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Abstract

In this report, some results on semidefinite programming relaxation of graph coloring are
summarized. Two algorithms on semicoloring/coloring are described in detail for 3-colorable
graphs. The relation between semidefinite programming relaxation and the Lovész theta
function is simply introduced.
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1 Introduction and Preliminaries

In graph theory, a graph coloring is an assignment of colors to certain objects in a graph subject to
certain constraints. The simplest form of graph coloring, called the proper or legal vertex coloring,
is to assign colors to the vertices of a graph such that no two adjacent vertices share the same
color. Similarly, a proper edge coloring assigns colors to the edges such that no two incident edges
share the same color, while a proper face coloring of a planar graph assigns colors to the faces or
regions such that no two adjacent faces share the same color. Typically, other coloring problems
can be transformed into a vertex coloring version. For example, an edge coloring of a graph is
just a vertex coloring of its adjoint graph, while a face coloring of a planar graph is just a vertex
coloring of its planar dual graph. When used without any further specification, a coloring of a
graph is always assumed to be a proper vertex coloring. However, non-vertex coloring problems are
usually stated and studied as they are to keep things in their perspective. Graph coloring problem
has found a number of applications such as scheduling, compiler allocation, frequency assignment

and pattern matching. See e.g. Berge [2], Briggs et al. [6] and Marx [18].
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A proper coloring of a graph using at most k colors is called a k-coloring. Clearly, finding
a k-coloring of a graph is equivalent to the problem of partitioning the vertices into k or fewer
independent sets. The least number of colors needed to color a graph is called its chromatic number
x. A graph is called k-colorable if there exists a k-coloring of the graph and is called k-chromatic

if its chromatic number is exactly k.

Theorem 1: Let G = (V, E) be a graph. We have

(i) x(G) = 1 if and only if G is totally disconnected;

(i) x(G) > 3 if and only if G is not bipartite, or equivalently, has an odd cycle;

(iii) x(G) > w(G), where w(G) is the order of a largest clique in G;

(i) x(G) < A(G) + 1, where A(G) is the largest degree over all vertices;

(v) (Brook’s Theorem) x(G) < A(G) if G is not K, or Cap1 where K, is the complete graph
with n vertices and Copy1 is the odd cycle with 2n 4+ 1 vertices.

(vi) x(G) < 4 for any planar graph G.

Given a k-colorable graph G = (V| E), finding a k-coloring for G is solvable in polynomial time
for k£ = 2 but NP-hard for k > 3. The decision version of graph covering problem, i.e., whether or
not is there a k-coloring, is one of Karp’s 21 NP-complete problems. As shown by Garey et al. [9],
it remains to be NP-complete even on planar graphs with node degree at most 4 although it is
trivial for £ > 4 on planar graphs due to the four-color theorem. However, it usually suffices
to find an approximately optimum graph coloring in many applications that can be formulated
as graph coloring problems. Johnson [12] showed that a version of the greedy algorithm gives
an O(n/logn)-approximation algorithm for k-colorings where n is the number of vertices in the
graph. Wigderson [21] developed an algorithm to find a O(y/n)-coloring for any 3-colorable graph
in polynomial time, which can be extended to find O(n'~/(*=1)_colorings for general k. Blum [3]
provided a combinatorial algorithm for coloring a 3-colorable graph using O(n?/® logS/ g n) colors,
which can be generalized to color a k-colorable graph with O(n=(+=4/3) 106%/5 ) colors. Karger
et al. [15] presented a semidefinite programming based O(n'/*log'/? n)-coloring for 3-colorable
graphs and O(n!—3/(++1) log!/? n)-coloring for k-colorable graphs. Blum and Karger [4] combined
the techniques in Blum [3] and Karger et al. [15] and improved the bound to O(n3/1*) for 3-
colorable graphs where the notation O is used to hide lower-order multiplicative terms, such as
logn. So far, the best known approximation for 3-colorable graphs is due to Arora et al. [1], which
is based on semidefinite programming and the triangular inequality.

On the hardness of the approximation, Khanna et al. [14] indicated that coloring a 3-colorable
graph with 4 colors is NP-hard. Generally, Lund and Yannakakis [17] showed that there exists
a small number constant € > 0 such that no polynomial time algorithm can approximate the

chromatic number of a graph to within a ratio of n unless P = NP. Feige and Kilian [8] and



Hastad [11] showed that approximating the chromatic number to within n'~? for any § > 0 would
imply NP = RP where RP is the class of probabilistic polynomial time algorithms making one-

sided error.

2 Semidefinite Programming Relaxation

The semidefinite programming relaxation for graph coloring assigns a unit vector to each vertex of
a graph G = (V, E) such that certain separation properties are satisfied for vectors corresponding
to each pair of adjacent vertices. It is known that for any integer k& < n + 1 there exist k unit
vectors in R™ such that their pairwise inner products are —1 / (k—1). Moreover, given a k-coloring
of the graph G = (V, E), we can assign one of these k vectors to each color class such that
(vi,vj) = =1/(k = 1),V (i,j) € E where v; is the vector assigned to the vertex i € V. See Lemma
4.1 in Karger et al. [15] for details. These facts lead to the following vector optimization problem:
min ¢
subject to :
(P1) (vi,v;) <t VY (i,4) € E,
(vi,v;) =1, VieV,
v; € R™, VieV.
Lemma 1: Let t* be the optimal value of (P1).
1

(i) If G is k-colorable, then t* < ﬁ

—1
(ii) If G contains a k-clique, then t* > 1

Remark: If t* = k:;ll’ the function (G) = 1— tl* = k™. In this case, the graph G is called vector
k-colorable and the corresponding optimal solution is called a vector k-coloring for G. The value of
k* is called the vector chromatic number of G. As mentioned by Szegedy [20], k* is exactly 9, /Q(G’)
where G is the complement of G' and ¥, /2 is the variant of the Lovész ¥-function introduced by
Schrijver [19]. The gap between the vector chromatic number and the true chromatic number was
demonstrated in Karger et al. [15] by constructing Kneser graphs with vector chromatic number 3

and chromatic number n¢.

The problem (P1) is essentially equivalent to the semidefinite programming below:

min ¢
subject to :
Aii o X = 1, Vie ‘/,
X e ST
where A;; = eie;fp, Aij = eie;‘-r and e; is the unit vector with its ith element equal to 1. Clearly, a

solution to (P1) can be obtained via the Cholesky Decomposition of any solution to (P2).
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Remark: As in Karger et al. [15], if the optimal value of (P2) is t* = T the graph G is called

matrix k-colorable and the corresponding optimal solution is called a matrix k-coloring for G.

3 Rounding Algorithms

After solving the semidefinite programming relaxation for the graph coloring problem, we need a
way to round the solution into a valid coloring for the graph. It turns out that it is too much
to expect an algorithm that colors the whole graph properly with high probability. Instead, we
aim for an algorithm that colors the graph almost properly. This is exactly the motivation of the

semicolorings of a graph presented in Karger et al. [15]

Definition 1: A k-semicoloring of a graph G = (V, E) is an assignment of k colors to at least
half of its vertices such that no two adjacent vertices share the same color.

It is clear that at least n/2 vertices are properly colored in any k-semicoloring of the graph.
Therefore, if we can semicolor a graph with & colors, we can color the graph with klogn colors
where n = |V|. The procedure is straightforward since we can semicolor the remaining half vertices
of the graph with k& new colors at each iteration. This will take at most log n iterations to color the
whole graph properly. Based on this result, two algorithms were developed by Karger et al. [15]

for transforming vector colorings into semicolorings.

3.1 Rounding via Hyperplane Partitions

In this subsection, we focus on vector 3-colorable graphs and outline a randomized rounding
scheme for transforming a vector 3-coloring of G into an O(A!°%s2)-semicoloring and thus into
an O(A"°832]ogn)-coloring of G. It can yield an O(n%3%6)-coloring of G by combining with the
techniques used by Wigderson [21]. This method is based on that of Goemans and Williamson [10]
and is weaker than the method described in the next subsection. However, it introduces several

ideas which will be used in the more powerful algorithm.

Definition 2: A hyperplane H is said to separate two vectors if they do not lie on the same side
of the hyperplane. For any edge (i,j) € E, the hyperplane is said to cut the edge if it separates the
vectors v; and v; associated with the vertices i and j in a vector coloring of G.

Lemma 2: (Goemans-Williamson [10]) Given two vectors at an angle of 0, the probability that
they are separated by a random hyperplane is exactly 0/m.

This lemma indicates a good semicoloring algorithm for the graph G. Note that with a given
vector 3-coloring {v;}!", for a 3-colorable graph G, we have (v;,v;) < —1/2, V (i,j) € E which
implies that the angle between v; and v; is at least 27/3. Therefore, the following algorithm can

be applied to obtain a semicoloring for G.



Algorithm KMS-1
Step 1: Solve the semidefinite programming relaxation and obtain a vector 3-coloring {wv; }7 ;.

Step 2: Let p =2 +logs A(G). Create random vectors 71, - - -, p.

Let
Rl = { 1 <’/‘171)i> 20, <’r2’1}i> 207...7 <Tpavi> 20}
Ry = {Z <7”1,Ui> <0, <r2’1)i>207...7 <rp7vi>20}
Rgp = { 7 <T17’Ui> < 07 <’r2’yi> < 0’ cee <rpavi> <0 }

Step 3: Assign color i to vertices in R;.

This algorithm creates p random hyperplanes and assigns a particular color to the vectors lying

in each of the 2P regions created by the intersecting hyperplanes.

Theorem 2: (Karger et al. [15]) The algorithm KMS-1 provides an O(/\1°8s2)-semicoloring with
probability 1/2.

Proof: Since 2P = 4 x 2'°83 2 = 49832 we have

Pr{i, j get the same color and (i,5) € E}
1 p
= 1—— 3 iy U4
( — arccos ((v 1@}))
1 1.\”
< (1 — — arccos ( — 2))

T
127\?
= ]_——7
(1-35)
1
<
~ 9A

Denote m = |E| and thus m < nA/2. We have

3

An/2

E b f ted ed <
{number of uncuted edges } < oA =3

SE

and therefore

1
Pr{ more than g uncutted edges} < 3

If we repeat the algorithm ¢ times, we will find an O(A!°8s 2)-semicoloring with probability at
least 1 — 1/21.

Note that logs2 < 0.631 and A < n. The algorithm provides an O(n0'631)—coloring for the
graph G which is worse than Widgerson’s algorithm [21]. However, it can be improved by the

following idea due to Widgerson [21].



Algorithm KMS-1’

Step 1: Fix a threshold value §.

Step 2: Pick any vertex i such that deg(i) > §.

Step 3: Color the vertex i and 2-color the neighborhoods of the vertex ¢ with 2 new colors.
Step 4: Remove the colored vertices.

Step 5: Go to Step 2 until the maximum vertex degree is below ¢ at the cost using at most 2n/J.
Step 6: Apply KMS-1 to color the remaining graph with O(8'°8:2) colors.

By this algorithm, we can obtain a semi-coloring using O(n/6 +6%931) colors. The optimum choice

0.613

of § is around n 0.387)

which implies an O°-387-semicoloring algorithm and hence an O(n -coloring
algorithm. This algorithm is still worse than Blum’s algorithm [3] which provides the guarantee of

an O(n®37)-coloring.
3.2 Rounding via Vector Projections

In this subsection, a more powerful version of Theorem 2 was provided for general vector k-colorable
graphs.

Theorem 3: For every integer function k = k(n), a vector k-colorable graph with mazimum degree
A can be semicolored with at most O(A1_2/k VInA) colors in probabilistic polynomial time.

For the case of 3-colorable graphs, we have the following algorithm to semicolor the graph.

Algorithm KMS-2
Step 1: Solve the semidefinite programming relaxation and obtain a vector 3-coloring {v; }7 ;.

Step 2: Let ¢ = \/2(k — 2)/k - In A for sufficiently large A. Set j = 1.

Step 3: Create a random vector r;.
Step 4: Denote R; = {i € V| (v;,7;) > c}.
Step 5: Assign color j to R; and remove the vertices in R;. Set j = j + 1.

Step 6: Repeat Step 3 to Step 5 until all the vertices are colored.
Since this procedure takes O(/A'/3) iterations to color all the vertices, we have
Pr{i, j get the same color and (i,5) € E} = O((AY3)73) = O(A™Y).
and
€
AN
This is exactly same as that in the previous algorithm except that KMS-2 uses O(Al/ 3) colors.

Pr{(i,j) € E get the same color } <

Similarly, if we apply Widgerson’s technique [21], we can obtain an O(Al/ 4)-coloring for any
3-colorable graphs. Generally, we have the following theorem:
Theorem 4: For every integer function k = k(n), any vector k-colorable graph on n vertices can

be semicolored with O(nl_g’/(’”‘l)/\/log n) colors by a probabilistic polynomial time algorithm.



4 Other Semidefinite Programming Formulations

In Karger et al. [15], another formulation of semidefinite programming related with graph coloring

is also studied.

min k
subject to :
-1
(P3) (vi,vj) = =1 v (i,j) € E,
(vi,v) =1, VieV,
v; € R™, vVieV.

A solution to (P3) is called a strictly vector k-coloring. The optimal value &* to (P3) is called the
strict vector chromatic number of the graph. It is proved that the strict vector chromatic number of
G ie equal to 9(G). See Theorem 8.2 in Karger et al. [15] for details. Kleinberg and Goemans [16]
constructed a family of graphs with strict vector chromatic number 2 4+ € and chromatic number

n%(e). Kleinberg and Goemans [16] also presented a stronger version of semidefinite programming

formulation:

min k

subject to :
(W) = =7 V(@))€ R,

(P4) ;

(v, v5) > T Vi jevV,
(vi,v;) = 1, VieV,
v; € R", VieV.

The optimal value k* to (P4) is called the strong vector chromatic number. It turns out that
it is exactly the function ¥(G) where 95 is the function introduced by Szegedy [20]. Szegedy [20]
also showed that 9o < ¥2. The gap between the optimal value of (P4) and the chromatic number
is related to the well known Borsuk conjecture [5]. Some recent results can be found in Kahn and

Kalai [13] and Charikar [7].
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