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Lecturer: Kartik Sivaramakrishnan

Lecture 1

Computer arithmetic

Computers store and process numbers in binary (base 2) form consisting of two
digits 0 and 1. Each binary digit (zero or one) is called a bit and a collection of
8 bits is called a byte. The left hand most bit in the representation of a number
is called the most significant bit (MSB) while the right hand most bit is called
the least significant bit (LSB).

Conversions between binary and decimal systems

We will first see how to convert a real number in binary form into its decimal
equivalent. The key idea is that the binary digits to the left of the binary
decimal point increase in factors of 2 for each place moved over. Similarly, the
digits to the right of the binary decimal point decrease in factors of 2 for each
place moved over. Consider the real number (101.1)5 in binary form. We have

(101.1); = 1x22+40x2'+1x2041x2"1=(55),.

Now consider the reverse operation of converting a real decimal number into its
binary equivalent. We will illustrate the technique on the number (20.5625)1¢.
Consider the integer portion 20 of 20.5625.

=10 (reminder 0) — 0
=5 (reminder 0) — 0
=2 (reminder 1) — 1

=1 (reminder 0) — 0
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This gives (20)19 = (10100)3 (read results in reverse order). Now consider the
fractional portion 0.5625 of 20.5625.

0.5625 < 1 — 0.
2x0.5625=1.1250>1 — 1 (remove 1 from 1.1250)
2x0.1256=0.25<1 — 0
2x025=05<«1 — 0
2x05=10=1 — 1 (remove 1 from 1 which gives 0 - finished)

Therefore, (0.5625)19 = (0.1001)2. Combining our two results, we have
(20.5625)10 = (10100.1001)s.
Exercise: Represent (0.1)19 in binary form.

Floating point representation

In floating point notation, a real number x is expressed in decimal as
x = +£8x10F, where 1< S < 10.

and F is an integer. The numbers S and E are called the significand and the

exponent, respectively. For instance, 6519.23 = 6.51923 x 10® and 0.00000391 =

3.91 x 1076, The fractional portion of the significand is called the mantissa.
Binary numbers can similarly be represented in floating point notation as

z = £S5 x2F where S=1.

and E is a binary integer. We will illustrate how to represent the decimal
number 50 as a binary floating point number
50 5 ; 5 6
50 = 55 X 2° (50 lies between 2° = 32 and 2° = 64)
= 1.5625 x 2°
= (1.1001)y x 201012,

The process used to obtain the floating point representation of a binary number
is also called normalization and the new number is said to be in normalized
form.

IEEE 754 standards for representing floating point numbers

Floating point numbers are stored in single precision (short) or double precision
(long) formats. In single precision format, a number is stored in a string of 32
bits (4 bytes), and in double precision in a string of 64 bits (8 bytes). In both
cases, the MSB (first bit to the left) stores the sign (0 for positive and 1 for
negative) of the number. The next 8 bits in single precision (11 bits in double
precision) are used for storing the exponent (actually the biased exponent as
we discuss later!). Finally, the last 23 bits in single precision (52 bits in double
precision) are used for storing the mantissa. The value of the mantissa is entered
in binary form. The value of the exponent is entered with a bias. The bias is
introduced in order the avoid using one of the bits for the sign of the exponent
(which can be positive and negative too!)

In the single precision format, 127 is added to the exponent of the normalized
floating point number that is being represented. Here is the reason why: The
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range of the exponent field bit strings for normalized single precision numbers
varies between 00000001 to 11111110 (the string 00000000 is used to represent
0 and the string 11111111 is used to represent +£oo). These strings represent
the decimal numbers 1,...,254, and so we choose a bias of 127 to represent
exponents from Fy, = —126 = 1 — 127 to Epax = 127 = (254 —127). Similarly
in double precision, 1023 is added to the exponent of the normalized floating
point number that is being represented.
For example, the number 22.5 is represented in single precision as

225 = =2 xof

= 1.40625 x 2*
(1.01101)5 x 2(100)2
= 0 (sign bit) 10000011 (8 bit biased exponent 131) 01101000000000000000000 (23 bit mantissa).

Exercise: Write 22.5 in double precision.

Suppose we are given the 32 bit string SCF, where S, C, and F represent
the sign bit, exponent bit string, and mantissa bit string, respectively. This
bit string represents the floating point number (—1)%(1.F)y x 2(C—0111111), jp
single precision (note that (127);9 = (01111111)3). Similarly, the 64 bit string
SCF represents the floating point number (—1)%(1.F)y x 2(C—01ITITILL,
Exercise: What floating point number does the 64 bit string

0100000000111011100100010000000000000000000000000000000000000000

represent?
The smallest positive normalized single format number is

Nmin (1000 e 0)2 X 27126

~ 1.2 x 10738,
The largest positive normalized double format number is

Ninax (1.111...1)y x 2127

~ 3.4 x 1038,

Numbers smaller than Ny, result in underflow while numbers larger than Ny,
result in overflow on the computer.

Exercise: Show that the smallest and largest positive normalized double format
numbers are Nyin /= 2.2 x 10739 and Ny« ~ 1.8 x 103%8, respectively.

Precision and Machine Epsilon of IEEE single and double
formats

The first single format number larger than 1 is 1+ 272 (Why?). Similarly, the
first double format number larger than 1 is 1 + 27%2. Thus, single precision
corresponds to 2722 ~ 1077, i.e., about 7 digits of precision. Similarly, double
precision corresponds to 27°2 ~ 10716, i.e., about 16 digits of precision. Because
of its greater precision, the double format is preferred for most applications in
scientific computing, although the single format provides an efficient way to
store more quantities of data. We will refer to e = 252 = 2.22 x 10716 as the
machine epsilon in this course. In general, if p is the precision (23 for single
format and 52 for double format) of the computer arithmetic, then e = 277,
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Rounding

Suppose a real number z cannot be expressed exactly as a single or a double
format number (not a floating point number), then we need to approximate
x by something else on the computer. Let p (23 for single format and 52 for
double format) denote the precision. Suppose, we have a number z that is not
an floating point number, i.e.,

r = (1.b1b2,...7bpbp+1...)2 X 2E
The closest floating point number less than or equal to x is
r_— = (1.b1b2,...,bp)2 X 2E

that is obtained by discarding the bits b,41, etc in the binary representation of
x. Similarly,

Ty = ((1b1b2’7bp)2+(0007701)2) X 2E

is the next floating point number that is bigger than  (Why?). The two com-
monly used methods for rounding a non-floating point number z into its floating
point approximation fl(x) are:

1. Round towards zero: We have fl(z) = z_ if x > 0 and fl(z) = x if
z < 0.

2. Round to nearest: In this case, fl(x) is the closest floating point number
x_ or x4 that is nearest to z.

This is similar to the rounding of decimal numbers: For instance, suppose we
have to round =z = 6.5926 to 3 digits of precision (3 digits after the decimal
point), then we have fl(z) = 6.592 if round towards zero is employed and
fi(z) = 6.593 if round to nearest is employed.

Exercise: What are the IEEE single format binary representations for (0.1)19
with either of the two rounding modes?

We can show the following:

Theorem 1 The relative rounding error associated with rounding is given by

ﬂ(:v|)|—ac| <  27P = ¢ (round towards zero)

T

ﬂ(x|)|—a:| < or-l = %(round to nearest)
X

where € is the machine epsilon.

Arithmetic operations on the computer

Suppose, we want to add two numbers x and y on the computer. The IEE
standard stipulates that this operation is performed on the computer as follows:

roy = A(fl(z) +1(y)).

This should be interpreted as follows: If z and y are not floating point numbers,
then we first find their floating point equivalents fl(z) and fl(y) (these depend
on the rounding mode used!). We then add fl(z) and fl(y) and if the result
fi(z) + fl(y) is not a floating point number, then we round it too. Subtraction,
multiplication, and division are performed similarly.

Exercise: Look at Example 3 on pages 21-22 of Burden and Faires [1].
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