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1 Introduction to the problem

The original problem is:

min C • (vvT ) + cT x := vT Cv + cT x

s.t. Ai • (vvT ) + aT
i x := vT Aiv + aT

i x = bi, i = 1, . . . , m

x ≥ 0

where C, Ai ∈ Sn, c, ai ∈ Rn.

We relax it to an SDP problem:

min C •X

s.t. Ai •X = bi, i = 1, . . . , m

X ∈ K

where K = K1⊕K2⊕, . . . ,⊕Kr, Kl is the cone of nl×nl symmetric positive
semidefinite matrices, and C, Ai ∈ Sn×n are symmetric.

Its dual can be written as

max bT y

s.t.
∑m

i=1 yiAi + S = C,

S º 0

There are several methods to solve it: primal potential reduction algo-
rithm; dual-scaling algorithm and primal-dual scaling algorithm.
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For large-scale problem, the dual slack variable S tends to be very sparse
and structured, the sparsity allows savings in both memory and computation
time. The primal matrix X may be much less sparse. Then we mainly talk
about the dual-scaling algorithm since it may fully use the sparseness and
the structure of the data.

2 Dual scaling algorithm

Firstly we introduce some notations:

A(X) =




A1 •X
A2 •X

...
Am •X




AT (y) =
m∑

i=1

yiAi

We tend to reduce the duality gap by decreasing the dual potential func-
tion:

Let z = C •X for some feasible X.
We define the dual potential function:

ψ(y, z) = ρln(z − bT y)− ln((detS)

The reduction of the first term decreases the duality gap, while the second
term keeps S in the interior of the positive semidefinite matrix cone. And at
every step we have to find a strictly feasible X.

The gradient of the potential function is:

∇ψ(y, z) = − ρ

z − bT y
b +A(S−1).

From the Lemma 1, and some computations, we also have:

ψ(y, zk)− ψ(yk, zk)

≤ ∇ψ(yk, zk)T (y − yk) +
‖(Sk)−.5(AT (y − yk))(Sk)−.5‖F

2(1− ‖(Sk)−.5(AT (y − yk))(Sk)−.5‖∞)
(1)

Then we want to reduce the right-hand-side of the above inequality.
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So beginning with a strictly feasible dual point (yk, Sk) and upper bound,
we solve the following problem:

min ∇ψ(yk, zk)T (y − yk)

s.t. ‖(Sk)−.5(AT (y − yk))(Sk)−.5‖F ≤ α

where α ∈ (0, 1).

We want to minimize the first part of (1), and the constraint is to control
the second part of (1) since for a given matrix, its Frobenius norm is always
greater than or equal to its infinite norm.

Let Âi = (Sk)−.5Ai(S
k)−.5. The first order K-K-T condition shows that

the minimum point yk+1 should satisfy the followings:

Mk(yk+1 − yk) + β∇ψ(yk, zk) = 0

where Mk =




Â1 • Â1 . . . Â1 • Âm
...

. . .
...

Âm • Â1 . . . Âm • Âm




for some positive scalar β.
We get the answer:

yk+1 = yk +
α√

∇ψ(yk, zk)T (Mk)−1∇ψ(yk, zk)
d(zk)y

where d(zk)y =
ρ

zk − eT yk
(Mk)−1b− (Mk)−1A((Sk)−1).

Here are two ways to compute the Mk quickly when Ai = aia
T
i . We won’t

discuss about them too much, the details is given in the original paper.

We have finished finding yk+1 in the above part, in the following we will
try to find the z

We have to know zk+1 = C •X(zk), that is, we have to find X(zk).
To find a feasible point X, we solve

min ‖(Sk).5X(Sk).5 − zk − bT yk

ρ
I‖

s.t. A(X) = b
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The solution is

X(zk) =
zk − bT yk

ρ
(Sk)−1(AT (d(zk)y) + Sk)(Sk)−1.

which costs lots of computional work. But what we want is:

C •X(zk). = bT yk +
zk − bT yk

ρ
(d(zk)T

yA((Sk)−1) + n).

in which we’ve calculated d(zk)T
y and A((Sk)−1).

To determine if X(zk) is good, which means X(zk) is really positive def-
inite, we have to check Lemma 2.

Define P (zk) =
ρ

zk − bT yk
(Sk).5X(zk)(Sk).5 − I.

lemma 2 1. Let µk = zk−bT yk

n
, µ = C•X(zk)−bT yk

n
, ρ ≥ n +

√
n, α < 1.If

‖P (zk)‖ < min (α

√
n

n + α2
, 1− α).

then the following hold:
(1)X(zk) Â 0;
(2)‖(Sk).5X(zk)(Sk).5 − µI‖ ≤ αµ;
(3)µ ≤ (1− 0.5α√

n
)µk.

If the condition of lemma 2 hold, we choose Xk+1 = X(zk), if not, we
stay on Xk+1 = Xk.

Then it follows that

∇ψ(yk, zk)T d(zk)y = −‖P (zk)‖2,

ψ(yk, zk)T (yk+1 − yk) = −α‖P (zk)‖,
yk+1 = yk +

α

‖P (zk+1)‖d(z)y.

Choose α such that Sk+1 = C −AT (yk+1) Â 0. Finally we have

ψ(yk+1, zk)− ψ(yk, zk) ≤ −α‖P (zk)‖+
α

2(1− α)
.

which reduces our potential function.
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And the followings is the detailed algorithm:

Dual Algorithm:
Starting:
Found an upper bound z0, a dual point (y0, S0) such that S0 = C−AT y0 Â 0,
set k = 0, ρ > n +

√
n, α ∈ (0, 1).

Checking for optimality:
While zk − bT yk ≥ ε, do the following:
Computing and Updating:
(1) Compute A((Sk)−1) and Mk.
(2) Compute the dual step direction d(zk)y.
(3) Caculate ‖P (zk)‖.
(4) If the conditions of lemma 2 is true,

Xk=1 = X(zk), zk+1 = C •Xk+1.

else Xk+1 = Xk, zk+1 = zk,

yk+1 = yk +
α

‖P (zk+1)‖d(z)y, S
k+1 = C −AT (yk+1).

And in the next section we will talk some applications that could be solved
by this algorithm, but we manly focused on the introducing and modeling to
these specific problems.

3 Applications

3.1 Combinatorial Optimization

3.1.1 The Max Cut Problem

Given a graph, G(V, E), the max cut problem of the graph is to partition
or cut V into two subsets, call them S and V \S, in order to maximize the
number of edges between the two subsets. The problem that follows is:

max trace(LxxT )

s.t. xi ∈ {1,−1}

which can be relaxed to a semidefinite program by replacing xxT with a
positive semidefinite matrix, X. The constraint would then become Diag(X)
= e.
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3.1.2 Other Combinatorial Problems

The max cut problem forms a basis for a class of problems. Some other
members of this class add new constraints. The unequal cut, equal cut, and
s-t cut problems are such members of this class.

Unequal cut The unequal cut problem requires that the two sets of the
partition be a particular size. This is achieved by defining a parameter,
κ = ‖S‖ − ‖V \S‖. The additional constraint ‖evT‖ = κ added to the origi-
nal problem. This constraint becomes trace (eeT X) = κ2 in the relaxation.

Equal cut The equal cut problem is similar except that the two sets are
required to be the same size. This complicates the problem since if trace
(eeT X) = 0 then X is singular. In order for interior point methods to
operate a variable is added to this constraint and the objective function.
This new variable is given a penalty coefficient in the objective function so
the semidefinite problem is now a mixed linear and semidefinite problem:

max trace(XL) + Λx

s.t. Diag(X) = e

trace(eeT X) + x = 0

X º 0

x ≥ 0

s-t cut The s-t cut problem occurs when a node s and a node t must
be placed in different subsets of V . In the original problem, the constraint
xest = 0 is sufficient. For the relaxation, this becomes trace (este

T
stX) = 0

but this constraint implies that X is only feasible on the boundary of the
semidefinite cone. In order to create an interior a linear variable x is added
similarly to the equal cut case.
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3.1.3 General Form

All of these problems can be represented in a mixed linear and semidefinite
problem formulation:

max trace(CX) + cxT

s.t. trace(aia
T
i X) + α̂ix = bi

X º 0

x ≥ 0

3.2 Rounding

Once the semidefinite relaxation is solved for X, a problem specific random-
ized rounding procedure is used to create a feasible solution to our initial
combinatorial problem.

First, generate a random vector u and factor X = V V T . Then calculate
v = V u. For both max cut and s-t cut it suffices to round each component
of v to positive or negative one depending upon its current sign. However,
the unequal and equal cut problems require more care. With v as above the
components should be sorted into ascending order. If the median (v) > 0

then wi =

{
1 if i > n−x

2
,

−1 otherwise.
But if the median (v) ≤ 0 then

wi =

{
1 if i > n+x

2
,

−1 otherwise.
For the equal cut problem, κ = 0 so these are

the very same operation. Unsorting w will create a feasible solution to the
original problem.

3.3 DSDP

The DSDP implementation solves the dual problem, as described in the al-
gorithm section:

max bT y

s.t.
∑m

i=1 yi(aia
T
i ) + S = C∑m

i=1 yiâi + s = c

S º 0

s ≥ 0

The matrices are reordered to take advantage of any sparsity they contain.
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In order to avoid calculating Schur compliments, this solver calculates

Mij = (aT
i S−1

k aj)
2 + âT

i (diag(sk))−2âj

by solving systems of linear equations, Skw = ai, then multiplying wtaj.
Once M is known dy1 and dy2 are easily obtained.

This implementation chooses the best ρ such that

ρ ∈ {0.8(ρk−1 − n) + n, ρk−1, 1.2(ρk−1 − n) + n, 1.2n}

so the chosen ρ has the most improved objective value amongst those ρ with
positive semidefinite X. This is checked by factoring Atd(zk)y + Sk and
checking for positive pivots. The program uses further specialized methods
to factor the sparse and dense matrices that become S.

Finally, the DSDP implementation using the dual scaling algorithm is
the first implementation that converges polynomially, use the sparsity of the
dual slacks. Since, DSDP works on the general form

max trace(CX) + cxT

s.t. trace(aia
T
i X) + α̂ix = bi

X º 0

x ≥ 0

it solves max cut, s-t cut, unequal cut and equal cut problems with unprece-
dented speed. Especially impressive is that it is the first to solve the max
cut instances with 10, 000 vertices.

4 conclusions

This paper firstly introduced the problem forms, then because of the special
structures and properties of the dual to these original problems, they talked
about the dual scaling algorithm which is efficient for solving them. They
went on and mentioned a group of cut-problems which has the similar forms.
To solve them, the solver DSDP was developed on the base of dual scaling
algorithm. And the computational results shows that the solver was able to
solve the large scaled cut-problems polynomially.
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