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1 Introduction.

This paper summarizes the ideas presented in Fastest Mizing Markov Chain on
a Graph written by Stephen Boyd, Persi Diaconis, and Lin Xiao. The author
of this paper makes no claim of originality. The intent is to review some of
the ideas set forth in the aforementioned article and to expound upon its basic
content. This is accomplished through describing details of the intricacies of the
problem and by illustrating an example for which data is given in the article.

2 Fastest Mixing Markov Chain on a Graph.

2.1 Markov Chain on a Graph.

Let G = (V, E) denote a graph with vertex set V = {1,2,...,n} and edge set E,
where edge (i,7) € E whenever there exists an edge that joins vertex v; to vertex
v;. A graph G is an undirected graph whenever edge (j,i) € E if and only if
(i,7) € E. A vertex v; has a self-loop whenever the edge (i,7) € E. A Markov
Chain is a stochastic process {X(n),n =0,1,2,...} such that if X(n) = i, the
process is said to be in state ¢ and there is a fixed probability P;; that the
process will be next in state j. A markov chain that takes on only a finite of
countable number of states is called a discrete-time markov chain. Consider a
connected undirected graph on n vertices with self-loops at each vertex. Then
define a discrete-time markov chain on the vertices of the graph by letting
X(t) € Vfort =0,1,... be the actual state of the markov chain at time ¢.
An edge of the graph is assigned a transition probability with which X (¢) can
move to a neighboring vertex or possibly stay in the current position due to the
fact that each vertex has a self-loop. Note that the transition probabilities are
nonnegative and the sum of the probabilities assigned to the edges connected
to any particular vertex must be equal to 1. The markov chain is represented
by a transition probability matrix P, where P is an n x n matrix defined by

P, =Prob(X(t+1)=jX(t)=1), 4,j=1,...,n, (1)

where P, ; = 0 if (4,j) ¢ E (i.e. the probability of moving to a nonadjacent
vertex is 0). Additionally, the matrix must be doubly stochastic (ie. the rows
and columns both sum to 1) and symmetric. These conditions imply that the
matrix satisfies P > 0 (i.e. Pj; > 0 for alli, j =1, ..., n), Pe = e, where




e is a vector of all ones, since P is doubly stochastic and P = PT due to the
symmetry of P. Define the probability distribution of the state at time t as
m(t) € R™ such that m;(t) = Prob(X(t) = i). The state distribution satisfies
the recursive equation m(t + 1) = PTx(¢), which implies that the distribution
at time t is given by w(t + 1) = IA3T7T(0)7 where PT is the t-step transition
probability matrix which is obtained by raising the matrix P to the ¢ power.
A markov chain is irreducible if all states can be accessed from any given state
and aperiodic if starting in state ¢ the process can return to state ¢ in one step.
The markov chain defined as above is both irreducible and aperiodic. Since the
above process satisfies these two properties, then as ¢ increases, the probability

distribution of the state time 7(t) converges to the uniform distribution (+)e.

2.2 The Second Largest Eigenvalue Modulus.

The eigenvalue structure of the matrix P determines the rate of convergence of
7(t) to the uniform distribution (£ )e. Since P is a stochastic symmetric matrix
its spectral radius p(P) = 1 and all of its eigenvalues are real. According to
Perron-Frobenius theory, the eigenvalues must also be less than or equal to 1 in
magnitude. Thus, the eigenvalues of P can be arranged in a nondecreasing order
as follows: 1 = A1 (P) > A2(P) > ... > Ay(P) > —1. Then rate of convergence
is given by the second largest eigenvalue modulus (SLEM), which is defined by

u(P) = max {Az(P), =An(P)} - (2)

Thus, u(P) < 1 for the irreducible aperiodic stochastic matrix P. Some typi-
cal measures for fast mixing of a markov chain are the mizing rate log(%), the
mizing time @7 and the spectral gap 1 — p. The focus here is on the SLEM,
the smaller the §LEM the faster the markov chain reaches its equilibrium dis-

tribution.

2.3 Fastest Mixing Markov Chain Problem.

Consider the problem of determining the edge transition probabilities that pro-
vide the fastest mixing markov chain. This can be achieved by minimizing the
SLEM as follows:

min  u(P)
s.t P > 0
Ple = ¢ (3)
p = PT

Note the optimization variable is P and the graph is the data. The optimal
SLEM is p* = inf {u(P)|P > 0,PTe =¢e,P = PT, P, ; =0,(i,j) ¢ E}. The ex-
istence of one optimal transition matrix is guaranteed by the continuity on u
and the fact the set of all transition matrices is compact (see [1]).

3 Heuristic Methods.

The Maximum-Degree Chain and the Metropolis-Hastings Chain are two heuris-
tic methods that attempt to obtain the transition probabilities for the fastest



mixing markov chain. Although neither is guaranteed to produce the transition
probabilities that give the fastest mixing markov chain, these simple heuristics
tend to provide probabilities for a fast mixing markov chain. Both methods are
illustrated on the simple graph given in figure 1 (shown without self-loops) in
the sections below.

T

Figure 1: Simple graph

3.1 The Maximum-Degree Chain

Vertices v and u are adjacent vertices if the edge uv is in the edge set F of the
graph G. The degree of vertex v is the number of vertices adjacent with vertex
v, not counting self loops. Let the degree of vertex ¢ be d; and let d,,,, be the
maximum degree of the graph. Now assign to each edge of the graph, excluding
self-loops, the probability ﬁ. For the graph in figure 1, notice that node 2
has 3 adjacent vertices and no other node has a degree greater than 3. Thus,
dmaz = 3 and the probability for each edge that is not a self loop is equal to
%. The probability of each self-loop is then assigned to ensure that the sum
of the probabilities at particular vertex is equal to 1. Shown in Figure 2 are
two graphs, the first showing the assignment of the probabilities without the

self-loops and second including the self-loops and their probabilities. Once the

1

Figure 2: Application of Maximum-Degree Chain Heuristic

probabilities have been assigned to the graph, they can be transformed into a
matrix called the maximum-degree transition probability matrix, P{fff. This
matrix is given by

1

L (i,j) € B,i # j
Pit=31— 2% i=j (4)
0 (4,j) ¢ E



For the graph in figure 1,

2/3 1/3 0 0

m 1/3 0 1/3 1/3

Fiif) = (/) 1/3 1;3 1?3 (5)
0 1/3 1/3 1/3

Since the second largest eigenvalue of P™? is %, the SLEM for the matrix is
p(Pmd) = 3.

3.2 The Metropolis-Hastings Chain

A random walk on a graph can be visualized by assuming an individual is
located at some vertex v; on the graph at some point in time. Suppose that
the individual must move to another vertex, but has no preference as to which
to move to next. Thus, any vertex that is adjacent to v; is equally likely to
be chosen. For example, consider the simple graph in Figure 1. If the person
is at vertex 4, then there are two adjacent vertices and thus the probability is
% that the individual will move to vertex 2. Likevvise17 the probability that the

individual moves to vertex 3 from vertex 4 is also 5. Clearly, the transition

probabilities of a simple random walk on a graph is given by

pro_ & GDEEi#]
YO0 G ¢E

The symmetry of the probability matrix is necessary to ensure that the eigen-
values are real. Note that the random walk probability matrix is not sym-
metric. However, the transition probabilities can be modified by applying the
Metropolis-Hastings algorithm to the random walk probability matrix (see [4]
for details on the algorithm). If the equilibrium distribution is the uniform dis-
tribution, then the resulting transition probability matrix is symmetric. This
matrix is given in a simplified form by

(6)

min { £, 21 (i,4) € Byi # j

mh __ . .

P = Z(i,k)eEmax{O,d%—i} i=j (7)
0 (i,7) ¢ £

Figure 3 shows the results of applying this function to the graph in Figure 1.
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Figure 3: Application of Metropolis-Hastings Chain Heuristic



The resulting transition probability matrix is

2/3 1/3 0 0
1/3 0 1/3 1/3 ®
0 1/3 1/6 1/2
0 1/3 1/2 1/6

mh __
Py =

The eigenvalues of this matrix are 1,%,and f%. Thus, the SLEM for the matrix
w(P™hY is % It is appropriate to note that in this example, both heuristics gave
the same SLEM, yet this is not always the case (see [1] for an example for which

the results differ).

4 Convexity and Convex Optimization.

4.1 Convexity of the SLEM.

The convexity of u is established through the use of the spectral norm of P
restricted to the subspace el = {u € R"eTu = 0}. This requires the de-
termination of the orthogonal projection on et. Normalizing the vector e

gives ﬁ llell. Then, the elementary orthogonal projection for et is given by

the matrix I — (1 )ee”(see [3] for more on orthogonal projectors). Now, let

w(P) = ||(I = (£)ee)P(I — (L)ee)||, = || P(I — (£)ee)]|,. This is the spec-
tral norm of an affine function of P, and thus a convex function.

4.2 Convex Problem Formulation

Consider the constraint set for the Fastest Mixing Markov Chain problem along
with the objective of minimizing the norm u(P). Formulate the problem as
follows:

min u(P) = ||P(I- (%)eeT)H2
S.t P > 0
PTe = ¢ (9)
P = PT
Pi,j = 0, (7’7])¢E

Since this formulation has a convex objective function with all linear constraints,
the problem of minimizing the spectral norm over the set of symmetric stochastic
matrices is a convex optimization problem.

4.3 Semidefinite Programming Formulation.

Introducing a scalar s as an upper bound on the norm, the convex optimization
problem (9) can be rewritten as a semidefinite programming (SDP) problem.
The SDP is as follows:

min ]
st. —sI < P(I—(L)eeT) < sI
P > 0
PTe = e (10)
p = pT
Pz,] = 0, (%.])%E



The SDP (10) can be rewritten and a linear matrix inequality (LMI). Let

Diag(svec(P)) denote the diagonal matrix consisting of the w upper triangle

positions of the symmetric matrix P. Then P—(L)ee” +sI, sI—P+(+)ee”, and
Diag(svec(P))are positive semidefinite matrices. A matrix with block diagonal
form in which each block is positive semidefinite is also positive semidefinite.

Thus, rewrite the SDP (10) as follows:

min s
s.t.
P— (L)eeT +sI 0 0 (11)
0 sl — P+ (L)ee” 0 = 0,
0 0 Diag(svec(P))

For graphs with up to approximately one thousand edges, this SDP can be solved
to e-optimality by a standard SDP solver. Larger problems can be solved by
tailoring a solver to take advantage of the sparsity of the matrix that is particular
to this application. The simple graph in Figure 1 was solved exactly by an SDP
solver to obtain the transition probability matrix

6/11 5/11 0 0
5/11 0 3/11 3/11
0 3/11 4/11 4/11
0 3/11 4/11 4/11

The SLEM of this matrix is u(P) = 15, which is smaller than the SLEM for the
heuristic methods for this graph. It should be noted that the matrix (12) is not

unique.

5 Conclusion

Several heuristic methods are available to determine a fast mixing for a discrete-
time markov chain defined on a undirected connected graph. The Fastest Mixing
Markov Chain Problem can be formulated as convex optimization problem, more
specifically as a SDP. The typical measures of fast mixing are based on the
SLEM. Using the SLEM as the measure, the SDP formulation of the problem
out performs both heuristics methods.
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