [MLL92]) and the packages
Coxeter and Weyl by J. Stembridge, which arewrittenin Maple (see[Ste92]). Inthe
LiE package most of the basic combinatorial aspects of Lie theory have been imple-
mented, following the excellent description and tables in [Bou68]. There remain
many, more complex aspects of Lie theory for which it would be useful to have a
computer implementation of the structure. In this paper we lay the foundation for a
computer algebra package for computations related to symmetric varieties. These
varieties are defined as the spherical homogeneous spaces G/H with G areductive
algebraic group and H the fixed point group of an involution. They occur in many
problems in representation theory, geometry, and number theory. (See for exam-
ple [OM84], [PdC83], [TW89], [Vog83]). Perhaps the best known application is
in the representation theory of Lie groups. There the symmetric varieties are of
fundamental importance in many problems, ranging from the representation the-
ory on symmetric spaces to the characterization of the characters of theirreducible
representations of asemisimple Lie group.

Most of the fine structure of the symmetric varieties can be described by the or-
bits of a Borel subgroup B acting on the symmetric variety G/H. The closure of
an orbit is an algebraic variety, which in most cases has quite complicated singu-
larities. In practice it is quite difficult and cumbersome to actually compute these
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orbits and their closures. Fortunately most of the geometry of these orbits and their
closures can be described combinatorialy and therefore most of this work could
be done by a computer. For this we will need a description which is both precise
and efficient enough to be implemented on a computer. Since the number of orbits

becomes quite large very quickly (approximately |W| 2 , Wwhere W isthe Weyl group
of G), it will be important to find an algorithm that is as efficient as possible. This
means that the algorithm has to use as much as possible of the rich combinatorial
structure, instead of blindly computing the orbits.

There are severa descriptions of these orbits and their closures (see [Spr84],
[Mat79, Mat83], [HW93], [Vog83] and [RS90]). For example we will often use
the orbits of H acting on the flag variety G/ B instead of the B-orbitson G/H. In
principle one can derive a method to compute the orbits from each of the different
characterizations of the orbits, but not all of these methods are precise enough to
be implemented on a computer.

A small additional problem in describing an algorithm is that the results about
these orbits are contained in a number of different papers, in which different ap-
proaches and notations are used. Tranglating the results from one setting to another
becomes sometimes technically quite complicated. So part of what needs to be
done is to describe and collect the relevant combinatorial structure of these orbits
in one setting. In this paper we will mainly follow [HW93] and give a description
of the orbit structure starting from an arbitrary orbit instead of the traditional closed
orbit asin [Spr84] and [RS90]. These results enable us to compute the orbits and
their closures starting from the unique open orbit, instead of a closed orbit. Since
most of the fine structure of a symmetric variety G/ H is associated with the open
orbit, thisisin general amore natural starting point for computing the orbit decom-
position. Many other results, like the combinatorial description of the orbit closures
in [RS90] which are needed for the computation of the closures of these orbits, will
also be tranglated to this setting. We will also derive a number of additional results
about these orbits which are useful for the actual computation. Finally, aspects
from these various characterizations will be combined in an efficient algorithm,
which computes not only the orbits, but also their closures. This algorithm can
be implemented on a computer using existing symbolic manipulation programs or
by writing an independent program. Probably the most efficient implementation
would be to write an extension to the program LiE. An example of this is given
in 8.33. Note that most of the remaining structure of a symmetric variety, like the
restricted root system, will aso follow from the above structure.

These results provide afirst step towards a solution of a more general problem:
namely, to classify the orbits of minimal parabolic R-subgroups acting on semisim-
ple symmetric spaces. These orbits are of importance in the characterization of the
discrete series representations of the semisimple symmetric space Gr/Hr. There
are similar characterizations of these orbits, but there are many more semisimple
symmetric spaces to consider and also some additional technical problems. For
more details, see [HW93], [Mat79, Mat83], [Hel91, Hel97, Hel98] and [Hel].
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A brief outline of this paper isasfollows. In section 1 we introduce notation and
review a few generalities about symmetric varieties. In section 2 we discuss the
various characterizations of the orbits of a Borel subgroup on G/H. These orbits
have been studied by many people. A first characterization for algebraically closed
fields of characteristic not 2 was givenin [Spr84]. For k = R or C adlightly differ-
ent characterization was given in [Mat79]. Additional results about these orbits ap-
pear in [RS90], [Mat83] and [Vog83]. Here we will mainly follow [HW93], where
a generalization of this orbit decomposition to non-algebraically closed fields was
discussed. One way to characterize the orbitsis by H-orbits of pairs (B, T), where
T is a 6-stable maximal torus and B D T a Borel subgroup. This is the easiest
characterization to describe and we will use this one in the introduction. In section
2 we also discuss the action of the Weyl group W on these orbits and the connec-
tion of these orbits with twisted involutions in the Weyl group. In particular we
analyze the natural map ¢ : V. — 4 € W, where V is the set of orbits and { the
set of twisted involutionsin the Weyl group W. We will classify the set of orbits V
by computing the image and fibers of ¢. Most of these results are from [HW93],
[RS90] and [Hel].

In section 3 we discuss the twisted involutions in the Weyl group and give a
detailed characterization. In [Spr84] a characterization of the twisted involutions
was given in the case that there exists a basis A of the root system ®(T) such
that 6(A) = A. This condition means that the corresponding orbit of Bin G/H is
closed. We generalize this characterization to an arbitrary basis A of ®(T). For
this characterization we passto an involution 8’ of ®(T), which stabilizes the fixed
basis A. Thisinvolution is also essential in the description of the orbit closures.

In section 4 we discuss the relation between the B-orbits on the symmetric vari-
eties associated with the involutions 6 and ¢’ as above. Thisis of importance if one
wants to classify the orbits starting from a pair (B, T) other than a standard pair
(i.e. oneinwhich 6(B) = B).

The next section discusses the orbit closures and the (Bruhat) order on these
orbits, induced by the closure relations. A combinatorial description of this geo-
metrically defined order on V was given in [RS90]. Their description of the order
was given with respect to a standard pair (B, T). In section 5 we show how the
results can be generalized to an arbitrary pair (B, T). Our formulation of the com-
binatorial Bruhat order differs dightly from the one in [RS90] and is more geared
toward the computation of the orbit closures. For example we generalize the notion
of “Bruhat descendants’ from the Weyl group to V and the set of twisted involu-
tionsin the Weyl group.

The relation between Borel subgroups containing a fixed maximal torus T and
orderson ®(T) is discussed in section 6. This includes a characterization of the
orbits of minimal and maximal dimensioninaW-orbitin V. In section 7 we discuss
anumber of properties of the open orbit.

Finally in section 8 we present the algorithm to compute the orbits and their
closures. This includes a discussion of possible computational complications and
also an example.
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1. Preliminaries

In this section we introduce notation and recall a few results from [HW93],
[Hel91] and [Hel98]. All algebraic groups and algebraic varieties are taken over
an algebraically closed field k of characteristic # 2 and all algebraic groups con-
sidered are linear algebraic groups. Our basic reference for reductive groups will
be the papers [BT65, BT72] and also the books [Hum75] and [Spr81]. We shall
follow their notations and terminol ogy.

1.1. Given an algebraic group G, the identity component is denoted by G°. We use
L(G) (or g, the corresponding lower case German letter) for the Lie algebra of G.
If Hisasubset of G, Ng(H) (resp. Zg(H)) isthe normalizer (resp. centralizer)
of Hin G. We write Z(G) for the center of G. The commutator subgroup of G is
denoted by [G, G].

If Gisareductive algebraic group, H a closed subgroup of G and A a subtorus
of H then we denote by X*(A) (resp. X.(A)) the group of characters of A (resp.
one-parameter subgroups of A) and by ®(H, A) the set of roots of Ain H. Let
W(H, A) = Ny (A)/Zx(A) denote the Weyl group of H relativeto A. If a €
®(H, A), then let U, denote the unipotent subgroup of H correspondingto «. If A
isamaximal torus, then U, is one-dimensional. Given a quasi-closed subset ¢ of
® (G, A), the groups Gy, and Gj/‘, are defined in [BT65, 3.9]. If G;’;, IS unipotent,
is said to be unipotent and often one writes Uy, for Gjj.

Throughout the paper G will denote a connected reductive algebraic group.

1.2. Involutionsof G. Let G be a connected algebraic group, 6 an automorphism
of G of order twoand Gy = {g € G | 6(g) = g} the set of fixed points of 6. Thisis
asubgroup of G whichisreductiveif G isreductive. If G issemisimple and simply
connected, then Gy is connected, but in general Gy is not necessarily connected.
The automorphism 6 will also be called an involution of G.

If Gisreductive and H an open subgroup of Gy, then we call the variety G/H a
symmetric variety. Symmetric varieties are spherical.

Notation 1.3. Given g, x € G, thetwisted action associated to 6 isgiven by (g, X) —
g* X = gx0(g)~L. Let Q and Q' denote the subsets of G defined by

Q=1{g'0(9) | ge G},
Q={geGlo@ =g

Theset Qiscontained in Q'. Both Q and Q' are invariant under the twisted action
associated to 6. There are only finitely many twisted G-orbitsin Q" and each such
orbitis closed [?, see]sect. 9]ri2. In particular, Q is a connected closed subvariety
of G.

Defineamorphismt: G — G by
(1) T(X) = X0(x 1), (xe G).

Then 7(G) = Qisaclosed subvariety of G and 7(x) = z(y) if and only if x 1y e
Gy. The morphism 7 induces an isomorphism of the coset space G/ Gy onto Q
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[?, see]2.2]spl. This map will be essential in the study of involutions of reductive
algebraic groups and their symmetric varieties.

1.4. ¢-stabletori. Let G beaconnected reductive algebraic group and 6 an involu-
tion of G. In this subsection we discuss 6-stable tori and the restricted root system
associated with a symmetric variety. First we give some notation.

15. Let T be as-stable torus of G. (Recall that according to aresult of Steinberg
[?, see]7.5]<t, there exists a O-stable torus T of G.) Write TQJr = (TN Gy)° and
T, = {xeT]0(x)=x1}0 Thenitiseasy to verify that the product map

W T9+ x Ty =T, p(ty, t2) =t1t7

is a separable isogeny. In particular T = T,"T,” and T,” N T, is a finite group.
(Infact it is an elementary abelian 2-group.) The automorphisms of ®(G, T) and
W(G, T) induced by 6 will also be denoted by 6.

The natural tori associated with the symmetric variety G/H are defined as fol-
lows:

Definition 1.6. A torus A of Giscalled 6-splitif 6(a) = a~* for every a € A.

The set of roots of amaximal 6-split torus gives a restricted root system, which
is the natural root system of a symmetric variety (see [Ric82b]). If k = C, then
G/H is the complexification of a Riemannian symmetric space. Therefore much
of the fine structure of the symmetric varietiesis similar to that of the Riemannian
Symmetric spaces.

2. Orbits of Borel subgroups on symmetric varieties

In this section we review some results about the orbits of Borel subgroups act-
ing on the symmetric varieties. Most of these results are due to Springer (see
[Spr84]). Over the real numbers these orbits were also studied by Matsuki (see
[Mat79, Mat83]). We follow the description given in [HW93], which isbasically a
generalization of [Spr84] and [Mat79] to non-algebraically closed fields. However,
besides such a generalization, the results in [HW93] yield also some additional
information about these orbits which is not contained in [Spr84] and [Mat79].

2.1. Let G be a reductive algebraic group, 6 an involution of G, Gy = {g € G |
6(g) = g} the set of fixed points of # and H an open subgroup of Gy. Asin (1) let
7: G — G bethe morphism defined by t(x) = x8(x)~1, x € G.

Let B be aBorel subgroup of G, T a#-stable maximal torusof B, N = Ng(T)
and W = W(T) = Ng(T)/T the corresponding Weyl group. The key lemmain
the study of the orbits of Borel subgroups on symmetric varieties is the following
result [?, see]Lemma 2.6]h-w.

Lemma 2.2. Every Borel subgroup B of G contains a 6-stable maximal torus of B,
unigue up to conjugation by an element of H N R, (B).

Using this result we can reduce consideration of the orbit decomposition to a
question about #-stable maximal tori and their Weyl groups.
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Proposition 2.3. If g € G satisfies 6(g) = g1, then there exists x € U such that
xgo(x)~1 e Ng(T).

2.4. The B orbits on G/H can be described now as follows. Set V = {x € G |
7(X) € N}. Thegroup T x H actson 'V by (x, 2)y = xyz 1, for (x,2) € T x H
andye V. LetV betheset of (T x H)-orbitson V. If v € V, welet x(v) € V be
arepresentative of the orbit v in V. The set V characterizes the double cosets (see
[HWO3]).

Proposition 2.5. Theinclusion map 'V — G induces a hijection from the set V of
(T x H)-orbits on 'V onto the set of (B x H)-orbitson G. In particular G isthe
digoint union of the double cosets Bx(v)H, v € V.

Remark 2.6. For algebraically closed fields this result is due to [Spr84]. For k =
R these orbits were characterized in a dightly different way (see [Mat79] and
[Ros79]). It is not hard to derive this characterization of the double cosets from
Proposition 2.5. Theresult is as follows.

Corollary 2.7. Let {T; | i € 1} be representatives of the H-conjugacy classes of
0-stable maximal tori in G. Then

H\G/B= | JW(H, T) \ W(G, T)
iel
Remark 2.8. Thefiniteness of V was proved in [Spr84]. The finiteness of the orbit
decomposition was a so discussed in [Wol74], [Ros79], [Mat79] and [HW93].

2.9. From the above results it follows that we can also characterize the orbits as
follows. Let 8 denote the set of al pairs (B, T), where T is a 6-stable maximal
torusof Gand B D T aBorel subgroup of G. Thegroup H actson 4 by conjugation
and we can identify the set of orbits V with §/H, the set of H-conjugacy classes
of pairs (B, T) in 4.

A pair (B, T) in 8 iscalled a standard pair if 6(B) = B. In that case it easily
follows that the orbit BH is closed and T(;L is a maximal torus of H. For more
details, see [Spr84] or [HW93].

2.10. From Proposition 2.5 it follows that for studying the B-orbits on G/H it
suffices to consider the set V. Using the twisted action of G on G, asin 1.3, one
can also characterize the orbit decomposition as follows. Consider the restriction
map |y :V — G. Thent(V) = Ng(T) N t(G), where t(G) = G xid, the twisted
orbit of id € G. Theset Ng(T) N t(G) is stable under the twisted action of T and
we have the following result:

Corollary 2.11. Thereisa bijection, induced by the map |+, between the set V of
(T x H)-orbitson V and the set of twisted T-orbitson Ng(T) N t(G).

This characterization is often very useful for calculating the fibers of the twisted
involutionsin the natural characterization of V inthe Weyl group. For more details
see2.15and 8.21.
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2.12. Action of W on V. Thereis anatural (left) action of the Weyl group W =
W(T) on V, which is defined as follows.

Letve Vandlet x=x(v). If ne N, thennx € V and itsimage in V depends
only on the image of n in W. This defines a left action of W on V, denoted by
(w, v) > w-v(weW, ve V). The W orbitson V are now in correspondence
with conjugacy classes of maximal tori. This can be seen as follows.

2.13. Let 7 denote the set of maximal tori of G and let 79 be the fixed point set
of 6, i.e., the set of 6-stable maximal tori. Let T and 'V be asabove. If x € V, then
xT x~ 1 isa#-stable maximal torus and conversely any 6-stable maximal torusin 7°
can be written as xTx~* for some x € V. The group H acts on 7 by conjugation.
If v e V, then x(v)"1Tx(v) € T¢. This determines a map from V to the orbit set
79/H. Since this map is constant on W-orbits, we also get amap of orbit sets

2) y:V/W— 7%/H.
We have now the following characterization of the W orbitsin V.

Proposition 2.14. Let G, 77 and y beasabove. Theny : V/W — 7¢/H isbijec-
tive.

For a proof of thisresult, see [HW93] and [Spr84].
There is anatural map from V into W, induced by the map 7|y : ¥V — Ng(T).
In the next subsection we analyze this map in more detail.

2.15. Twisted involutions. Recall that an element a € W(T) is atwisted involu-
tion if 6(a) = a~* (see [Spr84] or [HW93)]). Let 4 = 4y = L (W(T), 6) be the set
of twisted involutionsin W(T).

If veV,then t(x(v))T € W(T) isatwisted involution and is independent of
the choice of the representative x(v) € V of v. Thisdefinesamap ¢ : V — U,
given by ¢(v) = t(X(v))T, which is essential in the study of the orbit closures of
the B-orbitsin G/ H.

2.16. The Weyl group W actsalso on {. Thisaction comes from the twisted action
of W on (the set) W, which is defined as follows:. if w, wy € W, then w % wy =
ww10(w) L If wy € W, then W wq = {w * wy | w € W} isthe twisted W-orbit
of w1. Now { is stable under the twisted action, so that we get a twisted action of
WonJ.

Themap ¢ : V — J isequivariant with respect to the action of W on V and the
twisted action of W on J:

Lemma2.17. Letw e Wandv € V. Then p(w - v) = w * ¢(v).

Sincep : V — { is W-equivariant, weget amap ¢ : V/W — {/W. Note that
theimage of ¢ isaunion of twisted W-orbits. One easily proves now the following
properties of the maps ¢ and ¢ (see [HW93] and [RS90]).

Proposition 2.18. Let G, ¢ and ¢ be as above. Then we have the following.
(i) Letvy, vo e V. If p(v1) = ¢(v2), then vy = w - vo for somew € W.
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(i) ¢ : V/W — /W isinjective.
(iii) Thereisa bijection from¢(V)/W onto 79/H.

Before we can give adescription of the orbit closures, we need first adescription
of the twisted involutions in the Weyl group. This will be discussed in the next
section.

3. Twisted Involutions and Singular Roots

In this section we give adescription of the set of twisted involutions £. Inthe case
that 0(®*) = ®* a description of the twisted involutions was given in [Spr&4].
One can easily generaize this description and give a similar description of the
twisted involutions when 9(®*) # ®*. This follows essentialy from the results
in [HW93]. In the following we will discuss this characterization for the case that
O(d1) £ dT. First we need to review afew facts about singular roots.

3.1. Let B beaBorel subgroup of G, T C B a#-stable maximal torus of B, ® =
®(T) the root system of T with respect to G, ®* the set of positive roots of ®
related to B, A the corresponding basisof ®, W = W(T) the Weyl group of T and
Y ={sy | @« € A}. The Weyl group W is generated by X. In the sequel, the length
function| and Bruhat order < on W aredefinedrelativeto X. Let E= X*(T) ®7 R.
If o € Aut(®), then we denote the eigenspace of o for the eigenvalue & by E(o, ).
For asubset IT of A denote the subset of ® consisting of integral combinations of
IT by . Then & isasubsystem of ® with Weyl group Wi. Let won denote the
longest element of W with respect to IT.

Theinvolution 6 of G induces an automorphism of W, also denoted by 6, which
isgiven by

O(w)=0owoh, weW.

If s isthe reflection defined by «, then 0(sy) = Sy(a), @@ € P.

3.2. Theroots of ¢ can be divided into three subsets, according to the action of 6,
asfollows.

(@) () # La. Then o iscalled complex (relative to 0).

(b) 6(a) = —a. Thena iscaledreal (relativeto 6).

(c) 6(a) = a. Then x iscalled imaginary (relative to 6).

Forae®letT,={aecT|s@ =a° G, = Zg(Ty) and G, = [G,, Gq]. If
a isether rea or imaginary, then G, is 6-stable. Theroot « is caled 6-singular if
Gy ¢ H.

A root o € ® with 6(«) = « is called compact imaginary if G, C H. A root
a € & withf(a) = and G, ¢ H iscalled imaginary 6-singular.

For real roots we have the following result (see [Hel88] or [Spr84]):
Lemma 3.3. All rootsa € @ with 6(a) = —a are #-singular.

Remark 3.4. In 3.2 we considered roots under the action of an involution 6. In
the case that (G, 0) is defined over afield k which is not algebraically closed, one
needs to consider also the action of the Galois group of k/k, besides the action of
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6. This situation occurs frequently in the study of affine symmetric spaces or more
generaly in the study of symmetric k-varieties. For a more detailed discussion of
the different singular roots which occur in this situation, see [Hel97].

The above definitions of real, complex and imaginary roots carry over to the
Weyl group and the set V. We define first real, complex and imaginary elements
for the Weyl group, which then will imply similar definitions for V.

Definition 35. Let = 4y = {w € W | 6(w) = w1} denote the set of twisted
involutions.

Given w € {p, an element « € @ is called complex (resp. real, imaginary) rel-
ative to w if wha # +o (resp. wbo = —a, wha = ). We use the following
notation:

C'(w,0) ={aed®" | —a#wha <0}, Rw0) ={aecd" | —a=wba},

C'(w,0) ={a € ®" |a#whax >0}, (w0 ={aecd"|a=wda}.

We will omit 6 from this notation if there is no ambiguity as to which involution
we consider.

3.6. These definitions carry over to V now as follows. Fix v € V, let X = X(v)
and let Ty = x"1Tx. Then Ty isa6-stable maximal torus. The inner automorphism
Int(x~1) defines an isomorphism w, from & (T) onto the root system &1 = & (Ty).
We say that « isreal, complex or imaginary for v if o1 = w,(«) isreal, complex or
imaginary in the sense of 3.2 for T1. If o isreal, complex or imaginary for v, then
we also say that thereflection s, € W isreal, complex or imaginary for v.

The notions of real, complex and imaginary rootsfor v and for w = ¢(v) arethe
same:

Lemma3.7. Letv e V, w = ¢(v) and @ € ®. Then « isreal, complex or imagi-
nary for v if and only if @ isreal, complex or imaginary for w.

Proof. Let x = X(v), T = X 1Tx and w, be as above. Then 7(x) = x0(x) lisa
representative for w = ¢(v) in Ng(T). Let o € &(T) and a1 = wy() € O(Ty).
Thenw;10(a1) = 0, 0(w, (@) = w;10(w,) (B(a)) = INL(XO(X) 1) (B(ar)) = wh(a).
The result follows. O

We will use the same notation for v asfor w = ¢(v). In particular we will write
C'(v), C"(v), R(v), I (v) for C'(w), C"(w), R(w), | (w) respectively. It follows
from Lemma 3.7 that this notation does not depend on v € V.

3.8. Springer characterization of twisted involutions. The discussion on twisted
involutions in [Spr84] depends on the fact that (®*) = ® ™. Thisisequivalent to
the condition that 6(B) = B. Thisin its turn is equivalent to the condition that
the orbit BH is closed (see [HW93]). From the results in [HW93], one can derive
a generalization of the characterization of twisted involutions in [Spr84] to cover
B which need not be 6-stable. Basically all one needs to do is pass to another
involution which leaves & invariant. Let wg € W such that

) 0(Q") = wo(®™).
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and let ' = fwgp. Then wo and 6’ satisfy the following conditions:

Proposition 3.9. Let ®, ®T, 0, wo and 8’ be as above. Then we have the following
properties:

(1) wo € Ly.

(i) & (®T) = dT.
(iii) @ isaninvolution of ®.
(iv) 19/ = 19 * Wo.
Proof. (i). Since 8(®T) = wo(d™) it follows that wylo(dT) = &T and con-
sequently O(wg 1) (®T) = Owyl0(@T) = H(PT) = wo(®T). So H(wy?) = wo,
which proves (i).

(ii) followsfrom the fact that @ isan involution and 6(® ™) = wo(d ). Namely
then 6/ (®1) = Owo(®T) = ®T. So # equalstheid or a diagram automorphism.
All diagram automorphisms are involutorial, except when @ is of type D4. That 6’
isin fact involutoria follows as follows:

(6')? = Bwobwo = B(wo)wo = wy wo = id.
This proves (iii).
(iv). Let w € 4y and consider wwy L. Note that from (i) it follows that fwo =
wg 16. But then

Q(wwal) = 9ww618 = Qwbhwg = wowalewéwo = wof wo = wow .

S0 Jy C Jg - wo. A similar argument shows the opposite inclusion, which proves
the resullt. O

Remark 3.10. By choosing a suitable minimal parabolic k-subgroup, wo becomes
an involution (see also Lemma 6.4).

For the real, complex and imaginary roots we can show the following:

Lemma3.1l. If w € 4y and w’ = wwyg, then w’'6’ = wé. In particular we have
[(w,0) = I(w,0), R(w,0) = R0,
C(w,0) = Cw,0), C’"(w,0) = C'(w',0).
Proof. Thefirst statement follows from Proposition 3.9. Namely,
w8 = wwebwg = wwobwehd = wwob(wo)d = wwowale = wé.
Theremaining statementsfollow fromthis, sinceif o € ®*, then w’¢’ (o) = wh(«).
[

Instead of working with 6 and w we can now work with 6" and w’. Combining
the above with the description of twisted involutions in [Spr84], we get now the
following characterization of the twisted involutions.

Proposition 3.12. [HW93, Proposition 7.9] If w € gy and w’ = wwg € Jg, then
there exist s1, ..., s, € T and a ¢'-stable subset IT of A satisfying the following
conditions.

(i) w =si...5wd0 (sp)...0 (s1) and [ (w') = 2h + | (wY).
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(i) wha = —a,a € P (i.e @F C RwY,0)).

Moreover if w' = t1...tqw36 (tm)...0'(t1), where ty, ... ,tme T and A a 6’
stable subset of A satisfying conditions (i) and (ii), then m=h, s;...sI1 =
t1...thA and

S1...50'(Sh)...0/(s1) =t1...thd (th) ... 6 (t1).
The above results suggest the the following definition.
Definition 3.13. Given w € 4y, a decomposition
wwg = Uwone'(u_l)
withu e Wand IT C A iscaled aSpringer decomposition of w if

(i) (wwo) = 2 (u) + 1 (wd),
(i) we'|M = —1.

In the remainder of this subsection we give a criterion to classify the Springer
decompositions of twisted involutions. These results are from [HW93, sect. 7].

Definition 3.14. A subset v of @ is parabolic if ¢ is closed and v U —y = .
Given any subset  of @, let 15 denote the set v N — and v, the complement of
Ysin .

The minimal #-stable parabolic subsets of ® can be characterized asfollows (see
[HWI3]).

Lemma 3.15. Let v be a #-stable parabolic subset of ®. Then v is a minimal
0-stable parabolic subset of ® if and only if s = {0 € |0 = —a}.

Definition 3.16. A parabolic subset v of ® iscalled (9, ®T)-special if,
U DOt No@T).
3.17. Let v bea (4, ®*)-speciad minimal -stable parabolic subset of ®. Set
(4) W+ = (Wsm CD+) U Wu-
Then ¢ isasystem of positive roots of ®. Consider the sets
Qo= NyYs={aec ®"|0a = —a},
Q=0T Ny,
Q_=dT N —yn.
It follows readily that we have the decompositions
T =QoUQLUQ_,
YT =QoUQLU—-Q_.
Since v is (9, ®T)-specid, Yy D T NO(PT) and so
(5) Q. D> dTNnodh).
Now let Q' denote the complement of ®* N6(d*) in 2. From (5), we have that
(6) 0(Q), 0(Q-)c —dT.
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Lemma 3.18. Let v bea (4, ®*)-special minimal §-stable parabolic subset of @,
YT beasin (4) and w € W such that w(®™) = ¢". Let [T’ be the set of simple
roots of Q¢ and IT the subset of A with IT" = wIl. Then we have the following
conditions.

(i) wo = wwd o' (w™h).

(i) 1(wo) = 2l (w) + I (w9).
(i) w6’ = —1.
(iv) O|IT = —1.

Lemma3.19. Let w € Wand IT C A. Suppose that
wo = ww%G/(w_l)

such that | (wg) = 2l (w) + I(w%) and w%6'|TT = —1. Then there is a unique
(9, @™ )-special minimal §-stable parabolic subset y of ® such that

w(®T) = (YsNdF) Uy,

The following result characterizes the Springer decompositions of the twisted
involutions [?, see]Proposition 7.24]h-w.

Proposition 3.20. Let w € 4y and & = wé. Then we have the following conditions.

(i) &isaninvolution leaving @ invariant.
(ii) Givenany (&, ®)-special minimal &-stable parabolic subset v of @, let u €
W be the element such that

u(@") = (YsNd ) Uy

Then there exists IT C A such that
(@) u(df) =ysnN T,
(b) wwo = uw% e’ (u™t) isa Jpringer decomposition.

(iii) Thereisaoneto onecorrespondence, givenin (ii), between theset of (&, ®*)-
special minimal &-stable parabolic subsets of ® and the set of Springer de-
compositions of w.

4. Relation between 0 and ¢’

In section 3 we saw that if we characterize the orbits in terms of twisted invo-
[utions with respect to a pair (B, T) which is not standard, then one needs to use
theinvolution 6’ of (X*(T), ®(T)) instead of 6 to get a combinatorial description
of the related twisted involutions. This involution will also be of importance for
the description of the orbit closures (see section 5). So naturaly there arise the
guestions of whether this involution ¢’ can be lifted to an involution of G, and if
so, whether that involution is conjugate to 6. In this section we show when 6’ can
be lifted to G and what the relation is between the double cosets for 6 and 6. First
we address the question of lifting, for which we look at a dightly more generd
problem.
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4.1. Let BbeaBore subgroup of G, T C B a#-stable maximal torus, W = W(T),
® =d(T),and L = 4y the set of twisted involutionsin W. Let w € { and & = w6.
Then & isan involution of @, which isof importancein the Springer decomposition
of w (see Proposition 3.20). In the following we show when this involution & can
be lifted to an involution of G and when thisinvolution is conjugate to 6.

The first question can be solved as follows.

Lemma4.2. Let w € W and n € Ng(T) a representative. Then Int(n)6é is an
involution of G if and only if 6(n) = n~1z withze Z(G).

Proof. Since Int(n)8Int(n)d = Int(n(n)) it follows that Int(n)é is an involution
if and only if no(n) € Z(G). O

To answer the second question we need more notation. Let V,Vand¢ : V — 4
beasin2.15. If w € ¢p(V), takev € V withw = ¢(v), let x = x(v) € 'V bearep-
resentative and set n = x9(x) "1 € Ng(T); then n represents w, and £ = Int(n)f =
Int(x)6 Int(x~1). So the involution & is conjugate to 6. This observation leads to
the following result:

Lemma43. LetV,V,¢p:V — { beasabove. Let w € 4, n e Ng(T) arepresen-
tative of w and & = Int(n)6. Assumethat 6(n) = n~1z withze Z(G). Then ¢ is
conjugateto 6 if and only if n € 7(V)Z(G).

Combining the above results we get:

Lemmadd. LetV,V,¢:V — { beasabove and let w € 4. Then the following
are equivalent.

(1) There exists a representative n € Ng(T) for w, such that & = Int(n)6 is an
involution of G conjugate to 6.
(2) weoplV)Cd.

45. Let Band T beasabove. Asin (3), let wg € W= W(T) besuchthat9(®™*) =
wo(®™) and let 0/ = Owg = wgle. We can solve now the question of when the
involution ¢’ can be lifted to a conjugate of 6. By Lemma 4.4 it suffices to show
that wo € (V). Thisisequivalent to the following:

Proposition 4.6. Let V, V, ¢ : V — { and wg be as above. Then wg € ¢(V) if
and only if G has a 6-stable Borel subgroup.

Proof. Assume first wg € ¢(V). Let vg € V be such that ¢(vg) = wp and let
Xo = X(vg) € V be a representative of vg. Then t(Xp) iS a representative of wq
in Ng(T). Since 6(®T) = wo(PT), we have 6(B) = t(x0) Br(xg1). But then
B1 = 9(x51) BO(xo) isa0d-stable Borel subgroup of G.

Conversely, assume By C G is a #-stable Borel subgroup. By Proposition 2.5
there exists x € 'V such that By = xBx~1. Since 6(Bg) = By it follows that

0(B) = 0(X) " IxBx10(x) = t(0(x) 1) Br(6(X))

Now 7(8(x)~1) € Ng(T). Let w € W be the corresponding Wey! group element.
Then (1) = w(d1), 0w = wg € (V). O
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Remark 4.7. Since G is defined over an algebraically closed field, the existence
of a 6-stable Borel subgroup is guaranteed by a result of Steinberg (see [Ste68]).
For non-algebraically closed fields one can prove a similar result, using minimal
parabolic k-subgroups instead of Borel subgroups. However in this case 6-stable
minimal parabolic k-subgroups of G do not necessarily exist. See [HW93, sect. 3]
for adiscussion of ¢-stable parabolic k-subgroups.

If &£ e Aut(G) with &(T) = T, then by abuse of notation we will write &|® for
the action of £ on . Summarizing the above results we get now the following
result.

Corollary 4.8. Let wg, 8’ be asabove. There exists a representativen € Ng(T) of
wo, such that & = Int(n)0 isan involution of G conjugate to 6 satisfying §|® = ¢'.

4.9. Since the involutions 6 and 6" are conjugate, the orbit decompositions of the
corresponding symmetric varieties under the action of aBorel subgroup are similar.
In the remainder of this section we discuss the relation between these double coset
decompositions.

Let B, T,V,V,fand¢:V — J beasabove Write ® = &(T) and W =
W(T). Take wo € W such that (d) = wo(d™), No = X08(X0) " € Na(T) N
7(G) a representative of wy?, 6 = Int(ng)é and H' = xoHx5. Then H' isa
closed reductive subgroup of G satisfying

GY) c H' C Gy.

Denote the actions of # and ¢’ on ® also by 6 and &. Then 6 = fwo = wgy 2.
Asfor 6 let 7' : G — G be the map defined by v/(x) = x¢' ()1, V' = {x
G| 7 (X) € Ng(T)}, V' the set of (T x H’)-orbitsin V', 44 the set of twisted
involutions of W with respectto ¢’ and ¢’ : V' — 4y asin 2.15.
From 3.8 we get the following relations between the sets Vv, V', £ and 4.

Lemma4.10. Let vV, V/, 4, dg, X0, Ngp and wq be as above. Then we have the
following.

(i) V' =v.xgtand 7/(V') = 7(V) - ny L.

(i) Lo = Lp - wo.

4.11. Asin 2.16 there is also an action of the Weyl group W on 4. Namely if
w e Wanda' e 4y, then define an action w +’ &’ = wa'é’ (w) 1. Since§’ = dwyg
and a8’ = awg for some a € 4y, we get

(7)

w ' @ = wawoed w0 = wawowg 10w owe = wadw towe = (w * a)wo.

This meansthat right translation by wq gives an isomorphism ¢, : 4 — {4, which
is equivariant with respect to the actionsof W on £ and 4.

On the other hand, the map g — gxa1 fromV to V' inducesamapé: V — V',
Then ¢’ o § = 1, 0 9. We summarize thisin the following diagram:
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v % v

A
Lug
o ——, o

The above analysis of the actions of W on 4 and 44 leads to the following result.

Proposition 4.12. Let V, V', {, dy, Nng and wo be as above. Then we have the
following.

(i) Themap iy, : 4 — 44 induces an isomor phism between 4/ W and £/ W.
(i) VW~ V/W=>~¢(V)/W==ep(V)/W.

Proof. Since ¢,,, : 4 — g is equivariant with respect to the actions x resp. ' of
W on { resp. g, thefirst result is clear.
(ii) isimmediate from the above analysis and Proposition 2.18. O

Remark 4.13. The above results describe the relation between the orbits for 6 and
0’. In many explicit calculations it is easier to switch to the open orbit, instead of
the closed orbit and the above results describe the relation between the cosets. See
also section 8.

5. Orbit closures and a Bruhat type order

In this section we discuss a number of results about the orbit closures and the
Bruhat type order induced by the closure relations. First some more notation.

5.1. Let B be afixed Borel subgroup of G and T a 6-stable maximal torus of B.
Let ® = ®(G, T) denote the set of rootsof T in G and & = & (B, T) with basis
A. Let s, denote the reflection defined by o € ® and write ¥ = {s, | « € A} for
the set of simple reflections in W. Then (W, X) is a Coxeter group. For o € @,
let g, be the root subspace of the Lie algebra g = L(G) of G corresponding to
a. We have the decomposition ¢ = L(G) = L(T) @& ®uead go- Given o € A,
let P, = Ps, denote the standard parabolic subgroup of G containing B such that
®(P,, T) = (ZanN ®) U dF. Itiseasy to see that

(8) dim(P,) =dim(B) +dim( @ g,) =dim(B)+ 1.

yeZanNd+

52. Let Q={gf(g)~!| ge G} beasin1.3. Theset Q is stable under the twisted
action of G defined by g« x = gx0(g)"1, ge G, xe Q. Let v e V, x = X(v),
O, = BxH and n = x8(x) 1. In the following we will describe the closure of the
orbit Bxnin Q. Sincecl(O,) = t~1(cl (B« n)) thiswill aso give a description
of the orbits ®, = BxH in G.

Let w be the image of nin W and w’ = wwg. We write w’ as in Proposition
3.12,

/

w =s1...5wd0 (sn)...0'(s1).
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with I (w’) = 2h + 1 (w%). Chooseny, ..., Ny € Ng(T) withimages sy, ..., S in
W respectively. Sets =5, andlet B = P,, 1 <i <hbeasin5.1. If wewrite
u=n;t...nyIxand m= ud(u)~1, then we have the following description of the
orbit closures [?, see]Proposition 9.5]h-w.

Proposition 5.3. Let B, v, X, n, w, w’, u, m, IT be as above. Then we have the
following.
(1) cl(Bxn)y=Py*x---%x Phx Ppsxm.
(i) cl(@,) =cl(BxH) = t=(cl(B*n)) = P;... P,Pr0O,.
(i) dim(B*n) = =, (dim(P) — dim(B)) + dim(Pr * m) = h+ dim(Pp =
m).

This result gives a fairly detailed description of the orbit closures. It suggests
that the closure of an orbit O, isto alarge extent determined by the corresponding
twisted involution ¢ (v). To actually compute the orbits contained in the closure of
an orbit one typically uses the Bruhat order defined by the closure relations. We
discuss this order in the next subsection.

5.4. Bruhat order on V. Let v € V, X = X(v) and let ®, = BxH denote the
corresponding double coset. Thisisasmooth subvariety and the closure cl (9,) is
a union of double cosets. The Bruhat order on V isthe order < on V defined by
the closure relations on the double cosets @, = Bx(v)H. Thus vy, < v if and only
if @y, C cl(0Oy).

We can represent the closure relations on the set of double cosets Bx(v)H by a
diagram, using the above Bruhat order. Thiswill be called the diagram of V.

The Bruhat order on V' is defined similar as for V and will be denoted by <’.
Usingthemap § : V — V' asin 4.11, we get the following relation between the
Bruhat order on V and V'. Let v1, vo € V, then

9 v1 <vp ifandonlyif &(v1) <’ 8(v2).

In the following we will only characterize the Bruhat order for V. The diagram of
the orbits for V' is the same.

Remark 5.5. In the case of the Bruhat decomposition of the group G (i.e. B-orbits
on G/ B), Chevalley gave acombinatorial description of this geometrically defined
order. Here the Bruhat order on the B x B-orbits on G corresponds to the com-
binatorially defined Bruhat order on the Weyl group. In the case of B-orbits on
the symmetric variety G/ H, Richardson and Springer recently gave asimilar com-
binatorial description of the Bruhat order on V (see [RS90]). They used the map
¢V — [, asin 215, to map elements of V to twisted involutions in the Weyl
group. An additional complication in this case is that this map is often not one to
one. Note that the Bruhat order on V also induces an order on {. A combinatorial
description of thisorder on 4 can be found in [RS90]. In this paper Richardson and
Springer aso prove that this combinatorial order on 4 and the Bruhat order on V
are compatible (i.e. v1 < vo if and only if p(v1) < @(v2)).

A small problem is that the combinatorial description of the Bruhat order on V
and £ in [RS90] is given with respect to a standard pair (B, T). However using



COMPUTING B-ORBITS ON G/H 17

the results about twisted involutions in section 3 and 4 and the above description
of the orbit closures, one can generalize these results to an arbitrary pair (B, T).
We will discuss in the remainder of this section how the results in [RS90] carry
over to this more general setting. Note that, if the pair (B, T) is not a standard
pair, then the combinatorics of the orbit closures are actually related to {4y and
not to 4. Soinstead of ¢ : V — { we need to consider ¢, 0 ¢ : V — g, Where
Lluwg - 4 = Jg isasin 4.11. We will define two opposite orderson V and {,: one
related to a closed orbit, the other related to the open orbit. The latter will be useful
for the computation of the orbit closures, when one uses a characterization of the
orbits related to the open orbit. For more details see Corollary 5.26 and 8.30. Our
formulation of the combinatorial Bruhat orders on V and {y differs slightly from
the one in [RS90] and is more geared towards the computation of the orbit closures.

Finally we will also review a number of properties of the combinatorial Bruhat
orders on V and 4 which will be needed for the actual computation of the orbit
closures.

5.6. To define the combinatorial Bruhat order on V, the first thing we need to do
is to analyze the description of the orbit closure in Proposition 5.3 in more detail.
The set Pn Oy asin Proposition 5.3 can also be described by a sequence P, ... P,
acting on a closed orbit, where (s1, ..., S) isasequencein . To prove this, it
suffices to analyze the rank one situation. A detailed description of thisis given
in [RS90] and [Hel]. Roughly the results are as follows. Let v € V, x = x(v) and
O, = BxH the corresponding double coset. If s € X, then Ps©®, = PsxH isaunion
of one, two or three (B x H)-orbits.

The rank one analysis leads to the following result, which enables us to define
an action of the Coxeter group (W, X) on V.

Lemmab.7. Letv € V and s € X. Then we have the following.

(i) Pscl(0,) isclosed.
(i) PsO@, contains a unique dense (B x H)-orhit.

Thefirst statement follows from [Ste74, Lemma 2] and the second statement can
be found in [RS90, sect. 4].

5.8. Admissible sequencesin V. Related to asequences = (s, ..., ) in X we
can define now a sequence v(s) = (vo, v1, ..., vk) InV asfollows. Let O,, be a
closed orbit and for i € [1, K] let @,; bethe unique dense orbitin P59, ,. Wewill
call san admissible sequence for v € V if there exists a closed orbit 9,,, such that
the sequence v(s) = (vo, v1, ..., vk) inV satisfies

(10) dlmps+1psl(9v0>d|mpsP51(9v0 fOfI:].,,k—l,

and v = vy. Inthiscase we will aso call the pair (0,,, s) an admissible pair for v.

The above sequences start at aclosed orbit and build up from there. The question
arises of whether one could start at the opposite end with the open orbit and build
down from there. Unfortunately this is not possible. The reason for this is that
Ps©, can consist of three (B x H)-orbits. Later on we will show that for twisted
involutionsin 44 we can actually go up and down.
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Although we cannot move down from the open orbit, it is possible to move up
from any orbit to the open orbit by means of a sequence sin X. The corresponding
sequence in V is defined as follows. Let v € V, s= (s1,...,S) asequence in
¥ and vmax € V the open orbit. Define the sequence vo(S) = (v, v1, ..., vk) in
V as follows. Let vg = v and for i € [1, K] let @,, be the unique dense orbit in
PsOy_,. If vk = vmax, We call this an open-sequence for v in V. We will call
an open-sequence for v in V an admissible open-sequence for v in V if it satisfies
condition (10).

The existence of both an admissible pair and an admissible open-sequence for
each v € V isstated in the following result.

Theorem 5.9. Let v € V. Then we have the following.

(i) There exists a closed orbit @, and a sequence s = (sg, ..., Sk) in X such
that cl (0,) = Ps, ... Ps;0y, and dim O, = K+ dim Q.
(i) There exists an admissible open-sequencet for v.

Thisresult is arefinement of [RS90, Theorem 4.6] to arbitrary pairs (B, T) and
follows easily from Proposition 5.3 and the rank one analysis.

5.10. If s= (s1,..., ) isasequencein X, then we write £(s) = k for the length
of the sequence. The length L(v) of an element v € V can be defined now as
follows. Let (O,,, S) be an admissible pair for v. Define L(v) = k=dimO, —
dim@,,. Since al closed orbits have the same dimension the above definition of
length does not depend on the admissible pair for v.

The relation between the length of an admissible open-sequence for v and an
admissible sequence for v is now as follows [?, see]Lemma 7.2]ri-sp.

Lemmab.11. Let v € V, vmax € V the open orbit, s an admissible sequence for v
and t an admissible open-sequence for v. Then we have the following.

(i) L(v) = £(9).
(i) £(t) = L(vmax) — L(v) = L(vmax) — £(9).

Remark 5.12. The above discussion shows how a sequences = (sp,...,S) in X
can be used to define a sequence v(s) = (vg, v1, ..., vk) in V. Using the map
¢V — J the sequence sin X also defines sequences a(s) = (ag, a1, ..., ak) in
Janda'(s) = (ay, @), ..., &) indy, whereaj = ¢(vj) and a = (tyg 0 @) (vj). In
5.19 we will give acombinatorial description of these sequencesin £ and £y .

The sets of admissible sequences and admissible open-sequencesin V each have
natural orders. These orders are defined as follows.

5.13. Combinatorial Bruhat order on V. Let x, y € V. Then wewrite x < y if
there exist admissiblepairs (9,,, S= (S1, ... , S)) for xand (O, t=(t1, ..., t))
forywithk <rands =t;fori =1,... k. Wewrite x <, Yy if there exist admis-
sible open-sequences s = (Sy, ..., S) for xandt = (tg,...,t) for ywithk >r
ands =tifori=1,...r.

It is easy to see that < and <, define partial orders on V. Moreover one easily
shows that these orders are opposite:
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Lemma5.14. Letx,ye V. Thenx < yifandonlyify <, X.

The order < on V is the same as the standard order on V as defined in [RS90,
sect. 5]. It follows now that the order < on V and the geometrical Bruhat order <
are the same [?, see] Theorem 7.11]ri-sp.

Theorem 5.15. Let < bethe order on V asin 5.13, < the Bruhat order on V and
X, ye V.Thenx < yifandonlyif x < y.

In thefollowing we will define orders on the set {4 of twisted involutions similar
totheorderson V asin 5.13.

5.16. (W, X)-action on 4 and 4. In order to give combinatorial definitions of
the admissible sequencesin £ and {4 asin 5.12, we have to define first actions of
(W, X) on 4 and 4y . We begin with the former following [RS90, sect. 3.1].

If se X, defineamap n(s) : 4 — { asfollows. Leta e 4. If sxa=athen
set n(s)(a) = saand if sxa # athen set n(s)y(a) =s+*a. Themap n(s) isa
bijection of 4 of period two which does not have any fixed points. Write so a for
n(s)(a). Thisoperation extendsto an action of (W, X) on { asfollows. Let w e W
and s ... S¢ areduced expression of w with respect to A. Then for a € { define
woa=Sko...0851 0a. Oneeasly shows that this definition does not depend on
the reduced expression for w € W.

The action of (W, X) on 4 can be defined similarly. One can also induce this
action from the above action of (W, £) on £ using the bijection ¢,,, :  — J¢ as
in4.11. Let n'(s) = Lwon(s)t,;(} be the bijection of {4 induced by n(s) : & — J.
Recall that by Lemma4.10 a € J if and only if awg € Ly. SO, if S*x awg = awg
then n’(s) (awg) = sawg and if s* awg # awg then n’(s) (awg) = s* (awg). We
write so’ awg for n’(s) (awp).

5.17. Admissible sequencesin {y. Asin V, asequence S= (Sg,...,S) in X
induces sequencesin gy and 4. These sequences, which we will call X-sequences
in 4g or £, are defined by induction as follows. The sequence in 4y is a(s) =
(ap,a1,...,a),Whereag=1anda; = 5 o' a1 fori € [1, K]; the sequencein 4
isdefined similarly. We will mainly use sequencesin Jg .

These X-sequences start at the identity in 4y or 4 and build up from there. One
could also start with the longest element in the Weyl group with respect to A and
build the sequence in {4 or {4 down from there. In that case we get the following.
Let wg € W bethelongest element with respect tothebasis A. If s= (sq, ..., )
isasequencein X, then define asequenceb(s) = (bo, by, ..., bk) in 4 by induc-
tion asfollows. Let bg = wg andfori € [1, K] let b; = s o’ bj_1. Such a sequence
will be called a wQ -sequencein 4. The w -sequencein { is defined similarly.

- 0
Remark 5.18. Since Jgw), = Lou0 = Louwow
Jo correspond to T-sequencesin Ly w?.

o it followsthat the w( -sequencesin

To define an order on {y compatible with this action we need first to define
admissible sequences. These are defined as follows. For w € W let | (w) denote
the length of w with respect to the Bruhat order on W.
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Definition 5.19. Lets=(sy, ..., S) beasequencein ¥ andleta(s) = (ag, as, . . .
(resp. b(s) = (bg, b1, ..., by)) be the X-sequence (resp. wg-sequence) indg in-
duced by s. Then sis called an admissible sequence (or an admissible X-sequence)
if 0=1I(ag) <Il(a1) < ... <l(ak). The sequence sis called an admissible wg-
sequence if I(wg) =1l(bg) > I(by) > ... > I(by). If a € 4y, then the sequence s
in X is caled an admissible X-sequence for a (resp. an admissible w%-sequence
for a) if sisan admissible X-sequence (resp. admissible wg-sequence) anday =a
(resp. by = a).

Ifae gy ands= (s1,...,S) an admissible X-sequence for a, then we define
thelengthof aas‘(a) = ¢(s) = k.

Using a similar argument to that in [RS90, Lemma 3.4], it follows that every
element of 4 has an admissible X-sequence and an admissible wg-sequence:

Lemma5.20. For every a € 4y, there exist sequencessand t in ¥, such that sis
an admissible X-sequence for aand t isan admissible wg-sequence for a.

From thisresult we get the following relation between thelength of an admissible
Y-sequence for a and an admissible wg-sequence for a[?, see]Lemma 8.18]ri-sp.

Lemmab.21l. Leta e {4y, sbeanadmissible 3-sequencefor aandt an admissible
w? -sequence for a. Then £(t) = ¢(wQ) — £(@) = £(wq) — £(s).

Asin V the admissible sequencesin {4 induce partial orders on 4. In fact the
3-sequences and w%-sequences in 4o lead to opposite ordersin g . These orders
are defined asfollows.

5.22. Bruhat order on {y. Leta, b € 4y. Definetheorder <3 on 4y with respect
to the admissible X-sequences as follows. Write a < b if there exist admissible
3-sequencess= (S, ..., S) foraandt = (t1, ... ,t;) forbwithk <r ands =t
fori=1,...k

Similarly, using admissible wg-sequences we get an order <, on Jy as fol-
lows. If a, b € 4y, then write a <5 b if there exists admissible wg-%quencess =
(s1,...,%) foraandt = (tp,...,t) forbwithk<rands =tifori=1,...k

The orders <1 and <2 define partial orders on {y. The order <1 will aso be
called the Bruhat order on 44 . Using a combinatorial argument one can show that
this order on 44 is compatible the partial order on 44 induced by the Bruhat order
on the Weyl group W. The orders <; and <2 define opposite orders on 4. We
summarize thisin the following result [?, see]sect. 8]ri-sp.

Proposition 5.23. Let a, b € {y. Then we have the following.
(i) An admissible sequence for a can be extended to an admissible sequence for
0
wA.
(i) wg isthe longest element of £, with respect to <.
(i) a=xy bifandonlyif b <5 a.

From the above results it easily follows now that the admissible sequencesin V
lead to admissible sequencesin {y .

» &)
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Lemmab5.24. Let v € V. If (Oy,,S= (S1,...,S)) is an admissible pair for
v and v(s) = (vo, v1, ..., vr) IS the corresponding sequence in V, then a(s) =
(ag, ag, ..., a), Withaj = 1,,,0(vi) (i =1, ..., k), isan admissible sequence for
A= lyyp(V).

Combining the above results we obtain now the following relation between the
Bruhat order on V and the Bruhat order on {4 .

Theorem 5.25. Let v € V, a=1,,¢(v) € g and s= (sq, ... , S) asequencein
¥. Then sis an admissible sequence for a if and only if there exists a closed orbit
O, such that (0,,, S) isan admissible pair for v.

Using the opposite sequences we also get the following result:

Corollary 5.26. Let v € V, vmax € V be the open orbit, a = 1,),¢(v), amax =

tw®(VUmax) € g, and t = (tg, ..., t) an admissible wg-sequence for amax. A
sequences = (sy, ... , ) in X isan admissible open-sequence for v if and only if
W= (t,...,t,S, ...S1) isanadmissible wg-sequencefor a.

5.27. The question which remains now is how to compute the closure of an orbit
xin V. Aswe have seen the closure of this orbit consistsof {y € V | y < x} and
therefore it becomes aquestion of the Bruhat orderson V and 4. In the case of the
Bruhat order on the Weyl group one uses Bruhat descendantsto calculateal yin W
which are less than or equal to a given element x with respect to the Bruhat order.
Using the above characterizations of the orderson V and 44 in terms of admissible
sequences, we can use asimilar procedure.

5.28. Bruhat descendants. Let v € V and let w = ¢,,,¢(v) € dg. The Bruhat
descendants of v are those elements x € V for whichx < vand L(x) = L(v) — 1.
Similarly the Bruhat descendants of w are those y € {4y for which y <1 w and
£(y) = L(w) — 1.

A description of the Bruhat descendants of v or w follows easily from the fol-
lowing property of the Bruhat order on V [?, see]5.12]ri-sp:

Property 5.29. (Exchange property). Let x € V and (Oy,, S= (S1, ..., S)) bean
admissiblepair for x. Letse Y andy € V besuchthat x=soy, L(y) = L(x) — 1.
Then there exist i € [1, K] and an admissible pair (9, = (s1, ..., S5, ..., %))

for y, such that the pair ((9;0,t =(s1,...,5§,...,% 9)) isan admissible pair for
X.

The Bruhat order on {4 satisfies asimilar property.

5.30. It followsfrom thisthat in order to compute the Bruhat descendants of v € V
one needs to do two things.

(1) Find the closed orbits contained in the closure of v. For this see 8.23.
(2) Find the Bruhat descendants of w in {y.
From the exchange property it follows that the second problem is basically a matter

of computing admissible subsequences. These are defined as follows. Let s =
(s1,...,%) beasequencein . A sequencet = (t1,...,t) in ¥ iscaled an



22 A.G. HELMINCK

subsequence of sif r < kand for al i € [1,r] we have tj = sj;, where j; € [1,K]
and ji < jj+1. If sisan admissible sequence for w € 4y, then a subsequence t
induces a sequence b(t) = (bg, by, ..., by) asin5.17. The subsequencet in X is
called an admissible subsequence for w if b(t) isan admissible 3-sequencein Jg .

Now let w € Jg. The Bruhat descendants of w can be obtained as follows.
Let s be an admissible sequence for w. Then the set of subsequences obtained
from s by removing a single reflection such that the resulting subsequence remains
admissible, contains exactly one admissible sequence for each Bruhat descendent
of w. From the exchange property it follows that this is independent of the chosen
admissible sequence s for w. This notion of Bruhat descendants is similar to the
one in the Weyl group.

Now any y € dy with y <1 w can be obtained by starting from w and repeatedly
moving from an element to one of its Bruhat descendants. This all leads to the
following characterization of the elements contained in the closure of an orbit in V:

Proposition 5.31. Letx,y € V. Theny < xif and only if there exist an admissible
pair (0,,,s) for x and a subsequencet = (g, ... , ty) of ssuch that (0,,.t) isan
admissible pair for vy.

Thisresult is easily proved by induction.

Remark 5.32. The above Bruhat descendants give an inductive procedure to com-
putethe closure of an orbit v € V. Thiscomputation basically reducesto computing
admissible subsequencesin X.

6. #-orderson @

In this section we discuss some properties of the orbit of Win V. In particular we
look at the orbits of maximal (resp. minimal) dimension inside a W-orbit, which
arerelated to ad-order (resp. (—6)-order) on @ (T). Here T isthe #-stable maximal
torus associated with the W-orbit in V. So this also gives a description of the open
and closed orbitsin V. We review first afew facts about 6-ordersin root systems.

6.1. Let B be aBorel subgroup of G, T C B a#-stable maximal torus of B, ® =
®(T) the root system of T with respect to G, ®* the set of positive roots of &
related to B, A the corresponding basis of &, W = W(T) the Weyl group of T
and X = X*(T) the group of characters of T. The involution 6 of G induces an
involution of X, which will also be denoted by 6.

Let Xo(0) = {x € X[ 0(x) = x} and ®(0) = ® N Xo(0). Clearly Xo(#) and
do(0) are H-stable and ®g(0) is a closed subsystem of ®. We denote the Weyl
group of ®q(0) by Wo(0) and identify it with the subgroup W(®q(0)) of W. Let
Wi (0) = {w e W | w(Xg(0)) = Xo(8)}, Xg = X/ Xo(6) and let 7 be the natural
projection from X to Xy. Every w € Wy (6) induces an automorphism m(w) of
Xgand m(w(x)) = w(w)(w(x)) (x € X). If Wy = {m(w) | w e Wi(6)}, then
Wy = Wi (0)/Wo(0). (See[Sat71, 2.1.3]). Thisis called the restricted Weyl group
with respect to the action of 6 on X. It isnot necessarily a Weyl group in the sense
of [Bou68, Ch. V, no. 1].



COMPUTING B-ORBITSON G/H 23

Let &g = (P — do(0)) denote the set of restricted roots of ® relativeto 6. As
in [Hel88] we define a #-order on ® by choosing orders on Xo(6) and Xy. To be
more precise:

Definition 6.2. Let = bealinear order on X. The order > iscaled a@t-order if it
has the following property:

(11) if xe X, x>0, and x ¢ Xo(6), then6(x) < O.
The order > iscalled a0~ -order if it has the following property:
(12 if xe X, x>0, and x ¢ Xo(0), thend(yx) > 0.

Asin[Hel88], ad™-order on X will also be called ag-order on X. A basis A of
® with respect to a#™-order (resp. 6~ -order) on X will be called a#™-basis (resp.
0~ -basis) of .

If A isabasisof ® with respect to ad*-order on X, then wewrite Ag(d) = AN
do(0) and Ag = (A — Ag(0)). Similarly if A isabasisof & with respecttoad—-
order on X, then we write Ag(—0) = A N ®g(—0) and A_g = (A — Ag(—6)).
Clearly Ag(0) (resp. Ag(—#6)) is a basis of ®g(0) (resp. Po(—0)). A similar
property holdsfor Ag and A _g [?, see]Lemma 2.4]h1.

6.3. A characterization of 6 on a #-basisof ®. Let A; bead-basisof &. Asin
[Hel88, 2.8] we can write 8 = —id8jwo(0), where wo(6) € Wo(6) isthe longest
element of Wo(6) with respect to Ag(6), and 6] € Aut(X, @, Ay, Ag(0)) = {¢
AUt(X, @) | ¢(A1) = A1 and ¢(Ag(0)) = Ao(8)} with (6%)% = id. For more
details see [Hel88, sect. 2]. This is called a characterization of 6 on its (41)-
eigenspace (because Wy (0) isthe Weyl group of ®q(0)).

Similarly we get a characterization of 6 on af~-basis of ® asfollows. Let A, be
a6~ -basisof ®. Then 6 = 65 - wo(—0), where wo(—6) € Wo(—0) isthe longest
element of Wo(—0) with respect to Ag(—6), and 65 € Aut(X, @, Az, Ag(—6)) =
{p € Aut(X, @) | p(A2) = Az and p(Ag(—0)) = Ao(—06)} with (9§)2 =id. This
is called a characterization of 6 on its (—1)-eigenspace.

From the characterization of involutions of root systems in [Hel91], it follows
that we cannot have that both 67 and 65 are non-trivial. This aso follows from the
above characterizations of 6.

Lemma6.4. Let A1, Ap, 67 and 6 be as above. If @ isirreducible, then 67 = id
or 65 =id.

Proof. If 6 is an inner automorphism of G, then 6 = wo(—6) and 65 = id. So
assume 6 is an outer automorphism of G. Then 65 # id and by [Hel88, 2.9] &
is of type An, Dany1 Or Eg. In each of these cases —id ¢ W. If 6] # id, then
—id-05 = wo(0). But then & = —id@fwo(f) = wo(h)? = id, which contradicts
the fact that 6 is an outer automorphism of G. It followsthat 67 = id, which proves
the result. O]

6.5. The above can be related to orbits of maximal or minimal dimension as fol-
lows. Let {Ti |i € I} be aset of representatives of the H-conjugacy classes of
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0-stable maximal tori. By Corollary 2.7 we can split the orbits into the subsets cor-
respondingtotheT; (i € |). Let BxH bean orbit. Wemay assumethat By = xBx 1
contains T; = xTx 1 for somei. Let #(T;) = {BxH | xBx 1 > T} (i € |). Clearly
al theorbitsin # (T;j) have arepresentative n € Ng(Ti)/Np (Tj). We have now the
following.

Proposition 6.6. Let T and #(T) beasabove. Let n € Ng(T) and let >, be the
order on X induced by nBn~1. Then we have the following conditions.
(i) dim(BnH) = max{dim(BgH) | g € Ng(T)} if and only if >, isa 6*-order
on ®.
(ii) dim(BnH) = min{dim(BgH) | g € Ng(T)} if and only if > isa 6~ -order
on ®.

Remark 6.7. The number of orbits of minimal dimension in # (T) corresponds to
the number of 6~ -orderson (X, &) which are not conjugate under Wy (T). Another
characterization of these orbits, using the map ¢, will be given in Proposition 8.24
and 8.23.

The following example illustrates the above result.

Example6.8. Let G = SL,(k) and 6(g) = tg~t. Then H = SO(2) is amaximal
torus. There are two 6-stable Borel subgroups containing T = H, corresponding to
the two orders on & (T). Hence there are two closed orbits and one open orbit.

6.9. The orbit sets #(T;) (i € I) correspond to the following subsets of V. Let
Vi={veV|BvH e H(T)}and W = ¢(V;) (i € I). FromLemma2.17 it follows
that the sets V; are the orbits under the action of Won V, asin 2.16.

Lemma6.10. Let Vi, W be as above and let v1 € Vi and w1 = ¢(v1). Then we
have the following.

(i) Vi={w-v1|we W}

() W={w*xwy | we W}

From this result it follows that the orbits of minimal dimension in #(T) are
related to the involution w?, asin Proposition 3.12.

7. The open orbit and #-orders

Since most of the combinatorial data of the symmetric variety is related to a
maximal 6-split torus it is often easiest to classify the orbits starting from a pair
(B, T), where T contains a maximal 6-split torus of G. In this case the set #(T)
contains the unique open orbit.

In the following we will give several characterizations of the open orbit. We
use the same notation as in sections 2 and 3. In particular let T be a 6-stable
maximal torus of G, B O T aBorel subgroup, ® = ®(T), &' = & (B, T) the set
of positiveroots of @ related to B, A the corresponding basis of ®, wq the element
in the Weyl group W = Ng(T)/Zg(T) with wo(®*) = 8(®™) and ' = Qwo. If
IT C A, then we write & for the subsystem of ®(G, T) consisting of integra
combinations of IT and we write P for the standard parabolic subgroup of G
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containing B with ® (P, T) = &g U ®*. The following result from [HW93,
Proposition 9.2] characterizes the open orbit. (See also [Spr84].)

Proposition 7.1. Letv € V, n = x(v)8(x(v)) "%, w theimageof nin W and w’ =
wwo. Let ¢ betheinvolution of G corresponding to w'6’ = wé (i.e. ¢ isgiven by
z(X) = nd(x)n~1, x € G). The following conditions are equivalent:

(i) Bxnisopenin Q = {x9(x)"1|x € G}.

(i) LetIT=l1(w) N A. ThenC"(w) N A =@ and ¢istrivial on G, .
(i) w' = wlwQ and ¢ istrivial on Gg,, .

(iv) x(v)~1Pgx(v) isaminimal 6-split parabolic subgroup of G.

(v) Thereexistsaminimal 6-split parabolic subgroup of G containing x(v) 1 Bx(v).

Combining this result with Corollary 4.8 we get the following characterization
of wgand ¢'.

Corollary 7.2. Let Abeamaximal 6-splittorusof G, T > Aamaximal torusof G
and B O T a Borel subgroup of G such that BH ¢ G isopen. Let wg € W satisfy
O(d+) = wo(d1), and take vg € V such that if xo = X(vg) and ng = Xgh(Xg) 1 €
Ng(T) then ng induces wq in W; let ¢ be the involution of G given by ¢(x) =
Ny Lo(x)ng for x € G. Then we have the following.

(1) wo = w%wg,wherel‘[ ={ae A|b(ax) =a}.
(ii) ¢|® = wyl0=0wo =40

Remark 7.3. The element woH € W follows from the classification of involutorial
automorphismsin [Hel88] and the element wg € W followsfrom the classification
of involutionsin [Hel91]. So the above result gives an easy characterization of the
elements wg € W.

Using the results on 6-orders in section 6, the unique open orbit BgH in G can be
described also as follows.

Proposition 7.4. Let G, B and T be as above and for n € Ng(T) let >, be the
order on X induced by nBn—1. Then BnH (n € Ng(T)) isopenin G if and only if
dim(T,") ismaximal and >, isa 6™ -order on .

8. Computing the orbits

In the previous sections we have seen that there are severa dightly different
characterizations of the orbits of Borel subgroups on G/H, which lead to different
ways to compute the orbits. However in practice, no matter which method one
chooses, it is il quite difficult and cumbersome to actually compute the diagram
of al the orbits or simply the closure of an orbit. Since the characterizations of this
orbit decomposition are very combinatorial in nature, most of this work could be
done by a computer. These various characterizations of the orbits lead to different
algorithms, some more efficient then others. Since the actual computation of the
orbitsis so complicated one needs an algorithm which uses as much as possible of
the rich combinatorial structure of the orbit decomposition.
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In this section we discuss an algorithm to compute the diagram of all the orbits
and the orbit closures. This algorithm can be implemented on a computer and
heavily uses the combinatorial structure of the orbit decomposition as discussed in
the previous chapters. Since the structures of the various symmetric varieties G/H
differ, minor adjustments to the algorithm will be needed for each case. From the
resultsin thispaper it will be clear how to fine-tune the algorithm for specific cases.

8.1. We use the notation of the previous chapters and fix apair (B, T), where T is
a0-stable maximal torus and B a Borel subgroup containing T. Let W be the Weyl
group of T and J the set of twisted involutionsof W. Themap ¢ : V — { asin2.15
describes most of the combinatorial datainvolving the orbitsin V. In the following
we will discuss how one can classify the image and fibers of ¢. This would then
also classify the diagram of all the orbits in V, including the orbit closures. First
we concentrate on the computation of the image of ¢. For thisit isin most cases
easier to compute representatives for the image of ¢’ : V' — 4y which then also
gives a set of representatives for the image of ¢ using the map ¢, : 4 — Jg asin
4.11. For the remaining cases it will be easier to compute ¢(V) directly. In the
following we will discuss how one can compute the image of ¢ or ¢’ systematicly.
For this we need to prove first afew more properties of the maps ¢ and ¢’'.

8.2. The classification of theimage and fibersof ¢ : V — { (or ¢’ : V' — dy) can
be reduced to a problem related to the involutions w% as in the characterization of
the twisted involutions in Proposition 3.12. We will first prove some properties of
these involutions. Let A be abasisof ®, wg € W= W(T) besuchthat 0(®*) =

wo(®™), 0 = dwo = wy 6 and let 4y beasin 3.8. Write

(13) Aa={TcA|0)=Tadwdd () =—a, Ya € &p},
(14) Ia={wh | TT € Ap}.

The set 4 A contains a set of representatives of £, /W and also of ¢’ (V') /W. Since
by Proposition 4.12 ¢’ (V') /W ~ ¢(V)/ W we have the following result.

Lemma8.3. Lee Wacton {, Iy, Vand V' asin 2.12 and 4.11. Let A be a basis
of ® and let 4, beasin (14). Then we have the following:

(i) Eachorbitin 4y /W and ¢’ (V")/W has a representative in 4 x;
(il) Eachorbitin 4/W and ¢(V)/W has a representative in lAwgl.

Proof. Let w € 4. By Proposition 3.12 we can write w’ = wwg = wiw% 6 (wi).
Then w® = w '+ w’ which provesthe first statement.

(ii) isimmediate from Proposition 2.18, using theisomorphism ¢,,, : 4 — {¢ 8s
in4.11. OJ

Remark 8.4. One W-orbitin 44 cancontain severa elementsof { 5. For exampleif
11 = {1} of type A1, then any ¢’'-stable subset 1, = {a2} C A, where |a1| = |a2|
and IT; and IT; lie in the same connected component of A, gives an involution
w1, = Sy, Whichis W-conjugateto wr; = Sy, .
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8.5. Classification of ¢(V)/W and ¢’ (V')/W. We need to classify the involu-
tionsin 4o which represent the different classesin {4/ W resp. ¢'(V')/W. We
will show later on in this section how we can link this to the classification of con-
jugacy classes of involutionsin the Weyl group which isgiven in [Hel91]. First we
need some more notation. Let

lg = {w]Q[19 ) wonk} C ]'A
be a set of representatives of £y /W and let

AR ={Tg, -, Tk} C Aa
be the corresponding subset of A . Similarly let

1a(V) =13 Ng (V)

and

Ia(V) =18 - wylnev)

Then 44 (V) isaset of representatives of ¢’ (V')/W and similarly 44 (V) isaset
of representatives of ¢(V)/W. Note that we have the following relation between
thesets A (V') and LA (V')

Ia(V) =12a(V) - wpt

8.6. Theset LA (V) givesaso aset of representatives of the H-conjugacy classes
of 6-stable maximal tori of G. This can be seen as follows. Asin 2.13 let 7¢/H
denote the set of H-conjugacy classes of 6-stable maximal tori of G. Then by
Proposition 2.18 we have 79/H ~ V/W =~ ¢(V)/W. For wdwg! € 44 (V) let
vy € go_l(wonwal) and let T = x(vp) ~1Tx(vp). Let

Ta={Tn | T € AY).
Then 7 isaset of representatives for the H-conjugacy classesin 77°.

8.7. Next we show that the orbitsin ¢’ (V') (resp. ¢ (V)) under the twisted action of
W correspond with the conjugation classes of the involutions wol_[ € Ia (V') (resp
I (V)). For thiswe need to choose first a suitable maximal torus to characterize
the sets 44 (V') and LA (V). Inthefollowing let T be a f-stable maximal torus T
with T~ amaximal 6-split torus of G. Let Ag = Ag(—0) be abasis of ®g(—0)
and extend thisto a®~-basis A of ®. Then by 6.3 we have

0
9/ - QwAO

Asin[Hel91, 7.4] we cal an involution w% a Aog-standard involution if IT C Ap.
Similar as for 7o we can choose now Ag-standard involutions as representatives
for both LA (V) and LA (V) [?, see aso]sect. 7]h2.

Proposition 8.8. Every W-orbit in ¢ (V) containsa Ag-standard involution.
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Proof. Letse ¢(V), v e ¢~ 1(s), x=x(v) and Ty = XTx~ 1. From [Hel91, Lemma
3.3]itfollowsthat wemay assumethat T, C T-and T, D T*. Letge Zg(T; TH)
suchthat T; = gTg~L. Then g~10(g) € V. Let v’ € V be the corresponding orbit
inVands = ¢(v'). Thens isaninvolution. Since 7%/H ~ VV/W, both v and v’
are contained in the same W-orbit of V. Let w € W(T) such that w - v/ = v. Then
also w * § = s. On the other hand, from [Hel91, Corollary 7.5] it followsthat s’ is
conjugate under Wo (—6) to a Ap-standard involution, which provestheresult. [

We can show asimilar result for ¢’ (V).

Corollary 8.9. Every W-orbit in ¢’ (V') = (V) - wgo contains a Ap-standard
involution.

Proof. From theaboveresultit followsthat ¢ (V) containsa Ag-standard involution
w with TT C A. Since w} and w  commute, wwQ  isalso an involution of

®o(—0). Thenthereexistss e W(d)o(—wgo)) such that sw®, wgos—1 isastandard
involution. Sincefor al « € d>0(—wg0) we have ¢ (a) = ngo(a) = o, it follows
that sw, wgoe/(s_l) = sw$ wgos_l, which proves the resullt. O

Remarks 8.10. (1). It follows from the above results that in the casethat T~ isa
maximal 6-split torus of G, we can represent the elementsof 4 (V) and A (V') as
involutions w%l or w%zw%o' For 4 (V') wewill only usethefirst characterization,
but for 4 (V) wewill use both characterizations depending on whether 6’ = id or
adiagram automorphism.

(2). If A (V) = {wonl, e ,wonk},wherew%l, e ,wonk are Ag-standard invo-
lutions, then £ (V) = {w%lwo, e ,wonkwo} and wonlwo, e ,w%kwo are invo-
lutions. In most cases we will use this characterization of 44 (V") and 44 (V).

In [Hel91, sect. 7] only the W-conjugacy classes of the Ag-standard involutions
are studied. So the question which remainsiswhether two Ag-standard involutions
which are in the same twisted W-orbit are also W-conjugate and vice versa. Before
we consider this, we prove a result which is very useful in the classification of
the twisted involutions. First we need some more notation. Let T be a 0-stable
maximal torus of G. Write E = X, (T) ®7 R, ® = &(T), W= W(T) and for
o € Aut(®d) denote the eigenspace of o for the eigenvalue &, by E(o, £). Write
® (o) for ®g(—o). We have now the following result:

Proposition 8.11. Let 6 be an involution of ® such that ® is a root system with
Weyl group Ws. If wy, wo € W are involutions with E(wi, —1) C E(6, —1) (i =
1, 2), then the following are equivalent:

(i) w1 and wo are conjugate under W;

(i) wq and wy are conjugate under Wy (6);
(i) w160 and w26 are conjugate under W,

(iv) w16 and w6 are conjugate under Wy ().

Proof. (i) < (ii) followsfrom [Hel91, Proposition 2.16].
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(ii) < (iv) follows from the fact that Wy (6) maps T~ onto itself, since Wy =
W1 (0)/ Wo(0). Since (iv) = (iii) isclear, it remainsto show (iii) = (iv).

Assume w € W such that ww18w =1 = wo6. If 6 € W then the result follows
from (i) = (ii). Soassume 6 ¢ W. We will use induction on the rank of ®.

If rank® = 1,then6 = —id, E(wy, —1) = E(w2, —1) = E and theresult isclear.

Assume now that the result is proved for root systems of rank < n and assume
that ® hasrank n+ 1. Since ww16w ™1 = w20, we have w (P (w16)) = & (w2h).
If ®(w16) = @, then wy and wo are opposition involutions of W () with respect to
bases of ¢ (8) and hence are conjugate under W(6) [?, see]Corollary 2.13]h2. So
assume now that ® (w10) # @. Let @ € ®(w10) and B = w(a) € ®(w20). Since
E(wi, —1) c E(6, —1) (i = 1, 2), it follows that both «, 8 € ®4. Moreover, since
B = w(a), both « and g are contained in one irreducible component of ®. Hence
by [Hel91, Lemma 2.15] they are contained in one irreducible component of .
Since W(®g) = Wy (6)/Wo(8), it follows that there exists w € W (6) such that
() = B.

Let r; = Sﬂﬁ)w19u~)_1 = Slglz)wllf)_le, o = s,nge, wo = ww~1 and dp =
Do(sp) = {y € | (B, y) =0}. Nowry(B) =r2(8) = wo(B) = B, so by [Car72,
2.5.5] wo € W(dPg) = Wo(Sg). Since 6(B) = —pB both r10 = sgwww ! and
ro0 = sgwp are contained in W(dg). Since worlwal = r» it follows by induction
that there exists 7 € Wi.(6) N Wo(sg) such that ir1i =1 =rp. Now r = fio € Wy (6)
and rw16r —1 = w»06, which proves the result. O

We can now show the following:

Proposition 8.12. Let T be a 6-stable maximal torus T with T~ a maximal 6-split
torusof G, let A bead-basisof ® = ®(T), Ag = Ag(—0) and let &, ¢’ and V'
be asin 4.9. Then we have the following.
(i) Ifwy, we € (V) (or ¢’ (V')) areinvolutions, then w; and w» arein the same
twisted W-orbit if and only if w1 and w» are W-conjugate.
(i) Every W-orbit in ¢ (V) contains an involution ww3  with w a Ao-standard
involution.
(iii) All Agp-standard involutions are contained in both ¢ (V) and ¢’ (V').

Proof. (i). We may assume that w1 and w, are Ag-standard. Assume first that w1
and wy are W-conjugate. Since T~ isamaximal 6-split torus, we may assume that
Ty CT7 (i=1,2) andhence wy, wz € W(T) NW(T™). By Proposition 8.11 w1
and w, are conjugate under W (6). Let w € W4 (9) such that wwiw ™1 = w,. Since
Wi (0) = W(H, T) it followsthat 6(w) = w and hence ww10(w™1) = wwiw™! =
w2.

For the converse statement assume w € W such that ww10(w~1) = w». Inthis
case w((T)F,) = (T, and w(T7)y, TH) = (T7),,TT. So wwibw =
w260. Then by Proposition 8.11 w; and w» are W-conjugate, which proves the
result for (V). Theresult for ¢’ (V') follows with asimilar argument.

(i) isimmediate from Corollary 8.9.

(ifi). Let w € W bea Ag-standard involution. By [Hel91, Corollary 4.10] w cor-
responds to a H-conjugacy class of #-stable maximal tori of G. In particular there
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exists x € G such that x 1 Tx is#-stableand n = x0(x) "1 € Ng(T) is arepresen-
tative of w. So it followsthat w € ¢ (V). To show that w € ¢/ (V') = (p(V)w%0

it suffices to show that the involution wwg0 € W(—0) isaso contained in (V).

By [Hel91, Theorem 4.6] there exists wo € W such that wy = wzwwiowgl isa

Aop-standard involution. So by the above result we have w1 € (V). Since w1 and
wwgo are W-conjugate, it follows from Proposition 8.11 that there exists wz € W
such that

w10 = wgwwgoewgl.

Butthen wq = wgww209w3_19 = wgww%OQ(wgl) and hence wwgO = w3_1w19(w3) €

¢(V). This proves the result. O

Remark 8.13. It followsfrom thisresult that inthe casethat T~ isamaximal 6-split
torus of G, we can use representatives from the W-conjugacy classes of involutions
in the Wey!| group to represent the twisted W-orbitsin ¢ (V) and ¢’ (V’). A classifi-
cation of 4 (V) and the corresponding 6-stable maximal tori in 7» can be derived
from [Hel91, sect. 7].

With only very few exceptions, the isomorphism class of an involution won €
I A (V) isdetermined by the type of the root system @y spanned by IT. OnIy inthe
case that (G, 0) is 6-split can it happen that two involutions w% and wn are not
W-conjugate, while the root systems &, and o, (IT1, 1> C A) are of the same
type. Inthese casesit is easy to find two subsets IT1, [1o C A, such that the root
systems ®p;, and @1, are of the same type and w; and w%z not W-conjugate.
For more details, see [Hel91, sect. 7].

8.14. Image of ¢. We can now show that the question of computing the image of
¢ 1V — 4 comes down to the involutions woH representing the orbitsin ¢(V),/W.
First some more notation. Let A be abasisof ® = ®(T) and let wg, § = Hwo,
¢ and V' beasin4.9. If s=¢(v), v  =68w) and s = ¢'(v') = swp then we
writeWs = {w e W | w*xS=§}, W/ lweW|wx's =5}, W,={weW|
w-v=viand W, ={weW|w v =v'}. These setsare of importance in the
characterization of thei mage and fibers of ¢ and ¢’. We have the following relation
between these subsets of W.

Lemma8.15. Let 9,0, v,s=¢(v), v =68(v) and s = ¢'(v") be asabove. Then
we have the following.

(i) Ws = W/
(i) W, = W/
Proof. Let w € W. From (7) it follows that
wxS=S<=wx'S = (w*xS)wg=Swg =S5,

which proves (i).
(i) follows with a similar argument. O

If woH € Ja, then we also write W(IT) for Ww%. We have now the following
characterization of the orbits W' w9 C fg and W x w®wg?t C 4.
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Lemma8.16. Let 9, ¢/, 4 and 44 be as above. If won € da, W(IT) as above and
w1, - -+, wp Minimal coset representatives of W/ W(I1), then we have the follow-
ing.

(i) W« le[ = {w1 *’ won, oo, wp ¥ w%}.

(i) W wonwa1 = {wq % wonwal, <o, Wp k wonwal}.
8.17. Inorder to caculate ¢’ (V') (or ¢(V)) we need to determine first the subsets
ITe Ag and compute the corresponding subgroups W(IT). In 8.13 we showed
how an easy classification of ¢’(V’") can be obtained by starting with a 6-stable
maximal torus T with T,~ amaximal 6-split torusof G and a®~-basis A of ®(T).

Before we discuss how to compute the corresponding subgroups W(IT) of W,

we first recall the following. A pair (G, 0) is caled 6-split if there exists a 6-
split maximal torus of G. The pair (G, 0) is called quasi 6-split if there exists
a 6-split Borel subgroup of G. This basically means that the Satake diagram of
(G, 0) consists of only white dots, with possibly a diagram automorphism. Note
that if (G, 0) is 6-split and T is a 6-stable maximal torus with T,” a maximal 6-
split torus of G, then |®(T) = —id. Thismeansthat if se 4y and w € W, then
wkxs=wsh(w 1) = wsw L. So 4y consists of the set of involutionsin W(T) and
the W(T)-orbitsin {4 are precisely the W(T)-conjugacy classes of involutionsin
W(T). We summarize thisin the following result.

Lemma8.18. Let (G, 0) be 6-split, B a 6-split Borel subgroup of G, T C B a 6-
split maximal torus of G and J the set of twisted involutions in W(T). Then {
consists of the set of involutionsin W(T).

We can now show that to compute the subgroups W(IT) of W asabove, it suffices
to consider Ljq or 4 _ig. The W-orbitsin all other cases can be identified with orbits
for these two cases. This can be seen as follows.

8.19. Let T be amaximal torus of G, & = ®(T), W= W(T), 6 € Aut(G, T)
an involution with T,” a maximal #-split torus and A a6~ -basis of ®. Write 6 =
e*wg(_e) asin 6.3 and let £ C W denote the set of involutionsin W. Assume @
isirreducible. Then we have three cases.

(1) —id € W. Then @ isof type By, Cy, Don, E7, Eg, F4 or G,. In this case
0 =0*=id, 4y =4°=4_;gand 4y = lowg(_e). So we can compute either
p(V)yorg (V). If w% € I (V)), then W(IT) isthe commutator subgroup for
theinvolution w% which can easily be computed using LiE or other symbolic
manipul ation programs (see also 8.35).

(2) —id ¢ W and ¢ = id. Inthiscase ® is of type An, Dant1 OF Eg and 0 is
an inner automorphism of G. Since 6’ = 6* = ng(_g) = id it follows that
dg =40 = 19wg(_9). In this case it is easier to compute 4y and ¢’ (V')
instead of ¢ (V). The computation of the groups woH issimilar asin (1).

(3) —id g Wand ¢ # id. Inthiscase ® isagain of type An, Danr1 O Eg, but 6
isnow an outer automorphism of G. In thiscaseit is easier to switchto —id
instead of 6. Since 6 = 6'wQ _, we get oul _, wd = dw) = —id. So
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do = Lidwg(_e)wg = lowg(_e)w% and 40 follows asin (2). In this case
it iseasier to compute 4y and ¢ (V) instead of 4y and ¢’ (V).

It follows from the above observations that by switching from the standard pair
to another pair (B, T) one can reduce the characterization of ¢ (V) from twisted
involutions to involutions in W. A similar result follows from Lemma 6.4 and
Proposition 6.6 by considering minimal and maximal elements in a W-orbit in 4.
We summarize this in the following result.

Lemma8.20. Let Tg € Ta, W = W(Tp), ® = &(Ty) and assume @ isirre-
ducible. Let A, be a6-basisof ®, A, a6~ -basis of O, wo(0) the longest element
of Wp(0) with respect to Ag(6) C A1 and wo(—0) the longest element of Wo(—6)
withrespectto Ag(—0) C Ao. If 41 =dp-wo(0) C Wand do = dg- wo(—0) C W,
then 41 or {, consists of the set of involutionsin W.

Proof. Asin6.3let 07 € Aut(X, ®, Ay) such that
6= —idOjwo(0).
Similarly let 65 € Aut(X, @, A) such that

0 = O3wo(—0).
From Lemma 6.4 it follows that 6] = id or 65 = id. If 67 = id, then wg(0) =
—idf] = —id. Butthen {1 = 4o - wo(0) = Lguye) = 4—ig ad 4_jq consists of

the set of involutionsin W.
Similarly if 65 =id, then Owo(—0) = 9; =id. S0dr =y - wo(—0) = l@wO(g) =
dig , whichisthe set of involutionsin W. This proves the result. O

8.21. Fibers of ¢. As for the image, the classification of the fibers of ¢ (V) or
¢’ (V") aso reduces to a problem related to the involutions woH € JA (V). Thiscan
be seen asfollows. Let f : 45 — N U O be given by

o " Hw) ifwe (V)

0 if we dg — (V).

For the fibers of ¢ we can define asimilar function. Let w € 4g and write
w=51...5w%0 ($h)...0(s1)

asin Proposition 3.12. Then we have the following.

f(w) =

Lemma8.22. Let f: 4y — NUObeasaboveandw =s; ... shw6(sh)...0(s1) €
Jo. Then f(w) = f(wd).

Proof. Let (p/—l(won) ={vy, - ,vpjands=s1...5. Ifwe Wandv' € V/, then
by Lemma2.17 wehave ¢’ (w-v') = w+' ¢ (v'). Itfollowsthat o'~ (sw® 6’ (s71)) =
<p/_1(s*’ won) = {s-v1,---,S- vp}, which proves the result. O
Before we give another characterization of fibers of ¢ and ¢’ we need first some
morenotation. Let v € V, x = x(v) and Ty = X 1Tx. Then Ty is6-stable. Asin 3.6

let w, : W(T) — W(T1) be the automorphism determined by Int(x~1). Denote
theimage of Ny (Ty) = N(T1) N H in W(Ty) by WH (T1).
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Remark 8.23. From Lemma 8.22 and the above characterizations of g /W it fol-
lows that it suffices to determine the fibers of the elements woH € Ja (V). For

wd € 4a (V') let vy € ¢’ H(w®) and Ty = x(vp) " Tx(v) asin 8.5. To dlas-
sify the fibers of the elements w% one needs to determine for each Tp € A the
group Ny (Trp). Then the fiber follows from Won/Wvi = W(IT)/W,,. Note that
by Proposition 6.6 the size of this set equals the number of 6~ -orders on & (Tyy),
which are conjugate under W(Tyy), but not under W(H, Try).

This observation leads to the following characterization of the fibers of ¢ and ¢'.

Proposition 8.24. Let T be a #-stable maximal torus with T~ a maximal 6-split
torusof G, letv e V, x = x(v), T1 = X 1Tx, s=p(v), Ws={w e W| wxS= S}
and W, = {w € W | w - v = v}. Then we have the following.

() o(w-v) =¢)ifandonlyif w € Ws.
(i) W, = oy 1 (W (T1)).
(i) o71(s) = {w-v | w e Ws} and |p~1(s)| = [Ws/ W, .
(iv) Themap ¢ : V — L isinjectiveif and only if thereis a unique closed orbit.
(v) Themap ¢ : V — J issurjectiveif and only if (G, 6) isquasi 6-split.

Proof. (i), (ii), (iii) and (iv) areimmediate from the previous results.

(v). Let A bead-basisof ®(T) andlet Ag = Ag(—6). By Corollary 8.9 every
We-orbit in ¢’ (V") contains a Ag-standard involution. On the other hand every W-
orbitin £y has arepresentative in 12. So ¢’ : V' — Jg issurjectiveif and only if
every W-orbit in £y contains a Ag-standard involution. The latter isthe caseif and
only if (G, #) isquasi 6-split. This proves the result. O

Remarks 8.25. (1). The above results also holds for an arbitrary 6-stable maximal
torus T, but the proof is somewhat more complicated. We will only use the above
result in the case that T~ isamaximal 6-split torus of G.

(2). That themap ¢ : V — { isnot necessarily injective can be seen from exam-
ple 6.8, where there are three orbits; two closed orbits and the open orbit.

8.26. Reduction to simply connected groups. One important aspect which has
not been discussed so far isthe dependence of the orbit decomposition on the choice
of the open subgroup H of Gy. Inthefollowing wewill discussthe relation between
the orbits for H and H® and show that for H® we can reduce to the case that G
is semissimple and simply connected. First some notation. Let T be a 6-stable
maximal torusand V = t=1(Ng(T) asin 2.4. For an open subgroup H of G, we
write V (G, H) for the set of T x H-orbitson V. For H? = G2 we will also write
VO(G) for V(G, HY). It follows from Proposition 2.5 that V (G, H) parameterizes
the double cosets BxH. The finite group H/HC is an elementary abelian 2-group
which acts on VO(G) in the obvious way. The relation between the orbits for H
and HO is stated in the following result.

Lemma 8.27. Let H be an open subgroup of Gy and let V(G, H) and V°(G) be
asabove. Then V (G, H) isthe set of H/H? orbitson VO(G).
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To compute VO(G) we can restrict to the case that G is semisimple and simply
connected. That it sufficesto look at semisimple groups follows from the following
result.

Lemma8.28. The inclusion [G, G] — G induces a bijection VO([G, G]) —
VO(G).

To show that we can restrict to the case of simply connected groups we first note
the following. If A : G —> [G, G] isasimply connected covering of [G, G], then
by [Ste68, 9.16] theinvolution 6|[G, G] can be lifted to aninvolution 6 of G. Since
Gis semisimple and simply connected it follows from [Ste68, 8.2] that the fixed
point group G of 6 is connected. So VO(G) = V (G, G; 7). The above observations
lead to thefollowmg result.

Proposition 8.29. Let 1 : G — [G, G] be a simply connected covering of [G, G]
and let 6 be as above. Then we have the following.

(i) A induces a bijection VO(G) — VO([G, G]).
(i) V(G, Gy = VO(G) ~ V°(G).
(i) V(G, H) can be canonically identified with the set of orbits of H/H? acting
on V9(G).

In a sense this result reduced the computation of the orbits to the case that G is
semisimple and simply connected.

8.30. Open orbit versus closed orbits. To compute the diagram of al the orbits
in V it makes sense to start at either the top of the bottom of the diagram. The top
represents the unique open orbit, while the bottom consists of the closed orbits. The
first isrelated to a6-stable maximal torus containing a maximal 6-split torus, while
the second isrelated to a 6-stable maximal torus containing a maximal torus of Gg.
Most of the combinatorial data in [Spr84] and [RS90] is formulated with respect
to afixed closed orbit. In the previous sections we generalized these results to the
setting of a maximal torus containing a maximal 6-split torus and we also proved
a number of additional results. In the following we list a few other advantages of
working in the setting of a 6-stable maximal torus T containing a maximal 6-split
torus A rather then working with a closed orbit.

(d) The unique open orbit isrelated to ad™-order on & (T).

(b) Most of the combinatorial data of the symmetric variety is related to a maxi-
mal torus containing a maximal 6-split torus. Thisincludes a classification of
these symmetric varieties with their restricted root systems, see [Hel88]. Also
there exist nice descriptions of G, H, A (the maximal 6-split torus) and the
maximal torus T O A.

(c) Itiseasier to find the set of representatives da (V') for ¢’ (V')/W. Thisis
mainly due to the fact that all real roots are 6-singular and therefore the in-
volutions w?, in the characterization of the twisted involutions in Proposition
3.12 are easily determined. If one starts from a closed orbit it is still possible
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to find a set of representatives w% for the classes in ¢’ (V") /W from the re-
sultsin [Hel91], but it requires alot of additional work, because one needs to
distinguish between compact imaginary roots and 6-singular imaginary roots.
(d) For both the #~-order and the 61 -order on ®(T), the involutions &’ and wq
follow from the description given in Corollary 7.2, the classification of invo-
lutions of G asin [Hel88] and the classification of involutionsin W(T) asin
[Hel91].
Note that to compute the orbit closuresin the above setting it is often easier to use
the opposite Bruhat order asin Corollary 5.26.

Remark 8.31. The description of the image and fibers of ¢ asin this section leads
to an algorithm to classify the orbits in ¢(V) and V. In principle one could also
classify ¢(V) and V by using the Bruhat descendants as in 5.28, although this
would be computationally very costly. The best option would be to combine both
methods. In the following we will describe an algorithm, which combines both
these methods. Naturally the detailed description of the root systems asin [Bou68]
isessential in al this.

8.32. Analgorithmto classify V. Combining the resultsin this paper we get now
an algorithm to classify the orbitsin V°(G) together with the orbit closures. Each
step of this algorithm can be implemented in LiE or a number of other programs.
For a further discussion of this, see 8.35. First we describe the algorithm in the
following. Assumethat G is semisimple and simply connected and assume that the
pair (G, 0) isirreducible. In the following let T be a 6-stable maximal torus such
that T~ isamaximal 6-split torus of G and fix a6~ -basis A of & = &(T). Let
V = VO(G). First we determine £iq = 4 _iq. For thiswe do the following.

(1) Get alist of the involutions w?, in 43, which are determined by the type of
@ inamost al cases. Thisfollowsfrom [Hel91, Tablell].
(2) Foreachw?, € 48 computethe group W(IT), whichisin these cases precisely
the commutator subgroup of won. For adiscussion on this, see also 8.19.
(3) Find minimal coset representatives of W/ W(IT). This classifies the W-orbit
of w? in 4y, using Lemma 8.16.
These three steps classify dig = 4_ig. The next step is to determine 6" and wo
and to classify (V) or ¢’ (V") by identifying the corresponding W-orbitsin £jq or
J_ig.
(4) Determine the involutions 6’ and wq. This follows from Corollary 7.2, the
classification of involutions of G in [Hel88, sect. 4] and the classification of
involutionsof W(T) in[Hel91, sect. 7]. If ' = id, then compute ¢’ (V') and if

0’ + id, then compute (V) by identifying ¢ (V) asasubset of 4_ idwgo(—@) wh.

(5) Find £a (V') C 43 or 4a(V) C I wl g wQ. For 44 (V') thiseasily fol-
lows from Proposition 8.8 and the classification in [Hel91, Table 1V]. For
I A (V) note that we can choose Ag(—#6)-standard involutions as representa-
tivesfor the W-orbitsin ¢ (V). Sincetheseinvolutions commute with wgo oW
alist of these also follows from Proposition 8.8 and the classification of invo-
lutions of W(T) in[Hel91, TableV].

0
A
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(6) Determine ¢’ (V') C dg or (V) C l_idwgo(_e)w%, by finding the W-orbits
of theinvolutionsin £ (V') or 4 (V). For thiswe use (1) and (2).

After this one can finally find V asfollows:

(7) Determine |¢' 1 (w%)| for each involution w? in LA (V') or L (V). Then,
m m
using Lemma 8.22 we find the W-orbitsin VV and V'.

The above steps give a complete list of all the elements of V. Thislast point of
the algorithm will need some additional fine-tuning for each absolutely irreducible
par (G, 6).

To find the diagrams ({4, <1) and (V, <) asin 5.22 and 5.4 we use Bruhat
descendants asiin 5.28. First we consider the diagram for (Lg, <1).

(8) Find admissible sequences for the involutions w® € 4% and identify them as
admissible subsequences of a fixed admissible sequence s for wg .

(9) Use the Bruhat descendants as in 5.28 and the minimal coset representatives
asin (4) to identify the elements of a W-orbit with admissible subsequences
of s.

Finally we can now find the diagram of (V, <) asfollows.

(20) Identify ¢’ (V') in the diagram of ({4, <1) using (6). Then the diagram of
(V, <) can be obtained by combining each of the nodesin ¢’ (V') with the
fibersof ¢’ asin (7), using Proposition 5.31.

From the dimension formulas and the above algorithm, it is easy to get alist of
al the orbits of a given dimension.
We will illustrate this algorithm with an example.

Example8.33. Let G = SLy(k) and 6(g) = 'g~L. Then H = SO, (k). Let B
be the Borel subgroup of upper triangular matrices, A = T the group of diagonal
matrices, ® = ®(T) theroot system of T with respect to G, ®™ the set of positive
roots of @ related to B, A the corresponding basis of ®, W = W(T) the Weyl
group of T and X = X*(T) the group of characters of T. The torus A is both
a maximal 6-split torus of G and a maximal torus of G. Moreover the orbit BH
isopenin G. Let wg € W such that 6(®*) = wo(®™), 8 = Gwg, vo € V and
No = X(vg)@(X(vo))~t € Ng(T) such that ny induces wo in W and let ¢ be the
involution of G given by ¢(x) = ng10(x)ng, x € G. By Corollary 7.2 wo = w¥w},
where IT = {o € A | 6(a) = a}. Since G is6-split, we have IT = ¢ and wo = u\.
Theaction of &’ on (X, ®) isgivenby 6" (x) = Owo(x) = —wo(x) (x € X). So¢’
actson W by 0" (w) = wowwal- The set £ consists of the set of involutionsin W.
Let £y = 4 - wg asin Lemmad4.10.

From [Hel91, Table 1] it follows that the involutions w% are al of type A; +
... + Az, (r times) and there is only one conjugacy class for each type. The Weyl
group W isisomorphic to the symmetric group S,. We identify S, with the group
of permutation matrices, which is contained in GLy(k), but not in SLj, (k).

Since G is 6-split it follows from Proposition 8.24 that themap ¢ : V — [ is
surjective. Thefibers of ¢ can be described as follows.
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Lemma 8.34. Identify Wwith S,andletse 4. Let 4T c 1 bethe set of involutions
in W which have a fixed point on {1, - - - , n}, and 4"f c 4 be the set of involutions
in W which have no fixed point on {1, - - - , n}. Then we have the following.

(i) Ifse 4" then|p~1(s)| = 2.

(i) Ifse 47, then|p~1(s)| = 1.
(iii) 1f nisodd, then 4" = @, s0 ¢ isan isomorphism.

This result also follows from a straightforward, but lengthy, matrix calculation.

An implementation of the above algorithm in LiE combined with this result is
illustrated in Table 1. We use there the following notation. Let A = {«g, ... , an}
and write 5, = s, for the reflection defined by «j € A. In the table we list the
minimal coset representatives of W/ W(IT) for each of the involutions won €dp >
Ia (V). We dso list the admissible sequences for wo. If (s,,....s,) issuch an
admissible sequence for wo and a = (ap, a1, . .. , a) the corresponding sequence
in Ly, then wewill write§ if 5, x a,_1 # a,_1 and 5 otherwise.

Table 1. Calculation of 4 and V

w? W/W(IT) |o 1(w)| Adm. sequences wq
n=2 id id 2 (s1)
wo=91 id 1 (Sl)
n=3 id id 1 (51, S2)
S 1 (2, 81)
Sp 1
wo = 81 id 1
n=4 id id 2 (51, %2, 3, 81)
S 2 (51, %2, 81, S3)
SS1 2 (S2, 51, S8, S2)
S id 1 (S2, 51, S2, S3)
S1 1 (S2,S3, S1, S2)
S3 1 (S2,S3, 2, S1)
S1S3 1
S$HS1 1
253 1
wo = S199189S1 id 1

8.35. Computational considerations. The above agorithm can be implemented
on acomputer for each symmetric variety G/H, asin [Hel88]. Since the structures
of the various symmetric varieties G/H differ, one will have to use some specific
properties of each of the symmetric varieties G/ H to optimize the algorithm in each
case. There are 33 types of symmetric varieties of which 16 are infinite families.
The eventual goal isto be able to compute the orbits of al finite cases and the infi-
nite families up to a certain dimension. We should note that some of the finite cases
are extremely large and it will be hard to compute these. The highest dimension of
the infinite cases that can be handled will depend on several factors. First of all it
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depends of course on the processor used, but more importantly, it depends on the
efficiency of both the algorithm and its implementation.

Another aspect we should note isthat any implementation of the above algorithm
will require a considerable amount of work. Thisis mainly dueto thefact that there
are 33 types of symmetric varieties, which have to be dealt with independently. The
amount of work needed to implement the algorithm can be reduced considerably by
using one of the available symbolic manipulation programs for which alot of Weyl
group algorithms aready have been implemented. For example one could use the
excellent package of Stembridge (see [Ste92]), who has implemented several Weyl
group algorithms in Maple. Even more suited is the package LiE (see [MLL92]).
Using this package the calculation of W(IT) as in step (2) and the calculation of
the minimal coset representatives in W/ W(IT) as in (3) are easily implemented.
Another reason that LiE is a good choice is that the source code (written in C) is
available, so one can also optimize its algorithmsto suit the above calculation of {y
and V. Animplementation in LiE should be able to handle all the finite dimensional
cases. If amore efficient implementation of the algorithm is needed, then one must
write an independent program.

Remark 8.36. In the case that G is not ssmply connected one also has the added
complication of the fact that H does not need to be connected. Although this has
no influence on the calculation of the subset ¢ (V) inthediagram of (L4, <1) asin
5.22, the actual diagramsfor (V, <) asin 5.4 can be different. An example of this
is the case of G = PGLp(k) and with 6 the involution given by 6(g) = 'g~L. In
thiscase Gy/ Gg isagroup of order 2. Thegroup SL(k) asin the above exampleis
asimply connected covering group of G. By Proposition 8.29 the orbitsin V°(G)
correspond to thosein VO(SLn (k) ). Thegroup Gy/ GY actson VO(G) by permuting
the fibers of the twisted involutions s € 4" and by acting trivially on p=1(4 7).

Remark 8.37. Since {4 basically consists of conjugacy classes of involutions in
W, one might wonder if there are easier methods to describe all the involutions
in the Weyl group. Thisisin fact true. The conjugacy classes of involutions in
the Weyl group are described in [Car72] and his description is easily implemented
on a computer. For @ of type A, one can also use another approach and use the
Robinson-Schensted correspondence to describe al the involutions by tableaux.
For @ of type B, something similar is possible, but for the other types nothing is
known aong these lines. However the main disadvantage of both these methods
is that a priori there is no obvious way to describe the orbit closures, while this
follows from 5.28 using an inductive procedure.

8.38. Open problems. There are several open mathematical questions whose so-

[ution would make the algorithm much more efficient. Also there are some related

open problems that deserve further attention. In the following we discuss some of
these problems.

(1) Ingenera the algorithm in this paper does a good job in computing the orbits,

however in its present form the algorithm is not yet very efficient in comput-

ing the orbit closures. The present algorithm uses an inductive procedure to
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compute areduced expression for atwisted involution. This procedureissim-
ilar to the one typically used for computing reduced expressions for elements
of the Weyl group (see [Sno90] and [Hum90]). To compuite this reduced ex-
pression for atwisted involution w involves an amount of work, which is ap-
proximately proportional to the length of w times the rank of the root system.
The big disadvantage of this method is that it carries out the same or simi-
lar calculations severa timesin arow. For the Weyl group Casselman (see
[Cas94]) described recently a much more efficient method to compute these
reduced expressions (and the underlying Bruhat order) by using automata. He
expends on the ideas laid out in [BH93]. It islikely that the ideas in [Cas94]
can be generalized to the setting of twisted involutions, but for this further re-
search will be needed. This has the potential to drastically reduce the amount
of computational work involved. We hope to address this problem in aforth-
coming paper.

The classification of B orbits on G/ H, as described above, provides the first
step towards a solution of the similar problem over the real numbers. namely
the classification of orbits of minimal parabolic R-subgroups acting on semisim-
ple symmetric spaces. To alarge extent one can follow the same approach as
in the case of algebraically closed fields, but there are some additional prob-
lems with the fibers of ¢. One of these problems is that there is no longer a
unique open orbit. In this case the conjugacy classes of the involutions wol_[
in the image of ¢ correspond to the Hy-conjugacy classes of -stable max-
imal k-split tori. A classification of these can be found in [Hel97, Hel98].
A similar description of the combinatorial data follows from [HW93]. Once
the case of algebraically closed fields is implemented on a computer, one can
start to think about implementing the much more difficult problem of orbits
of minimal parabolic R-subgroups on real symmetric k-varieties.

In the study of infinite-dimensional representations of semisimple complex
Lie algebras, the Kazhdan-Lusztig polynomials describe the combinatorial
relations between the characters of the highest weight modules (see [KL79]).
For the characters of the irreducible representations of a connected semisim-
ple Lie group thereisasimilar set of polynomials that describe the combina-
torial formalism behind aDGM extension (see [Vog83]). Once the algorithm
to compute the orbits and their closures has been implemented, one of the
natural next stepsisto try and compute these polynomials.

A computer algebra package to compute the structure and geometry of the
orbit decomposition as described in this paper could be extended to a more
general computer algebra package for computations related to symmetric va
rieties. Since most of the fine structure of these symmetric varietiesis related
to the structure and geometry of the orbit decomposition as described in this
paper, the results in this paper will provide a good foundation for the devel-
opment of such a computer algebra package. Other aspects of symmetric va-
rieties that could be included in such a package are for example the restricted
root systems with Weyl groups and multiplicities, but also the polynomials
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asin (3). Hopefully the results in this paper will eventually lead to such a
computer algebra package.
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