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Underlying paradigm in today’s talk

1. A polynomial optimization problem (POP) is a hard nonconvex optimiz-
ation problem.

2. We will develop a hierarchy of convex relaxations for the POP whose
solutions converge to a real optimal solution to the POP.

3. The convex relaxations are semidefinite programs (SDPs) that can be
solved efficiently using interior point methods (IPMs). However, the
SDPs in the hierarchy get very large!

4. We want to exploit the sparsity and symmetry in the underlying POP to
get structured SDP relaxations (Phase 1)

5. We will then solve these structured SDPs using decomposition techniques
in a parallel computing environment (Phase 2).

6. The solution of POPs lies at the confluence of pure and applied math-
ematics; and has several applications in science and engineering.
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Polynomial preliminaries: 1

1. p(x) =
∑
α∈Zn

+

pαx
α1
1 . . . xαn

n =
∑
α∈Zn

+

pαx
α is a multivariate polynomial.

2. Degree of the monomial xα = xα1
1 . . . xαn

n is |α| =

n∑
i=1

αi.

3. Degree of p(x) is the max degree of a monomial xα with pα 6= 0.

4. x2
1x

3
2x3 − x4

2 + 2x1x3 − 1 is a polynomial in 3 variables with degree 6.

5. Let Sd
n := {α ∈ Zn

+ : |α| ≤ d}, |Sd
n| =

(
n+d

d

)
.

6. Represent p(x) of degree d with its sequence of coefficients p = (pα)α∈Sd
n
.

7. The set Rd [x1, . . . , xn] of real polynomials of degree ≤ d with real

coefficients is isomorphic to R(n+d
d ).
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Polynomial preliminaries: 2

1. A polynomial p(x) is nonnegative if p(x) ≥ 0, ∀x ∈ Rn.
Let Pn,d = {pα : p(x) =

∑
α pαx

α ≥ 0,∀x ∈ Rn, deg(p(x)) ≤ d}.
2. A polynomial p(x) has a sum of squares (SOS) if

p(x) =
∑

i

pi(x)2.

for some polynomials pi. It is clear that p(x) has even degree 2d, and
each pi(x) has degree ≤ d. Let
Σn,d = {pα : p(x) =

∑
α pα has an SOS, deg(p(x)) ≤ d}.

3. Example: x2
1 + x2

2 + 2x1x2 + x6
3 = (x1 + x2)

2 + (x3
3)

2 is an SOS.

4. The sets Pn,d and Σn,d are both closed convex cones.
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When does a nonnegative polynomial have
an SOS decomposition?

1. An SOS polynomial is nonnegative but not every nonnegative polynomial
is an SOS.

2. Hilbert in 1888 showed that Pn,d = Σn,d, i.e., every nonnegative polyno-
mial of degree d in n variables is an SOS when

• n = 1 (d ≥ 2 and even)

• d = 2 (all n)

• n = 2, d = 4

In all other cases, Σn,d ⊂ Pn,d (see Chapter 6 in Squares by Rajwade).

3. The Motzkin polynomial x4
1x

2
2 +x2

1x
4
2−3x2

1x
2
2 +1 is nonnegative but not

a SOS.
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Polynomial optimization

1. Let p, g1, . . . , gm be polynomials with real coefficients defined on Rn.
The polynomial optimization problem is

min
x∈S

p(x)

where S is a compact semi-algebraic set given by

S := {x ∈ Rn : gi(x) ≥ 0, i = 1, . . . ,m}.

The set S can be nonconvex and even disconnected.

2. Applications in nonconvex and combinatorial optimization, statistics,
symbolic computation, nonlinear optimal control, nonlinear PDEs.

3. The general problem is NP-hard.

4. An equivalent problem is finding the greatest lower bound t, i.e.,

max
t
{t : p(x)− t ≥ 0 ∀x ∈ S}
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Semidefinite programming

(SDP) max C •X
s.t. A(X) = b

X � 0

(SDD) min bTy
s.t. ATy − S = C

S � 0

• Notation

- X, S,C ∈ Sn, b ∈ Rm

- A •B = trace(AB) =
∑n

i,j=1 AijBij (Frobenius inner product)

- The operator A : Sn → Rm and its adjoint AT : Rm → Sn are

A(X) =

A1 •X
...

Am •X

 , A>y =

m∑
i=1

yiAi

where Ai ∈ Sn, i = 1, . . . ,m
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Connection between SOS and SDP

Given p(x) =
∑

α∈Zn
+,|α|≤2d

pαx
α of degree 2d. The following are equivalent

1. p(x) has an SOS representation

2. p(x) = zTMz for some matrix M = (Mβ,γ)|β|,|γ|≤d � 0 where
z = (xβ)|β|≤d.

3. The following semidefinite feasibility problem

M � 0,∑
i,j∈Sd

n:i+j=α

Mi,j = pα, |α| ≤ 2d

is feasible.

This problem is in the primal (SDP) form with matrix size
(

n+d
d

)
and

(
n+2d

2d

)
equality constraints.
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Example
Does p(x) = 2x4

1 + 2x3
1x2 − x2

1x
2
2 + 5x4

2 have an SOS?

1. Write p(x) = zTMz where z = [1 x1 x2 x2
1 x1x2 x2

2] with rows and
columns of M indexed by {{0, 0}, {1, 0}, {0, 1}, {2, 0}, {1, 1}, {0, 2}}.

2. Equating coefficients gives M11 = 0, M12 = 0, M13 = 0, M14 = 0,
M15+M23 = 0, M33+2M16 = 0, M24 = 0, M25+M34 = 0, M26+M35 =
0, M36 = 0, M44 = 2, M45 = 2, M55 + 2M46 = −1, M56 = 0, and
M66 = 5.

3. The SDP feasibility problem with these 15 constraints and M � 0 has
a feasible solution. So p(x) has an SOS. Indeed,

p(x) = 1.0036(0.6070x2
1 − 0.7736x1x2 + 0.1820x2

2)
2+

1.9658(0.7206x2
1 + 0.6323x1x2 + 0.2845x2

2)
2+

5.4266(−0.3351x2
1 − 0.0416x1x2 + 0.9412x2

2)
2

This SOS decomposition can be constructed from the eigenvalue and
eigenvector information of M .
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SOS approach for POP: 1

1. Given a polynomial p(x) in n variables and even degree 2d.

pmin = inf
x∈Rn

p(x)

= sup{t : p(x)− t ≥ 0 ∀x ∈ Rn}.
(an LP in one variable t and infinite number of constraints).
The constraint requires p(x)− t ∈ Pn,2d.

2. A constrained version of this problem is

psos = sup{t : p(x)− t has an SOS}.
Since p(x)− t ∈ Σn,2d ⊆ Pn,2d, we have pmin ≥ psos.

3. The second problem is the following SDP

sup t
s.t. M0,0 + t = p0,∑

i,j∈Sd
n:i+j=α

Mi,j = pα ∀α,

M � 0.
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SOS approach for POP: 2

1. Consider the sequence of SDP approximations

pr = sup{t : p(x)− t has an SOS with degree 2r}.

for r ≥ d. Since p(x)− t ∈ Σn,2d ⊆ Pn,2r, we have pmin ≥ pr ≥ psos.

2. As r →∞ we get tighter SOS approximations for the POP.

3. The second problem is the following SDP

sup t
s.t. M0,0 + t = p0,∑

i,j∈Sr
n:i+j=α

Mi,j = pα ∀α,

M � 0.

where the coefficients pα of monomials of degree higher than 2d are set
to 0.
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Moment approach for POP: 1
1. The POP is equivalent to

pmin = min
µ

∫
p(x)dµ

where µ ∈ Rn is a probability measure with support on S.
(This LP is the dual to our earlier infinite LP, and
has 1 equality constraint and infinite number of variables).

2. We have ∫
p(x)dµ =

∑
α

pα

∫
xαdµ = pTy

where y denotes the sequence of moments of µ.

3. Let Mr(y) be the truncated moment matrix indexed by Sr
n with (α, β)th

entry given by yα+β with α, β ∈ Sr
n.

4. Let Mr(g ∗ y) be a localizing matrix indexed by Sr
n with (α, β)th entry

given by
∑

γ gγyα+β+γ.
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Moment approach for POP: 2
1. Let 2d0 or 2d0−1 be the degree of p(x), and 2dj−1 or 2dj be the degrees

of gj(x) in POP. The relaxation order r is some integer ≥ maxi=0,...,m di.

2. A necessary condition for y to be a sequence of moments of µ is

Mr(y) � 0
Mr−dj

(gj ∗ y) � 0, j = 1, . . . ,m.

As r increases, these necessary conditions get tighter.

3. This gives a hierarchy of SDP relaxations for POP, where the rth order
relaxation is

min
∑

α pαyα

s.t. Mr(y) � 0
Mr−dj

(gj ∗ y) � 0, j = 1, . . . ,m.

As r → ∞, the solutions to these SDPs (providing lower bounds) con-
verge to a real optimal solution of POP (Lasserre, Schweighofer).

4. There is also a sufficient condition to verify optimality and a mechanism
to extract solutions (Henrion & Lasserre).
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Illustrative Example
1. Consider the POP

min −x2
s.t. 3 + 2x2 − x2

1 − x2
2 ≥ 0

−x1 − x2 − x1x2 ≥ 0
1 + x1x2 ≥ 0

Global optimal solution is x∗ = (−0.6180, 1.6180) with value −1.6180.

2. The first SDP relaxation in hierarchy (of order 1) is

min −y01

s.t.

 1 y10 y01
y10 y20 y11
y01 y11 y02

 � 0

3 + 2y01 − y20 − y02 ≥ 0
−y10 − y01 − y11 ≥ 0

1 + y11 ≥ 0.

Optimal objective value of the SDP is −2.
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From Henrion & Lasserre (IEEE Control Magazine)
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Exploiting sparsity in POP: 1

1. Consider the POP

min x1x2 + x1x3 + x1x4
s.t. x2

1 + x2
2 ≤ 1

x2
1 + x2

3 ≤ 1
x2

1 + x2
4 ≤ 1.

2. Sets Fk contain variables that appear in a monomial of p(x).

3. Let Hj contain all variables in constraint polynomial gj(x).

4. Construct correlative sparsity pattern (CSP) graph from POP, where
V = {1, 2, . . . , n} and

E = {(i, j) : i, j ∈ Fk for some k or i, j ∈ Hl for some l}

5. Let Ii, i = 1, . . . , t be a set of maximal cliques of CSP graph.
(find chordal extension of graph and then maximal cliques in extension)

6. In our example, we have I1 = {1, 2}, I2 = {1, 3}, I3 = {1, 4}.
-15-
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Exploiting sparsity: 2
For our example, the 1st order sparse SDP relaxation is

min y1100 + y1010 + y1001

s.t.

 1 y1000 y0100
y1000 y2000 y1100
y0100 y1100 y0200

 � 0 1 y1000 y0010
y1000 y2000 y1010
y0010 y1010 y0020

 � 0 1 y1000 y0001
y1000 y2000 y1001
y0001 y1001 y0002

 � 0

1− y2000 − y0200 ≥ 0
1− y2000 − y0020 ≥ 0
1− y2000 − y0002 ≥ 0.

which has 11 variables and 3 SDP blocks of size 3.
(15 variables and 1 SDP block of size 5 for the regular SDP relaxation).
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Exploiting symmetry: 1
1. Consider the unconstrained POP of minimizing

p(x) = x6
1 + x6

2 − x4
1x

2
2 − x4

2x
2
1 − x4

1 − x4
2 − x2

1 − x2
2 + 3x2

1x
2
2 + 1.

2. The objective p(x) is invariant under the dihedral group D4 of order 8.

3. The moment matrix M3(y) in the first SDP relaxation has following
structure

M3(y) =



1 0 0 y20 0 y20 0 0 0 0
0 y20 0 0 0 0 y40 0 y22 0
0 0 y20 0 0 0 0 y22 0 y40

y20 0 0 y40 0 y22 0 0 0 0
0 0 0 0 y22 0 0 0 0 0

y20 0 0 y22 0 y40 0 0 0 0
0 y40 0 0 0 0 y60 0 y42 0
0 0 y22 0 0 0 0 y42 0 y42
0 y22 0 0 0 0 y42 0 y42 0
0 0 y40 0 0 0 0 y42 0 y60


-17-
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Exploiting symmetry: 2
1. One can compute an appropriate symmetry adapted basis that exploits

the symmetry (Gatermann & Parrilo, Fässler & Stiefel).

2. After the symmetry reduction, an equivalent SDP relaxation is

min 2y60 − 2y42 − 2y40 − 2y20 + 3y22 + 1

s.t.

[
1 y20√

2
y20√

2 y22 + y40

]
� 0

y22 ≥ 0
y40 − y22 ≥ 0 y20 y40 y22

y40 y60 y42
y22 y42 y42

 � 0

with 5 variables and 4 blocks of sizes 2, 1, 1, and 3 respectively
(compare with 55 variables and 1 SDP block of size 10).
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Preprocessing to obtain structured SDPs -
Phase 1

1. One can exploit both sparsity and symmetry in POP to obtain structured
SDP relaxations.

2. Exploiting sparsity gives structured SDP relaxations that are weaker, and
one has increase the order r of SDP relaxations to solve the underlying
POP.

3. The weaker SDP relaxations also converge to an optimal solution of
POP, albeit more slowly (Lasserre).

4. Exploiting symmetry gives an equivalent structured SDP relaxation; the
number and size of blocks in new SDP are determined entirely by the
irreducible representations of the group (Schur’s lemma!)

5. Kartik is currently developing decomposition techniques that solve the
structured SDPs in a parallel & distributed high performance computing
environment.
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Decomposition approach for structured
SDPs - Phase 2

1. The structured SDPs have the form

min
y,zi

bTy +

r∑
i=1

dT
i zi

s.t. AT
i y + BT

i zi � Ci, i = 1, . . . , r

2. If y variables were absent, the problem decomposes into r independent
subproblems in zi variables.

3. We are developing a conic Benders decomposition approach to solve the
structured SDP in an iterative fashion between a master problem (over
y variables); and r subproblems (over zi variables) which are solved in
parallel.

4. We have implemented the decomposition algorithm on the distributed
Henry2 cluster at NC State University.
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(SHARED VARIABLES)

COUPLING CONSTRAINTS

SUBSYSTEM 1

C_i are convex sets defined by LMIs

MAX sum(i=1)^r trace(C_iX_i)

sum(i=1)^r A_i(X_i) = b

X_i    in   C_i,  i=1,...,r

theta_r(y) = 

trace((C_r−A_r^Ty)X_r)

MAX  trace((C_1−A_i^Ty)X_1)
s.t.  X_1 in C_1

MAX

s.t. X_r in C_r

sum(i=1)^r theta_i(y)

SUBSYSTEM r

(PRIVATE VARIABLES)MAX   theta(y)

where

theta(y) = b^Ty  +

theta_1(y) = 

MASTER PROBLEM

SUBPROBLEMS

PRICES y

PROPOSALS
X_i

Figure 1: Decomposition by prices
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Thank you for your attention!.
Questions, Comments, Suggestions ?

The slides from this talk are available online at

http://www4.ncsu.edu/∼kksivara/
publications/kartik-algebra.pdf

A technical report appears at

http://www4.ncsu.edu/∼kksivara/
publications/parallel-conic-blockangular.pdf
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