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Composition of Surfaces

We need to consider compactification of Mod-
uli Spaces with simple degenerations.

Remark.- Degen-
eration of closed
geodesics Kkills two
parameters:
1) I=lenght
2) 6=angle




QME:
dS—I—AS—I—%{S,S} —0

A single equation which describes all the strata
of a certain moduli space and how they fit to-
gether using an algebraic structure.

Remark.- The differential d is of codim 1 and
the closed degenerations give codim 2 spaces.



Two ways to compactify
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OC MODULI SPACES

Mggﬁ — Moduli space of connected stable bor-
dered R.S.'s of genus g with b boundary com-
ponents, n ordered interior punctures and m =
(m1,...,my) boundary punctures ordered within
each boundary component in a way compatible

with its orientation.

Here g=3, b=4, n=5, m = (0,3,1,0)



Degenerations: 3 types allowed

X: Here the pair of arrows represent extra data
at double point, a real ray in Tp1 R sz_




E: boundary component collapsed to a point
(closed open string interaction)
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Theorem.- (corollary of Liu's thm) M”m IS an

oriented compact orbifold with corners more-
over

dimMgb =69 —6+3b+2n+ Zmz
=1
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A DG VECTOR SPACE
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e M,"""/& = Moduli space of possibly dis-
connected surfaces of several genus.

o CJ"(—,F) = Geometric chains with co-
efficients in a locally constant sheaf of Q-
vector spaces



Definition.- A geometric chain on X is a |l. cC.
over Q of continuous maps f: P — X where P
IS @ compact connected oriented smooth orb-
ifold with corners, modulo isomorphisms be-
tween the source orbifolds P. CJ°"(X) is
the DG Q-vector space graded by dim P and
d(f,P) = (flgp,0P). This way we get:

e Compact orbifolds inherit natural funda-
mental chains (the class of the identity map).

e Given A C X restricting chains to satisfy
f(OP) C A produces relative homology classes
f«[P] € He(X,A;Q) where [P] is the orb-
ifold fundamental chain.

e Given a locally constant sheaf F of Q-vector
spaces on X we can define geometric chains
with coeff. in F as a l.c. ¢ = >.¢;(P;, f;)
where ¢; € ['(B;; fF)
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where Q€ is a local coefficient system with
e ( € Zm acting by (—=1)m—1
e 7;; € G, acting by (—1)(mi‘|‘1)(mj+1)
e S, acting trivially

Proposition.- Q¢ is the orientation sheaf for
Mgg” and thus we get the fundamental chain

(M /8] € C "6 ontaptm (Mg /6 Q)



Grading: by codimension relative to the corre-
sponding moduli space MZ;)”

Differential: induced from the differential on
geometric chains, thus we have d : Vk — yvk+1
and d2 = 0.



BV STRUCTURE IN V

Definition.- A DG-BV algebra (here) is a DG
commutative algebra (deg d=1, d(1) = 0) with
a second order differential A (A2 =0, A(1) =
0, degA =1, [d,A] =0)

Remark.- We get an anti-bracket by letting
{a,b} = £A(a-b) F A(a) -bFa- A(b)

So in V:

e Dot product induced by disjoint union of
surfaces.
o N\ = AC_I_ AO_I_ ACO where

- a2=202=23=0
[Ac, Do) = [Ac, Aco] = [Do, Aco] =0



Ac, Ay are second order D.O.’'s
Ao IS a first order derivation

— A, induced by twist-attaching a pair of
interior punctures and adding up over all
pairs

e

— A, induced by attaching pairs of bound-
ary components

or
— Ao Induced by declaring an interior punc.
to be a deg. boundary component



QME

1
dS+ DS+ 8,5} =0
In the BV algebra V[[)]] let
S= 3 [Myy"/SIA2X
g,b
n,m
where X=2—Qg—n—b—%.

Theorem.- S is a solution of QME

Rough Idea: The QME states that the bound-
ary of the fundamental chain [MZ,’;)”/G] is com-
prised of lower-dimensional fundamental chains
obtained by attaching punctures to each other
on a single surface (A:S and A,S) or on dif-
ferent sufaces ({S,S}) or degenerating interior
punctures into degenerated boundary compo-
nents (AcS).



Definition.- A ‘symmetric’ TCFT is a BV-
algebra morphism from our BV-algebra V[[\]]
to another one.

Idea:
preserves e < behaves well under [] of surfaces

preserves A < behaves well under gluing (fac-
torization axiom) or closed-open string inter-
action

Remark.- Any symmetric TCFT comes with a
solution to QME, namely, the image of S.

Example.- The BV-algebra for oc-model must
be S.(@i,jGD)Hz’j D He

Our S may be viewed as a o-model with target
space M = {pt.}

On the other hand, it is the universal solution
to QME.



