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MA/OR/IE 505-001: Linear Programming
Midterm Exam-
March 1, 2007

Instructor: Dr. Kartik Sivaramakrishnan

SoloTiens To The MipTeRd EXM
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INSTRUCTIONS

. Please write your name and student number clearly on the front page of the exam.

. This has to be your own work. Cheating on the exam is not tolerated, and will fetch

you a zero for the test.

. TIME LIMIT: 75 minutes

There are 5 pages and 3 questions on the exam. Each question appears on a different
page. Read each question carefully.

The exam is worth 105 points of which 5 points are extra credit. The distribution of
points is clearly indicated on the exam.

Solve each problem in sufficient detail in the space provided. Please use both sides of
each page as needed.

Write clearly, including all the steps to the final solution. If I can’t read it, you won'’t
get credit.

Sources: Copy of Chvatal and one crib sheet.

. You may use an electronic calculator on the exam.

A useful formula for the inverse of 2 x 2 invertible matrices
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1. [40 points] Consider a problem with 3 people to carry out 3 jobs. Each person is

assigned to carry out exactly one job. There is a cost ¢;; involved in training person ¢
to do job j. The problem is to find a minimum cost assignment. Let z;; =1 if person
i is assigned to job j and 0 otherwise. The assignment problem can be formulated as
the following linear program (because the optimal solutions z;; to the linear program
will be either 0 or 1}):
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(a) [5 points] Find a feasible solution for the LP (1).

(b) [10 points] Let ui,us,us and vy, vs,vs be the dual variables corresponding to
the first 3 and the last 3 equality constraints in (1) respectively. Formulate the
dual LP.

(c) [10 points] Write down the complementary slackness conditions for the primal-
dual pair of LPs. (Note: You must write down all the complementary slackness
conditions explicitly to get credit on this problem).

(d) [5 points] Give a feasible solution for the dual LP.

(e) [5 points] Can the LP (1) and its dual be a) infeasible, b) unbounded, c) opti-
mal? Give reasons to support your answer.

(f) [Extra credit: & points] Suppose some of the ¢;; < 0, i.e., person % is ex-
tremely skilled at doing job j and needs no training. Find a feasible solution in
the dual LP.
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2. [40 points] Consider the following problem

max 4z, + 3z9 + T3 + 214
s.t. 41+ 229+ 23 + 14
3z +x2+ 223+ 14
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Let z5 and zs denote the slack variables of the two functional inequalities in the LP
(in that order!). After we apply the simplex method, we obtain the following optimal

dictionary:
To = a+ar; +brz— x5+ 26
Ty = ,3+d.’L‘1+61‘3+(I)5—2136
4 = 9+f$1+g$3—$5—'$5.

(a) [25 points] Using the matrix representation of dictionaries (see equation (7.6)
on page 99 of Chvétal), determine the values of , 8,6, a,b,d, e, f, g.

(b) [5 points] Is the optimal solution nondegenerate? Give reasons for your answer.

(¢) [5 points] Are there any multiple optimal solutions? Give reasons for your
answer.
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3. [25 points] Let A € R™*", z € R™ and y € IR™. Derive the following theorem of
the alternative

Theorem 1 The system Az < 0 is unsolvable if and only if the system ATy = 0,
y > 0, y # 0 is solvable.

using LP duality (along the lines of the proof of Farkas’ theorem in class). Note that
the strict vector inequality ¥ > 0 implies that y; > 0 for all 2. Also, y. > 0and y # 0
implies that y; > 0 for all 7 and all the y; cannot.wbe 0. Proceed as

follows: Sitdu LA eSS Y

(a) [10 points] Show that if the 1st system is solvable then the 2nd system is
unsolvable.

(b) [15 points] Show that if the 1st system is unsolvable then the 2nd system is
solvable. (Hint: Rewrite the 1st system as Az < —e, where e is the pdimensional
vector of all ones, since LPs deal with inequalities rather than strict inequalities!)

' e nol }-m
3 /() //5+7 F ) _9 /‘2 }mahwh)

L So vab 2
ég,ho&u cw?] 762M Aol 5'0‘/1‘375‘7""\7
AT,]—.—.—..O an A 77/ O
b KT (A7) = fax)Ty = 0 smer Ay= o

On e ofhet Aoundl KAx)T} <0 G HAX<o

Mo( 77/0

Ol fra onby tosg b & 0w

1

3(*)

g.—»o /swa Ax <o)
Tha ,zf\d,crlfe,m U lpdolvadde. 7

nel Femn
W “ ne er ;aASﬁTW\7 AX <O

I- € /le/Z 5@‘@/&7'«\7 Ax € ~






