Symmetric Brace Algebras
Tom Lada

This is joint work with Martin Markl.
Recall the definition of a (non-symmetric) brace algebra as given by Ger-
stenhaber and Voronov:

Definition 1. A brace algebra is a graded vector space U together with a
collection of degree 0 multilinear braces z,x1, ..., T, — x{z1,..., 25} that
satisfy the identities

{}==x

and

fE{CEl, S al‘m}{yla BRI 7Un} =
Z € x{ylr s 792‘17371{3/1'1-1-1, ce 3yj1}> Y41y - s Yins xm{yim-‘H? ce ’yjm}’ Yjm+1s -+ Yn

where the sum is taken over all sequences 0 < 1, < 31 < < ip < Jim <N
and where € is the Koszul sign of the permutation

(mlv oIy Y1y 7'yn) — (yla o Y s Ty Yig41y - - - 1yj17yj1+1)~ s Yy Tms Yig 41y - - vyjm>yjm+17 S syn)
of elements of U.

We consider a symmetric version of these braces:

Definition 2. A symmetric brace algebra is a graded vector space B together
with a collection of degree 0 multilinear braces z{xy, ..., t,) that are graded
symmetric in xq,...,x, and satisfy the identities

z()==z

and

z(zy, . T Y, Yn) =
ZE : x(ﬂh(y;‘}, ce 7yi}1>am2<y1’%a cee )yi?2>) R 7$m<yi§"7 <. )yi;'r‘n>ayi’l“+l) ceey Yyml )

tmy1
where the sum is taken over all unshuffle sequences

-1 -1 sm+l ‘m+1

of {1,...,n} and where € is the Koszul sign of the permutation

(:Elv-”yxm:ylv"-ayn) —_ (xlvyi{v”~ayi%l7$21yi?7'"ayifzw"7$m1y'i'1"a"wyi't";‘nsyi'l""'la---)yi:"‘H )
m

+1
of elements of B.



Some examples with signs suppressed:
Non-symmetric brace relation

:U{xl,:cz}{y} - QI{y,Cb'l,CEg} + 33{371,:1/,1172} + QZ{LL’l,LEQ,y}
+az{z{y}, zo} + o{z1, z2{y}}

and the corresponding symmetric brace relation

z(z1, 22)(Y) = (1, T2, y) + (1Y), T2) + (21, T2(Y))

Another example

33{331}{y17’y2} = 513{331, ?/1:?;2} + CL’{yl, 301,?]2} + ${y1,y2,$1}
+z{zi{yi}, o} + x{y, z1{y2}} + x{z1{v1,v2}}

and the symmetric version

z(x1) (Y1, ¥2) = (1, Y1, Y2) +2(21{¥1), Y2) +2(T1(¥2), Y1) +x(x1 (Y1, Y2))



The motivating example for brace algebra structures is the following: let V
be a graded vector space and consider the graded vector space B,(V) where

@ Hom(V® V),
p—k+1=s

where Hom(V® V), denotes the space of k-multilinear maps of degree p .
Given f € Hom(V®N,V) and g; € Hom(V®% V), where ¢; is the degree of
g; as a map, define

f{gl’ .. ,gn} = Hom(V®T, V)p+¢h+'“+qn
wherer=a;+...a,+ N —n by

fHon ) =) (F1)Pf1%0 @ @1% - @ 1% @ g, ® 1%*),

ko+..kn=N-n
where
g = Z[a,—l] [k; +a]]+z — 1) qi—i-Zqia,j.
i<t i<t

In this example, suppose that we have a collection of maps
pix € Hom(V®* V)i_s € B_1(V).

If we let p = py + po + ..., then an Ay algebra structure on V may be
described by the brace relation u{u} = 0. For example (ignoring signs)

u{,u}(x, Y, Z) =M {y‘3}($7 Y. Z) + /1’2{/—‘2}(Ia Y, Z) + /1'3{/1’1}(1:7 Y, Z) =

1 (p3(z, Y, 2)) + pa(pa(z, y), 2) + pa(z, pa(y, 2))

+IL3(H1(:E)7 Y, Z) + /143(:5’#(?/)’ Z) + ,LL;;(il?, y,[L(Z)) =

i.e. 19 is a homotopy associative operation.



We now consider examples of symmetric brace algebras by “symmetrizing”
the previous examples. Let Hom(V®* ,V)5° be the space of k-multilinear

maps of degree p that are antisymmietric (or alternating). Consider the graded
vector space B,(V) where

By(V):= € Hom(V®, V)e.

p—k+1=s
Given f € Hom(V®* V)% and g; € Hom(V®%, V)2, 1 < i < n, define
the symmetric brace f{gi,...,gn) € Hom(V®", V)bt Where T :=a; +

-+ a,+k—mn, by

f<91= < ,gn>(’U1, T ’UT) = Z(—l)éx ' f(gl Q@ gn ® ll@k_n)(v‘in R avir)

with the summation taken over all unshuflles
1< < g lagl <o L lgtag s lagtetaetl < <,
of elements of V', where x is the antisymmetric Koszul sign of the permutation
(v1, ., Up) — (Vg - -, V;,)
and
§ = (k-1Da+k-24+a)g 2+ +k-—n+a+ - +a1)m
+ Zl§i<j§n aia; +(n—1ay+(n—2)as + -+ ap_1.

In this example, suppose that we have maps
Ik € Hom(V® V)i, € B_y(V).

If welet [ =1, + [+ ..., then an Ly, algebra structure on V is given by
the symmetric brace relation I{l) = 0.
Example (again, ignoring signs): I{{)(z,y, z) =

h{ls)(z,y,2) + (o) (z,y, 2) + (L) (z, y, 2) =
ll(l3(1"7 Y, z)) + 12(12(373 y)a Z) + 12(12($, Z), y) + l2(l2(y) Z), £L‘)

l3(ll(x)7 Y, Z) + l3(ll(y)7$a Z) + 13(11(2)7 z, y) = 0.



Symmetrization Theorems

1. Given a brace algebra structure on the graded vector space U,

then
Flgn o) =Y € fgoy- - Yot}

UGSn
is a symmetric brace algebra structure on U where € is the Koszul
sign of the permutation o.

2. Given f: V@ — V and let as(f) denote the map

ClS(f)(’Ul, - ,’Un) = Z Xf(vo (1)s - - - (n))

0ES,

Let f,g1,...,9, € Hom(V®* V). Then
Z € as(f{ga(l)a R 7ga(n)}) = as(f)<a5(gl)a s 7a5(gn)>'

UESn

3. Corollary: Consider the symmetric brace algebra structure on
@ Hom(V®* V) given by the symmetrization of the non-symmetric
brace structure given earlier. Let € Hom(V®*, V) have the sym-
metric brace algebra structure given above. Then

as : EB Hom(V®* V) — @ Hom(V®*, V)*
is a homomorphism of symmetric brace algebras.

4. Also as a Corollary, we have
The anti-symmetrization [ := as(u) of an Ay algebra structure p
yields an Lo, algebra structure.

Proof: Given p{u} = 0. We have
0 = as(u{p}) = as(u)as() = ).
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