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1 Introduction

In eld theories, an important class of physically interesng quantities, such
as the action or the Hamiltonian, are described by local futionals, which
are the integral over some region of spacetime (or just of s of local
functions, i.e., functions which depend on the elds and a ite number of
their derivatives. It is often more convenient to work with hese integrands
instead of the functionals, because they live on nite dimesional spaces. The
price to pay is that one has to consider equivalence classésuch integrands
modulo total divergences in order to have a one-to-one cospondence with
the local functionals.

The approach to Poisson brackets in this context, pioneerdsy Gel'fand,
Dickey and Dorfman, is to consider the Poisson brackets favdal functionals
as being induced by brackets for local functions, which areohnecessarily
strictly Poisson. We will analyze here in detail the structve of the brackets
for local functions corresponding to the Poisson bracketsrflocal functionals.
More precisely, we will show that these brackets will imply igher order
brackets combining into a strong homotopy Lie algebra.

The paper is organized as follows:

In the case of a homological resolution of a Lie algebra, it shown that a
skew-symmetric bilinear map on the resolution space indung the Lie bracket
of the algebra extends to higher order "multi-brackets' orhie resolution space
which combine to form anlL, -algebra (strong homotopy Lie algebra or sh
Lie algebra). For completeness, the de nition of these algeas is briey
recalled. For a highly connected complex which is not a restibn, the same
procedure yields part of an sh Lie algebra on the complex wittorresponding
multi-brackets on the homology .

This general construction is then applied in the following ase.

If the horizontal complex of the variational bicomplex is ued as a resolu-
tion for local functionals equipped with a Poisson brackete can construct
an sh Lie algebra (of order the dimension of the base space ptwo) on the
graded di erential algebra of horizontal forms. The constiction applies not
only for brackets in Darboux coordinates as well as for norawonical brack-
ets such as those of the KDV equation, but also in the presencéGrassmann
odd elds for graded even brackets, such as the extended Fsma bracket ap-
pearing in the Hamiltonian formulation of the BRST theory, and for graded
odd brackets, such as the antibracket of the Batalin-Vilkagky formalism.



2 Sh Lie algebras from homological resolu-
tion of Lie algebras

2.1 Construction

Let F be a vector space andX ;l;) a homological resolution thereof, i.e.,
X is a graded vector spacd; is a di erential and lowers the grading by one
with F ' Hq(l;) and H¢(l;) = 0 for k > 0. The complex K ;I;) is called
the resolution space. (We ar@ot using the term ‘resolution' in a categorical
sense.)

Let C andB denote thel, cycles (respectively, boundaries) of . Recall
that by convention X, consists entirely of cycles, equivalentlyx ; = O.
Hence, we have a decomposition

Xo=Bo K ; (1)

with K'F

We may rephrase the above situation in terms of the existenad a con-
tracting homotopy on (X ;1;) specifying a homotopy inverse for the canonical
homomorphism :Xg! Ho(X )'F . We may regardF as a di erential
graded vector spacd- with Fo = F and Fy = 0 for k > 0; the di erential
is given by the trivial map. We then consider the chain map : X !'F

with homotopy inverse :F ! X ;i.e., we have that =1 and that
1y viaachain homotopys: X ! X with 1y =1y s+s I
Observe that this equation takes on the form 1y =1; sonXy.

We may summarize all of the above with the commutative diagra

S S
| X2 | Xl | XO
| |
%3 tox3 ! %3
2y 2y 2y
I 0 I 0 I Ho=F

It is clear that (b) =0 for b2 By.
Let ( 1) be the signature of a permutation and unsh(k; p) the set of



permutations satisfying

I(1)<:{'7:< (k; and I(k+1)<::{z:< (k+p)}:

rst hand second hand

We will be concerned with skew-symmetric linear maps
:Xo Xo! Xp (2)
that satisfy the properties

(i) (e f) = by 3)
(i) (1) R((c@;c@)c@E)=b (4)

2unsh (2;1)

wherec; g 2 Xo, b 2 By and with the additional structures onX as well as
on F that such maps will yield.
We begin with

. - N
Lemma 1 The existence of a skew-symmetric linear mdp: Xy, Xg !
X that satis es corﬁjition (i) is equivalent to the existence of a skew-symmetric
linear map[;]:F F!F

. . . N . .
Proof: I induces a linear mapping orfF ~ F via the diagram
r

N
Xo Xpo ! Xo
" #

The fact that I3 satis es condition (i) guarantees that [; ] is well-de ned
on the homology classes.

Conversely, given[]:F F!F ,denel; = [;] . tis
clear that I3 is skew-symmetric because;[] is, and condition () is satis ed
in the strong sense that>(c;9 =0. O

N . . .
Lemma 2 Assume thatl; : Xg Xgp ! X satis es condition (i). Then
the induced bracket orF is a Lie bracket if and only ifl; satis es condition

(ii).



Proof: Assume that the induced bracket orF is a Lie bracket; recall that
the bracket is given by the composition I3 . The Jacobi identity
takes on the form, for arbitraryf; 2 F ;

(D ) (1) ( 1)

2unsh (2;1)
N fao fo fe=0
; (D( X ROC(E @) (@) feE)=0
2unsh82<;1)
, (1) I R w @) f@)=0
X 2unsh (2;1)
, (1) RA+L s ROEFw E@) Fg)=0
2unsh (2;1) X
(1) RER(CEw) @) o)
X 2unsh (2;1)
+ (1) Rl s REw ) Fg)=0
2unsh (2;1)
( (HRMECEw ) Egh+t (B=0
2unsh (2;1)

But (b)=0 and so

( DBGEw o) ((e)=P2B (5)

2unsh (2;1)

The converse follows from a similar calculatiort

Remark : The interesting case here is wheR is only known asX =B,
and the only characterization of the Lie bracket | ] in F is as the bracket
induced by I3. An important particular case, to be considered elsewhere,
occurs whenXy is a Lie algebraG with Lie bracket L, and B, a Lie ideal.
The bracketT; is de ned by choosing a vector space complemeidtof the ideal
By in X and then projecting the Lie bracketL, onto K. Hence,L,(¢;; ¢) =
I(c; &) + b(cy; ¢p), where b(cy; ;) is a well-de ned element ofBy. Indeed,
by de nition, property (i) holds with zero on the right hand side. Property
(ii) follows from the Jacobi identity for L, :

X
0= (1) La(La(c @);c @)ic @)
2unsh (2;1)
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X
= (1) [R(La(c ;€ @);€ @)+ BLac 1);C @);C @)l
2unsh (2;1)

(1) [(f(c @y:c @):c )+ bLa(c );C 2));Cc @)  (6)
2unsh (2;1)

We now turn our attention to the maps that I3 induces on the complex
X .

o N .
Lemma 3 A skew-symmetric linear mapl; : Xg Xg ! X, that satis-
es,\f:ondition (i) extends to a degree zero skew-symmetric chain miap:
X X I X.

Proof: We rst extend I to a linear map I, : XlN Xo ! X1 by the
following: let X3, Xg2 X1 Xo. Thenly(X1 Xg) = l1X1 Xo+ X1 liXg=
I1X1 X0 2 Xg Xpo. So we have thatll;(x;  Xg) = I(liXs  Xo) = by
condition (i). V\ﬁite b= 1,z, for zy 2 X; and de ne I,(X; Xg) = z;. Also
extendl, to Xo X by skew-symmetry: l,(Xo X1) = (X1 Xg). Note
that |, is a chain map by construction.
Now assume thatl, is de ned and is a chain m#p on elements of degree

less than orequaltmin X X . LetX, Xq2 X, Xgwherep+q= n+1.
Becausd(X, Xgq) has degreen, I,l1(Xp, Xq) is de ned. We have that

l1lolh(Xp  Xq) =

llo[laxp  Xq+( 1)PXp  l1Xq]

Lliflixp,  Xq+( 1)°xp, l1xq] becausd; is a chain map
laliXe  Xq+( 1)P Hixp  liXq

+( 1Plixp  liXq+ Xp  11liXg] =0 (7)

becausd? =0and ( 1)’ and ( 1) ! have opposite parity. Thuslli(X, Xg)
is a cycle inX, and so there is an elemeniz,+; 2 X+ with 13z, =
Lli(Xp  Xg). Dene [x(Xp Xq) = Zn+1. As before, extend, to X4 X, by
skew-symmetry and note thatl, is a chain map by constructiont

I?Vemark : We will be concerned with (graded) shew-symmetrﬂ'\? maps
fo: "X | X thathave been extendedtomapk, : "*KX | KX
via the equation

fn&xl DIl Xpek) =
( De( MaxX@ 11 X@) X@a 0 X @k (8)
unsh (n;k)



wheree( ) is the Koszul sign (see e.g[]]L6]). This extension arisesHr the
skew-symmetrization of the extension of a linear map as a skeoderivation
on the tensor coalgebra on the graded vector spae [[3]. The extension
of the di erential |; assumed in the previous lemma is equivalent to the one
given by this construction. We assume for the remainder of th section that
all maps have been extended in this fashion when necessarygreover, we
will use the uniqueness of such extensions when needed.

When the original skew-symmetric map; satis es both conditions ()
and (ii ), there is a very rich algebraic structure on the complex .

Proposition 4 A skew-symmetric linear mapl; : XON XON! Xo that
satis es conditions (i) and (ii) extends to a chﬂ'n mﬁbz X X I X
moreover, there exists a degree one map: X X X I X with the
property that Il + I3l + 1,1, = 0.

Here, we have suppressed the notation that is used to indieathe index-
ing of the summands over the appropriate unshu es as well ashé corre-
sponding signs. They are given ﬁ(plicitly in De nition 5 bedw.

Proof: We extendi; to I, : X X 1 X asinthe previous lemma. In
degree zerol,l>(X1 X, X3) is equal to a boundarybin X, by condition (ii).
There exists an element 2NX1 V\f\il'[h I,z = band sowe de nd3(X; X, X3)=

z. Becausd; =0on X Xgo Xp, Wwe have that“|3+l|\12|2+ l31; = 0.

Now assume that; is de ned uptodegregpin X ~ X X and satis es

the relation 1115 + 1,1, + I3l; = 0. Consider the map I,l, + 151, which is

inductively de ned on elements of degrep+1in X X N X . We have

that I1[lolo+ 13l1] = lilalo+1alsly = lalalo+ lsly = alali+ lalaly = [lalo+ 1ils]ly =
I5l111 = 0. Thus the image ofl,l, + I3l; is a boundary inX, which is then

the image of an element, say,.; 2'\?(p+1N De ne now I3 applied to the
original element of degre@+1in X X X to be this elementzy,,. O

In the proof of the proposition above, we made repeated usetbé relation
I11, I,l; = 0 when extended to an arbitrary number of variables. We may
justify this by observing that the map I, Il is the commutator of the
skew coderivationsl; and |, and is thus a coderivation; it follows that the
extension of this map must equal the extension of the 0 map.

The relations among the mapd; that were generated in the previous
results are the rst relations that one encounters in an sh la algebra
algebra). Let us recall the de nition [I7,[Ip].



De nition 5 An sh Lie structure qp a graded vector space is a collection
of linear, skew symmetric map$ : X ! X of degreek 2 that satisfy

the relation
X

i+j=n+1 unsh(in i)
(9)
wherel i;j.

Remark: Recall that the suspension of a graded vector spaée, de-
noted by " X , is the graded vector space de ned by"(X ), = X, 1 while
the desuspension ok is given by @ X ), = Xn+1. It can be shown, [I]7[16],
Theorem 2.3, that the data in the de nition is equivz%I/ent to

a) the existence of a degree 1 coderivationD on " X, the cocommu-
tative coalgebra on the graded vector spaceX , with D2 = 0.

and to v

b) the existence of a degree +1 derivation on " X , the exterior
algebra on the suspension of the degree-wise duaiof, with 2 = 0. In this
case, we require thaiX be of nite type.

Let us examine the relations in the above de nition indeperehtly of the
underlying vector spaceX and write them in the form

( 1)Kj l”ih =0
i+j=n+1

where we are assuming that the sums over the appropriate unsés with
the corresponding signs are incorporated into the de nitio of the extended
mapsl,. We will require the fact that the map

o a
( UYL XX
iij> 1
is a chain map in the following sense:

Lemma 6 Let fly,g be an sh Lie structure on the graded vector spae .
Then

O = AC Dl YL (10

> 1 B> 1

wherei + j = n+1.



Proof: Let us reindex the left hand side of the above equation and \ii it
as
X 1 .
Il ( 1)(n I)Iln i+1|i
i=2
which, after applying the sh Lie relation to the compositiorl, i+1, is equal

to
X 1%

i

( 1)(n I)I( 1)(k D1k Ikln i k+2|i:
i=2 k=2

On the other hand, the right hand side may be written as

X 1 ) )
("t @ DM D
=2

which in turn is equal to

XX : : : :
( 1)n 1 ( 1)(| 1)(n i+1) ( 1)(n i k+l)k( 1)n |+l|i|n 42 klk:
i=2 k=2
It is clear that the two resulting expressions have identidesummands and a
straightforward calculation yields that the signs as well i@ identical. O
The argument in the previous proposition may be extended tooastruct
higher order mapslk so that we have

- N :
Theorem 7 A skew-symmetric linear maps : Xo Xg! X that satis-
es conditions (i) and (ii) extends to an sh Lie structure on the resolution
spaceX .

Proof: We already have the required maps;; |, and I3 from our previous
work. We use induction to assume that we have the mapg for 1 k <n

that satisfy the relation in the de nition of an sh Lie structure. To construct
the map |,,, we begin with the map

S a
( DU DL Xe! o Xy o3
i+j=n+l
with i;j > 1. Apply the di erential I, to this map to get
X . X .
I, ( DU OyE=C "t ( U YK =0 (11)

i+j=n+1 i+j=n+1



where the rst equality fﬁllows from the lemma and the secondquality from
the fact that I, is 0 on " Xo. The acyclicity of the complexX_ will then
yield, with care to preserve the desired symmetry, the malg on " X and
it will satisfy the sh Lie relations by construction.

Finally, assume that all of the mapsly for k < n have been constructed
so as to satisfy the sh Lie relations and that, has been constructed in a
similar fashion through degreg in " X . We have the map

) ) (e)
( DY X))t Xp o3

i+j=n+1

to which we may apply the di erential 1;. This results in

. . X . .
( 1)(J 1)'Illjli: ( 1)(J 1)'I1IJ-Ii+( D" Halaly
i+j=n+1 ij> 1
= ( 1)0 1)i( 1)" l|j|i|1"‘( 1)" Yalnly
ij> 1

= (O I A O e T Y PR G : ( Y YLy =0

ij> 1 > 1

and so again, we have the existence bf together with the appropriate sh
Lie relations.O

Remarks : (i) It may be the case in practice that the complexX is
truncated at height n, i.e. we have thatX is not a resolution but rather
may have non-trivial homology in degreen as well as in degree 0. In such
a case, our construction of the map$ may be terminated by degreen
obstructions. More precisely, we have that the vanishing dfiyX for k
di erent frq\lm 0 and n will then only guarantee the existence of the requisite
mapslc: ( ¥X )p! Xpk 2forp+k 2 n.

(i) If property (i) holds with zero on the right hand side, i.e. so that
I, vanishes if one of thex;'s is, in By, then |, can be extended trivially (to
be a chain map) as zero on (X ), for p > 0. It is easy to see that in
the recursive construction, one can choose similarly trizi extensions of the
maps I for k > 2 to all of the resolution complex, i.e. they are de ned
to vanish whenever one of their arguments belongs &, or X, for p > 0.

Hence they induce well-de ned map$, on ¥ F. With these choices, each
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of the de ning equations of the sh Lie algebra oX involves only two terms,
namely Il + Iy 11, =0for k 3.

(i) If HX =0 for 0 <k <n and prqperty (i) holds with zero on the
right hand side, we have de ned a map on "*2 F which may be non-zero.
If so, the only non-trivial de ning equation of the induced & Lie algebra on
F reduces tof,.,f5 = 0. For example, ifn =1, f3(fa(xi;%;); X; xm) = 0
where the sum is over all permutations of (1234) such thatkj andk <m.

In section 3, we apply this construction in the context of Pason brackets
in eld theory.

2.2 Generalization to the graded case

The above construction of arl; -structure on the resolution of a Lie algebra
can be extended in a straightforward way to the graded casegi when
the Lie algebra is graded (either byZ or by Z=2, the super case) and the
bracket is of a xed degree, even or odd, satisfying the appgroate graded
version of skew-symmetry and the Jacobi identity. We will reer to all of
these possibilities as graded Lie algebras although the etdmathematical
literature uses that term only for the case of a degree 0 braak In these
situations, the resolution X is bigraded and the inductive steps proceed
with respect to the resolution degree (se¢ J20,]15] for cargy worked out
examples).

The graded case occurs in the Batalin-Fradkin-Vilkovisky @proach to
constrained Hamiltonian eld theories [B,[R.[J7[14] where #ir bracket is of
degree 0 and in the Batalin-Vilkovisky anti- eld formalism for mechanical
systems or eld theories[[B[]4] 34] with their anti-bracket bdegree 1.

In all these cases, one need only take care of the signs by ttseial rule:
when interchanging two things (operators, elds, ghosts,te.), be sure to
include the sign of the interchange.

3 Local eld theory with a Poisson bracket

We rst review the result that the cohomological resolutionof local function-
als is provided by the horizontal complex. Then, we give theethition of a

Poisson bracket for local functionals. The existence of dua Poisson bracket
will assure us that the conditions of the previous section kb Hence, we

10



show that to the Poisson bracket for local functionals corsponds an sh Lie
algebra on the graded di erential algebra of horizontal fons.

3.1 The horizontal complex as a resolution for local
functionals.

In this subsection, we introduce some basic elements front-frindles and the
variational bicomplex relevant for our purpose. More detés and references
to the original literature can be found in [IB,[I9[]5[]1]. Forte most part,
we will follow the de nitions and the notations of [I8]. Although much of
what we do is valid for general vector bundles, we will not beoacerned with
global properties. We will use local coordinates most of thene, though we
will set things up initially in the global setting.

Let M be ann-dimensional manifold and : E! M a vector bundle of
ber dimension k over M. Let J! E denote the in nite jet bundle of E over
Mwith 1 :JTE! Eand {, :J'E! M the canonical projections. The
vector space of smooth sections & with compact support will be denoted

E. For each (local) section of E, let j* denote the induced (local)
section of the in nite jet bundle J* E.

The restriction of the in nite jet bundle over an appropriate opend M

is trivial with bre an in nite dimensional vector space V! . The bundle

P2JrEg=U Vvir U (12)
then has induced coordinates given by

(x';u?; u; Ubi,iin): (13)
We use multi-index notation and the summation convention tloughout the
paper. Ifj1 is the section ofJ! E induced by a section of the bundleE,
thenu® j! =u* and

uf jt = (@@z@)(u® ')

wherer is the order of the symmetric multi-index| = fiq;i,;:::; i, g,with the
convention that, for r = 0, there are no derivatives.

The de Rham complex of di erential forms (J* E;d) onJ! E possesses
a di erential ideal, the ideal C of contact forms which satisfy (1 ) =0

11



for all sections with compact support. This ideal is generated by the contact
one-forms, which in local coordinates assume the fornj = dud  u3 dx'.
Contact one-forms of order 0 satisfyj¢ ) () = 0. In local coordinates,
contact forms of order zero assume the fornt = du®  uddx'.

Remarkably, using the contact forms, we see that the complex (J* E; d)
splits as a bicomplex (though the nite level complexes (JPE) do not).
The bigrading is described by writing a di erential p-form as an element
of "S(JLE), with p=r+swhen = },( 5" dx")where

dx' = dx* A A dxt and f = PA A g (14)
We intend to restrict the complex by requiring that the functions }, be
local functions in the following sense.

De nition 8 A local function onJ?! E is the pullback of a smooth function
on some nite jet bundleJPE, i.e. a compositeJ' E! JPE! M. In local
coordinates, a local functionL (x; ut®) is a smooth function in the coordinates
x' and the coordinatesu?, where the ordeijl j = r of the multi-index| is less
than or equal to some integep.

The space of local functions will be denoted_oc(E), while the subspace
consisting of functions( i,) f for f 2 C* M is denoted byLocy :

Henceforth, the coe cients of all di erential forms in the complex

(J! E;d) are required to be local functions, i.e., for each such form
there exists a positive integemp such that is the pullback of a form of

(JPE; d) under the canonical projection ofl! E onto JPE. In this context,
the horizontal di erential is obtained by noting that d isin r*lis s+l
and then denoting the two pieces by, respectively, anddy . One can
then write

dy =( 1)%D; J, frdxAdx + L S Adx A dX g (15)
where
A_XS A1 A +es A oo A Qs
5= (Hhmmn )
r=1
and where
@ @
Di = @("‘ ug @8 (16)

12



is the total di erential operator acting on local functions

We will work primarily with the dy subcomplex, the algebra of horizontal
forms 9, which is the exterior algebra in thedx with coe cients that
are local functions. In this case we often use Olver's notat D for the
horizontal di erential dy = dx'D; whereD; is de ned above. In addition to
this notation, we also utilize the operationd which is de ned as follows.
Given any di erential r-form  on a manifoldN and a vector eld X on N,
X denotes that (r-1)-form whose value at anx 2 N and (vq;::55v 1) 2
(TxN TyN)is (Xx; ViV 1) We will sometimes use the notation
X () in place of X

Let denote a xed volume form onM and let also denote its pullback
(2)()toJtE sothat may be regarded either as a top form oM or
as de ning elementsP of ™°E for eachP 2 C! (J! E). We will almost
invariably assume that = d"x = dx*~ A dx".

It is useful to observe that forR' 2 Loc(E) and

— i 1pi @ ny\-
=( 1) R(@J d"x); (17)
then
dv =( 1) 'D;R'[dX 7 (@@;J d"x)] = D; R d"x: (18)

Hence, a total divergenceD;R' may be represented (up to the insertion of
a volume d"x) as the horizontal di erential of an element of " °(J! E).
It is easy to see that the converse is true so, that, in local ocdinates, one
has that total divergences are in one-to-one correspondenwith D -exact
n-forms.

De nition 9 A local functional
z z

1= L ®)(x))dvoh, = M(jl ) L(x; u®)dvoly (19)

is the integral overM of a local function evaluated for sections of E of
compact support.

The space of local functionals F is the vector space of equivalence
classes of local functionals, where two local functionalgeaequivalent if they
agree for all sections of compact support.
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If one does not want to restrict oneself to the case where thade space is a
subset ofR", one has to take the transformation properties of the integnds
under coordinate transformations into account and one hastintegrate a
horizontal n-form rather than a multiple of dx" by an element ofLoc(E).

Lemma 10 The vector space of local functional$ is isomorphic to the
cohomology grougH"( %, D).

Proof: Recall that one has a natural mapping from ™°J* E) onto F
de ned by
z
AP = M(J'1 ) (P) 8 2 E: (20)

It is well-known (see e.g. [18])that (P )[ ]=0forall of compact support
if and only if in coordinatesP may be represented as a divergence, i.e., i
P = D;R' for some set of local function§ R'g. Hence, £P ) = 0 if and
only if there exists a form 2 " 10 sych that the horizontal di erential
dy maps to P . So the kernel of Nis preciselydy " ° and ~ induces
an isomorphism fromH"(dy) = "™%=d; " ° onto the spaceF of local
functionals. O

For later use, we also note that the kernel of €oincides with the kernel
of the Euler-Lagrange operator: for 1 a m, let E, denote the a-th
component of the Euler-Lagrange operator de ned foP 2 Loc(E) by

ep)= 2P @%’+@@@%f 5=( D)D)

@8
The set of components E,(P)g are in fact the components of a covector
density with respect to the generating set 2g for C,, the ideal generated
by the contact one-forms of order zero. Consequently, the En operator

(21)

E(Pd"'X) = E4(P)( 2~ d"X); (22)

for f 2ga basis ofC,, gives a well-de ned element of ™. We haveE (P ) =
Oi P =dy . Forconvenience we will also extend the operatd& to map
local functions to ™!, so that E(P) is de ned to be E(Pd"x) for each
P 2 Loc(E).

In section 2, we have assumed that we have a resolution of
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F' H"( ©dy). Inthe case whereM is contractible, such a resolution
necessarily exists and is provided by the following (exacBxtension of the
horizontal complex °(Loc(E); dy):

dH dH dH dH
R | 0;0 | S n 2,0 | n 1,0 | n;0
# # # # #
o ! o ! o] 0 ! 0 ! Ho=F
Alternatively, we can achieve a resolution by taking out theconstants:
the spaceX is given byX; = "% for0 i<n, X, = ©°=R, and

Xi =0, for i>n +1. Either way, we have a resolution o and can proceed
with the construction of an sh Lie structure. (For general vetor bundlesE,
the assumption that such a resolution exists imposes topgjical restrictions
on E which can be shown to depend only on topological propertiesd [1].)

3.2 Poisson brackets for local functionals

To begin to apply the results of section 2, we must have a bikar skew-
symmetric mappingl; from ™%  m0tg M0 gych that:

() i ;dy ) belongs tody " Wforall 2 "%and 2 ™0 and

(if) 2unsh(02;1)( 1y (R @ @) @) belongs tody " O for all

o2 32 M

To introduce a candidatel;, we de ne additional concepts. We say that
X is a generalized vector eld over M i X is a mapping which fac-
tors through the di erential of the projection of J! E to J'E for some non-
negative integer r and which assigns to eash 2 J! E a tangent vector toM
at 3 (w). Similarly Y is ageneralized vector eld over E i Y also fac-
tors through J'E for somer and assigns to eaclv 2 J! E a vector tangent
to E at % (w). Inlocal coordinates one has

X =X'@=@x Y=Y @=@x Y’@=@u (23)

where X':YI; Y2 2 Loc(E). A generalized vector eld Q on E is called
an evolutionary vector eldi (d )(Qy) =0 forall w2 J! E. In adapted
coordinates, an evolutionary vector eld assumes the foriQ = Q?(w)@=@u

Given a generalized vector eldX on M, there exists a unique vector eld
denoted Tot(X) such that (d {,)(Tot(X)) = X and (Tot(X)) =0 for every
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contact one-form . In the special case thaiX = X' @=@yt is easy to show
that Tot(X) = X'D;. We say thatZ is a rst order total di erential operator

i there exists a generalized vector eldX on M such that Z = Tot(X).
More generally, a total di erential operator Z is by de nition the sum of a
nite number of nite order operators Z for which there exists functions
Z7 2 Loc(E) and rst order total di erential operators Wy; W5; :::W, on M
such that

Z =Z%(W;, W, = Wjp) (24)

whereJ = fjq;j2; 5] p01s a xed set of multi-indices depending on (p=0
is allowed).

In particular, in adapted coordinates, a total di erential operator assumes
the form Z = Z7D;, whereZ? 2 Loc(E) for each multi-index J, and the
sum over the multi-indexJ is restricted to a nite number of terms.

In an analogous manner, for every evolutionary vector eldQ on E,
there exists its prolongation , the unique vector eld denoted pr(Q) on
J* E such that (d £ )(pr(Q)) = QandLpyq(C) C,wherelLy (g denotes
the Lie derivative operator with respect to the vector eld pr(Q) and C
is the ideal of contact forms onJ! E. In local adapted coordinates, the
prolongation of an evolutionary vector eldQ = Q?*@=@wassumes the form
pr(Q) = (D;Q¥)@=@u The set of all total di erential operators will be
denoted by TDO(E) and the set of all evolutionary vector elds byEv(E).
Both TDO(E) and Ev(E) are left Loc(E) modules.

One may de ne a new total di erential operator Z* called the adjoint
of Z by

z z
LU L) Isz(my = LU L) [ZT(9)T] (25)

for all sections 2 E and all S; T 2 Loc(E). It follows that
[SZ(T)] =[Z2"(S)T] + du (26)

forsome 2 " YO(E). If Z = Z'D; in local coordinates, thenZ* (S) =
( D);(Z’S). This follows from an integration by parts in (26) and the fat
that (26) must hold for all T (see e.g. [18] corollary 5.52).

Assume that! is a mapping fromC, Cyto TDO(E) which is a module
homomorphism in each variable separately. The adjoint df denoted! * is
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the mapping fromCy Cpto TDO(E) dened by ! *( 1; 2) = ! (2 ).
In particular ! is skew-adjointi ! * = 1.

Using the module basid 2g for Cy , we de ne the total di erential op-
erators! @ =1 ( 2 P, From these operators, we construct a bracket on the
set of local functionals [9, 10, 11, 12, 13] (see e.g. [18,d]reviews) by

z

PiQg= (% P)(Eb(P))Ea(Q)d"x; (27)

whereP = Pd'x and Q = Qd"x for local functionsP and Q. As in other
formulas of this type, it is understood that the local functonal fP ; Qg is to
be evaluated at a section of the bundleE ! M and that the integrand is
pulled back toM via j! before being integrated.

We nd it useful to introduce the condensed notation! (E(P))E(Q) =
(3 P)(Eu(P))Ea(Q) throughout the remainder of the paper. In order to
express! (E(P))E(Q) in a coordinate invariant notation, note that
pr(@—%)J E(L) = E4(L)d"x for each local functio.. Consequently, if is
the operator from ™°E to Loc(E) dened by (P )= P, then

EPDEWQ=1( % ) [pr(@—%J E (P)I)( [pr(@—%w EQ): (28)

If coordinates onM are chosen such that = d"x, then it follows that
z

PiQg= (% ) pr(Yo)d E(PI( [pr(Ya)d E(Q)) ; (29)

where fY,g and f Pg are required to be local bases dEv(E) and Co, re-
spectively, such that °(Y,) = . It is easy to show that the integral is
independent of the choices of bases and consequently, one Aaoordinate-
invariant description of the bracket for local functionals

3.3 Associated sh Lie algebra on the horizontal com-
plex

This bracket for functionals provides us with some insightsato howl; may
be de ned; namely for ;= P; and ,=P, 2 "% denel3( 1; ») tobe
the skew-symmetrization of the integrand ofP 1; P,g :

(1 2)= %[! (E(P))E(P2) ! (E(P))E(P)]: (30)
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By construction, I3 is skew-symmetric and, fronE(dy )=0for 2 " %0
it follows that I;(;d y ) = 0. Thus a strong form of property (i) required
above forl; holds.

The symmetry properties ofl may be used to simplify the equation for
I( 1; 2). Skew-adjointness ot implies

L(E(P))E(P2) = !'(E(P2)E(P1) + dy (31)

for some 2 " 10 which depends on ; = P, and , = P, . In fact,
sinceE(dy ) = 0, the element depends only on the cohomology classes
P.;P,of ;and ,. Aspecic formulafor can be given by straightforward
integrations by parts.

Hence, from (30) and (31), we get

B3 D= LEPDER)  odi (PP (32)

R
Furthermore, since ,, (j1 ) dy =0forall 2 E, we see that

z z
fP1;P2g( ) = M(i1 ) [ (E(P))E(P)] = M(J'1 ) (1 2)r (33)

In order to explain the conditions necessary fdp to satisfy the required
\Jacobi" condition, we formulate the problem in terms of \Hamiltonian" vec-
tor elds (see e.g. [18] chapter 7.1 or [5] chapter 2.5) andeir corresponding
Lie brackets.

Given a local functionQ, one de nes an evolutionary vector eldvigq

by
Vieg = ! ®(En(Q)@=@w ! (% °)( [pr(@=Au E(Q)@=@u (34)

Again, the vector eld vieq depends only on the functionalQ and not on
which representative Q one chooses in the cohomology clags Q +

dqy " 9 Thus, for a given functionalQ, let 0o = vigq for any representa-
tive Q. R

SincefP 1;P,g= |, I2( 1; 2), we see that

VP 1iP2g = ViE (( 1 ) (35)
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Note also that
I (E(P))E(P2) = ! ®(Ep(P1))Ea(P2) = pr[! En(P1)@=@ E(P2)
= pr(vie (py))- E(P2) = pr(¥e,)d E(P2): (36)

Moreover, integration by parts allows us to show that

pr(Q)(P) = pr(Q)d d(P )= pr(Q)d E(P )+ du(pr(Q)4 ); (37)

for arbitrary evolutionary vector elds Q and local functionsP, and for some
form 2 " 19 depending onP. For every suchQ, let | o denote a mapping
from ™%to " 10 such that

pr(Q)(P) = pr(Q)d E(P)+ dn(lo(P ) (38)

forall P 2 ™9 Explicit coordinate expressions fot o can be found in [18]
chapter 5.4 or in [5] chapter 17.5 .
It follows from the identities (32), (36) and (38) that

B( 1 D= PrO)(P)  Gulo, (P ) pd (PuP2)i (39
Thus, for 1; 5 32 ™9 we see that
RRC 6 25 3= RO ak( 14 2)=
= (3 pr(¥e,)(P2) da ()= T2( 3;pr(9e,)(P2) )(40)
and
R0 15 2); 3= Pri¥e)(pr(fe,)(P2)) + dy ; (41)
where is given by

(PP = 1o, (r(0)(P) )+ 5 (P5ifP1iPag) (42

Rewriting the left hand side of the Jacobi identity in Leibntz form and using
(35), (39) and (41), we nd

( 1)j jr2('3( W, @) @)=
2unsh (2;1)
= R(aRk( 6 2) BB 15 3) 2+ B0 uhk( s 2)=
=[ pr(¥p;)(pr(¥e,)(P2)) + pr(¥s,)(pr(¥s;)(P1))
Pr(¥pe ,:psg)(P2)] + du ; (43)
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with
(P1;P2;P3) = (P1;P2; P3) (P3; P2, Py)
tlop p(P2 )+ %dH (fP 1, P3g; Py): (44)
Although depends on the representativ®, and not its cohomology class,
depends only on the cohomology classBs because it is completely skew-

symmetric.
It follows from this identity that if

pPr(¥e 1;pog) = [Pr(0e,); Pr(ve,)] (45)
for all Py;P,, then f ; g satis es the Jacobi condition. Under these con-
ditions, the mappingH : F ! EV(E) dened by H(P) = 45 is said to

be Hamiltonian . Equivalent conditions on the mappingH alone for the
bracket f ; g to be a Lie bracket can be found in [18, 5]. The derivation
given here allows us to give, in local coordinates, an expliform for the
exact term (44) violating the Jacobi identity.

If H is Hamiltonian, the bracket I3 satis es condition (ii) and the con-
struction of section 2 applies. Because the resolution s®with the hor-
izontal zero-forms, we get a possibly non-triviaL (n + 2) algebra on the
horizontal complex. If we remove the constants, we can thextend to a full
L, algebra by de ning the further|; to be 0. In addition, because property
(i) holds without any I; exact term on the right hand side, remark (ii) at
the end of section 2.1 applies, i.e., we need only two terms time de ning
equations of the sh Lie algebra and the mapg induce well-de ned higher
order maps on the space of local functionals. On the other hadnif we do not
remove the constants, the operatioify,,, takes values inX, = %% = Loc(E)
and induces a multi-bracket onH"( % dy) ' F , the space of local func-
tionals, with values inH,(X ;1) = H°( ©%dy)' Hpr(C!(M))= R:

We have thus proved the following main theorem.

Theorem 11 Suppose that the horizontal complex without the constants

( °=R;dy) is a resolution of the space of local functionals equipped with
a Poisson bracket as above. If the mappimg) from F to evolutionary vector
elds is Hamiltonian, then to the Lie algebraF equipped with the induced
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bracketf, = f ; g, there correspond maps; : ( ©°=R) ' ! +2.0=R for
1 i n+2 satisfying the sh Lie identities

Illk + Ik 1|2 =0:

The corresponding madh., on F "2 with values inH?(  ©;dy) = R sat-
is es
f\n+21\2 =0:

Speci c examples fom = 1 are worked out in careful detail by Dickey [6].

4 Conclusion

The approach of Gel'fand, Dickey and Dorfman to functionalend Poisson
brackets in eld theory has the advantage of being completelalgebraic. In
this paper, we have kept explicitly the boundary terms violang the Jacobi
identity for the bracket of functions, instead of throwing hem away by going
over to functionals at the end of the computation. In this waywe can work
consistently with functions alone, at the price of deformig the Lie algebra
into an sh Lie algebra. Our hope is that this approach will be seful for a
completely algebraic study of deformations of Poisson biats in eld theory.
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