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Conic optimization

e Primal

min clz

Ax = 0b
x € IC convex, closed, non-empty interior, pointed

e Dual

maxbly
Ay +s=c¢
s e K* dual cone
e Facts:
(1) Encompasses every convex optimization problem.

(2) Variety of applications in science and engineering.



Special cones

o Ry ={reR":2 >0}
— Linear, self-dual

o Ki={zeR": 22> |w2:0?, 21 > O}
— Second order, self-dual

o S ={X e€S": X =0}
— Semidefinite, self-dual



Applications of conic programming

Combinatorial optimization:
Alizadeh, Goemans-Williamson, Lovasz-Schrijver, Ye.

Linear control theory: Boyd, Vandenberghe, Balakrishnan,
El Ghaoui, Feron.

Signal Processing: Luo.
Robust optimization: Ben Tal-Nemirovski, ElI Ghaouli.

Copositive and polynomial programming: Lasserre, Parrilo,
De Klerk, Pasechnik, Nesterov.

Others include finance, statistics, moment problems etc.



SDP I.

e Primal
min C' e X
AZ'OX — bz-,z'=1,...,m, (SDP)
X = 0,
where A;, C, X € S", be R™, Ae B = Z;’L:]. Z?:l AZ]BU
e Dual
max bly
Yt yidi+S5 = C, (SDD)
S = 0

Y

where S € S", y € R™,

e Assumptions:

(1) Both (SDP) and (SDD) have strictly feasible points.
(2) A;, i=1,...,m are linearly independent in S™.

(3) m=0(n).
e Alternative notation: AX = (A;e X)L, Ay =>",yA;
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SDP II.

e Optimality Conditions:
— Primal feasibility.
— Dual feasibility.

— Complementary slackness XS = 0.

e Simultaneously Diagonalizable: If X and S are optimal for
(SDP) and (SDD) then 3 orthogonal matrices P; € R"*"*", P5 ¢
R?*("=7) and diagonal matrices A € SL., Q ¢ Sg‘_” such that

T
x = [nm)[s o] 5
T
s = [mr][) o]




Contrast simplex and IPMs for CP 1.

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr Extreme Points

Start
/ Centrdl
Path
Finish Finish
Interior Point Method Simplex Method

Interior Point Methods deal with matrices of full rank.

Inthe smplex method, the rank of the extreme points satisfy
(1) r<=m (Linear Programming)
(2) r(r+1)/2 <= m (Semidefinite Programming)



Contrast simplex and IPMs for CP II:

Why a simplex method for conic programming?.

1. Listed as an open problem in Alizadeh & Goldfarb (03) and
Vandenberghe & Boyd (96).

2. Can do each iteration more quickly. IPM's require O(n%)
operations to form the Schur matrix in every iteration.

3. Reoptimization after the addition of cutting planes using a
dual simplex variant.



Other approaches

Solve SDP as a nonlinear program: Burer-Monterio-Zhang.

Solve SDP as an eigenvalue problem: ACCPM: Oskoorouchi-
Goffin, Spectral Bundle: Helmberg-Rendl,Oustry.

Solve SDP as a convex program: Vanderbei-Benson.

Solve SDP as a linear program: Krishnan-Mitchell, Goldfarb.
Solve Schur system via a CG method: Toh.

Other approaches: Fukuda et al., Kocvara-Stingl.

IPMs with warm-start capabilities: Sturm.

Solve SDP via a simplex method: Pataki (96), Krishnan-
Pataki-Zhang (this talk).



Primal simplex method for LP 1.

Given a feasible basis B, B~!, and an initial bfs x5 = B~ 1b.

1. Construct a simplex multiplier yI' = c5B71.

2. If sy = ey— N1y > 0 we are optimal; else choose the nonbasic
variable with smallest s; to enter the basis.

3. Perform the minimum ratio test to determine the leaving
basic variable.

4. Obtain the new bfs zp, update the new basis B, and obtain
B—1 using the product form of the inverse or fast LU updates.
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Primal simplex method for LP II.

e Block pivoting: Can bring in more than one nonbasic vari-
able with d; < O; in this case solve the following LP

min st?aj
s.t. Y;(B7laj)a; < B
O{j 2 O, \V/]

e Entering nonbasic variables the ones with a; > 0, leaving
basic variables the ones with zero slacks.

e Check whether the columns of A in the new set are linearly
independent; if so we have our new B; else we need to do a
crossover to find a new basis B and the associated extreme

pt.
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Notation 1.

Given
T
v = [nnl[5 8][4
e The subspace By:
e = [mon] Y S][H

e Interpretation: Moving an € > 0 along some direction or its
opposite in Bx keeps us still in S™.
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Notation II.

e Tangent space:

Ty = [Pl PQ]

M W
wt o

PlT]
T
Ps

e Interpretation: Move an € > 0 along some direction or its
opposite in Ty; we are at a distance O(¢?) from S™.

e Null space of constraint set:

N = {Y:AeY=0,i=1,...,m}
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BFS in SDP 1.

e BFS in SDP: A feasible X = P;AP{, with A =0 and P €
R"™*" is a bfs iff

BxNN = {0},
e Alternate characterization: X is a bfs iff
{P{A;P,i=1,...,m} spans S’

e Rank at a bfs: The rank r at a bfs satisfies the inequality

7“(7“3—1) < m

Therefore r < v/2m, and in our case r is O(y/n).
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BFS in SDP II. Crossover algorithm

Given a feasible X = PyMP{ with M = 0 and P; € R**".
In each iteration, do the following:

1. If {P{ A;P1,i=1,...,m} spans S", then stop.
2. Find a nonzero U € S" satisfying

(PlTAz-Pl)oU:O, i=1,...,m.

3. If Ce (P UP{) >0, then set U = —U.
Calculate o = max{a | M + aU > 0} and set

X =P (M+o*U)PL = PP’
where M = 0, and P; € R"*"  Let P, = P;, M = M and

r = r. Return to step 1.
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Nondegeneracy in SDP

e Nondegeneracy in SDP: A feasible X is nondegenerate iff

Ty +N = §»

e Alternate characterization: A feasible X in the usual no-
tation is nondegenerate iff

Pl APy P{ AP
P3 APy 0 ’

are linearly independent in S™.

Bk — k=1,...,m

e Primal nondegeneracy = lower bound on the rank of X, i.e.,

h(r) > m

where h(r) = T(Tg_l) +r(n—r).
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Constructing a dual solution in SDP 1.

e XS =0, where S = (C — Aly) requires
S11 pr{(C — Aly)P; 0
S1o pP{(C — Aly) P, 0
This is a set of h(r) equations in m unknowns which is overde-
termined if X is nondegenerate.

e If X is a bfs, then the first set of equations gives w ..
equations. This is yet not enough to obtain an unique y.

e If X is nondegenerate, we can bring in (m—%) equations
from 2nd set to have m l.i. equations to solve for y.
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Constructing a dual solution in SDP 1I.

Consider a simple instance withn =8, m =11, r = 3.

< S{lT\SIQ> _ (PlTSPl\PlTSPQ)
S1o" | S22 PIsp; | PTSP;

[ x x X |x x ooo\
X X X | X X o o o
X X X | X o o o o
X X X | O @) O O O
= X X 0 o) @) O O O
@) @) (@) O (@) OO O O
@) @) O (@) @) O O O

\ (@) (@) O (@) OO)
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Constructing a dual solution in SDP III.

e T he first WT+1) equations are chosen from S1; = 0. These
are linearly independent.

e Pivot on

svec(P{A1Py) ... svec(P{ AmPy)
VeC(PiFA1P2) ce VeC(PiFAmPQ)

until one has m linearly independent equations. Solve the
resulting square system of size m for y*.

e We also considered solving the following LP for y*

miny ||P{(C — ATy)Psl|;
s.t. Sm oy (PLA;P) = PlCP

The additional equations are distributed over the (1,2) block.
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Entering nonbasic variable in SDP

e LP case:
Most negative reduced cost (Dantzig): mij{; S; -
1€

Steepest edge rule (Goldfarb-Reid): min %

N VLB e P
e SDP case:

Most negative reduced cost: ||¢r2ﬂin1 dl'sd.

This is the normalized eigenvector corr. to A,,;,(S).
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Simplex algorithm for SDP

Given a nondegenerate extreme point X In the usual notation.

1. Solve for a dual solution y*.

2. If S* = (C — ATy*) > 0, stop; else update P to be all of
Py, and columns in P> corr. to the chosen equations in
S1o = 0. Also, compute the normalized eigenvector d corr.
to \,,;,(S*), orthogonalize it w.r.t. P, and add it to P.

3. Preprocess and solve the following pivoting SDP for V

min (PLCP)eV
st. (PTA;P)eV =0b;, i=1,...,m
V>0
Let V = RAR!, with M = 0, P, = PR, and X = P;AP{.
Update P». If necessary, do a crossover on X, and return to
step 1.
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Properties of the algorithm

Theorem. Let {(X* y* SF)} be a sequence generated by the

algorithm. Then for all k, XF js primal feasible and Xk e Sk =0.
At the k-th iteration, one of the following alternative cases arises:

1. If it stops in Step 2, then X%, (y*,S*) are optimal solutions
to (SDP) and (SDD), respectively.

2. Otherwise we obtain Xkl such that C e XFT1 < C e Xk, If
XF* is nondegenerate, then in addition C ¢ XF1T1 <« C e X%,

Conjecture. If {X’“} contains a nondegenerate subsequence,
then either the algorithm terminates in a finite number of steps,

or all accumulation points of{Xk} are optimal solutions to (SDP).
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Solving the pivoting SDP

. Typically the number of constraints m in the pivoting SDP
is O(r2).

. LetD;,2=1,...,k bea basis for the null space of the equality
constraints of pivoting SDP.

. Solve the pivoting SDP as

MaxXx Zle xZ(PTCP ) Dz)

s.t. M-YF 2;D; = 0
where M is the diagonal matrix of eigenvalues of X.

. Complexity is dominated by the null space computation, and
this is O(n3), when m = O(n).

. Is it possible to quickly update the null space, i.e. do this
in O(m?2)?. (analogous to the basis inverse updates in the
simplex method for LP)
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Computational results 1.

Objective value

Simplex on mep124-1

O T T T T T T T T T
_20 - -
Maxcut Problem from SDPLIB
—40 n=m=124 i

Optimal objective value is 141.9905

-100

-120

_140 | | | | |
0 100 200 300 400 500 600 700 800 900 1000

Iteration Number



Computational results II.

Histogram of the pivoting SDP sizes
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Computational results III.

Objective value

-10

-15

Simplex on theta—-2

Lovasz Theta Problem from SDPLIB
n=100 m =498
Optimal objective value is 32.87

Size of pivoting SDP: 31-35
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Conclusions and future work

. A primal active set approach which mimics the primal simplex
method for LP.

. Solve an SDP as a sequence of smaller SDP’'s in an active
set framework. Each iteration carried out in O(n3) arithmetic
operations.

. We have the general framework for other conic optimization
problems including SOCP.

. Preliminary success with basis updates in SOCP; how about
SDP?.

. Currently investigating dual simplex variants of this method.

. More computational results in ICCOPT 1 this August.
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