
On Convergence of A Fixed-Point Iterate for Quasilinear Elliptic EquationsKazufumi ItoCenter for Research in Scienti�c ComputationNorth Carolina State UniversityRaleigh, North Carolina 27695-8205Abstract In this paper we discuss the convergence of a �xed-point iterate for a class of quasi-linear elliptic equations that arises in variational problems for image restoration and edgedetection problems. We also obtain the convergence results of a time-marching algorithmfor the de-convolution in inverse scattering problems. The result can be also applied to thep-Laplacian equation by the duality method.1 IntroductionIn this paper we analyze the convergence property of the �xed point iterate (1.9) below forsolving the quasilinear elliptic equation in a bounded Lipschitz domain 
 in Rd(1:1) �r � ('0(jruj2)ru) + u = fwith the Neumann boundary condition n � ru = 0, where f 2 L2(
) is given.Our study is motivated from the problem of edge detection and image restoration [9],[3],[1](and references therein) in the variational form, i.e.(1:2) min J(u) = Z
 12 ('(jru(x)j2) + ju(x)� f(x)j2) dxwhere the functional ' is de�ned by(1:3) '(t2) = minb�0 fb t2 +  (b)gwhere  is a convex function [2],[5]. Note that (1.3) is equivalent to that s! '(s) is concave.In fact(1:4) '(s) = �maxb�0 fb (�s)�  (b)g = � �(�s)where  � is the conjugate function of the convex function  . For example we have thefollowing commonly used cases. The TV-type [1] is given by(1:5)  = � b+ 1b ; � � 0 ! '(t2) = 2p�+ t2;1



where t! '(t2) is convex. The Perona-Malik model [8] is given by(1:6)  = c b� log (b); c > 0 ! '(t2) = 1� log (c+ t2);where t ! '(t2) is not convex. The mixed type [6] (of TV and H1 minimization) formulti-scaled images is de�ned by(1:7) '0(s) = 8><>: 1ps on (0; �) [ (1;1)1 on (�; 1)for 0 < � � :5. Note that ' de�ned by (1.7) is not C1 but is concave.In general if for t2 � 0, b is the unique minimizer, then we have(1:8) b = '0(t2) and t2 = � 0(b):Consider the �xed-point iterate(1:9) �r � (bkruk+1) + uk+1 � ��(uk+1 � uk) = fbk+1 = '0(jruk+1j2)Here � > 0 is arbitrary small and is used to make sure that the iterate uk is in H1(
).Otherwise we need to de�ne the generalized solution to (1.9). If bk � � > 0 a.e. in 
 we canset � = 0. In practice we set � = 0 for the �nite dimensional discretized problem.If t ! '(t2) is convex and coercive then (1.1) has a unique solution u 2 H1(
) and itde�nes the unique minimizer of (1.2). Otherwise, (1.1) may not have a solution. Thus, it isof our interests to examine the limiting properties of the sequence uk 2 H1(
) generated by(1.9). We also refer to [10] for the related analysis of the iterative method (1.9).The following is an outline of the paper. In Section 2 we discuss the convergence propertyof the �xed-point iterate (1.9). In order to overcome the non-existence of minimizer forthe case of Perona-Malik model we introduce the regularized problems, which is motivatedby [3], and analyze the corresponding �xed-point iterate. In Section 4 we consider theinverse scattering problem of the convolution type and establish the convergence of the time-marching scheme (4.3). Finally we discuss our treatment for the minimization of p-norm ofru with p > 2 in Section 5.2 Convergence AnalysisIn this section we analyze the convergence of the �xed-point iterate (1.9). Let uk+1 2 H1(
)be the unique weak solution to (1.9), i.e.(2:1) (bkruk+1;r�) + (uk+1; �) + � (r (uk+1 � uk);r�) = (f; �)2



for all � 2 H1(
). Setting � = uk+1 � uk in (2.1) we obtain(2:2) 12 (bk; jruk+1j2 � jrukj2) + 12 ((bk + 2�)r (uk+1 � uk);r (uk+1 � uk))+12 juk+1j2 + 12 juk+1 � ukj2 � 12 jukj2 = (f; uk+1 � uk):Since bk = '0(jrukj2) and ' is concave, we have(2:3) Ik = (bk; jruk+1j2 � jrukj2)� ('(jruk+1j2) � '(jrukj2); 1) � 0Thus, from (2.2){(2.3)(2:4) J(uk+1)� J(uk) + 12((bk + 2�; jr (uk+1 � uk)j2) + juk+1 � ukj2) � 0Summing this in k we obtain(2:5) J(um) + 12 mXk=1 (juk � uk�1j2 + (bk + 2�; jr (uk � uk�1)j2)) � J(u0):From (2.4){(2.5) we conclude thatJ(uk) is monotonically decreasingand(2:6) juk+1 � ukj2 + (bk + 2�; jr (uk+1 � uk)j2)! 0as k !1.Theorem 1 Suppose '0 is bounded on R+. Then for � > 0 we havesup�2H1(
) j('0(jrukj2)ruk;r�) + (uk; �)� (f; �)j=j�jH1(
) ! 0as k !1.Proof: The theorem follows from the fact thatj(bk (ruk+1 �ruk);r�)j � qjbkj1jb1=2k (ruk+1 �ruk)j2jr�j2 ! 0as k ! 0 for all � 2 H1(
). 2In general because of the lack of coercivity and convexity of t! '(t2) in (1.2), equation(1.1) may not have a solution. But we have the following theorems.3



Theorem 2 Suppose t! '(t2) is convex. Thenlimk!1 J(uk) = infu2H1(
) J(u):Proof: First, since J(uk) is decreasing and bounded below lim J(uk) exists. Since t! '(t2)is convex for v 2 H1(
), it follows from (2.1) that(2:7)J(v)� J(uk) � ('0(jrukj2)ruk;r (v � uk)) + (uk � f; v � uk)= (bkruk;r (v � uk)) + (uk+1 � f; v � uk) + (uk � uk+1; v � uk)= (bkr (uk � uk+1);r (v � uk))� � (r (uk+1 � uk);r (v � uk)) + +(uk � uk+1; v � uk):Note that from (2.6)j(bkr (uk+1 � uk);r (v � uk))j � jb1=2k r (uk+1 � uk)j2jb1=2k r (v � uk)j2 ! 0as k !1. From (2.6){(2.7) we havelimk!1 J(uk) � J(v) for all v 2 H1(
):2Theorem 3 Suppose jukjH1 is bounded and t! '(t2) is convex. Then uk converges weaklyto the unique solution u to (1.1) in H1(
).Proof: Since uk is a bounded sequence in the Hilbert space H1(
) there exist a subsequenceof uk (denoted by the same) and u 2 H1(
) such that uk ! u weakly in H1(
). Sincet! '(t2) is convex we have the monotonicity('0(jpj2)p � '0(jqj2)q; p� q)Rd � 0and thus(2:8) ('0(jr vj2)r v � '0(jrukj2)ruk;r v �ruk) � 0for all v 2 H1(
). It follows from (2.1) and (2.8) that('0(jr vj2)r v;r v�ruk) + (uk; v � uk)� (f; v � uk) + �k � 0where �k = ((bk + �) (ruk+1 �ruk);r v �ruk) + (uk+1 � uk; v � uk):From the (2.6) and Theorem 1 we have �k ! 0 as k !1. Now passing limit k!1,('0(jr vj2)r v;r v�ru) + (u; v � u)� (f; v � u) � 0:4



For � > 0, � 2 H1(
) we set v = u+ �� above and upon dividing by � we obtain('0(jr (u+ ��)j2)r (u+ ��);r�) + (u+ ��; �)� (f; �) � 0:By Lebesgue dominated convergence theorem and taking limit �! 0,('0(jruj2)ru;r�) + (u; �)� (f; �) � 0:for all � 2 H1(
), This implies u satis�es('0(jruj2)ru;r�) + (u; �)� (f; �) = 0for all � 2 H1(
). The uniqueness of the weak limit follows from the monotonicity (2.8) andthus the sequence uk converges weakly to u in H1(
). 2Corollary We further assume thatZ
('(jru(x)j2)� 
 jru(x)j2) dxis weakly lower semicontinuous for 
 > 0. Then uk converges strongly to the unique solutionu to (1.1) in H1(
) and thus bk converges strongly to '0(jruj2) in L2(
).Proof: Since t! '(t2) is convex and uk converges weakly to u in H1(
), it follows thatZ
 '(jrukj2) dx! Z
 '(jruj2) dxas k !1. Thus limk!1 Z
('(jruj2)� 
 jruj2) dx� lim infk!1 Z
('(jrukj2)� 
 jrukj2) dx� Z
 '(jruj2) dx� 
 lim supk!1 Z
 jrukj2 dx;which implies lim supk!1 Z
 jrukj2 dx � Z
 jruj2 dx:Combining with the weak lower semicontinuity of L2-norm, this implies the �rst claim. Since'0 is bounded the last claim of the corollary follows from Lebesgue dominated convergencetheorem. 2Remark For t ! '(t2) = p�+ t2 is convex and '0 is bounded. If we add an arbitraryviscosity term to ', i.e., '�(t2) = '+ � t2, then uk is a bounded sequence in H1(
).5



3 RegularizationIn this section we discuss the regularized problems of (1.2) in order to remedy the di�cultyconcerning the nonexistence of minimizing u of problem (1.2). Following the de�nition (1.3)of ', we consider the equivalent minimization(3:1) minminb�0 12 Z
(b(x) jru(x)j2+  (b(x)) + ju(x)� f(x)j2) dxover (u; b) 2 H1(
) � L2(
). We note that from (1.8) the corresponding Euler-Lagrangeequation is given by(3:2) �r � (bru) + u = f; b = '0(jruj2)which is identical to (1.1). We consider the following regularized problems.First we minimize (3.1) over H1(
) �K, where K is the �nite dimensional subspace ofL2(
) de�ned by K = fb 2 L2(
) : b(x) = mXi=1 bi �
i(x)g;where 
i is the disjoint sets and 
 = [mi=1 
i. It is not di�cult to prove that there exists aminimizing pair (u; b) 2 H1(
) �K and we have(3:3) �r � (b(x)ru(x)) + u(x) = f(x) wit bi = '0( 1mess(
i) Z
i jruj2 dx):Let us consider the corresponding �xed-point iterate method:(3:4) �r � (bk(x)ruk+1) + uk+1 � ��(uk+1 � uk) = fbk+1i = '0( 1mess(
i) Z
i jruk+1j2 dx):Next we consider the regularized version of (3.1):(3:5) minminb�0 J�(u; b) = 12 Z
((G� � b)(x) jru(x)j2+  (b(x)) + ju(x)� f(x)j2) dx;where (G� � b)(x) = Z
 exp(�jx� yj22� ) b(y) dy; � > 0:Since G� is a compact linear operator on L2(
) the cost functional J� is weakly lowersemicontinuous. Thus there exists a minimizing pair (u; b) 2 H1(
)�L2(
) of (3.5) and wehave(3:6) �r � ((G� � b)ru) + u = f; b = '0(G� � jruj2):6



Then the corresponding �xed-point iterate method is given by(3:7) �r � ((G� � bk)ruk+1) + uk+1 � ��(uk+1 � uk) = fbk+1 = '0(G� � jruk+1j2):Since G� is compact, it follows that (G� � bk((x) is bounded below by a positive constantand thus we can set � = 0. Since((G� � bk); jruk+1j2 � jrukj2) = (bk; G� � (jruk+1j2 � jrukj2));we have((G� � bk); jruk+1j2 � jrukj2)� ('(G� � jruk+1j2)� '(G� � jrukj2)) � 0:Hence using exactly the same arguments as (2.1){(2.3), we obtain(3:8) J�(uk+1; bk+1)� J�(uk; bk) + 12((G� � bk); jr (uk+1 � uk)j2) + juk+1 � ukj2) � 0:Theorem 4 Suppose '0 is bounded on R+. The sequence (uk; bk) generated by (3.7) isbounded in H1(
)� L2(
) and every weak cluster point (u; b) 2 H1(
)� L2(
) of (uk; bk)satis�es (3.6).Proof: Since (G� � bk)(x) is bounded below by a positive constant, it follows from (3.7)that uk is a bounded sequence in H1(
) and so is bk in L2(
). Thus there exists a weakconvergent subsequence (uk̂; bk̂) in H1(
)� L2(
). It follows from (3.8) thatj((G� � bk) (ruk+1 �ruk);r�)j ! 0as k ! 0 for all � 2 H1(
). Since G� � bk̂ ! G� � b strongly in C(
), it follows that((G� � bk)ruk+1;r�)! ((G� � b)ru;r�) as k !1for all � 2 H1(
), which implies that the pair (u; b) 2 H1(
)� L2(
) satis�es (3.6). 2Similarly, we have the following theorem concerning (3.3){(3.4).Theorem 5 Suppose '0 is bounded on R+. The sequence (uk; bk) generated by (3.4) isbounded in H1(
) � L2(
) and every weak cluster point (u; b) 2 H1(
) � K of (uk; bk)satis�es (3.3). 7



4 De-convolutionIn this section we consider the de-convolution problem(4:1) min J(u) = Z
 12 (j Z
K(x; y)u(y) dy � y(x)j2 + '(jruj2)) dxwhere K is the symmetric positive convolution kernel. For example, in the case of eddycurrent testing [7] in R2 the kernel K is given byK(x; y) = 1qjx� yj2 + h2 ; h > 0:We de�ne the bounded linear operator H on L2(
) byHu = Z
K(x; y)u(y) dy:Then, the Euler-Lagrange equation for (4.1) is given by(4:2) HHu�r � ('0(jruj2)ru) = HyWe consider the �xed-point iterate(4:3) (uk+1 � uk)�t �r � (bkruk+1) +HHuk � ��(uk+1 � uk) = Hybk+1 = '0(jruk+1j2):It is a time-marching scheme with the explicit step for the convolution term and implicitstep for the nonlinear di�usion term. For the discretized problem the most costly operationis the evaluation of the convolution Hu. We show that we can select a step size �t > 0 suchthat (4.3) is convergent.Let uk+1 2 H1(
) be the unique weak solution to (4.3), i.e.(4:4) (uk+1 � uk�t ; �) + (bkruk+1;r�) + (HHuk; �) + � (r (uk+1 � uk);r�) = (Hy; �)for all � 2 H1(
). Setting � = uk+1 � uk in (4.4) we obtain(4:5) 12 (bk; jruk+1j2 � jrukj2) + 12 ((bk + 2�)r (uk+1 � uk);r (uk+1 � uk))+ 1�t juk+1 � ukj2 = (Hy �HHuk; uk+1 � uk):Here(4:6) (HHuk; uk+1 � uk) = 12 jHuk+1j2 � 12 jH(uk+1 � uk)j2 � 12 jHukj2:8



If we choose �t > 0 such that(4:7) ( 1�t �; �)� 12 jH�j2 + �2 jr�j2 � !2 j�j2for all � 2 H1(
) and some ! > 0, then it follows from (2.3) and (4.5) that(4:8) J(uk+1)� J(uk) + 12(bk + �; jr (uk+1 � uk)j2) + !2 juk+1 � ukj2 � 0:Summing this in k we obtain(4:9) J(um) + 12 mXk=1 (! juk � uk�1j2 + (bk + �; jr (uk � uk�1)j2)) � J(u0):From (4.7){(4.9) we conclude thatJ(uk) is monotonically decreasingand ! juk+1 � ukj2 + (bk + �; jr (uk+1 � uk)j2)! 0as k !1.Thus, exactly the same results (Theorems 1{3 and Corollary) hold for the solutions to(4.2){(4.3) and also the corresponding results to Theorems 4{5 hold.5 p-Laplacian EquationIn this section for � > 2, we consider the minimization problems(5:1) min P1 = Z
( 1� jru(x)j� � f(x)u(x)) dx over u 2 W 1;�0 (
)and(5:2) min P2 = Z
( 1� jru(x)j�+ 12 ju(x)� f(x)j2) dx over u 2 W 1;�(
):As described in [4], the dual problem of (5.1) is given by(5:3) max P�1 = Z
� 1� jp(x)j� dx over p 2 L�(
)nsubject to r � p = f , where 1� + 1� = 1. It follows from Proposition 2.2 in Chapter 4 [4]that minP1 =maxP�1, and that Problem (5.1) has a unique solution u and the dual problem(5.3) has a unique solution p and we have the the extremality relation(5:4) p(x) = �jru(x)j��2ru(x) a.e. x 2 
:9



In the two dimensional case (n = 2), there exists � 2 W 1;�0 (
) such that ��� = f . If weset q = p + r�, then r � q = 0. Furthermore if 
 is simply connected, then there exits 2 W 1;�(
) such that q = curl  =  @ @x2 ;� @ @x1! :Thus problem (5.3) is equivalent to(5:5) min Z
 1� jr (x) + curl�(x)j� dx over  2 W 1;�(
):The necessary and su�cient optimality of (5.5) is given by(5:6) �r � (jr (x) + curl�(x)j��2 (r (x) + curl�(x))) = 0with the boundary condition n � r (x) = 0 at �. Here we used the fact that n � curl� =� � r� = 0 at �. It can be shown that the �xed-point iterate for  k 2 H1(
) satisfying( k; 1) = 0(5:7) (bk (r k + curl�);r�) + � (r ( k+1 �  k);r�) = 0 for � 2 H1(
)bk+1(x) = jr k+1(x) + curl�(x)j��2 a.e. x 2 
generates the convergent sequence  k to  , the solution to (5.6). In fact setting � =  k+1� kin (5.7), we obtain12(bk; jr k+1 + curl�j2 � jr k + curl�j2) + (12 bk + �; jr ( k+1 �  k)j2) = 0and since t! t�2 is concave,(bk; jr k+1 + curl�j2 � jr k + curl�j2) � 1� (jr k+1 + curl�j� � jr k + curl�j�; 1):Thus Theorem 2 is applied to argue that  k !  . We then obtain from (5.4)(5:8) �r � (c(x)ru(x)) = f(x); c(x) = jr (x) + curl�(x)j��2��1 a.e. x 2 
which determines u 2 W 1;p0 (
), the solution to problem (5.1).The dual problem to (5.2) is given by(5:9) max P�2 = Z
�12 jr � p(x) � f(x)j2 � 1� jp(x)j� dx over p 2 L�(
)n;subject to n � p = 0 at �. It can be shown [4] that minP2 =maxP�2 and (5.4) is theextremality relation. Without loss of generality we can assume that (f; 1) = 0. If � 210



W 1;q(
) is a solution to ��� = f; n �r� = 0 at � and 
 is simply connected, then settingq = curl �r�, we have r � q = 0 and  = 0 at �. Thus problem (5.9) is equivalent to(5:10) min Z
 1� jr (x) + curl�(x)j� dx over  2 W 1;�0 (
):Thus, the corresponding �xed-point iterate for  k 2 H10 (
) is given by(5:11) (bk (r k + curl�);r�) + � (r ( k+1 �  k);r�) = 0 for � 2 H10 (
)bk+1(x) = jr k+1(x) + curl�(x)j��2 a.e. x 2 
;and it can be shown that  k converges to  , the solution to (5.10). Then the solutionu 2 W 1;p(
) to problem (5.2) is determined by(5:12) �r � (c(x)ru(x)) + u(x) = f(x) a.e. x 2 
 with n � ru = 0 at �c(x) = jr (x) + curl�(x)j��2��1 a.e x 2 
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