
Level Set Methods for Variational Problemsand Appli
ationsKazufumi Ito �Abstra
tWe formulate de-
onvolution, inverse interfa
e, free boundary, obsta
le problemand shape optimization problems as a variational problem with respe
t to a 
lass ofadmissible interfa
es. The interfa
e is represented by the zero level set of a level setfun
tion. The unknown interfa
e is seek by deforming the interfa
e by Hamilton-Ja
obi equation with a pre-s
ribed normal velo
ity. The normal ve
tor is often 
hosenas the negative shape gradient of the 
ostfun
tional with respe
t to the interfa
e. Wedis
uss pre-
onditioning te
hniques and Gauss-Newton method for sele
ting the normalvelo
ity. A numeri
al result for the obsta
le problem is presented.1 Introdu
tionIn this paper we dis
uss the appli
ation of the level set method for inverse interfa
e problemsand shape optimization. The interfa
e and shape are represented by the zero level set ofthe level set fun
tion. Level set methods (e.g., [10℄,[13℄ and the referen
es therein) arean extremely versatile tool for representing moving fronts in a variety of physi
al pro
ess,involving 
ow phenomena, 
rystal growth and phase transition among others.The inverse interfa
e problems 
an be formulated as a minimization of least-square data-�t-
riterion over a 
lass of the unknown interfa
e. The shape optimization involves mini-mizing 
ertain performan
e index over a 
lass of admissible boundary shapes. In general we
onsider the minimization of the form(1:1) min J(u;�)subje
t to the 
onstraint(1:2) E(u;�) = 0 in Yover a 
lass Qad of admissible interfa
es �. In general the state fun
tion u 2 X, a Hilbertspa
e is a fun
tion of �, denoted by u = u(�) whi
h (uniquely) solves the 
onstraint�Department of Mathemati
s,University of North Carolina State University,Box 8205, Raleigh, NorthCarolina, Email:kito�math.n
su.ed 1



E(u;�) = 0 in a Hilbert spa
e Y for given �. Thus, (1.1)-(1.2) redu
es to the un
onstrainedminimization min J(u(�);�) over � 2 Qad. Or, we formally introdu
e the Lagrangian(1:3) L(u; p;�) = J(u;�) + hp; E(u;�)iwhere p 2 Y �, a Lagrange multiplier 
orresponding to the 
onstraint, satis�es the adjointequation. In general Y 
an also depend on �.Our approa
h is based on(a) the interfa
e and shape are represented by the zero level set of the level set fun
tion�(t; x), i.e.,(1:4) �t = fx : �(t; x) = 0g;(b) the deformation speed of the level set is 
al
ulated as the gradient J 0 of the 
ost fun
tionalwith respe
t to the shape, i.e., let �t+�t be the family of 
urves given by(1:5) �t+�t = � +�t~h(x) � fx+�t~h(x) 2 
 : x 2 �tg; �t > 0and E(ut;�t) = 0 and E(ut+�t;�t+�t) = 0, then the shape gradient J 0 is given by(1:6) (J 0; � � ~h)�t = ddtJ(ut;�t) = lim�t!0+ J(ut+�t;�t+�t)� J(ut;�t)�t :in the dire
tion ~h(x) at �t, where � is the outward normal at �t, and(
) the level set fun
tion � is evolved in time by the 
orresponding Hamilton-Ja
obi equation[10℄;(1:7) �t(t; x) + V (t; x) jr�(t; x)j = 0;where V (t; x) is an extension of J 0(x) from �t into Rd. That is, the motion of the level-setfun
tion is governed by(1:8) �t + (V (t; x) �) � r� = 0;where V (t; x) � is the velo
ity of the level 
urves and sin
e � = r�(t; x)=jr�(t; x)j, it derives(1.7).The normal deformation velo
ity V in (1.7) 
an be sele
ted as a Newton (pseudo-Newton)dire
tion of the 
ost fun
tional J(u(�);�) or a Gauss-Newton dire
tion in the least square
ost as often being employed in general optimization problems and we dis
uss the details inSe
tion 4.In Se
tion 2 we introdu
e the motivated examples in
luding de-
onvolution problemsand stru
tural optimization as well as free boundary and obsta
le problems. In Se
tion 3we dis
uss the shape gradient of the 
ostfun
tion based on the adjoint equation method. InSe
tion 4 we dis
uss a pre-
onditioning te
hnique and Gauss-Newton update. In Se
tion 5we dis
uss the numeri
al results for the obsta
le problem.2



In some of examples dis
ussed in Se
tion 2 the shape gradient involves the normal deriva-tive of the solution as well as the adjoint variable along the interfa
e �t. As a 
onsequen
e,in order to guarantee a numeri
ally a

urate shape gradient, the normal derivatives alongthe interfa
e has to be 
al
ulated with high a

ura
y. In the joint work with Z. Li (e.g.,[8℄) we developed the se
ond order a

urate numeri
al dis
retization based on the so-
alledimmersed interfa
e method and it is used in our numeri
al implementation.There has been in
reasing resear
hes in appli
ations of the level set method for inverseand optimization problems. In the 
ontext of inverse problems Santosa and 
o-workers on[9℄ applied level set te
hniques to inverse s
attering problems and in [6℄ applied to ele
tri
alimpedan
e tomography problems. In [14℄ and [11℄ the level-set equation approa
h is usedfor stru
tural optimization problems.2 Motivated ExamplesIn this se
tion we dis
uss some examples that motivate our study.2.1 De-
onvolutionInverse s
attering problems 
an be formulates asz(x) = Z
0 K(x; y) u(y) dy+Noisewhere z(x) and u(x) represent the distributed measurement and image de�ned on an openbounded domain 
0, and K is the symmetri
 positive s
attering kernel. We assume that theimage u is binary, i.e., the image u is represented byu(t; x) = 8<: 1; x 2 
+t0; x 2 
�t :We formulate the inverse s
attering problem, re
onstru
ting the image u from the observationz as a variational problemmin J(�) = Z
0 12 j Z
0 K(x; y)u(y) dy� z(x)j2 dx:By formula (3.4) it 
an be shown thatddtJ(�t)(h)����t=0 = � Z�t[Z
0(Z
K(x; y)u(y) dy� z(x))G(x; s) dx℄ � � ~h(s) ds:Thus the maximum de
ent deformation dire
tion of J isV (t; x) = Z
0(Z
0 K(x; y)u(y) dy� z(x))G(x; s) dx:3



The evaluation of V (t; x) 
an be performed eÆ
iently, i.e., it also 
onsists of the summationof the kernel over 
+t for the errore(x) = Z
+t K(x; y) dy � z(x)and then the weighted sum of the errorZ
0 e(x)G(x; s) dxat s 2 �t.2.2 Ele
tri
al Impedan
e TomographyFirst we des
ribe an inverse interfa
e problem [6℄ for a problem motivated by ele
tri
alimpedan
e tomography. Let � = �(t; x); t � 0; x 2 R2 denote the level set fun
tion. Itde�nes a family of interfa
es �t �t = fx 2 R2 : �(t; x) = 0gand domains 
+t = fx 2 
 : �(t; x) > 0g
�t = fx 2 
 : �(t; x) < 0g:We 
onsider the following interfa
e problem. Let 
0 = (�1; 1)2. The potential fun
tionu 2 H1(
0) satis�es(2:1) �div (�t(x) grad ut) = 0with boundary 
ondition �u�� = g on �
where �
0 is the boundary of 
0. The 
ondu
tivity �t is pie
ewise 
onstant and given by(2:2) �t(x) = 8<: �+; x 2 
+t��; x 2 
�t :The domain 
� represents the inhomogeneity of the 
ondu
ting medium. That is, if 
� =,then we have a homogeneous 
ondu
tion medium. We assume that 
� is a �nite union ofsimply 
onne
ted open sets in 
 and �, the union of C2 
losed 
urves in in 
 represents theinterfa
e between the two open domains 
+ and 
�. Let 
̂ be the region of the observationde�ned by 
̂ = fx 2 
0 : dist(x; �
0) < 0:2g4



and we observe the potential fun
tion u on 
̂. The data 
an be 
onsidered to be obtained,for example, from boundary measurements by numeri
al extension into the interior of 
0.We 
onsider the inverse problem of identifying the unknown interfa
e � form the obser-vation z of u at 
̂. Given the interfa
e � let u(�) 2 H1(
0)=R denote the solution to theboundary value problem (1.1). We formulate the least square problem(2:3) min J(�) = Z
̂ 12 ju(�)� uj2 dx + � Z� 1 dsover � 2 Qad, where Qad is an admissible 
lass of the interfa
es �. The se
ond term representsthe perimeter regularization and � � 0 is the Ti
hnov reguralization parameter. If we assume�� = 1 and 
� 
onsists only of one 
onne
ted 
omponent, then the boundary value valueproblem (1.1) redu
es into(2:4) �� u = 0 in x 2 
+with boundary 
onditions u = 0 on � and �u�� = g on �
+:2.3 Shape OptimizationNext we des
ribe a shape optimization problem arising in the magneti
 shaping of liquidmetals [4℄.(2:5) min J(�) = Z
 jruj2 dx over �subje
t to(2:6) ��u = j; u = 0 on �
and(2:7) vol(
) � �V ;where j is a smooth fun
tion with 
ompa
t support des
ribing the distribution of ele
tri
al
urrent. In this 
ase we set � = �
, the boundary of simply 
onne
ted domain 
 and thesolution u(�) 2 H10 (
) to (2.6) is a fun
tion of the boundary shape �.2.4 Free Boundary ProblemWe 
onsider the Alt-Ca�arelli problem [1℄, i.e., the problem of �nding �, the free boundarysu
h that(2:8) 8>>>><>>>>: ��u = 0 in 
u = 1 in �0u = 0 and �u�� = � at �5



where �
 is the disjoint union of open and 
losed set �0 and �, and the boundary �0 and �are known. It is known that the solution to (2.8) is a 
riti
al point of the following energy(2:9) E(u;�) = 12 Z
(jruj2 + j�j2) dx:subje
t to(2:10) 8<: ��u = 0 in 
u = 1 on �0 and u = 0 on �In fa
t, it will be shown thatddtE(u(�);�)����t=0 = Z� 12(�jruj2 + j�j2)(� � ~h) dsand thus the ne
essary optimality is given by�j�u�� j2 + j�j2 = 0 on �2.5 Obsta
le ProblemWe 
onsider the obsta
le problem (e.g., see [5℄ and referen
es therein)(2:11) min Z
0(12 jruj2 � u(x)f(x)) dx subje
t to u(x) �  (x) a.e. in 
over u 2 H10 (
0). The ne
essary and suÆ
ient optimality 
ondition is given by��u+ � = f; � = max(0; �+ (u�  ))where � � 0 in L2(
) is the Lagrange multiplier. Let 
 = fx 2 
0 : u(x) <  (x)g. Then�(x) = 0 in 
 and thus ��u = f in 
. 

 = fx 2 
0 : u(x) =  (x)g is the 
onta
t regionand we let � be the interfa
e. If f 2 L2(
0) and max(0; f � � ) 2 L2(
0), then it 
an beshown (e.g., [5℄) that u 2 H2(
0). Thus [�(u� )�� ℄ = 0 and u =  at �. It is a free boundaryproblem.We now formulate the variational problem(2:12) minZ
 jr(u�  )+j2 dxsubje
t to(2:13) ��u = f in 
; u =  at � = �
:6



3 Shape Gradient and Adjoint EquationsIn this se
tion we dis
uss the shape derivative of the 
ostfun
tional J(�) with respe
t to theshape �. Let � 2 Qad be �xed and for jtj suÆ
iently small, let 
t = Ft(
) be the image of
 obtained by the mapping Ft : R2 ! R2 de�ned as(3:1) Ft(x1; x2) = (x1; x2) + t~h(x1; x2):For ' 2 H1(
) and 't(
t) the material derivative of ' for �eld h 2 (H1(
))2 is given by(3:2) _'(x) = limt!0 't(x+ t h)� '(x)t for x 2 
+:If 't has a regular extension to a neighborhood of �
t, then(3:3) '0(x) = limt!0 't(x)� '(x)t = _'(x)� h(x) � r'(x); x 2 
is 
alled the shape derivative of '. These notations are standard in the theory of shapeoptimization, for example in [15℄ and referen
es therein. Note that(3:4) ddt �Z
t 't dxt�����t=0 = Z
 _'+ 'div h dx = Z
 '0 + div (h') dx:Assume that the shape derivative u0 of ut exists. If F (�) = J(u(�);�), thenddtF (�)����t=0 = hF 0(u); u0i+ limt!0 F (u;�t)� F (u;�)t :For the magnet shaping problem (2.5){(2.7) we have8<: ��u0 = 0 in 
u0 + ~h � ru = 0 at �Thus(3:5) ddt Z
t jrutj2 dx����t=0= 2 Z
ru0 � ru dx+ Z� jruj2(� � ~h) ds = Z� jruj2(� � ~h) ds;sin
e Z
ru0 � ru dx = Z
 u�u0 dx = 0:7



For the free boundary problem (2.10){(2.11)8>>>><>>>>: ��u0 = 0 in 
u0 + ~h � ru = 0 at �u0 = 0 at �0Thus
(3:6) ddt Z
t 12(jrutj2 + j�j2) dx����t=0= Z
ru0 � ru dx+ Z� 12 (jruj2 + j�j2)(� � ~h) ds= Z� 12 (�j�u�� j2 + j�j2)(� � ~h) ds;sin
e Z
ru0 � ru dx = Z
 u0�u dx+ Z� �u�� u0 ds = � Z� j�u�� j2 (� � ~h) ds:For the obsta
le problem (2.12){(2.13)8<: ��u0 = 0 in 
u0 + ~h � r(u�  ) = 0 at �:Thus
(3:7) ddt Z
t jr(ut �  )+j2 dx����t=0= 2 Z
r(u�  )+ � ru0 dx+ Z� jr(u�  )+j2(� � ~h) ds:= Z� jr(u�  )+j2(� � ~h) ds: = Z� j(�(u�  )�� )+j2(� � ~h) ds;sin
e Z
r(u�  )+ � ru dx = 0:Note that the shape derivative u0 is only used to 
arry out the 
hain rule in above but theshape derivative of the 
ostfun
tional is not expressed in terms of u0. In fa
t it is possible to8



evaluate the shape derivative of the 
ostfu
tional dire
tly by the adjoint equation method.We present the arguments for problem (2.1){(2.3) in what follows and it will be shown thatV (t; x) = (�+ � ��)([rut℄+ � [rpt℄�; � � ~h)�twhere ut; pt 2 H1(
0)=R satisfyh�trut;r i � (g;  )�0 = 0for all  2 H1(
0)=R and (�trpt;r )
0 � (�
̂ (u� z);  )
0 = 0for all  2 H1(
)=R.Theorem 3.1 The shape gradient of J(�t) = 12 Z
̂ jut � zj2 dx at t = 0 is given by(3:8) J 0(� � ~h) = (�+ � ��)([ru℄+ � [rp℄�; � � ~h)�where p 2 H1(
0)=R satis�es(3:9) (�rp;r )
0 � (�
̂ (u� z);  )
0 = 0for all  2 H1(
0)=R.Proof: First note that (�tr(ut � u);r )
0 = ((�t � �)ru;r )
0for  2 H1(
0)=R. Setting  = ut � u in this,jr(ut � u)j � 1�+ j(�t � �)ruj �Mt1=2:if �t = t�1=2 (ut � u), then there exists a subsequen
e (denoted by the same) su
h that r�t
onverges weakly to � in H1(
0)=R as t! 0+. Sin
e(�tr�t;r )
0 = (t�1=2(�t � �)ru;r )
0;thus for  2 C1(
0) letting t! 0+, we obtainh�r�;r i = 0and thus � = 0. Sin
e H1(
0) is 
ompa
tly embedded into L2(
0), thuslimt!0+ jut � ujL2(
0)t1=2 = 0:9



Note that(3:10) J0(ut)� J0(u) = Z
̂f(u� z; ut � u) + 12 jut � uj2g dxand(3:11) (�
̂ (u� z); ut � u) = (�r(ut � u);rp)
0 = �((�t � �)rut;rp)
0where we used (�trut;rp)
0 = (�ru;rp)
0.We represent the solution ut by the single-layer potentialut(x) = 12� Z�t G(x; y)�t(y) dy + 12� Z�0 G(x; y)�0(y) dywhere G is the Green's kernel fun
tion (G(x; y) =log(jx� yj) in R2). We determine (�t; �0)so that the boundary 
ondition and the 
ux 
ontinuity are satis�ed. From the potentiallimiting theory [2℄, we have��� u�t (x) = 12� Z�t ���xG(x; y)�t(y) dy � �t(x)2at �t. Thus, (�t; �0) satisfy the Fredholm integral equation of the se
ond kind;8>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>:
�+ + ��2 �t(x) + �+ � ��2� Z�t ���xG(x; y)�t(y) dy+�+ � ��2� Z�0 ���xG(x; y)�0(y) dy) = 0; x 2 �t12 �0(x) + 12� Z�t ���xG(x; y)�t(y) dy+ 12� Z�0 ���xG(x; y)�0(y) dy = g(x); x 2 �0:Let �t be a C2 
losed 
urve. By the Riesz-Fredholm theory there it has a unique solution(�t; �0) 2 C0;�, the spa
e of H�older 
ontinuous fun
tions with exponent 0 < � < 1, providedthat g 2 C0;�. It follows from [2℄ that u is 
ontinuous a
ross �t and pie
ewise C1;�. Moreoverit 
an be proved that �trut ! ��ru in x 2 
+t \ 
��trut ! �+ru in x 2 
�t \ 
+as t! 0. Thus (3.8) follows from (3.10){(3.11). 210



4 Gauss-Newton method and Pre-
onditioningConsider the minimization of the form(4:1) min jCu(�)� zj2Zwhere u(�) 2 X is the solution to the equality 
onstraint E(u(�);�) = 0 and C is a boundedlinear operator from X into a Hilbert spa
e Z. Assume that the shape derivative u0t of ut(x)exists. De�ne the Ja
obian G : v = � � ~h 2 L2(�t)! Z of �! Cu(�) byGtv = Cu0t:The Gauss-Newton step is given by(4:2) min jGv + Cut � zj2Z over v 2 Qwhere Q is an admissible 
lass of normal deformations v. In appli
ations C is either a
ompa
t operator or not inje
tive and thus G 
an be highly singular. In order to deal withthis la
k of sensitivity we either parameterize the normal deformations v or 
onsider theregularized problem(4:3) min jGv + Cut � zj2Z + � jvj2Qwhere jvjQ is a regularization semi-norm on fun
tions on �.4.1 Pre-
onditioningIt should be noted that the shape gradient are evaluated under a regular 
lass of interfa
es� and thus of deformation ve
tors ~h. As dis
ussed in [16℄ that in general the shape gradientis a distribution and it is ne
essary to pre
ondition it by re-norming in the 
ontinuous 
aseso that the gradient method 
onverges. As in [16℄ we use the re-norming based on the shapeHessian of the 
ost fun
tional. Despite the fa
t that the shape Hessian is usually not 
oer
ivein the norm for whi
h the di�erentiability holds, it does de�ne a norm su
h that the iteratesremain in the de�ned normed spa
e. In general the shape Hessian is not symmetri
 andde�nite. Thus we extra
t the nonnegative symmetri
 portion of the Hessian by omittinginde�nite terms. We examine the two spe
i�
 
ases.In the 
ase (4.1) of the least square problem the renorming is given by the quadrati
 form(4:4) jGvj2Z + � (Hv; v)�where H is the Lapla
e Beltrami operator. It is motivated by the following fa
t. We 
onsiderthe perimeter 
onstraint P (�t) = Z�t ds11



Then, the shape gradient of P is given byP 0(� � ~h) = Z� � (� � ~h) dsand the shape Hessian of P is given byP 00(�;  ) = Z�(r�� � r� + detD� � ) dsfor � = � � ~h and  = � � ~k, where � = r � � is the mean-
urvature, D� is the Ja
obian ofthe normal ve
tor � and r�� = r�� ���� �. Here(4:5) (H�;  ) = Z�r�� � r� dsis the de�nite part of the Hessian. Thus, (4.4){(4.5) leads to the regularized Gauss-Newtondire
tion V = (G�G + �H)�1G�(u� z)where G�(u� z) = J 0(�).In the 
ase shape optimization (2.5){(2.7) the ne
essary optimality 
ondition is given byL0(u(�);�; �) = jruj2 � � = 0where � 2 R is the Lagrange multiplier 
orresponding to the volume 
onstraint Z
 dx� �V = 0and the Lagrangian L is given byL(u(�);�; �) = Z
 jruj2 dx+ � ( �V � Z
 dx):Note that C(�t) = L0(� � ~h) = Z
t r � ((jrutj2 � �)~h) dxWe evaluate the Hessian of L assuming the ve
tor �eld ~h is autonomous. That is, it is theshape gradient of C with respe
t to � in the dire
tion of ~k and by (3.4) is given byC 0(� � ~k) = 2 Z
r � ((ru0 � ru)~h) dx+ Z�r � ((jruj2 � �)~h)(� � ~k) ds;where u0 satis�es ��u0 = 0 in 
; u0 + �u�� (� � ~k) = 0 on �:It thus 
an be shown as in [16℄ that at the minimizer jruj2 = �L00(� � ~h; � � ~k) = 2� h(S + �2 I)(� � ~k); � � ~hi12



where S is the Dere
hlet-to-Neumann operator from H 12 (�) into H� 12 (�), i.e.,S(� � ~k) = �v����v = 0 in 
; v = (� � ~k) on �:Thus, the pseudo-Newton dire
tion is given byV = �(S + � I)�1L0(u; �);for some � > 0, i.e., V = �y on �, where y 2 H1(
) satis�es��y = 0 in 
; � y + �y�� = jruj2 � � on �:5 Numeri
al ResultThe level set method 
an be summarized as� Set an initial level set fun
tion �0(x) as initial guess of the unknown shape �0 = fx 2
0 : �0(x) = 0g.� Solve equation E(uk;�k) = 0 for uk = u(�k), (where we use k to indi
ate the quantitiesin the k-th step) and evaluate the normal deformation ve
tor Vk at �k.� Extend the velo
ity Vk to a 
omputational tube j�kj � Æ, where Æ is the width of thetube.� Update the level set fun
tion �k by solving the Hamilton-Ja
obi equation�t + Vkjr�j = 0; �(0; x) = �k(x)� Set �k+1 = fx 2 
0 : �k+1(x) = 0g and re-normalize �k+1 as the sign distan
e fun
tionfrom �k+1.We used the Gudnov-type s
heme (e.g, [12℄) for the HJ equation on a �xed Cartesiangrids with uniform meshsize and time stepsize �t > 0 (satisfying CFL 
ondition); i.e.,�k+1 � �k�t + Vkjr�kj = 0;where jr�kj is evaluated using a WENO (Weighted Essential Non-os
illatory)-s
heme [7℄.The extension of velo
ity Vk 
an be 
arried out by an upwind s
heme along the normaldire
tion originated from the interfa
e �k;Vt + sign(�k)rV � r�kjr�kj = 0:13



Re-initialization �k as the signed distan
e fun
tion 
an be performed by solving the Eikonalequation jr�j = 1; �(x) = 0 on �k+1:We used the time-mar
hing s
heme [17℄ on th 
omputational tube based on�t + sign(�)(jr�j � 1) = 0:We tested the proposed algorithm for the obsta
le problem (2.11){(2.13). We set f = 50and  = 1 on 
0 = (0; 1)�(0; 1). We used the se
ond order a

urate numeri
al dis
retizationof equation (2.13) on the Cartesian grid with uniform mesh size �x = �y = 1n based on theimmersed interfa
e method [8℄. Su

essive updates �k of 
omputed interfa
e are shown inFig. 1 with iteration number 10 for the 
ase n = 100. In Fig. 2 a 
omparison of 
omputedinterfa
es with n = 100 and n = 200 is shown. The number of iterates for the 
ase n = 200is 15. The 
onta
t region is the inside area en
losed by the interfa
e �.
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Fig. 1: Updates of Computed Interface with n=100

Referen
es[1℄ H.W. Alt and L.A. Cafaelli, Existen
e and regurality for a minimum problem with freeboundary, J. Reine angew. Math., 325 (1981), 105-144.[2℄ D. Colton and R. Kress, Inverse A
ousti
 and Ele
tromagneti
 S
attering Theory,Springer-Verlag, New York 1992.[3℄ T.F. Chan and L.A. Vese, A
tive 
ontour and segmentation methods using geometri
PDEs for medi
al imaging, UCLA CAM Rept. 00-42 (2000).[4℄ A.Henrot and M.Pierre, Un problleme inverse en formage des metaux liquides, RAIROModel. Math. Anal. Numer. 23 (1989), 155-177.14



0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

x

y

Fig. 2: Comparison of Computed Interfaces for n=100 and 200

[5℄ K.Ito and K.Kunis
h, An augmented Lagrangian te
hnique for variational inequalities,Applied Math. Optimization, 21 (1990), 223-241.[6℄ K. Ito, K.Kunis
h and Z.Li, Level-set fun
tion approa
h to an inverse interfa
e problem,Inverse Problems, 17 (2001), 1125-1242.[7℄ G. Jiang and D. Peng ,Weighted ENO s
hemes for Hamilton-Ja
obi equa-tions, UCLA CAM Report 97-29, (1998).[8℄ Z.Li and K.Ito, Maximum prin
iple preserving s
hemes for interfa
e prob-lems with dis
ontinuous 
oeÆ
ients, SIAM J. S
i. Stat. Comput., 23 (2001),339-361.[9℄ A. Litman, D. Lesselier and F. Santosa, em Re
onstru
tion of a 2-D binaryobsta
le by 
ontrolled evolution of a level set, Inverse problems, 14 (1998),685-706.[10℄ S. Osher and J.A. Sethian, Fronts propagation with 
urvature-dependentspeed algorithms based on Hamilton-Ja
obi formulations, J. Comp,Physi
s., 79 (1988), 12-49.[11℄ S.J. Osher and F. Santosa, Level set methods for optimization problemsinvolving geometry and 
onstraints I. Frequen
ies of a two-density inho-mogeneous drum, Preprint (2000).[12℄ E.Rouy and A.Tourin, A vis
osity solutions approa
h to shape-from-shading, SIAM Numer. Anal., 29 (1992), 867-884.[13℄ J.A.Sethian, Level Set Methods and Fat Mar
hing Methods, CambridgePress, 2nd Edition 1999.[14℄ J.A.Sethian and A. Wiegmann, Stru
tural boundary design via level setand immersed interfa
e methods, J. Comp. Phys., 163 (2000), 489-528.15



[15℄ J.Sokolovski and J.P.Zolesio, Introdu
tion to Shape Optimization, Springer-Verlag, New York 1991.[16℄ T. Tihonen, Shape optimization and trial methods for free boundary prob-lems, Mathemati
al Modeling and Numeri
al Analysis, 31 (1997), 805-825.[17℄ H. Zhao, T.Chan, B. Merriman and S. Osher, A variational level set ap-proa
h to multiphase motion, J. Comp. Phys., 127 (1996), 179.

16


