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Motivation

String theory:
2d Conformal Field Theory —
D-dimensional Quantum Field Theory

Linear classical field equations (Maxwell, Lin-
earized Einstein) and their symmetries:

QP =0, O — O+ QA

() is a semi-infinite cohomology operator for
the Virasoro algebra.

What about nonlinear equations?

String Field Theory:

QP+ pn(P,...,0) =0
Qa:un;lOO/LOO

The description of i, is too complicated.
Something more explicit?



Natural mathematical tool to study 2d CFT:
VOA (vertex operator algebra)

B.H. Lian, G.J. Zuckerman
”"New Perspectives on the
BRST-algebraic Structure of
String Theory”
Commun.Math.Phys.154 (1993)
613

LZ homotopy algebra (reminder)

Let V be the VOA. T'(z) is a Virasoro element
Semi-infinite complex : C" =V ® A
A - VOA of “conformal ghosts”:

1

< — W

b(z)c(w) ~

Q = fdz c(2)T'(z)4 : cOcb : (2)
semi-infinite cohomology (BRST) operator.
Let a(z) be a vertex operator for a € V ® A
Operations:

play, as) = Poai(e)as

{ai, a2} = (—1)al|7{dz(b_1a1)(z)a2

where Fj is the projection on ¢ - independent
component.



Proposition 1

(i) plar,az) — (1)1 u(ay, ) =
Qm(al, CLQ) -+ m(Qal, CLQ) + (—1)‘a1‘m(a1, QCLQ)

(i2) M(M(Cll,az),%) — ,u(a1,,u(a2,a3)) —
Qn(ay, as, az) + n(Qay, az, as) + (—1)|a1‘n(a1, Qas, as)
_|_<_1)\a1\+\a2|n(a17 a2, Qas),

Lemma

(1) ay, as} = bop(ar, az)—p(boar, az)—(—1)"" u(ay, byay)

Proposition 2

(1) {ay, a} + <_1)(\a1|—1)(\a2|—1){a27 a} =

(1)1 (Qm (a1, as) + m/(Qay, as)
_<_1)\a2|m/<a17 Qa2))

(ZZ) {{al,ag},ag} — {al,{ag,ag}}
+(_1)(\a1|—1)(\a2\—1){% {a1, ag}} — 0

(iit)  {a1, plaz, a3)} = p({ar, as}, as)
(=D larl=Dlleol y (0 fay, as})

(iv)  {wlar, a2), a3} — p(ar, {az, as})
_(_1)\(a3|—1>\a2\u({a1, as}, as) =
(_1)\a1|+|a2|—1(Qn//(a1’ a2, a3> — n”(Qah a2, Cl3) —

<—1)‘a2|n”<a1, Qas, az) — (_1>|a1\+\&2\n//(a17 az, QGS))



Therefore V®A carry a structure of homotopy
Gerstenhaber algebra.
One can generalize further:

C'=C'®C
,ueXt(Cbl, CLQ) — Poal(é)ag, € §é R

{ar, ax}™" = Pojé Clgl)@%

g,0

where oY) = dz(b_1a)(z) + dz(b_1a)(2).

pet {., -} also satisfy the relations of homo-
topy Gerstenhaber algebra w.r.t. operator

Q=0Q+Q

Conjecture (L-Z) Operations p,{-,-} and
pt {.,-}*" can be extended to the structure
of G, algebra.

Attempts to prove:

Kimura, Voronov, Zuckerman
“Homotopy Gerstenhaber algebra and
topological field theory”
q-alg/9602009

Galvez, Gorbounov, Tonks
“Homotopy Gerstenhaber Structures
and Vertex Algebras”

math /0611231



What is the physical meaning of the associ-
ated Maurer-Cartan equations?

QP+ p(®,0) + ) pin(®,...,®) =0

n=3
1 =1
V4 40 v —{v, ... v, =0

We will show that

a) they lead to nonlinear field equations and
their symmetries

b) can give rise to an “algebraic” definition
of (-function for the perturbed CFT (o-
models in particular)



Perturbed CFT's

VOA — CFT with some action 5.
Perturbations: S) — S =5+ V

vz/q><2>, O =dzAdzA(z), AeC*®C*
by

In general, the perturbed theory is not a CFT.
Renormalization theory gives the condition
for the theory to be conformal:

G(®) =0
Expand: ¢ = tCID(12) + t2<I>;2) + ...
Gi(V) =0+ chgo) = ()
1
BV) =0 = Qo) + R ¢ oa o
A Ceg

where CIDZ(?) =dz Adz[b_q, [5—1, @go)“

A. Sen (89,90);

A.M.Z.

“BRST, Generalized Maurer-Cartan
Equations and CFT”,

Nucl.Phys.B 794 (2006) 370,

“Formal Maurer-Cartan Structures:
From CFT to Classical Field Equations”,
JHEP0709:098(2007)



Therefore one can replace 3(®) by

. 1 1
3(D) :Q¢+§{@,¢}+;a{@,...,@}n

where ) = dz A dz[b_, [b_1, D[]

One can think of 3(®) as an “algebraic”
definition of (#-function.

The same applies to g-functions for the the-
ories with boundary perturbations:

SO—>S:SO+/ o

)y
In this case ”algebraic” (-function is:

6(@) - Q®+M(®7q}) —I_Z/Ln(q)a"'vq))

n=3

where &) = dz[b_;, §] + dz[b_;, D]



o-models

1 2 wa vV
S = o7 zd (G (X) + B (X))0X"0X
Nl RP¢(X) + / A, (X)dX*
2T o

B(G, B, ¢, A) = Y _h"B,(G, B, ¢, A)
n=1

31 = 0 <= Einstein-Yang-Mills equations
B, = 0 (n > 1) gives equations with higher
derivatives

Complications:

i) S = Sy + V destroys the geometric back-

ground:
G = N + tg/(fy) + tZg/(fV) + ...
ii)
1
Sy = dl2 LOXHOXY
" orh Il

XM XY (w) ~ hn™ 1In |z — w)?

logarithmic VOA



Nevertheless, if we neglect logarithms Maurer-
Cartan equation

1
QP +o{®, 0} +--- =0, O(G, B, D)

reproduces Einstein equations (H = dB):

1
R, = —EHMMHVAP +2V, V.0,

V, H"P —2(Vy\¢)HP = 0,

1
A(V,0)* — 4V, V' + R + 5 wpHM™P =0

and their symmetries up to the second order
I t.

A.M.Z.

“Formal Maurer-Cartan Structures:

from CFT to Classical Field Equations”
JHEP0712:098(2007)

We need another formulation:

1

oh Js _

(9" pipj + w;pi0 X7 +

WP 0XT + b;0X'0X7)) + / R?¢
>

A.S. Losev, A.V. Marshakov, A.M.Z.
“On first order formalism in string
theory”

Phys.Lett.B 633(2006)375

S = d?z(pﬁXi + pg(?Xg —



Complication: g, b, p, [L,é — G, B,  nonlinear
transformation:

G = gwusuﬁgsk Dsic»
By = gijlishy, = 95 — s
Gy = —gijlt, — gsjﬂ‘g,
G = —ggj_uf - %‘Mﬁg

By = 955/1‘3 - gzj/}ga

By = gijith — gt

¢ = log+/g+ gg
Advantage:
Sy = Zih 22(p0 X' + p:dX")
VOA
j ho; i ho
X'(2)pj(w) ~ po—— X (z)pj(w) ~



When ., i,b =0
G = —B; = g5, b= ¢+log /g

Resulting Einstein equations appear to be bi-
linear in g%
Db =0,  Opdi"g" =0, 9,di"g" =0,
29rlar6;l_gik o 26)rgiﬁaﬁgrk o giléxl_d;@(]gsk o
grk&adl‘;ogji 4+ argikdg)ogjr + aﬁgkidgzognﬁ _ 07
where d;g" = 0,9 —20;009" and dg" = 09" —
2(3%(1)()gﬂ.

They are equivalent to:

1 . =
Qe+ {®, @} =0,  [by, [b-1, 9] = g"pip;

at the order h'.
Symmetries (holomorphic):

O — O+ QA+ {D, A} + {A, D}

A.M.Z.
“Perturbed -+ Systems

and Complex Geometry”,
Nucl.Phys.B 759(2006) 370



Yang-Mills equations
xdgx F' =0, F=dA+ANA
0L &L P14 ol g
Yang-Mills C,, algebra:
0 @ 1 D o2 D3
0O—-F —F —F —F —=0

() F@F — FH
() Flo Fle Fk o Fitith-1

flv A V a

vw | Aw Vw |aw
vB | (A,B)  BAV

VW | AANW 0
vb 0 0

(f1, f2)=

gl = [
an) Nan) e

(A,B) = (AAxdB)— (BA*dA)+d* (A AB)
(A,B,C) = AA*x(BAC)—CAx(AANB)

xdyx F =0+ QA+ (A A+ (A A A) =0

See e.g. A.M.Z.

“BV Yang-Mills as a Homotopy Chern-Simons
via SF'T”, Int.J.Mod.Phys.A 24 (2009) 1309;
“Conformal Field Theory and Algebraic
Structure of Gauge Theory”, arXiv:0812.1840



This algebra can be obtained from

S = L d2z0X“8X”77W-I—/ A, (X)dX*H
2mh Jp 9D
Complex (F*, Q,) is a subcomplex in the BRST
complex (C*,Q),) of open string. LZ opera-
tions u, v reproduce operations (-,-) and (-, -, )
at the level h'.

In order to get rid of logarithms we need
introduce first order formulation:

1

/ dz(A,(X)OX" + B"(X)p,)
R
Boundary conditions:

Pulr = Pulr, XH|r = X"|R

VOA:
hot

z — W

X"(2)py(w) ~
Gaussian integration:
A(X)0X! + B X)p, — A,(X)dX",
where A,(X)=A,(X) +n.,B"(X)



Extended BRST operator of open string:

@77 — QX,p =+ ﬁ&ﬁﬂmm {aﬁa })7 FQU - QUF

where (Jx, is a BRST operator for X-p VOA,
and a, = cp,.

It is possible to deform i w.r.t. n°” in such a
way that the new operation " will be homo-
topy commutative and associative w.r.t. Qn-
The complex (F*, Q,) lies in the kernel of L,
(Oth Virasoro mode of X-p VOA):

pu=u(X), @y =cA,(X)0X",

¢p = c: B"(X)p,

Go = Oca(X), 1y = cOcV,(X)0X",
w = coc: WHX)p,

Yy = c0%cb(X), X, = cOcd*cv(X).

Combining deformed p",n" we find that they
reproduce YM C, algebra on (F*, Q,).

Relation to Courant/Dorfman algebroid:

{0a + 08, 05 + 05} = MO A aia + P55,

A.M.Z.
“B-~ systems and the deformations
of BRST operator”, to appear



Chiral de Rham complex and
Kodaira-Spencer Theory

VOA (V):
l 1 i 1
X'(2)pj(w) ~ Y —w V'(2)x;(w) ~ I
Chiral de Rham cohomology operator:
— 2m §¢2p2

Bllmear operation {a,b} = %fdz[@,a](z)b
satisfies (Gerstenhaber algebra together with
p. {-,-} reproduces Schouten bracket on the

1...1
operators f"U ()X, ... Xi,
F. Malikov
“Lagrangian approach to Sheaves on

Vertex Algebras”
Comm.Math.Phys. 278(2008) 487

Introducing antichiral part (1):

X(2)p(w) ~ ——) () () ~ ——

zZ — W Z — W
Let us consider elements of the folrm
g (X, X)Xiy - X, eV RV

J1---Jn
hen

QuA{p, pu} =0, p = pt(X, X)x;1’ coincides with
Kodaira-Spencer equation.
Actually, most of Barannikov-Kontsevich for-

mulas
S. Barannikov, M. Kontsevich
“Frobenius Manifolds and Formality of

Lie algebras of Polyvector Fields”,
alg-geom /9710032

may be reproduced on VOA language.



Conclusions

e Physical interpretation of “higher homo-
topies” in Lian-Zuckerman construction.

e Construction of the field theory equations
(Einstein, YM, Kodaira-Spencer) via the
deformation theory of semi-infinite coho-
mology operator for certain VOAs.

e Algebraic approach to the study of 5-function
in o-models.

e Relation of Courant /Dorfman algebroid and
Yang-Mills C,-algebra.



