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Abstract In this paper we discuss the convergence of a fixed-point iterate for a class of quasi-
linear elliptic equations that arises in variational problems for image restoration and edge
detection problems. We also obtain the convergence results of a time-marching algorithm
for the de-convolution in inverse scattering problems. The result can be also applied to the

p-Laplacian equation by the duality method.

1 Introduction

In this paper we analyze the convergence property of the fixed point iterate (1.9) below for

solving the quasilinear elliptic equation in a bounded Lipschitz domain Q in R?
(1) Y (V) V) +u = f

with the Neumann boundary condition n - Vu = 0, where f € L*(Q) is given.
Our study is motivated from the problem of edge detection and image restoration [9],[3],[1]

(and references therein) in the variational form, i.e.

1
(12 min () = [ S eIV u(@) ) + ule) ~ f(2)*) da
where the functional ¢ is defined by
(13) AP = min (b7 (0]}

where ¢ is a convex function [2],[5]. Note that (1.3) is equivalent to that s — ¢(s) is concave.
In fact

(1.4) o(s) = —max  {b(—s) — (b)) = —"(s)

>0
where 1" is the conjugate function of the convex function . For example we have the

following commonly used cases. The TV-type [1] is given by

1
(1.5) ;/)zeb—l—Z,GZO —  e(t?) =2Ve + 12,



where ¢ — ©(t?) is convex. The Perona-Malik model [8] is given by
(1.6) Y =cb—1log(h),c>0 — @t*)=1—1log(c+1?),

where ¢ — ©(¢*) is not convex. The mixed type [6] (of TV and H' minimization) for
multi-scaled images is defined by

L on (0,8)U(1,0)

B

(1.7) P(5) =
1 on (6,1)
for 0 < 6 <.5. Note that o defined by (1.7) is not C'* but is concave.

In general if for {2 > 0, b is the unique minimizer, then we have
(1.8) b= (t*) and t* = —'(b).

Consider the fixed-point iterate

—V (b Vuggr) + uppr — p A(upp —ug) = f
(1.9)

bis1 = ¢ (IVupsa[?)
Here 4 > 0 is arbitrary small and is used to make sure that the iterate wuy; is in H*(£).
Otherwise we need to define the generalized solution to (1.9). If by > o > 0 a.e. in ) we can
set 4 = 0. In practice we set g = 0 for the finite dimensional discretized problem.

If t — ¢(t?) is convex and coercive then (1.1) has a unique solution v € H'(Q) and it
defines the unique minimizer of (1.2). Otherwise, (1.1) may not have a solution. Thus, it is
of our interests to examine the limiting properties of the sequence u;, € H'({) generated by
(1.9). We also refer to [10] for the related analysis of the iterative method (1.9).

The following is an outline of the paper. In Section 2 we discuss the convergence property
of the fixed-point iterate (1.9). In order to overcome the non-existence of minimizer for
the case of Perona-Malik model we introduce the regularized problems, which is motivated
by [3], and analyze the corresponding fixed-point iterate. In Section 4 we consider the
inverse scattering problem of the convolution type and establish the convergence of the time-
marching scheme (4.3). Finally we discuss our treatment for the minimization of p-norm of

V u with p > 2 in Section 5.

2 Convergence Analysis

In this section we analyze the convergence of the fixed-point iterate (1.9). Let upy € H'(Q)

be the unique weak solution to (1.9), i.e.
(2.1) (0r Vg1, V @) + (tngr, @) + i (V (s — ur), V @) = (f, 9)
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for all ¢ € H'(Q). Setting ¢ = ugy1 — ug in (2.1) we obtain

7 (0 [V w2 = [V url?) + 3 (0 + 20) V (e — ur), V (wrer — ug))
(2.2)
+5 [ | + 5 [ungr — el = 5 [ur]?® = (f5 wigr — u).

Since by, = ¢'(|Vug|?) and ¢ is concave, we have
(2.3) L = (b [V i [ = [V ') = (2(IV upa]*) = |V ugl*), 1) 2 0

Thus, from (2.2)-(2.3)

1
(2.4) J(upyr) — J(ug) + 5((1% + 20, |V (w1 — up)|?) + Juppr — ug]?) <0

Summing this in k£ we obtain

m

(25) )4y D (= v+ (b 2009 (ax— ) ) < T (wo)

k=1

From (2.4)—(2.5) we conclude that
J(ug) is monotonically decreasing

and
(2.6) wpar — ugl” 4 (bg + 240, [V (wpgr — ug)[*) — 0

as k — oco.

Theorem 1 Suppose ¢’ is bounded on R*. Then for > 0 we have

sup (¢ (IV url®) Viug, V @) + (ug, @) = (£, 8)|/ ||y — 0
HEH(Q)

as k — oco.

Proof: The theorem follows from the fact that

k Uk41 — V Ug), > koo |9 Uk41 — V Uk )2 2
|(bi (V Vo), V )| < /1ol 0y (V V up)|2|V éla — 0

as k — 0 for all ¢ € H*(Q2). O

In general because of the lack of coercivity and convexity of ¢ — ¢(¢?) in (1.2), equation

(1.1) may not have a solution. But we have the following theorems.



Theorem 2 Suppose ¢ — (t?) is convex. Then

lim J(ug) = inf J(u).

k—oo uEHl(Q)

Proof: First, since J(uy) is decreasing and bounded below lim J(uy) exists. Since t — (%)
is convex for v € H'(Q), it follows from (2.1) that

(2.7)
J(v) = J(ur) = (" (IV ur]®) Viur, V(0 = ug)) + (ug, — fro — uy)

= (bp Vup, V(v —up)) + (upgr — f0 — up) + (up — tpgr, v — up)
= (0x V (up = tpsr), V(v = ) = o (V (pgr — ug), V(0 = ) 4 F(up — g, v — ug).
Note that from (2.6)
[0V (e — ), V (0 = )] < [0V (ugr — w6V (0 = wi) s = 0
as k — oo. From (2.6)—(2.7) we have
lim J(uy) < J(v) forall v e H'Y(Q).O

k—o0

Theorem 3 Suppose |ug|y: is bounded and ¢ — (¢?) is convex. Then uy converges weakly
to the unique solution u to (1.1) in H*(Q).

Proof: Since uy, is a bounded sequence in the Hilbert space H'()) there exist a subsequence
of uy, (denoted by the same) and v € H'(Q) such that uy — u weakly in H'(€2). Since

t — ©(1?) is convex we have the monotonicity
(' (Ip1*)p = ¢"(la1*)a:p = @)pa > 0
and thus
(2.8) (Vo) Vo — @ (IVur*) Vug, Vo — Vug) >0
for all v € H'(Q). It follows from (2.1) and (2.8) that
(P (IV o)) Vo, Vo= V) + (g, v —ug) — (f,0 — ug) + 8 >0

where
O = (b, + 1) (Vuggr — Vug), Vo — Vug) + (Upgr — g, v — ug).

From the (2.6) and Theorem 1 we have 6, — 0 as k — oo. Now passing limit k& — oo,
(Vo)) Vo,Vo—Vu)+ (u,v—u)—(fv—u)>0.
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For A > 0, ¢ € H'(Q) we set v = u + A ¢ above and upon dividing by A we obtain

UV (u+ AV (u+46), Vo) + (ut Ao, 6) = (f.6) 0.

By Lebesgue dominated convergence theorem and taking limit A — 0,

(P IVul) Vu,V )+ (u,0) = (f.6) = 0.

for all ¢ € H'(Q2), This implies u satisfies

(P (IVul) Vu,V )+ (u, ) = (f,6) =0

for all ¢ € H'(Q). The uniqueness of the weak limit follows from the monotonicity (2.8) and

thus the sequence uy converges weakly to v in H'(Q). O

Corollary We further assume that

LV u@)?) =5 [V u(a) ) de

is weakly lower semicontinuous for 4 > 0. Then u; converges strongly to the unique solution
u to (1.1) in H'() and thus by, converges strongly to '(|V u[?) in L*(Q).

Proof: Since ¢ — ¢(1?) is convex and uy converges weakly to v in H*(2), it follows that

eV ulyde = [ oIV uf?) de

as k — oo. Thus

lim [ (oY uf’) =5 [V ul) de
Q

k—o0

< li]gninf Q(c,o(|v ul?) = v |V ug|*) da

< / 99(|Vu|2)d:1:—’ylimsup/ |V upl? de,
Q k—oco Q

which implies

limsup/ |Vuk|2d:1;§/ |V ul? d.
Q Q

k—oo
Combining with the weak lower semicontinuity of L%-norm, this implies the first claim. Since
¢’ is bounded the last claim of the corollary follows from Lebesgue dominated convergence

theorem. O

Remark For ¢ — (t*) = e+ 1% is convex and ¢’ is bounded. If we add an arbitrary
viscosity term to ¢, i.e., ¢, (t?) = ¢ + v ¢*, then uy is a bounded sequence in H'(Q).
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3 Regularization

In this section we discuss the regularized problems of (1.2) in order to remedy the difficulty
concerning the nonexistence of minimizing v of problem (1.2). Following the definition (1.3)

of ¢, we consider the equivalent minimization

(31) minmin o [ (be) [Vu(@) + 0(b()) + u(z) — [(2)?) da

b>0
over (u,b) € H'(Q) x L*(Q). We note that from (1.8) the corresponding Euler-Lagrange
equation is given by

(3.2) ~V-(bVu)+u=f, b= (|Vul]?)

which is identical to (1.1). We consider the following regularized problems.

First we minimize (3.1) over H*(2) x K, where K is the finite dimensional subspace of

L*(Q) defined by
K= {be I3 ba) = 3 bixa (o)},
=1
where €Q; is the disjoint sets and € = UL, ;. It is not difficult to prove that there exists a
minimizing pair (u,b) € H'(Q) x K and we have
o [ IVl
mess(§;) Ja, ular).

Let us consider the corresponding fixed-point iterate method:
—V - (08(2) Vggr) + tppr — p Atupgy —ug) = f

(34) bk-l—l / 1 v 2d
i —@(m/ﬁﬂ U 1] fL‘)-

(3.3) —V - (b(z) Vu(x)) + u(z) = f(z) wit b = ¢'(

Next we consider the regularized version of (3.1):
L 1
(35) mingin Jofub) = 5 [ ((Go e D)) V() 4 6(000)) + () — F(2)2) de.

where )
|z =y

(G, *xb)(x) = /Q exp(—

Since G, is a compact linear operator on L?*(Q) the cost functional J, is weakly lower

Vb(y)dy, o> 0.

semicontinuous. Thus there exists a minimizing pair (u,b) € H'(Q) x L*(Q2) of (3.5) and we

have
(3.6) V- (Gyxb)Vu)+u=f, b= (G, *|Vul’).
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Then the corresponding fixed-point iterate method is given by

—V - ((Go # 0) V) + tir — p Aupyr — ug) = f
(3.7)
B = ' (Gy + [Vupsq|?).

Since G, is compact, it follows that (G, * b*((x) is bounded below by a positive constant

and thus we can set g = 0. Since
(Go # 0"), [V urga [P = [Vug?) = (be, Go # (IV wga|* = [V ),
we have
(G 4 0°), [V [P = [V ur?) = (p(Go # [V ura]?) = o(Go # [V ugl?)) 20

Hence using exactly the same arguments as (2.1)—(2.3), we obtain

1
(3.8)  Jo(wrgn, b1) = Jo g, 8) 4 S((Go 5 be), |V (isr = we)[*) + Jugs — uil?) <0.

Theorem 4 Suppose ¢’ is bounded on R*. The sequence (uy,b*) generated by (3.7) is
bounded in H*(Q) x L?(9) and every weak cluster point (u,b) € H () x L*(Q) of (uy, b*)
satisfies (3.6).

Proof: Since (G, * b*)(x) is bounded below by a positive constant, it follows from (3.7)
that uy is a bounded sequence in H*() and so is " in L?(Q2). Thus there exists a weak
convergent subsequence (uj, bf“) in H'(Q) x L*(Q). Tt follows from (3.8) that

(G % ) (Vg = Vug), V é)| — 0
as k — 0 for all ¢ € H'(Q). Since G, * bF— G, % b strongly in C'(), it follows that
(Go b)Y Vupyr, Vo) = ((Gy b)) Vu,Vo) as k— oo

for all ¢ € H'(Q2), which implies that the pair (u,b) € H'(Q) x L*(Q) satisfies (3.6). O
Similarly, we have the following theorem concerning (3.3)—(3.4).

Theorem 5 Suppose ¢’ is bounded on R*. The sequence (uy,b*) generated by (3.4) is
bounded in H'(Q) x L?() and every weak cluster point (u,b) € H*(Q) x K of (ug,b")
satisfies (3.3).



4 De-convolution

In this section we consider the de-convolution problem

(1.1 min Iy = [ (1 [ Key)uty)dy— (@) + ol Vul?)) de

where K is the symmetric positive convolution kernel. For example, in the case of eddy

current testing [7] in R? the kernel K is given by

1
K(x,y) = h > 0.

iz —y2+ 52

We define the bounded linear operator H on L*(2) by

Hu = /Q K(x,y)u(y)dy.
Then, the Euler-Lagrange equation for (4.1) is given by
(4.2) HHu —V - (¢'(|Vu|*) Vu) = Hy
We consider the fixed-point iterate

(Upg1 — up)
(4.3) At
bry1 = 99/(|Vuk+1|2)-

— Vo (bp Vg ) + HHup — pp A(upgq — ug) = Hy

It is a time-marching scheme with the explicit step for the convolution term and implicit
step for the nonlinear diffusion term. For the discretized problem the most costly operation
is the evaluation of the convolution Hu. We show that we can select a step size At > 0 such
that (4.3) is convergent.

Let ugyy € H'(Q) be the unique weak solution to (4.3), i.e.

(1) (PR ) 4 (5 Vs, ¥ 0) + (HHug 6)+ 0 (V (s — us), ¥ 6) = (Hy, 0)

for all ¢ € H'(Q). Setting ¢ = ugy1 — ug in (4.4) we obtain
7 (0 [V w2 = [V url?) + 3 (0 + 20) V (e — ur), V (wrer — ug))

(4.5)
—I_ﬁ |uk+1 - uk|2 = (H?J — HHup, upyq — Uk)
Here
1 , 1 , 1 ,
(46) (HHuk,uk_H — uk) == 5 |Huk_|_1| — 5 |H(uk+1 — uk)| — 5 |Huk| .
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If we choose At > 0 such that
1 1 1 w
4. — — —|H*+ L 2> T 412

for all ¢ € H'(©2) and some w > 0, then it follows from (2.3) and (4.5) that

1 w
(4.8) (usr) = J () + 500 + 4, IV (e = ) ") + 5 fwppr — wel* <0,
Summing this in k£ we obtain
1 m
(4.9) Tum) + 5 2 (@ fux = e[ 4 (b + 0, [V (e = ) ) < I (o).
k=1

From (4.7)—(4.9) we conclude that
J(ug) is monotonically decreasing

and
w upgr — g 4 (bg 4 g |V (kg1 — ug)[?) — 0
as k — oo.

Thus, exactly the same results (Theorems 1-3 and Corollary) hold for the solutions to
(4.2)—(4.3) and also the corresponding results to Theorems 4-5 hold.

5 p-Laplacian Equation
In this section for @ > 2, we consider the minimization problems
1

(5.1) min Py :/(— IV u(z)|® — flz)u(z))de over u € Wy (Q)

O«
and

- 1 1 2 1
(52)  min Py :/Q(E|Vu(:1:)|a—|— ~Jue) = f@)) de - over uw e Whe(),
As described in [4], the dual problem of (5.1) is given by
1
(5.3) max Py :/ 3 Ip(z)|° dx  over p € LP(Q)"
Q

11

subject to V- p = f, where — 4 E = 1. It follows from Proposition 2.2 in Chapter 4 [4]
«

that min P; =max Py, and that Problem (5.1) has a unique solution u and the dual problem

(5.3) has a unique solution p and we have the the extremality relation
(5.4) p(z) = —|Vu()]**Vu(r) ae zc.
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In the two dimensional case (n = 2), there exists ¢ € WOI’B(Q) such that —A ¢ = f. If we
set ¢ = p+ V¢, then V- g = 0. Furthermore if  is simply connected, then there exits

Y € WH8(Q) such that
gy I
=t = (500
Thus problem (5.3) is equivalent to

i L x) 4 curl ¢(z)|? da  over LA
(5.5) min /WWW )+ curl ¢(x)|° d b€ WHP(Q).
The necessary and sufficient optimality of (5.5) is given by
(5.6) =V |V (a) + curl 6(2)]"* (Vb (2) + curl ¢(x))) = 0

with the boundary condition n - V¢ (x) = 0 at I'. Here we used the fact that n - curl¢ =
7-V¢ =0 at I'. It can be shown that the fixed-point iterate for ¢, € H'(Q) satisfying

(Yr,1) =0
(br (Vo 4 curl ¢), Vx) + p (V (Ypgp1 —902), V) =0 for y € H(Q)

(5.7)
bri1(7) = |V bpyi(2) + curl ¢(2)|°~2 ae. z€ 0

generates the convergent sequence ¢y to ¢, the solution to (5.6). In fact setting v = g1 — 1
in (5.7), we obtain

%(bk, |V g1 + curl ¢* — |V oy, + curl 6]%) + (% b + 1, |V (41 — 1)) = 0
and since { — 15 is concave,
(bky [V pgr + curl 6 — [V iy, + curl ¢7) > % (IV g1 + curl 67 — [V by 4 cwrl 6|7, 1).
Thus Theorem 2 is applied to argue that ¢ — ¢. We then obtain from (5.4)
(5.8) -V (ez)Vule)) = f(z), o) =|Vi(e)+eurld(@) ae zen

which determines u € W, *(Q), the solution to problem (5.1).
The dual problem to (5.2) is given by

(5.9) max P; = /Q —% V- p(x) — fl2)] — % |p(:1;)|ﬁd:1; over p € LB(Q)”,

subject to n - p = 0 at I'. It can be shown [4] that minPy =maxP; and (5.4) is the
extremality relation. Without loss of generality we can assume that (f,1) = 0. If ¢ €
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W4(€Q) is a solution to —A ¢ = f, n-Vé =0 at ' and € is simply connected, then setting
q = curlyp — V¢, we have V- g =0 and ¢» = 0 at I'. Thus problem (5.9) is equivalent to

(5.10) min /Q%|v¢(x)+cuﬂ¢(x)|ﬁdx over 1 € WH(9).

Thus, the corresponding fixed-point iterate for v € Hj(£2) is given by

) (bx (V ity + curl 6), V) + 1 (V (41 — ¥1), Vx) = 0 for y € H(Q)
5.11
bri1(7) = |V bpyi(2) + curl ¢(2)|[7~2 ae. x €,

and it can be shown that ¢, converges to ¢, the solution to (5.10). Then the solution
u € WH(Q) to problem (5.2) is determined by

=V (e(z)Vu(a))+u(z)=f(z) ae. 2 €Q with n-Vu=0 at '
(5.12) 2
o(z) = |V(z) + curl g(2)[3=1 ae z € Q.
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