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1 Introduction

There is a well-known problem in graph theory called the 3-color problem. Given
a graph, we would like to know if it can be three colored. Specifically, let G be
a graph with n vertices. Furthermore, suppose that any two vertices share at
most one edge. Can each vertex be colored with 3 colors in such a way that
adjacent vertices do not have the same color?

Example 1.1 The graph G below has five vertices with at most one edge between
any two vertices.

X5
X1

X3

Figure 1: Sample Graph One

27i

We will label our colors by 1,€,€2, where € = ™5 s a cube root of unity.
Recall that a cube root of unity sastisfies €& = 1. Notice that 1 and &* are the

other two cube roots of unity. Also recall Buler’s formula, e 3" = cos(%) +
isin(3t) = -3 + Z§

We want to assign a color to each vertex, and we can represent this by the
polynomial equation x? —1 = 0. (In the above picture i ranges from 1 to 5).



Recall that each vertex will have a color, so x} =

vertices

x? = 1. Then for adjacent

x} —al = (v — ;) (2] + iz + x7) = 0. (1)

Recall though that we want x; and x; to have different colors. So the only way
to satisfy equation (1) is for 3 + z;x; —|—x? = 0. Consider each pair of adjacent
vertices in the above graph.

Then we associate the above graph with the set of polynomials P = {x3 +
r1To + x%,x% + T124 + zi,x% —+ Toxy + xi, z% + xox3 + x%,x% + Zoxs + x%,x% +
T3T4 + 13, :c% + z3x5 + x%, 22+ 2415 + x%} We can determine whether or not
this graph is 3-colorable by checking to see if these polynomials have common
solutions.

Then we end up with the following theorem.

Theorem 1.2 A graph is 3-colorable if and only if the set of polynomials asso-
ciated with our graph have a common solution in the complex numbers.

Proof 1.3 Suppose the given graph is 3-colorable. Recall that z3 —1 = 0 for
each i. Then for adjacent vertices x;, xj, we have x3 f:n? = (z;—zj) (2 +xizj+
x?) = 0. The adjacent vertices are colored differently, so x; —x; # 0. Then
z? + zwy + ;U? = 0 for some xz; and x;. This is true for any pair of adjacent
vertices. Then the set of polynomials associated with the vertices have at least

one common solution.

Now suppose that the polynomials associated with adjacent vertices have a
common solution. This means that there exists x;,x; such that x?—&—xix]— +x? =0
for all pairs of adjacent vertices. Notice that x; # x; for this to be true. Then
x} — x? = 0 and we know from above that x; and x; will be assigned different
colors. Hence the graph is 3-colorable.

The graph in example 1.1 is not 3-colorable. We will discuss later a tech-
nique for determining whether or not the polynomials have a common solution.
This technique involves using Groebner bases.

Example 1.4 Consider the graph in Figure 2. Then P = {x% +x122 + 23, 23 +
T123+23, 23+ woxs+ a3, i+ woxs+ 22, 2%+ x4x5+ 22}, These polynomials have
a common solution, so the graph in Figure 2 is 3-colorable. A possible solution
is (11,9, w3, T4, 25) = (1,£,£2,€2,1). Suppose we decide to let 1 correspond to
the color red, & correpsonds to green, and £2 correpsonds to blue. Then we can
color x1 and x5 red. The verter xo is green, and x3 and x4 are blue.
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Figure 2: Sample Graph Two

1.1 Exercise

1. Write down the equations associated with the graph in Figure 3.

x4

Figure 3: Exercise 1.1
We will begin our discussion by reviewing some concepts from linear alge-

bra and the division algorithm. From there we will move into a discussion of
Groebner bases and solving the 3-color problem.

2 Systems of Linear Equations

Consider m equations in 7 unknowns written in the following way:

1121 + a2 + -+ a1, = b
a21T1 + a2 + -+ - + aopTp = by
Am1T1 + AmaXa + -+ + ApnTn = bm



Recall that by choosing the order 1 > 22 > --- > x,, we can rewrite the
above system as the following matrix system.

ail ai12 ‘e A1n T b1
a21 a2 ... Q2pn T2 by
am1 Am2 ... Amn Tn bm
N——
mxn nx1 mx1

We can solve such a system of equations by writing the augmented matrix
and using Gaussian elimination. The augmented matrix is given by:

aill ai12 . A1n ‘ b1

a21 a2 ... Q2p \ by
|

Aml Am2 -+« Gmn | bm

Gaussian elimination uses elementary row operations to write a matrix in
row echelon form. Recall there are three elementary row operations.

1. Multiply a row by a nonzero constant.
2. Interchange two rows.
3. Add a multiple of one row to another.

Definition 2.1 A matriz is said to be in row echelon form if the following
are satisfied:

1. The first nonzero entry in each nonzero row is a one. This entry is called
a leading one.

2. Any rows of zeros occur at the bottom.

3. For two successive rows, the leading one in the lower row occurs to the
right of the leading one in the above row.

Definition 2.2 A matriz is in reduced row echelon form if it is in row echelon
form and each column with a leading one has zeros everywhere else.

Example 2.3 The matriz A is in row echelon form, and B is in reduced row
echelon form.

O ¥ ¥ ¥
O ¥ ¥ ¥

o O O ¥

S oo KR OO O
SO, O OO ¥
O, OO O *x %

O ¥ *x ¥
O * ¥ ¥

OO O ¥



Algorithm 2.4 (Gaussian Elimination) 1. Locate the left most column
not consisting entirely of zeros.

2. If necessary, interchange rows to get a nonzero entry to the top row, first
column.

8. Multiply the first row by an appropriate constant to make the leading entry
a one.

4. Recall that to be in row echelon form, the entries below the leading one
need to be zero, so we add multiples of the top row to lower rows to make
the rest of the entries in the column zero.

5. We now fix row one and repeat the process on the remaining rows.
6. Repeat as many times as necessary to get the matriz in row echelon form.
Example 2.5 Consider the matrix:
2 2 2 0
A= -2 5 2 1
8 1 4 -1

We use Gaussian elimination to write A in row echelon form. For ease of no-
tation, we refer to rows 1,2, and 3 as Ry, Ro, and Rg3, respectively.

2 2 2 0 . 1 11 1 1 1 0
25 2 1 |25 22 5 2 1 2it R 0 7 4
8 1 4 -1 8§ 1 4 —1 ) ®BFRs o 7 _4
1 1 1 0 1110
Fiz r, 4 1 7-RotRs 4 1
> o 1 % 1 01 41
7 Re 0 -7 —4 -1 00 0 0

Notice that —1 - Ry + Ry would put the matriz in reduced row echelon form.

Matrix A in the above example is the augmented matrix for the system of
equations:

204+ 2y+2z = 0
—2x+5y+2z =
8r+y+4z = -—1.

We can use the row echelon form and back substitution to solve for x, vy,
and z. The bottom row of zeros tells us that z can take on any value and we
get infinitely many solutions. If we let z = ¢, then row 2 tells us y + %t = % In

_1_ 4 _ _3 1
terms of ¢, y = 5 — zt. Then x = —5¢ — .
Recall that a linear system of equations may have no solution, a unique so-

lution, or infinitely many solutions.



Example 2.6 Consider the following system of linear equations.

—2y+3z =1
3r+6y—3z = -2
6xr+6y+32z = 5

The augmented matriz for this system is given by

0 -2 3 1
A= 3 6 -3 -2
6 6 3 5

A row echelon form for matrix A is

1 2
0 1 -
0 0

Njw =

The last row says that 0x + 0y + 0z = 6, which is not possible. So we say that
this system is inconsistent, i.e. there are no solutions.

Look back at the system from example 2.5. The system could have been
written in the form

2 2 2 x 0
—2 5 2 y | =1 1
8 1 4 z —1

We have used the order x > y > z to write this system. We could instead
use the order z > y > x. This ordering may look different but will give us the
same solutions. With z > y > z, the system looks like:

2 2 2 2
2 5 -2 y | =1 1
41 8 x -1

A possible row echelon form for the augmented matrix is given by

11 1 0
4 1
01 -3 3
0 0
If we let x = s, then y = % + %s and z = —% — %s Recall that the other
ordering gave us z =t, y = % - %t, and x = f% - %
2.1 Exercises
1. Verify that in example 2.5, ¢t =1 and s = —% result in the same solution.



2. Consider the following system of linear equations.

r+3y—z =

2w+ —4y+ 3z =
2W+3x+2y—z =
—4dw -3+ 5y —4z =

o O O O

(a) Write the augmented matrix for this system.

(b) Use Gaussian elimination to write the augmented matrix in row ech-
elon form.

(c) Solve the system for w,z,y, z.

3. Consider the following system of linear equations.

r+y
3z +3y =

(a) For what values of k does this system have a solution?

(b) What value of k gives no solution? Explain.

3 Euclidean Algorithm

We would ultimately like to know if a system of polynomials has a common
solution. For linear systems, we use Gaussian elimination to determine whether
or not the system has a common solution. We will start our study of nonlinear
systems of equations by considering a system of two polynomials of a single
variable. In this situation we use the Euclidean algorithm to determine if there
is a common solution.

Let K be a field. We can consider finite fields, but we will assume K = C
unless otherwise stated. Then K[x] denotes the ring of polynomials in z with
coefficients in K.

Suppose p(x) = 2™ + ap_12" "1 + -+ + a1z + ag. Recall that for a,, # 0,
we say that p has degree n, denoted deg(p) = n. The leading term of p denoted
LT(p) is anz™.

Notice that if we have two polynomials f and g, then deg(f) < deg(g) if and
only if LT(f) divides LT (g).
Recall that a subset I C K|[z] is called an ideal if the following hold:

1. 0el.
2. If f,ge I, then f+g €l
3. If ce K[z] and f € I, then cf € I.



Theorem 3.1 (Division Algorithm) If g is a nonzero polynomial in K|x],
then every f € Klx] can be written as f = qg + r where ¢,r € K[z]. Then r
must be zero or have degree less than the degree of g. The polynomials q and r
are unique.

The pseudocode for the division algorithm is given below as appears in [3].
An example will follow.

Algorithm 3.2 Let g, f € K[z].

Input: g, f

Output: q,r

q:=0,r:=f

While r #0 AND LT (g)|LT(r) DO
o LT(r)

4= 4+ (o)
. LT(r)

ri=T = )9

Notice that at the beginning of each step, we check that the remainder is
nonzero and compare leading terms. This is the key to the algorithm. If the
remainder is still nonzero, and the leading term of g divides the leading term
of r, then we run through the division again. The values for r and ¢ are reset,
and we go back to the beginning.

Example 3.3 Let f(z) = 42° + 22 — 3z + 1 and g(z) = 2z — 3. We want to
rewrite [ as qg + r as given in the division algorithm.

1. Set g := 0 and r := f = 423 + 22 — 3z + 1. We see that r # 0 AND
2z|42®. Then let ¢ == q + i;g;; =0+4+222 and r = r — ég:g%g =
423 + 2% — 3x + 1 — (423 — 622) = 722 — 3z + 1.

2. Again, r # 0 AND 2x|7z2. So we run through the steps again. Then
q::2w2+%x and r := 12—5;v+1,
3. We see r #0 and 2x|1—25x So q:= 22+ %x + % and r = %.

4. We still have r # 0, but 2z does not divide %. The algorithm has termi-
nated.

Then we can write f =4z +2? =3z +1 = (222 + Iz + 12)(22 — 3) + L2 =qg+r-

Eventually we will want to generalize this algorithm to polynomials of more
than one variable.

Recall the following corollaries to the division algorithm.

Corollary 3.4 Ifa € K and f(z) € K[z], then f(a) is the remainder when we
divide f(x) by x — a. Furthermore, a is a zero of f(x) if and only if t —a is a

factor of f(x).



In other words, a is a zero of f(z) if and only if the remainder of division of
f(z) by  — a is zero.

Corollary 3.5 If f € K|[z|, then f has at most deg(f) zeros in K where deg(f)
1s the degree of f.

Corollary 3.6 FEwvery ideal of K[x] is a principal ideal.

In other words, every ideal of K|x] takes the form < f > for f € KJz].
Furthermore, f is unique up to a constant in K.

3.1 Exercise

1. Prove Corollary 3.4.

Suppose we have an ideal I =< f,g >C K][z]. Corollary 3.6 tells us that
there is some h € K|[z] such that I =< h >. How can we find such an h?

We can find out if two polynomials have a common zero, and answer the
above questions using the greatest common divisor.

Definition 3.7 Let f,g € K[x]. A polynomial h € K[x] is a greatest common
divisor of f and g if the following hold:

1. h divides f and g.
2. If p € Klz] also divides f and g, then p divides h.
We denote the greatest common divisor by h = GCD(f,g).

There are some important properties of GCDs that we must consider.

Theorem 3.8 Let f,g,h € K[z] and h = GCD(f,g). The the following hold:
1. h is unique up to a constant multiple.
2. h generates the ideal < f,g >.

8. There is a method for finding h, called the Euclidean Algorithm.

We will write the Euclidean Algorithm in words and then give an example.

Algorithm 3.9 (Euclidean Algorithm) Suppose f and g are polynomials in
Kx].

1. When we take f divided by g, we will get some polynomial times g plus a
remainder.

2. We then look at g and divide by the remainder. This will give us a new
polynomial and a new remainder. (See the picture below).



3. Now look at the old remainder that we just divided by and divide by the
new remasinder.

4. Continue in this fashion until the final remainder is zero.

5. The previous remainder (nonzero) is the GCD of f and g.

f:ng"'rl
— /
=g, +1y
179372+

"n=2) =9 (n+))" (n-1) T
(n=1) =9(n+2)"n 0

Figure 4: Euclidean Algorithm

Example 3.10 Let K =R, f(x) =251, and g = 2* — 1.

25 —1 = 2%(z* = 1)+ (2* = 1) (Divide f by g and write f = qg+1r.)
=1 = (2*+1)(2®>=1)+0 (Let f = g, g1 = . Write fi = q191 +71.)

Then the GCD of f and g is x?> — 1. We kept applying the division algorithm
until the remainder was zero. Then GCD(z5 — 1,2* — 1) = 22 — 1 tells us that
<ab—1,2* =1 >=< 22 —1>. We also see that 1 and -1 are common zeros
for 25 —1=a*—1=0. (This is because v — 1 and x + 1 are common factors
of 2 — 1 and 2* — 1.)

If GCD(f,g9) = 1, we say that f and g are relatively prime. They have no
common zeros. The polynomials have common roots if the GC'D has roots.

Let K be a field. Recall that a field is called algebraically closed if each
polynomial with coefficients in K has roots in K.

Corollary 3.11 If K is an algebraically closed field and f,g € Klz], then f
and g have no common solution if and only if 1 €< f, g >.

This corollary will also hold for polynomials of more than one variable, and
we will describe a way to determine whether or not 1 is in the ideal generated
by such polynomials.

10



The program Maple has a command for calculating the greatest common
divisor of two polynomials. The command is ged(f,g), where f and g are poly-
nomials. They may be multivariate.

Recall that there are two questions we have been considering in this section.
1. How do we find out if two polynomials in K [z] have a common solution?

2. If I =< f,g > is an ideal in KJz], how do we find h € K[z] such that
I=<fg>=<h>?

We can ask the same questions when we have more than 2 polynomials.
Suppose fi,..., fs € K[z] for z > 2. Then we get the following theorem.

Theorem 3.12 Let fi,..., fs € K[x].
1. GCD(f1,...,fs) exists and is unique up to a nonzero constant.
2. <GOD(f1,..., [s) >=<f1,-., [s >.
3. For s >3, GCD(fy,...,fs) = GCD(f1,GCD(fa,...,fs)).
4. There is an algorithm for finding the GCD.

Suppose we have f1, fo, f3 € K[z]. To find g = GCD(f1, fa, f3), we first find
h = GCD(f1, f2). Then g = GCD(f1, fa, f3) = GCD(h, f5). We can find the
GCD for s > 3 in a similar manner.

3.2 Exercises

1. Given f(z) = 3z* + 23 + 22% + 1 and g(z) = 2% + 42 + 2, use the division
algorithm to write f = qg + r.

2. Let f(r) = 2% — 32+ 2 and g(z) = 2* — 1.
(a) Find GCD(f, g).

(b) Do f and g have any common solutions? If so, what are they?

We will now shift our focus to polynomials of more than one variable.

4 Monomials, Polynomials, and Ideals

Denote the ring of polynomials in variables x1,a,...,2, by Kx1,22,...,24],
where K is some field.

Consider the monomial z{*z5?...2%", where a1, ..., ay, are positive integers.

Definition 4.1 The total degree of the above monomial is defined to be the
sum oy + ... + . This sum is sometimes denoted by |c|.

11



We can write the above monomial as z®, where z = (x1,...,x,) and a =
(041, ceey an).

A polynomial in the variables x4, ...x,, can be written as a finite linear com-
bination of monomials, where the coefficients are in the field K. For example,
let f(z)=>", aqz® for a, € K.

Then we get the following definitions.
Definition 4.2 The coefficient of z,, is a,.
Definition 4.3 For a, # 0, agz® is called a term of f.

Definition 4.4 The total degree of the polynomial [ is the mazimum value
of |a| such that anx® # 0.

Example 4.5 Let f(z,y,2) = 22%y32+322y?2? —523 € Z[r,y, 2]. We can write
this as f(x) = 2x + 3x% 4+ 5x7, where x = (2,7, 2), a = (2,3,1), 3 = (2,2,2),
and v = (3,0,0). This polynomial has 3 terms. The total degree of f is 6.
Notice that two of the terms have total degree 6. This is something we will have
to deal with later. We want to be able to order the terms of a polynomial in
several variables.

The definition for ideal remains the same for Klzq,...,z,]. Let fi,...fs €
K|zy,...z,]). The ideal generated by these polynomials is denoted by I =<
f1,...fs >. Any polynomial in I can be written as >.._, g;f;, where g1,...gs, €
Kz, ..., 2]

4.1 Exercise

1. Verify that < f1,..., fs > is an ideal for fi,..., fs € K[z1, ..., 2]

A converse to the above statement says that every ideal I € K([z1, ..., x,] is
finitely generated. By finitely generated, we mean that I =< fi,..., fs > for
some s > 0 and fy,..., fs € K[z1,...,2,]. This is known as the Hilbert Basis
Theorem.

5 Monomial Ordering

For polynomials of a single variable, it is easy to order the terms according to
degree. Example 4.5 demonstrates that this does not work for polynomials of
multiple variables. We need a different approach to ordering polynomials in

Klzq, ..., 2]

We will use the convention that =1 > x5 > ... > x,. Suppose we have
two monomials, z® and z”, where x = (21,...,7,), a = (a1,...,a,), and

12



B = (B1,..., Bn). We need some way of defining what it means for « > g.
Then it is not too difficult to see that the ordering on z1,...,z, and a > § will
allow us to say =& > 2.

We need to define our ordering in such a way that we are guaranteed that
one of the following holds:

z > af (2)
z = 2P (3)
< 2P (4)

Definition 5.1 4 total ordering on Klx1,...,zy] is a relation > such that
the following hold.

1. If 2@ > 2P and if 2% < 2P, then If 2% = 8. (Antisymmetric)
2. < 1is transitive.

3. One of (1), (2), and (3) listed above holds. (Completeness)

Definition 5.2 A well-order on a set is a total ordering such that any nonempty
subset has a smallest element.

Example 5.3 The natural numbers are a well-ordered set.

Definition 5.4 We define a monomial ordering on K|[z1, ..., x,] as a relation
> on the set of monomials x% such that

1. > is a total ordering.

2. If x* > P, and 7 is another monomial, then x®2" > zPx7.

3. > is a well-ordering.

The best way to understand the definition is probably by example.

Example 5.5 Write o = (a1,...,a) and 8 = (B1,...,0n). Then a > B if
in the difference a — (3, the left-most nonzero entry is positive. By difference,
we mean vector difference. If o >iey B, then x® >.p 2P, This order is called
lexicographic, and it is a monomial ordering.

Notice that ©1 >y ... >iew Tn. We can rewrite this as (1,0,0,...,0) >,
(0,1,0,...,0) >tex .. >1ex (0,0,0, ..., 1).

Let f(x,y,2) = 22%y32 + 322y?2? — 523 € Zlx,y,2]. In this case x >y
Y >iex 2. Recalla =1(2,3,1),6=1(2,2,2), and v = (3,0,0). Then the terms are
ordered in the following way: —5x3 >je 22232 >iep 322y222.

Notice that lexicographic order, or lex, is used to order words in the dictio-
nary. This is where it gets its name. There are many other monomial orderings,
but lexicographic will serve our purposes.

13



5.1 Exercise
1. Order the following monomials using lex with z > y > 2.

a —3253 2 2

(a)
(b) 5
(c) x3y3z4
(@) —aty2et
(e)

229222
Now that we know how to order monomials, we can discuss how to order the
terms in a polynomial.

Definition 5.6 We define the multidegree of a polynomial f =) aq.z® €
K[z1,...,x,] by the mazimum value . The mazimum is found using the chosen
monomial order. We denote the multidegree of f by multideg(f).

Definition 5.7 The leading coefficient of f is denoted by LC(f) is is the
value of a, corresponding to the multideg(f) = a.

Definition 5.8 The leading monomial of f is x"“"*ded(f) gnd is denoted
LM(f).

Definition 5.9 The leading term of f is the leading coefficient times the
leading monomial. We can write this LT (f) = LC(f) - LM (f).

Example 5.10 If we use lex order on f(z,y, z) = 22%y>z+32%y?2% — 523, then
we get the following:

1. multideg(f) = (3,0,0).
2. LC(f) = —5.

3. LM(f) = 3.

4. LT(f) = —5-2% = —ba3.
5

. fla,y, 2) = =53 + 222y32 + 32%y%2? is written in decreasing order.

6 Division in K[z, ..., z,]

Now that we can order the terms of a polynomial in K{z1, ..., z,], we can perform
division in Klz1, ..., zp].

Theorem 6.1 Fiz a term order. (We will use lex). Let F' be the set (fi, ..., fs)
of polynomials in Kz, ...,x,]. Let f € K[z1,...,x,]. Then we can write f =
a1f1 + ... + asfs +r, where r is either zero or no monomial in r is divisible by
any leading term of the f1.

14



We will denote the remainder of division of f by F by f¥. The pseudocode
for division is given below as it appears in [3].

Algorithm 6.2 Let f € K[z, ...,z,] and F = (f1,..., fs).

Seta; =0Vi,r:=0,p:=f

Is LT (p) divisible by LT(f;) for some i?

If yes, take the smallest value of i and set a; := a; + %((ﬁ))’ pi=p-— %pi,
If LT(p) is not divisible by one of LT(f;), then let p := p — LT (p) and r :=
r+ LT (p).

Is p =072 If it is then stop.

If p # 0 then check to see if LT (p) is divisible by LT(f;) for some i and proceed
until p = 0.

Example 6.3 Let f = 2%y?z + 2z and F = (f1, f2), where fi = 2y — z and
fo = 2. The leading term of f is x*y*z and is divisible by LT(f1) = zy. Then
a1 = zyz and we set f = p = xyz® + xz. The leading term of p is xyz? which
is also divisible by LT(f1) = xy. Then ay = xyz + 2% and p becomes vz + 2°.
So LT (p) = xz, which is divisible by LT(f2) = z Then ay = x and p = 23. We
get LT (p) = 2% divisible by LT(f2) = z. Finally we set ay = x + 2% and p = 0.
Therefore we can write f = (xyz + 22) f1 + (z + 22) fo.

6.1 Exercises
1. Verify that f = (zyz + 2%)f1 + (z + 22) f2 from example 6.3.

2. Divide f = 2%y + 2y? + y? by f1 = y? — 1 then by f» = 2y — 1. Use this
to write f = a1 f1 +asfo+r.

3. Divide f by fy then fi.

4. What do you notice about the remainder?

7 S-Polynomials

Recall that our ultimate goal is to determine whether or not polynomials in
K[z1,...,x,] have common solutions. We would also like to determine what
those solutions are. In order to achieve this goal, we will look at the ideal
generated by the polynomials of interest. We will describe a method for ma-
nipulating these polynomials to get an equivalent set of polynomial generators,
called a Groebner basis. A Groebner basis will make it easy to see if there
is a common solution to the polynomials. Note that this is exactly what we
do for linear systems and univariate systems using Gaussian elimination and
the Euclidean algorithm, respectively. A key concept we will use is that of S-
polynomials.

15



Definition 7.1 Let f,g € K[x1,...,2,] be nonzero. Let multideg(f) = o and
multideg(g) = . Then define v = (1, ...7n) for v = maz(ay, 3;). Then the
monomial 7 is called the least common multiple of LM (f) and LM (g). We
denote this by LCM (LM (f),LM(g)).

Definition 7.2 We define the S-polynomial for polynomials f and g by S(f, g)
#(f) -f= #@ - g, where x7 = LCM (LM (f), LM(g)).

Example 7.3 Let f = 2%y?> — 22y® +x and g = 32y +y? in R[z,y]. Using lex

order, LM (f) = 2°y* and LM (g) = x*y. Notice that LCM (LM (f),LM(g)) =
A2 4,2 o o«

vy?. Then S(f,9) = iz f— 54y 9= f—gy-g =o'y’ — 2%’ + 2% -

2392 ~ 3ziy

(@hy? + Ly3) = —a%yP 4+ 22 — Ly,

Notice that the S-polynomial, S(f,g), cancels the leading terms of f and g.
Also observe that S(f,g) = —S(g, f).

Example 7.4 Consider the linear equations f = x+2y—z and g = —3r—y+4z.
Use lex order with x >y > z. Then s = S(f,g) = —by — z. Notice that this
eliminated one of the variables. This would allow us to solve the homogeneous
system by writing y in terms of z and then solving for x in terms of z. We ob-
serve then that for linear equations the S-polynomial behaves like row reduction.

Example 7.5 Now look at the univariate system in C[z].
f = 222 —7224+92—-4=0
g = 22> -5x+4=0

Then S(f,g9) = —22% + 52 — 4 = —gcd(f,g). We see that the S-polynomial is
acting like the division algorithm for a univariate system.

Maple has a command for calculating S-polynomials. This command is in
the Groebner package. We include this package by typing “with(Groebner)” at
the top of the worksheet. The command is SPolynomial(f,g,order), where f
and g are polynomials and order is the monomial order we are using. To use
lex order with > y > z, the command is plex(x,y, z).

7.1 Exercises
1. Let f = 42?2 — 7Ty? and g = xyz? + 3xz*. Find S(f,g).

2. Use the S-polynomial to solve the following system. Verify your solution.

f=2+2y+32z = 0
g=-2z—-y—z = 0

16



8 Groebner Bases

We can use S-polynomials to define a Groebner basis.

Definition 8.1 Let I =< f1,..., fs >€ Klz1,...,x]. Then G = {g1,...,q:} €

K[xz1,...,2,] is a Groebner basis if and only if S(gi,gj)G =0 for alli # j.

We can use Maple to find the remainder of a polynomial under division by
a set of polynomials. Again the command for this is in the Groebner package.
The command is NormalForm(f,g,order) where f is a polynomial and g is
the list of polynomials we divide by. Again, we will use plex(zy, ..., z,) for lex
order.

Example 8.2 Suppose f = xy? + x%y + y* and we wish to divide by G =
{zy — 1,4 — 1}. We can use the following Maple code.

\

with(Groebner) ;
> £ 1= xxy 24X 2%y+y~2:
> G = {xxy-1, y~2-1}:
> NormalForm(f, G, plex(x, y));
1 +y+x

Then f divided by the polynomials in G has a remainder of 1 + = + y.

Theorem 8.3 Every nonzero ideal I € K|x1,...,x,] has a Groebner basis, G,
with respect to a fized monomial order. The set G is also a basis for the ideal I.

We will not go through the proof of this theorem. To prove it, we would
present an algorithm and show that the algorithm terminates and gives us what
we want. We will present the pseudocode for Buchberger’s algorithm as it
appears in [3].

Algorithm 8.4 (Buchberger’s Algorithm) Let I =< fi,..., fs >€ K[x1, ..., xy)
be a nonzero ideal. We would like to find a Groebner basis G for I.

Input: F'= (f1,.., [s)

Output: G

Let G:=F.

Repeat the following steps:

G'=G ,

For each pair of distinct {p,q} € G, let S := S(p, q)G )

If S #0, then set G := GU{S}.

Stop when G = G'.

In words, we look at each pair f;, f;, ¢ # j, in F' and calculate the S-
polynomial. Then divide the S-polynomial by the set F'. If the remainder is
nonzero, we add it to F. Then we repeat the process for each pair until all
remainders are zero. Notice that once you get a zero remainder for a pair, you
don’t need to retest that pair. Once zero, the remainder will remain zero re-
gardless of the addition of more polynomials.
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8.1 Exercise

1. Use Buchberger’s algorithm with Maple to calculate a Groebner basis for
I =< 2%y —1,2y? — x >. (Use lex order).

Recall that in Klz1,...,z,], when we divide f by {fi, ..., fs}, the remainder
is not unique as it was for division in K[z]. As a result, Groebner bases are not

unique. We may also end up with more polynomials than we need to generate
1.

Lemma 8.5 Suppose G is a Groebner basis for an ideal I C K|[xq,...,x,]. Let
p € G such that LT (p) €< LT(G — {p}) >. Then G — {p} is a Groebner basis
for I.

Definition 8.6 A minimal Groebner basis for I C K[z, ...,2,] is a Groeb-
ner basis G such that the following hold.

1. The leading coefficient of each p € G is 1.

2. For any polynomial p € G, LT (p) is not in the ideal generated by {LT(G —
{r})}

This gets rid of the redundant polynomials in a Groebner basis G. It does
not guarantee uniqueness. We can further reduce a Groebner basis.

Definition 8.7 A Groebner basis G is called a reduced Groebner basis if
the following are satisfied.

1. The leading coefficient of each polynomial in G is one.

2. Any monomial of a polynomial p in G is not in the ideal generated by the
leading terms of the other polynomials in G. (i.e., Any monomial in p
does not lie in < LT(G — {p}) >).

Theorem 8.8 Let I C K(xy,...,2,] be a nonzero ideal. Then I has a unique
reduced Groebner basis with respect to the given monomial order.

Observe what happens when {f1, ..., fs} € K[z, ..., x,] are linear.
Example 8.9 Consider the system of linear equations

3r — 6y —2z =

2v —dy+ 4w =

rT—2y—z—w =
Then I =< f =3x —6y — 22,9 =2 —4dy+4w,h =2 -2y —z —w > is
the ideal in Klx,y, z] associated with this system. We will calculate a Groebner

basis for I. Suppose x >y > z and use lex order. The polynomial S(f,g) is the
only one that will give a nonzero remainder when divided by {f,g,h}. Then a
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Groebner basis for I is G = {3x—6y—2z, 2z —4dy+4dw, x—2y—z—w, —4z—12w}.

Then a minimal Groebner basis is G' = {x—2y—z—w, 2+3w}. The reduced
Groebner basis for I is G = {x — 2y + 2w, z + 3w}.

Recall that the matriz associated with our system of linear equations is the
following.
3 -6 -2 0
A=12 -4 0 4
1 -2 -1 -1

Writing the matriz associated with the equations in G' we get the following

row echelon matriz.
1 -2 -1 -1
0 0 1 3
0 0 0 0

The reduced Groebner basis gives us the matriz below, which is in row reduced

echelon form.
-2

O O =
o = O
S W N

0
0

Observe then that finding a minimal Groebner basis and/or a reduced Groeb-
ner basis with respect to lex ordering generalizes row reduction for polynomial
equations. As with row reduction, Groebner basis calculations will simplify the

problem of finding solutions to systems of polynomial equations. Groebner bases
also allow us to test ideal membership.

Theorem 8.10 Let G be a Groebner basis for I =< fi,..., fs >C K[z1,...,zp],
and let f € K[z1,...,x,). Then f € I if and only if dividing f by G results in a
zero remainder.

This simply says that f is in the ideal if and only if f can be written as
a finite combination of elements in the Groebner basis G. In the exercises in
6.1, we gave an example of a polynomial f and a set F' = {f, fo} where the
remainder depends on how we list the polynomials in F'. One can show that the
remainder under division by a Groebner basis is unique. The remainder does
not depend on the order in which we list elements of G.

Example 8.11 Let I € Klx,y,2] be generated by {—a3 + y,2%y — 2}. Is
f=apPP -2+ -2 inI?

The reduced Groebner basis for I is G = {yd — 23, =% + 2o, y32 — 22, 2%y —
2,23 —y}. We find that f¢ = xy® — 22, so f is not in I.

Let g = —a* 4+ xy + 23yz — 222, Is g in 12 Notice g% =0, so g is in I.
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Example 8.12 Let [ =< 2?2 + 9% + 22 — 1,22 +y? + 22 — 22,220 — 3y — 2z >C
K[x1,...,xy]. This corresponds to the system:

R T |
2?4y 4+22-20 = 0
20 —3y—z = 0

We would like to see if these polynomials have a common solution. Start by
finding a Groebner basis G = {2x — 1,3y + 2z — 1,402% — 82 — 23}. Notice that
the first polynomial depends only on z, and the third polynomial depends only
on x. We have reduced the problem to the following equivalent system:

20 = 1
3y+z = 1
4022 —-82—-23 = 0

These equations are easy to solve. We get the following solutions {(%,
V26 1 +3\/26) (1,3 V26 1 3\/26)}
20 /) :

3
10

20 7 10

§7E+ 20 ° 10 20

Sometimes we want to know if the polynomials fi,...fs € K[z1, ..., z,] have
a common solution, but we don’t necessarily want to find the solution. We
answer this question using the following theorem.

Theorem 8.13 (Weak Nullstellensatz) Let K be algebraically closed, and
let f1,..., fs € K[x1,...,x,]. The polynomials fail to have a common solution if
and only if 1 € I =< f1,..., fs >.

The question now becomes: How can we tell if 1 € I7 We can tell by looking
at the reduced Groebner basis.

Theorem 8.14 Let I € K|xy,...,x,] be an ideal such that 1 € I. Then the
reduced Groebner basis for I is G = {1}.

Proof 8.15 Suppose 1 € I. Then I =< 1>. Let G = {g1, ..., g1} be a Groebner
basis for I. Since 1 € I we can conclude that 1 divided by G results in a zero
remainder. This implies that g; is constant for some i. Recall that the remainder
under division by a Groebner basis is unique regardless of the order the elements
are listed in. Relist the elements so that g1 is constant. Then the rest of the
elements of G are constant multiples of g1. By Lemma 8.5, we can remove
g2, .., gt from G. Multiply g1 by an appropriate constant to get ¢ = 1. Then
G = {1} is the unique reduced Groebner basis for I.

We can use Maple to calculate a Groebner basis using the command Basis(F, order),
where F' is a list of polynomials and order is the monomial ordering.

Consider example 1.1 above. In order to determine whether the graph is
3-colorable, we find the Groebner basis for the ideal I =< x? + z125 + 23,23 +
m1x4+mi,:c%—i—xgm—l—xi,acg—l—mgxg—i—:vg,x%—i—xgmg)—i—xg,x§+m3x4+xi, m§+x3m5+
22,23 + 24w5 + 22 >. (I is the ideal generated by the polynomials associated
with the graph.)
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8.2 Exercises
1. Use Maple to calculate a Groenber basis for the ideal I from example 1.1.

2. Refer back to Exercise 1.1 and determine whether or not the graph is
3-colorable.

3. Consider the graph in Figure 5.

(a) List the polynomials associated with this graph.

(b) Find a Groebner basis for the ideal generated by the associated poly-
nomials.

(¢) Determine whether or not the graph is 3-colorable.

x1 x2

x4 x3

Figure 5: Graph with 4 Vertices
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