POLYNOMIAL INVARIANTS OF FINITE GROUPS

K. IWANCIO THOMPSON

ABSTRACT. We would like to describe all polynomials in the ring k[z1, ..., zn]
that do not change under a change of the variables. For example, what poly-
nomials f have the property that f(z1,...,2n) = f(2i,, ..., s, ) for some per-
mutation of the variables? This is an example of the permutation group Sn
acting on the variables. In general, we will look at finite matrix groups acting
on polynomials.

1. INTRODUCTION

The goal of this paper is to summarize the first three sections of Chapter Seven
of the book Ideals, Varieties, and Algorithms by David Cox, John Little, and Donal
O’Shea. The chapter, entitled “Invariant Theory of Finite Groups”, is broken up
into several sections. First we look at symmetric polynomials, develop some tools for
determining whether or not a polynomial is symmetric, and observe different ways of
writing polynomials which are symmetric. Following the preliminary discussion of
symmetric polynomials, we review finite matrix groups and rings of invariants, and
define what it means for a polynomial to be invariant under a finite matrix group.
The invariant polynmials under a finite matrix group form a finitely generated ring.
Ultimately, we want to describe the ring by finding the set of generators.

2. POLYNOMIALS INVARIANT UNDER S,, ACTIONS

Consider the ring of polynomials in n variables, k[z1, ..., z,]. Recall that a linear
change of variables is given by a non-degenerate m x n matrix. The group of
invertible n x m matrices is denoted GL(n,k) = GL(n), where the entries of the
matrices are in the field k. We will consider finite subgroups, G of GL(n), and
we want to systematically describe all polynomials that remain unchanged under
linear changes from G. For G = S,,, the group of permutations on n variables.

Definition 2.1. A symmetric polynomial is a polynomial f € klz1, ..., x,] with
the special property that f(x1,...,xn) = f(xiy, ..., xi,) for all permutations of the
variables x1, ..., Ty,.

In other words, we let the permutation group S,, act on the variables. A symmet-
ric polynomial f will not change when the variables are permuted by some element
of S,,. Some examples of symmetric polynomials are:

o f=a%+y3+ 23
o g==xyz+ 2?4+ y? + 22, and
e h=uxy+yz+zxz.
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We define the elementary symmetric functions to be the polynomials
o; € klx1,...,x,] given by:

o1y = X1+x2+...+xTp
g2 = E Ly Ligs
i1 <ig

Or = E Lij1 Ljgeeedi, s

11 <t2<...<ip

On = T1X2...0p.

Theorem 2.2. Any symmetric polynomial can be expressed in terms of these ele-
mentary symmetric functions.

This is the Fundamental Theorem of Symmetric Groups, and a proof is given
in Chapter 7 of Cox, Little, and O’Shea. The next step is to determinine whether
or not a given polynomial is symmetric and to write it in terms of the elementary
symmetric functions.

Proposition 2.3. Let f be some polynomial in k[x1,...,x,]. In order to deter-
mine whether or not the polynomial is symmetric, introduce a new set of variables
Y1y -y Yn and form the ideal I =< 01 —y1,...,0n — Yn >. Find a Groebner basis G
for the ideal I and find the remainder g that results from dividing f by G. If the
remainder term depends only on the variables yi,...,Yn, then [ is symmetric and
can be written as g(o1,...,0q).

For a proof of this theorem see Cox, Little, and O’Shea.

Calculating a Groebner basis for I may prove challenging. The following result
allows us to bypass Groebner basis computations.

Proposition 2.4. The g;’s in the Groebner basis are given in terms of polynomials
hj, hj(ut, ..., upn) = Z|a\=j u®. The expression Z|a|=j u® is the sum of all monomi-
als of total degree j. For example, ho(x1, 2a,23) = m%—l—a:%—i—x%—&—mlxg—&—xlxg—i—xgxg.
Fiz lexicographic order with x1 > ... > ©, > y1 > ... > yn. Then each gy in the
Groebner basis for < o1 — Y1, ..., On — Yp > 1S given by

k

gk = hi(ziy ooy zn) + Z(—l)ihk,i(xk, ey Tn)Yi, fork=1,..n.
i=1

(Again, see Chapter 7, Section 1 in the text for a proof of this proposition.) Let
us apply this result to an example in three variables. We will then compare the
result to a Groebner basis calculation using Maple.

Example 2.5. Suppose f € k[x1,x2, 3], and we want to see if f is a symmetric
polynomial. We start by finding a Groebner basis for the ideal I =< 01 — y1,09 —
Ya,03 — y3 >C k[z1, T2, 3, Y1, Y2, Y3] using lexicographic order with
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T1 > Ty > X3 > Y1 > Yo > y3. Lo do this we need to use:

o1 = X1+ X2+ 3,
oy = T1%o+ T1x3+ Tox3, and
g3 = X1X273.

Then g1 = hy (21,22, x3) —ho(x1, 22, 23)y1. Notice that we always have hg = 1. The
polynomial hy(x1,xa,x3) = 1 + 22 + x3. Therefore g1 = x1 + x2 + x3 —y1. The
second polynomial in the Groebner basis is given by go = ho(xa, x3) —hy (22, x3)y1 +
ho(xe, z3)y2, and the third is given by gz = h3(x3) —ha(x3)y1 +hi(x3)y2 —ho(x3)ys.
The computations give us a Groebner basis G = {¢1, 92,93}, where

g1 = T1+x2+T3— Y1,
ga = :C% + Tox3 + IE% — T2Y1 — T3Y1 + Y2, and
gs = x% - 90%2/1 + T3y2 — ys3.

Then we can use this G to check if a polynomial f € klx1,xq,x3] is symmetric by
calculating g = ?G. If g:fc depends only on y1,y2,ys, then f is symmetric and
can be written as f = g(o1,02,03).

Check the Groebner basis computation using Maple. The code is as follows:

> with(Groebner) :

> sigmal:=x1+x2+x3:

> sigma2:=x1*x2+x1*x3+x2*x3:

>  sigma3:=x1*x2*x3:

> WL:=[sigmal-yl,sigma2-y2,sigma3-y3]:

>

gbasis(WL,plex(x1,x2,x3,y1,y2,y3));

(23 y2 — y3 + 283 — 13% y1, 22% — 22yl + y2 + 22 23 + 18 — 23 y1, 21 + 22 + 23 — y1].
Now let’s choose a polynomial f € k[x;,z2,z3] and use division by G to see if
it is symmetric and, if possible, to write it in terms of the elementary symmetric
functions.

Example 2.6. Let f = (2% +23)(2? +2%) (23 +2%) € k[z1, 22, 23). This polyno-
mial f was chosen from problem 5, page 318. We check to see if f is symmetric
by using the method described above. Because f € klx1,xq,x3], we use the
Groebner basis G = {g1, 92,93} that was calculated for < o1 — y1,09 — Y2,03 —
ys >. Use the reduce function in Maple to find the remainder of f when divided
by G. The Maple code is given below.

>  W:=expand((z1 2+x272)*(x1 "2+x37°2)* (x2"2+x3°2)) ;
W= z1? 222 + 21* 232 + 2212 232 222 + 212 23* + 224 21% + 22* 232 + 222 254

> g:=reduce(W,WL,plex(z1,z2,23,y1,y2,y3));

g:=4y2y3yl —2y13y3 + y1? y2% — 2923 — y3?
—G

Notice that in the above code, f~ = g. We know f is symmetric if g is only

in terms of y1,y2,ys. In the example, f is symmetric and can be written in terms

of the elementary symmetric functions as f = g(o1,02,03). In other words f is a
symmetric function given by

f = 4010903 — 20303 + 0203 — 205 — o2,
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Now we will move from looking at polynomials invariant under S,, to looking at
finite matrix groups in general.

3. FINITE SUBGROUPS OF GL(n, k)

Henceforth, we will assume that the field k& contains the rational numbers. For
ease of notation, we will write GL(n, k) = GL(n). The field k£ will be the same for
the ring k[x1, ..., 5] and GL(n).

Recall that the group GL(n) is the set of all invertible n x n matrices with en-
tries in the field k. We will be interested only in finite subgroups of GL(n). A
finite subgroup G C GL(n) is nonempty and closed under matrix multiplication.
Recall that a subgroup is a group in its own right, and the number of elements in
the group is called the order of G, denoted |G/.

A familiar example of a finite subgroup G is the cyclic group of order m. The
cyclic group of order m is generated by a matrix A € G such that A™ = I,,. Then
the cyclic group is given by C,, = {I,,, A, A%, ..., A~}

A more specific example of a cyclic group then is Cy C GL(2). The cyclic group of

order 4 then is equal to {I, A, A%, A%}, where A = ( (1) _(1) )

The symmetric group S,, can also be realized as a finite subgroup of GL(n). The
elements of S,, can be written as permutation matrices. A permutation matrix is
a matrix obtained by permuting the rows or columns of the identity matrix. For
example, let A € S5 be given by

010
0 0 1
100
This matrix is the permutation on (x,y, z) that sends z to y, y to z, and z to x.

With finite subgroups, G, of GL(n), we have the properties:

(1) I, € G,
(2) Ac G = A™ =1, Im € Z>y, and
(3) AcG — Al eq.

These are just basic properties of finite subgroups that we use implicitly throughout
the discussion.

We have a good understanding of finite subgroups of GL(n), but we need to gain an
understanding of how these subgroups act on polynomials in the ring k[z1, ..., 2,].

4. RING OF INVARIANTS OF A FINITE MATRIX GROUP

Recall that in linear algebra, a linear change of coordinates is given by invertible
matrices. Matrices will act on polynomials by changing the variables. Let f be a
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T

T2
polynomial in k[z1, ..., z,]. Denote x = . |- Suppose A = (a;;) € G C GL(n).

Ty

Then a change of variables is given by A -x. For any A € G and f € k[z1, ..., 2],
f(A - x) is again a polynomial in k[xy,...,2,]. This defines the action of G on
polynomials in the ring k[x1, ..., 2,]. We can think of g = f(A - x) as f viewed in
new coordinates where the coordinate change is given by the matrix A. Let’s look
at an example.

1 0
GL(2). Then let g(x) = f(A-x). Clearly A-x = < _xy ) Therefore g(x) =

Example 4.1. Let f(x) = f(z,y) = $2+xy+y2 € k[z,y] and A = ( 0 -1 ) c

f(=y,x) = y* —yx + 2% = 22 — 2y + y?. Notice that if we write the coordinates of
fas (1,1,1) using {22, 2y,y?} as a basis, then the new coordinates of f under the
transformation A are (1,—1,1). In this example, f(x) # f(A-x).

Sometimes it will be the case that f(x) = f(A-x). If this is true for all
A € G C GL(n), then we say the polynomial f € k[x1, ..., x,] is invariant under G.
The set of all invariant polynomials is denoted by k[x1, ..., z,]%. We have already
seen an example of k[zy,...,z,]%. When G = S, then k[, ...,2,]%" = {all sym-
metric polynomials in k[z1,...,z,]}. Then we write k[z1,...,2,]%" = k[o1,..., 0]
to indicate that any symmetric polynomial can be expressed as a polynomial in
{01, ...,0,} with coefficients in k.

One can check that k[zy,...,7,]¢ satisfies the definition of a ring. We call
k[z1,...,2,])¢ the ring of invariants of a finite matrix group.

We want to take a given finite group G C GL(n) and find the ring of invariants of
G.

Lemma 4.2. Suppose that the finite group G is generated by the set {Aq, ..., Am}.
Then a polynomial f € klx1,...,x,] is in the ring of invariants of G if and only if

f(z) = f(A1-x) = f(A2 - x) = ... = f(Am - X).
This result is proved on page 235. We will now try some examples.

+1 0
0 41 )} € GL(2) and [ € klz,y]. The

group G is known as the Klein four group and is generated by the matrices Ay =
( _(1) (1) ) and Ay = ( (1) 7? ) A polynomial f € k[xz,y] is in k[z,y]"* if and

only if f(x) = f(Ay -x) = f(Ay-x). This gives the conditions that f € k[x,y]"* if
and only if f(z,y) = f(—x,y) = f(z,—y). Let f =3 a;jx'y?. Then the condition

Example 4.3. Let G =V =
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f(z,y) = f(x,—y) gives us:
daga'y = Y aya(-y),
Sy = S(Wayr'y
(—1)jaij = Gy,
ai; = 0 forj odd.

We conclude that f € k[x,y]"* only has even powers of y. In a similar manner, we
can conclude that only even powers of x appear. Therefore any f € k[z,y]"* can be
written uniquely in terms of x> and y?, and k[z,y]V* = k[z?,y?].

Example 4.4. Now let G = Co = {£I,}. Then f € klz,y]°? if and only if
f(x) = f(A-x), where A = _(1) _(1)
ring of invariants of Cs if and only if f(z,y) = f(—z,—y). Let f = a;jz'y’. We

have:
agaty = Y ay(—x)(—y),
Yagaty = D (-1~ aya'y,
aigaty’ = Y (1) aaty,

Qi = (_1)i+jaija

ai;; = 0 fori+j odd.

The polynomial | € k[x,y] is in the

Fach of the above statements are if and only if. Therefore the factors of x and y
in f € k[z,y]“? either both have even power or both have odd power. We conclude
then that k[z,y|°? = k[22, zy,y?]. Notice that in this example, we cannot write f
uniquely in terms of x2,xy, and y>. For example, if f = z%y*, we can write f =
(22)3(y?)? = 22(xy)*. Uniqueness breaks down here because there is a relationship
between x2, xy, and y?, namely x%y? = (zy)?.

The questions that remain are:

e Can we always finitely generate the ring of invariants for a given finite
matrix group?
e Can an invariant polynomial be written uniquely in terms of the generators?

The rest of this paper will focus on answering the first question.

5. GENERATING THE RING OF INVARIANTS

In Examples 4.3 and 4.5 we found the generators for the ring of invariants of
a given group by using the generators of the group. Now we want to develop a
more algorithmic approach. Let fi,..., fm € k[z1,...,2,], and let k[f1,..., fm] C

klx1,...,xn] be the subset that consists of polynomials in fi,..., f,, with coef-
ficients in k. In terms of this notation, we want to find fi,..., f,, such that

k[.’L‘l, ...,.’En]G = k[fl, ceey fm]

Consider the example with G = V; in the above notation. We have f; = 2,
and f, = y2. Then k[z,y]"* = k[f1, f2].
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To find the ring of invariants algorithmically, we will use the Reynolds opera-
tor. We let G C GL(n) be a finite group. The Reynolds operator is then a map
R : klx1, ..., xp] — k[z1, ..., 2] that is defined as

Re(f)(x) = |—§;| 3 f(A-x),

AeG
where f € k[z1,...,24].

This map has the following important properties:

(1) Rg is linear in f over the field k,

(2) If f € k[zy, ..., 2], then Rg(f) € klx1,...,2,]%, and

(3) If f € k[z1,...,2,]%, then Ra(f) = f.
In other words, we can use the Reynolds operator to check if something is an
invariant and/or to create invariants.

Example 5.1. Let G = Cy = {+I}. Recall k[z,y]> = {f € k[z,9]|f(z,y) =
f(=z,—y)}. The Reynolds operator for any f € klx,y] is given by

Re, = 5(f(z,y)+f(=z,—y)). Let f(x) = xy. Then Re,(f)(x) = 3(zy+ay) = ay.
This tells us that zy is in k[x,y]?, which we saw earlier. Now let g = x+y?. The
the Reynolds operator is Rc, = %(m + 9% —x +y?) = y2. Notice that y? is an
invariant that we observed before. The polynomial g was not an invariant, but we
created one from g using the Reynolds operator.

If we find the Reynolds operator for a monomial =, then the result will be either
zero or a homogeneous invariant with total degree |«|.

Theorem 5.2. In order to find the ring of invariants of a group G, it is sufficient
to calculate the Reynolds operator for every monomialz® such that |8| < |G|. These
calculations will result in finitely many homogeneous invariants that generate the
ring of invariants.

This theorem was proved by Emmy Noether, and is given on page 332 of Cox,
Little, and O’Shea. We will demonstrate the use of the theorem with an example.

+1 0

0 =1
lier example that klz,y]"* = k[2z%,y%]. To use the above theorem, we will need
Re(f)(z,y) = 3(f(z,y) + f(—z,y) + f(z, —y) + f(—z, —y)). We will calculate this
for every monomial with total degree less than or equal to four. The results are
given in the table at the top of the next page.

Example 5.3. Let G = V; = )} € GL(2). We saw in an ear-

Then according to Noether’s result, klx,y]"* = k22,92, 2%, y*, 2%¢y%. We do not
need x*,y*, or x?y%. These three monomials can be generated by x> and y>.

In the above example, it was quite clear that we only needed 2 and y? to gener-
ate the ring of invariants. In some cases it may not be so clear that some generators
are redundant. We need some way to be able to check if a polynomial is in the ring
of invariants. We can use this to check generators. For example, one could start
with a single invariant, f; and check to see if fy is already in k[f1]. We can do
this with each subsequent invariant, and the end result will be a set of independent
generators for the ring of invariants.



z'y’ | Ry, (z'y’)
T 0
Y 0
x? 22
y? y?
Ty 0
s 0
Yy’ 0
%y 0
xy? 0
2t 2t
y' y!
3y 0
xy3 0
224 222

TABLE 1. Reynolds Operator for Vj

In order to check if a polynomial is in the ring k[f1, ..., fn], we will need to in-
troduce some new variables.

Proposition 5.4. Assume that fi,..., fm € k[xi,...,2,] are given polynomials.
Then we introduce the variables yi,...,ym. Calculate a Groebner basis for < fi —
Yy ooy frn — Ym > with a monomial ordering such that any monomial in x1,...,x,
is greater than all monomials in k[y1,...,ym]. Let g be the remainder of f under
division by the Groebner basis. If g depends only on the variables yi, ..., Ym, then f
is in the ring k[f1, ..., fm]. Furthermore, f can be written as g(f1,..., fm)-

This proposition is proved on p. 334 in the text.

Example 5.5. Recall that when we looked at the Klein four group, we found
the generators x2,y%, x%y?, x* and y*. It is clear that the last three generators
are redundant. Let’s verify the redundancy by using the above result. Let our
ring be k[x%,y?] and check to see that xy? x*, y* € k[z?,y?]. To do this we
use a Groebner basis for < x% — u,y?> — v > with lexzicographic ordering on
x>y >u>v. Then find the remainders of xy?,x*,y* under division by the

Groebner basis. We will use Maple for these calculations. See the code below:

>  with(Groebner):

> fl:=x"2:

> f2:=y~2:

> f3:=x74:

> f4:=y74:

> fBri=p 2%y 2:

> WL:=gbasis([f1-u, f2-v],plex(z,y,u,v)):
> pr=plex(z,y,u,v):

>  reduce(f3,WL,p);



> reduce(f4,WL,p);

> reduce(f5,WL,p);
uv

The remainder of x* is u®. This tells us that ¥®> € k[z%,y?] and that f =
(x2)2. This is exactly what we would expect, and the other two generators work
similarly. We can conclude then that k[z,y]"* = k[x2,y?]. Now let
f=a%+2y* = 32%y5 and g = 23 —y. We will check to see if f,g € k[z?,y?],
and write them in terms of 2%,y if possible. The Maple code is as follows:

> fr=xT442%y T4-3*T 2%y "6

> reduce(f,WL,p);

u? — 3uvd + 202
> g:r=x 3-y:
> reduce(g,WL,p);
—y+xTu

These computations tell us that f can be written in terms of f1 = 2 and fo = y>.
Therefore f = f2 —3f1fs +2f2 € klx,y]V*. On the other hand, g & k[x,y]"*.
Example 5.6. Let G be the cyclic group of order 3. Then G =< A >, where
A= < (1) :1 ) € GL(2). The Reynolds operator is Re, (f)(z,y) = 5(f(2,y)+
fl=y,z—y)+ f(y—x,—x). We can write a process in Maple that will allow us
to calculate the Reynolds operator for any given polynomial. The code is given

below.
> Ren:=proc(m)
> simplify(1/3%(m(z,y)+m(~y,z-y)+m(y-z,-z))) ; end:

When we want to use this process, we define our polynomial m as a function.
Then call Ren(m), and Maple will calculate the Reynolds operator for the given
polynomial. We use Maple to calculate the Reynolds operator for all monomials of
total degree less than or equal to three and summarize the results in the table below.

X2

x'y? RCs(xlyJ)
T 0
Y 0
2> | (@ +y° —ay)
y? | 2@+ ¢ —ay)
zy | 3@ + 47 —ay)
x> 22y — xy?
v’ zy® — 2’y
2y | 72y — %x:a_ %ys
207 | 7 — %x3 — %ys

TABLE 2. Reynolds Operator for Cs

Clearly the first three nonzero entries are multiples of one another. So we only
need one of them, and we can drop the coefficient. We need to check to see if
we need all the others. We will check this using Maple.
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with (Groebner) :

f1:=y 2-y*xz+z"2:

fl:=—y 2xz+y*x2:

f3:=y 2xz-y*z"2:

f4:=y 2*xz—1/3%y"3-1/3*x"3:
f5:=y*x"2-1/3%y"3-1/3*z"3:
p:=plex(z,y,u,v,w,2):
WL1:=gbasis ([f5-ul,p):
reduce(f4,WL1,p);

vV V. V. V V V V V V

y2 r—y 22 +u
WL2:=gbasis ([f5-u, f4—v],p):
reduce (f3,WL2,p) ;
—u+v
> reduce(f2,WL2,p);

> reduce(f1,WL2,p);

y: -y +a®
When fo = 2%y — 2y? and f3 = xy? — 2%y are reduced using a Groebner basis for
< fs —u, fs—v >, we see that fo = f5— f4 and f3 = fs — f5. Therefore, we do not
need fy, f3 in our list of generators. On the other hand, we do need f1 = x%+y*—xy.

Then if we renumber, the generators for klz,y|® are fi = 22+ y?> — xy, fo =
2ty — 32% — L3, and f3 = wy? — 22° — 2y Any polynomial in klz,y]“ can be

written in terms of f1, fo, f3.

6. CONCLUSION

We have demonstrated an algorithm that will always find a finite number of
generators for the ring of invariants of a finite matrix group. This method has
the disadvantage that it may require many calculations. For the Klein four group,
we had to calculate the Reynolds operator for 14 monomials, and this group only
has order four. We have not discussed the issue of whether or not we can write an
invariant polynomial uniquely in terms of the generators. Looking at other methods
for finding the ring of invariants, and addressing the question of uniqueness are
topics for further research.
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