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Abstract—A theoretical treatment of distributed electro-ther-
mally induced intermodulation distortion is developed for mi-
crostrip transmission lines. The growth of passive intermodulation
distortion (PIM) along the length of a line is derived accounting for
both loss and electrical dispersion. PIM dependencies on width,
length, thickness, and substrate parameters are analyzed leading
to design guidelines for low distortion lines. Single metal silver
transmission lines are fabricated on sapphire and fused-quartz
substrates to isolate the electro-thermal effect and validate the
model. Electro-thermal PIM is measured in a two-tone test with
tone separation ranging from 4 Hz to 10 kHz.

Index Terms—Electro-thermal effects, microstrip line, passive
intermodulation distortion (PIM), transmission-line model.

I. INTRODUCTION

P ASSIVE intermodulation distortion (PIM) can produce
spurious content that can fall in the receive or transmit

bands of a communications system and detrimentally affect
dynamic range. PIM has been observed in many passive com-
ponents including ferrite circulators [1], waveguides [2], cable
connectors [3], [4], duplexers [5], attenuators [6], lossy passive
components including terminations [7], ferromagnetic metals
[8], and antennas [9]–[12]. Many physical sources have been
suggested, including ferromagnetism [4], [8], tunneling [2],
[13], [14], constriction resistances [4], and nonlinear conduc-
tivity [15]. PIM due to electro-thermal processes has been
theoretically predicted, but not experimentally verified by the
authors in [16] and [17] for coaxial transmission lines and
waveguides. Two recent studies have addressed electro-ther-
mally induced PIM on microstrip transmission lines [18], [19].
We undertake a methodical study in this paper to establish that
thermally induced modulation of conductivity is a dominant
physical mechanism for PIM on transmission lines. Models are
developed based solely on material properties, and these are in
excellent agreement with high dynamic-range measurements.
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Specific design guidelines are developed for reducing transmis-
sion-line PIM for RF signals with nonconstant RF envelopes.

The distributed nature of PIM on transmission lines was sug-
gested in [16] where PIM fields were postulated to grow with
the length of the line becoming a maximum before decaying
with increasing distance due to losses. Near-field probing has re-
cently shown growth of forward-wave PIM on microstrip lines
[20], [21]. These observations indicate that the physical phe-
nomenon responsible for the intrinsic generation of PIM on
transmission lines must be distributed, requiring its existence
along the entirety of the line. Point sources of PIM such as
solder droplets, scratches, and debris produce PIM on transmis-
sion lines, but these decay with line length [20].

Ferromagnetic materials, conductor surface roughness, tun-
neling, and nonlinear conductivity could exist anywhere on a
transmission line. Recent literature has shown that PIM gener-
ation is a current-related nonlinearity [14], [15], [22]. In [4],
SMA connectors were evaluated for PIM performance by cre-
ating a standing current wave over them. The increased cur-
rent density resulted in an 18-dB increase in distortion com-
pared to the matched case. Following the same principle, con-
nectors were evaluated in [22] in a resonator. Maximums in
distortion were found at current peaks, while minimums were
found at voltage peaks. Tunneling is a voltage-induced nonlin-
earity, greatly decreasing its likelihood as a dominant contrib-
utor [23] to PIM on transmission lines. The dependency on cur-
rent density seems to exist with and without ferromagnetic ma-
terials [4]. The authors in [7] and[18] established that the tem-
perature dependence of conductivity produces appreciable elec-
trical distortion in lossy lumped microwave elements, and this
is solely dependent on material parameters and the amplitudes
of the RF signals.

In this paper, the electro-thermal effect is derived for a mi-
crostrip transmission line and experimentally verified as being
an intrinsic contributor to PIM. Sputtered single metal transmis-
sion lines on epi-polished optical quality single crystal sapphire
Al O and fused-quartz substrates were fabricated to elimi-

nate ferromagnetic materials, surface roughness, and tunneling
as possible sources of PIM. The transmission lines were tested
using a 480-MHz two-tone test signal with frequency separation
of the tones ranging from 4 Hz to 10 kHz. Measurements were
made using a high dynamic-range feed-forward measurement
system [24]. The use of a two-tone test signal with varying tone
separation, resulting in a 10-dB/decade roll-off in distortion re-
sponse, was developed by us as a unique identifier of distortion
due to electro-thermal effects [7]. In this paper, the observed
electro-thermal dispersion and the measured PIM are in excel-
lent agreement with the electro-thermal theory derived estab-
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lishing electro-thermal distortion as the cause of PIM on trans-
mission lines.

Heat conduction theory applied to a transmission line is de-
veloped in Section II. This enables the derivation in Section III
of the PIM generated on a transmission line by an incremental
metallic element. The growth of PIM with line length including
dispersion effects are discussed in Section IV. Section V de-
tails the design and fabrication of transmission-line samples de-
signed to isolate the electro-thermal effect. The predictions of
the model developed in Sections II–IV concerning line dimen-
sions, substrate, and frequency dependence are discussed and
compared to measured results in Section VI.

II. TEMPERATURE PROFILE FROM A TWO-TONE SIGNAL

In this section, an expression is developed for the
time-varying temperature produced by a two-tone signal
propagating on a microstrip transmission line. At any point on
the transmission line, two tones, at closely spaced frequencies

and , produce a beat with a beat frequency equal to the
difference frequency of the two tones, i.e., at . This
results in time-varying heating, which, in turn, modulates the
resistivity of the line at the beat frequency. This variation of
line resistance “mixes” with the original tones to produce upper
and lower third-order distortion tones at frequencies
and .

A. Heating on Transmission Lines

Heat dissipation occurs in conductors due to finite conduc-
tivity and the heat generated will track the envelope of an elec-
trical signal. Variations in heat lead to temperature variations,
which, in turn, varies electrical conductivity. Such variations are
known to produce distortion in lumped microwave terminations
and attenuators [7]. This section derives the temperature of the
interior of the transmission line based on current distributions
to enable the derivation in the next section of the PIM due to
electro-thermal effects.

A microstrip line with a conductive strip in contact with a
volume of air above the strip and a dielectric substrate beneath
the strip, both volumetrically large in comparison to the volume
of the strip, is shown in Fig. 1(a). The strip has a thickness
and width , extending from to , while the sub-
strate has a thickness . The dielectric substrate extends in the

-direction from to and is bounded by a metallic
ground plane. A guided electromagnetic wave, , flows in the

-direction on the guiding structure. The current flowing in the
strip due to the electric field is confined to a small depth
on the outside of the conductor due to the skin effect. The cur-
rent, and thus heat generated, is further confined, proportional
to electric field frequency, to the sides of the strip due to current
bunching.

Heat can flow through four potential paths in this structure in-
cluding the air, metal interior, substrate, and unheated volumes
of the conductor. Air has a thermal conductivity over an order
of magnitude less than that of any microwave substrate and over
five orders of magnitude less than that of the conductive strip.
Thus, negligible heat generated in the strip is conducted away
by the air. Natural convection can remove less than 2% of the
generated heat from a microstrip due to its small cross-sectional

Fig. 1. Strip of a microstrip transmission line of width � and thickness �:
(a) showing electrically generated heat flux �� �� flowing into the metal interior
before continuing to flow toward the substrate (ignoring convection and radia-
tion) and (b) the heated half-plane after the heat generated in the skin depth of
the strip has spread into the metal interior. Heat transfer at the interface domi-
nates temperature rise allowing the thickness � to be approximated as zero.

area for temperature increases of less than 100 C, far less than
the temperature rise on the strip. Radiation from the strip of mi-
crostrip lines is known to be negligible since the temperature
is small and the emissivity of common metals is nearly zero.
Distortion generated in the conductor where current flow occurs
will be dominated by conductive heat transfer by the metalliza-
tion and substrate.

The heat generated in the conductive strip [see Fig. 1(a)] will
preferentially flow into the metal interior first due to the high
thermal conductance offered by this path at low thermal fre-
quencies (see the Appendix). As thermal frequency increases,
heat will increasingly flow directly into the substrate rather than
spreading laterally (see the Appendix). Regions of zero current
flow on the strip due to standing waves create heat sinking areas;
however, the thermal conductance of this path is much lower
than that offered by any microwave substrate due to the long heat
transfer path length for electrical frequencies below 30 GHz (see
the Appendix). Once heat has transferred to the substrate, radial
heat spreading will eventually be completely dissipated in the
ground plane, which acts as a heat sink due to its high thermal
conductance and large volume. The temperature rise in the strip
will be dominated by the thermal properties of the substrate as
it represents both the lowest impedance path for heat transfer to
a large volume and the highest absolute thermal impedance in
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TABLE I
ELECTRICAL AND THERMAL PARAMETERS OF MATERIALS AT � � �� C.

ELECTRICAL RESISTIVITY �, THERMAL CONDUCTIVITY �, SPECIFIC

HEAT CAPACITY � , THERMAL COEFFICIENT OF RESISTIVITY �,
DENSITY �, AND LOSS TANGENT ��� �

the heat transfer path. At the interface of the conductive strip
and substrate, the heat transfer will necessarily be 1-D in the

-direction, shown in Fig. 1(b), and further described in the
Appendix.

The heat transfer at the interface of the substrate and the
conductive strip is typically the dominant heat transfer region
governing the temperature rise in the part of the strip conducting
electrical current. The primary assumption in the following
derivation is that the generated heat will transfer into the interior
of the metallization creating a uniform heater over a half-plane,
allowing reduction of the problem to 1-D heat transfer. The rel-
ative size of the conductive strip relative to the substrate further
allows approximation of the heater layer as . Under these
conditions, it is known that the temperature of small volumes
can be solved without computation of temperature through the
entire thermal domain using fractional calculus techniques [7].
Heat transfer to the center of the metallization allows current
bunching dependencies to be accounted for in the following
derivation through compartmentalization of the heat generation
volume and heat transfer area out of the metallization.

B. Temperature Variation on the Strip

Derivation of the temperature in the strip begins with the 1-D
heat conduction equation

(1)

where is the specific heat capacity, is the material density,
and the forcing term with units of W m is the electri-
cally generated heat density. is also the thermal conductivity
and is in the conductor and in the substrate. Typical values
of these quantities for the materials used in this paper are given
in Table I [25].

Electrical dissipation generates heat within the conductor re-
sulting in a temperature profile that is dependent both on the heat
generated and the thermal parameters of the materials. Thus, it
becomes useful to express the heat conduction equation in terms
of heat rather than temperature. The heat flux is

(2)

(with units of W m ) and substituting this in the spatial deriva-
tive of (1) yields

(3)

Since is the only heat source present (due to electrical
power dissipation), and must be proportional, and
the inhomogeneous equation (3) can be transformed into the
homogeneous equation

(4)

Here, is the volume of the thermal system where the heat is
generated and is the area that the heat flux passes through at
the heating layer interface. If the heat profile is constant across
the strip, the proportionality term is obtained from the
dimensions of the line. However, the current density on a trans-
mission line is not constant and is often spatially confined to
only a fraction of the line in the lateral dimension due to cur-
rent bunching [25]. This results in heat generation in a volume
smaller than that indicated by the dimensions of the strip. Due to
the high thermal conductivity of metals in relation to common
microwave substrates, as shown in Table I, heat can first spread
through the metallization before it transfers into the substrate.
The area through which the heat passes into the substrate is thus
not necessarily the same as the area at the interface with the
substrate for the volume where the heat is generated. It is thus
convenient to retain the and variables to describe the ef-
fects of current confinement on heat generation and distribution
in the strip.

Transforming the heat conduction description from the inho-
mogeneous equations (1)–(3) to a homogenous equation con-
taining the electrically generated heat, (4), was an important
step. The solution of (3) with equal to zero and the elec-
trically generated heat then specified as a boundary condition (a
homogenous equation) is not bounded at low frequencies and
could approach infinity, which is clearly not physical. In con-
trast, the frequency-domain solution of (4) is bounded for all
frequencies.

The electrical signal being considered here is a two-tone
signal, the tones being close in frequency, and the instantaneous
heat flux at the infinitesimal scale varying as the instantaneous
current. This heat, however, will quickly disperse so that over
the pseudoperiod of the tones there will, in effect, be a heat flux
that slowly varies as the two-tone signal beats. The heat flux
will have an average component and a component that varies at
the difference frequency of the two tones. The average heat flux
is designated , the average temperature is denoted , and the
ambient temperature is denoted . Thus, and establish
an electro-thermal quiescent point. Specifically, and can
be used to define boundary conditions for the solution of (4)
from which the periodic component of temperature can be
derived from the periodic heat flux . Thus,
the boundary conditions of the average flux system over the
semi-infinite domain with are

(5)

The average temperature is then

(6)
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where is the thermal conductivity in the -direction, is the
substrate thickness, and is the ambient temperature. Since the
thermal conductivity of the substrate is much less than that of
metal, is almost entirely due to the substrate. For example,
compare the thermal conductivities of silver and fused-quartz
in Table I (see also the Appendix).

C. Periodic Heating

Attention can now be directed to developing . The
boundary conditions for the 1-D time-varying thermal system
over the domain with are

(7)

(8)

where is the magnitude of the periodic component of the
heat generated, is the radian frequency of the periodic heat
component at the beat frequency , and is the phase
of the heat generated.

A periodic heat flux will result in a temperature solution that
is periodic in time and attenuated in distance. This implies that
a trial solution of (4) has the form

(9)

where the function describes the heat profile in the mate-
rial, decaying much slower spatially than the driving electrical
signal. In [16], the thermal penetration depth was predicted to
be smaller than the electrical skin depth of the conductor as-
suming the same frequency for both electrical and thermal sys-
tems. However, an electrical signal with a time-varying ampli-
tude will result in low-frequency thermal components that have
a thermal skin depth, in metals, that is greater than the electrical
skin depth at the frequency of the applied electrical signal for
thermal frequencies below 10% of the applied electrical
signal frequency [16]. Thermal skin depth in metals of less than
the electrical skin depth reduces lateral heat spreading, but does
not confine heat dissipation to the conductor. Heat will flow
preferentially into the substrate due to shorter path length to un-
heated substrate regions than the unheated strip interior (see the
Appendix).

Substituting the trial solution, (9), into the transformed
inhomogeneous heat conduction equation, (4), and using the
boundary conditions, (7), yields

(10)

an equation dependent only on and periodic in time.
The general solution of (10) over the domain

is

(11)

with roots

(12)

and

(13)

Here, is the volumetric combination of (for the substrate)
and (for the metal) and is likewise the volumetric com-
bination of and .

The second root, , can be discarded as it results in a solution
that is not finite as and . Thus, the heat flux is

(14)

and from the boundary conditions, (7). Thus, the solu-
tion for the heat flux is

(15)

Under this condition, the periodic component of the temper-
ature is

(16)

Thus, the periodic temperature distribution in the heated section
of the strip is obtained by integrating the heat
flux along the -direction, again assuming unidirectional heat
flow only at the interface of the heated region. The result is that,
in the heated section of the strip, , the periodic
component of temperature is

(17)
provided that , where is the electrical skin depth.

The solution above, i.e., (17), is similar to that previously de-
veloped by the authors for lossy passive components [7]. How-
ever, in this paper, it is developed from the heat conduction equa-
tion instead of from a compact model with boundary conditions.
Developing the temperature expression as a solution to the heat
conduction equation using a forcing term rather than boundary
conditions results in an expression that is bounded as the fre-
quency approaches zero. An unbounded solution is obtained if
flux boundary conditions are used because this assumes that
there is a periodic flux component even as the beat frequency of
the two tones approaches zero. In developing models for com-
puter-aided design, it is critical that the solution be bounded
under all conditions as the nonphysical case could be attempted
during iterative solution of the network equations.

Note that an inhomogeneous equation must be used as a ho-
mogeneous equation cannot model the low-pass response of the
thermal system. The solution to the transformed inhomogeneous
equation, as given here, is appropriately bounded over all fre-
quencies. The solution given by (17) has a low-pass thermal
response with a slope of 10 dB per decade in its frequency
response to an applied heat source. [This derives from the
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term in (17).] This fractional derivative response is the identi-
fying characteristic of the electro-thermal response [7].

III. ELECTRO-THERMAL PIM OF A FINITE ELEMENT

Electro-thermal distortion stems from the dependence of
metal conductivity on temperature [26]. The process is captured
by the thermo-resistance effect [27], which models the elec-
trical resistivity (units of m) of a material as a function
of temperature , expressed as an ambient temperature and
a periodic temperature as in the previous section

(18)

since in elemental metals (and most materials that
have not been thermally compensated). In (18), is the static
thermal resistivity constant (at a specified reference tempera-
ture, assumed to be 0 C) and and are the temperature co-
efficients of resistance (TCR). The temperature in (18) is de-
termined by the heat in the conductor, which is a function of
the electrical power dissipated. The heat density generated in a
volumetric element, which is equivalent to the electrical power
dissipated in that element, is given by

(19)

where has the units W m , and is the longitudinal current
density vector (in units of A m ).

Introducing a two-tone signal, the total current density at a
point is then

(20)

where and are the magnitudes of the current density com-
ponents with radian frequencies and ,
and and are their phases, respectively.

The periodic temperature in the strip, , due to the heat gen-
erated by the current is given by (17) with coming from the
expansion of the dissipated power density

(21)

In the equation above, the first term is the average heating, or
dc component, resulting from the two signals. The last compo-
nent is at the radian difference frequency , and is the
lowest periodic frequency component of the heat. Now (17) has
a low-pass response so heat components with frequencies sig-
nificantly above the corner of the thermal filter will have a neg-
ligible impact on distortion resulting from heat-induced resis-
tivity modulation. Thus, heat components with frequency

(22)

can be ignored. The term is relatively low in frequency
and is the only term in the expansion that can appreciably con-
tribute to distortion. Thus, (21) becomes

(23)

Thus, the periodic temperature in the strip over a region of
thickness dependent on the electrical skin depth where
(so that and ) in (17) is

(24)
where , , the first root, , defined
in (12) is used, and

if
if

(25)

Now that the periodic temperature resulting from a two-tone
signal has been derived, the level of the signals at the funda-
mental tones and at the third-order intermodulation (IM3) tones
can be related. The longitudinal electric field in the conductor
due to the current density is

(26)

Thus, the levels of the two tones due to the static temperature
rise from the electrical signal is

(27)

(28)

for the tones at and , respectively.
The third-order PIM generated on the transmission line can

be determined by substituting , (24), in (26). Keeping only
those components at and , the upper and lower
third-order products, respectively, are

(29)

(30)

where

(31)

(32)

The expansion could be continued to reach a closed form for
higher order distortion products in a manner similar to that in
[7].

The distortion generated in an infinitesimal cell expressed in
terms of the electric field is based on the current density. The
fields propagate down the transmission line summing with the
fields from every other infinitesimal cell. It is necessary to derive
summing effects for a given structure in order to fully describe
the generated fields at any point on the line. The output power
of PIM for each cell is found by calculating the voltage on the
line for the third-order electric field given the line dimensions,
referenced to the line characteristic impedance.
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IV. DISTRIBUTED PIM GENERATION

It is tempting to use the telegrapher’s equation to model
electro-thermal PIM on transmission lines. In particular, this
would lead to replacing the resistance in the telegrapher’s
equation by a temperature-dependent resistance. This is a phe-
nomenological treatment that almost certainly would involve
fits to calculated data. Instead, what is presented in this paper is
a physically based treatment derived from physical parameters
(such as electrical and thermal conductivities), field quantities,
and electrical and thermal current densities. A similar treatment
for an arbitrary signal was described in [15], but lacked any
specific physical source of nonlinearity.

PIM generation on a two-port transmission line can be viewed
as originating at a line of nonlinear sources extending the length
of the transmission line. Each of these elements generates PIM
due to modulation of metal conductivity as the envelope of the
applied signal varies. At each element, the PIM distortion travels
equally in the forward- and backward-traveling directions. Two
particular cases of interest are the PIM levels at each of the ports
of the transmission line due to the summation of the contribu-
tions from each point element. This section develops expres-
sions for PIM at each of the ports, as well as the total PIM at
each point on the line due to individual point source field com-
bination. The phase relationship of the point source distortion
to a sinusoidal wavefront propagating down a transmission line
is analyzed to determine the PIM interference pattern along the
line.

When a forward propagating signal is initially applied at the
beginning of the line, each nonlinear point generator is ener-
gized sequentially in time and space. The generation of distor-
tion along the line is shown by the line series of point generators
separated by in Fig. 2(a), which sequentially produce distor-
tion due to the impinging RF energy. As each incremental non-
linear cell is heated, a wave at the third-order frequency is gen-
erated and propagates down the line at its phase velocity. The
phase of the wavefront stays constant as it initially progresses
down the line. This can be seen by analyzing the phase shift due
to the propagation of the wave over an incremental time and
the corresponding distance . The two-tone longitudinal elec-
tric field, with a quasi-TEM mode of propagation assumed, can
be described as

(33)
where and are the radian frequencies, and are the
wavenumbers, and and are the respective signal phases.
The phase change per forward increment in space and time of
the wavefront, and , is given by

(34)

(35)

where and are the respective signal frequencies.
Each nonlinear generator will see the same phase wavefront

at sequentially incremental times in the case of a dispersionless
medium. The total distortion at point at in Fig. 2(c)
will be the combination of the distortion generated at point at

and the distortion generated at point at . The
distortion at point at is generated at a phase directly

Fig. 2. Distributed PIM generation from an encroaching wavefront of a sinu-
soidal signal applied at � � � at three incremental points in time �� and space
��. (a) Distortion sources at each point coupling forward and reverse propa-
gating waves. (b) Encroaching wave front at point � at � � �. (c) Encroaching
wave front at point � at � � ��. (d) Encroaching wave front at point � at
� � ���.

related to the wavefront phase, assumed here to be zero. The
distortion generated at point in Fig. 2(c) has traveled to point

by . In the case of a dispersionless medium, the phase
of the distortion propagating from point at is given by

(36)

where is the third-order distortion frequency. The electric
field at point in Fig. 2(c), excluding line losses, is then in-phase
with the distortion that has propagated from point . The magni-
tude of the forward-propagating third-order electric field is then
given by the summation of the magnitude of the fields from each
point generator

(37)

The reverse propagating distortion signal does not experience
constructive interference, as the phase increases in the opposite
sign of the generating forward-traveling wave due to the differ-
ence in propagation direction. This can be shown by summing
the individual signals at point [see Fig. 2(d)] at an incremental
time where a third-order distortion product is generated at point

[see Fig. 2(c)] and travels to point [see Fig. 2(d)]. The re-
verse-propagating third-order distortion wave is

(38)

where is the wavenumber of the third-order distortion. The
generated third-order distortion from point [see Fig. 2(d)] has
not had sufficient time to reach point . At point , the phase of
the third-order distortion signal arriving from point at
has the incremental phase shift

(39)
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representative of the traveling wavefront of the third-order dis-
tortion. The third-order distortion signal generated at point at

has the phase of the linear excitation signal two spatial
increments behind the wavefront, i.e.,

(40)

The total phase shift of each incremental progression of the re-
verse distortion wave is given through the difference of the two
phases

(41)

Substitution of into (41) shows that the distortion
from each point source combines progressively further out of
phase with the previous component until complete destructive
interference is reached when the phase shift between point
sources reaches at the length .

Now the impact of transmission-line dispersion can be con-
sidered. Dispersion results in a finite phase difference between
the generating wave and the distortion components due to the
differences in their propagation velocity. The phase contribu-
tion to the distortion wave can be found by taking the phase dif-
ference of the closest carrier frequency wave with the distortion
wave over an incremental interval yielding

(42)

for a forward wave, and for a reverse wave

(43)

The sign of the propagation is dependent upon which the wave,
the linear signal, or distortion is traveling with higher phase
velocity.

Considering the phase progression of forward- and backward-
propagating distortion waves, dispersion phase shift, and line
loss on both the fundamentals and distortion products, the dis-
tributed PIM contributions can be summed over the line to give
an expression for the PIM at any point on the line. The third-
order electric field amplitude generated at each point along the
line can be expressed as (44), shown at the bottom of this page,
with the forward wave given by

(45)

The backward-traveling PIM is similarly given by

(46)

In (44)–(46), is the current density on the line (assumed to
be of equal magnitude for each tone), is the total length of the
line, is the width of the line, is the characteristic impedance
of the line, is the total number of line segments, is the
current line segment (fractional part of the signal wavelength),
and .

The expressions for forward and backward PIM [see (45) and
(46)] are not dependent on matching conditions. The matching
condition is implicitly contained in the specification of the ap-
plied current amplitude and phase. Reflections from any load
or source conditions can be analyzed by specifying the ampli-
tude of reflection in the current density specified in (45) and (46)
through a standing-wave function applied to the current density
amplitude. It is apparent that matching at the output port will
appreciably effect distortion at the input port both through new
generation of forward distortion in the reverse direction, and
from the partial reflection of previously generated forward-wave
distortion. Current bunching is not explicitly taken into account
in (45) and (46), but is implicitly accounted for through the

terms. The effect of current bunching is addressed in
Section VI-C. The output power of PIM for the line is found
by calculating the voltage on the line for the third-order electric
field given the line dimensions, referenced to the line character-
istic impedance.

V. EXPERIMENTAL DESIGN

Several different sources of PIM on transmission lines have
been suggested including the following:

1) nonlinear dielectric loss;
2) magnetic materials;
3) surface roughness;
4) constriction resistance;
5) electrical nonlinear conductivity;
6) tunneling.

In addition, it was shown by us that loss in passive components
can produce electro-thermal distortion [7]. Here, we describe
the design of an experiment that essentially eliminates all pos-
sible sources of loss other than the electro-thermal source.

Dielectric loss was eliminated as a source of loss by using
fused-quartz and single crystal sapphire

substrates, both of which have extremely
low dielectric loss.

(44)
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It is common in metallization of rigid microwave substrates
to use an adhesion layer of chromium or titanium, for example,
both of which are magnetic. Here, we used single-element met-
allization of silver or gold, thus eliminating magnetic contribu-
tions to PIM.

With soft substrates, the metal layer is roughened with a fish-
hook-like pattern to provide attachment to the substrate when
rolled on. Smooth hard fused-quartz and sapphire substrates
were used here. The substrates had a diameter of 100 mm and
a thickness of 500 m. Surface roughness was eliminated by
epi-polishing the substrates to a surface roughness of 15 Å for
fused-quartz, and 5 Å for sapphire. Following metallization,
the structure was thermally annealed to produce a smooth mir-
rorlike metallization finish.

The preparation of the substrate and single-element metal-
lization eliminated tunneling as a possible source of PIM at
the substrate–conductor interface. In addition, oxide formation
was avoided through preparation and storage in an oxygen-free
atmosphere, except for microwave testing. Metallization an-
nealment, combined with epi-polished substrates, effectively
eliminated the contributions of surface roughness. The lack of
surface structures eliminates the possibility of tunneling at the
surface–air interface and single metal silver construction avoids
metal–metal and metal–oxide–metal structures, eliminating
any possible PIM contributions from tunneling.

The sapphire and fused-quartz wafers were first washed with
acetone and methanol to remove any film, then dried for 5 min
at 500 C. A seed layer was not used and silver was directly
sputtered onto the substrate, up to 1.7- m thick with a max-
imum 0.2- m variation from wafer center to wafer edge. Cohe-
sion was achieved by annealing the sample in air for 30 min at
500 C. Photoresist was applied, UV patterned, and the trans-
mission lines etched using CR-7 etchant. The photoresist was
then removed and the wafer cleaned with acetone, methanol,
and a deionized water rinse. Silver was sputtered on the back-
side of the wafer and annealed again at 500 C for 30 min to pro-
vide a ground plane. The device was washed again and stored in
a nitrogen atmosphere to prevent oxide or sulphide formation.
The procedure resulted in single-metal transmission lines with
bottom side roughness equivalent to that of the epi-polished sub-
strate. The bottom side smoothness is shown in the cross sec-
tion of the transmission line pictured in the scanning electron
microscope (SEM) image of Fig. 3. Top side surface rough-
ness is controlled by annealing the device to form extremely
flat grains, pictured in the SEM image of Fig. 4, while avoiding
the large constriction resistances resulting from grain merging
in thin samples, pictured in the SEM image of Fig. 5.

The lines were designed to have a characteristic impedance of
50 and with serpentine patterns (see Fig. 6(a) for fused-quartz
and Fig. 6(b) for sapphire). The spacing between line segments
is greater than five times the linewidth to minimize inter-seg-
ment coupling. The length of the line on the fused-quartz sample
[see Fig. 6(a)] is 1.23 m, and the length of the longer line on the
sapphire sample of Fig. 6(b) is 1.26 m. The transmission-line
parameters are summarized in Table II.

The printed circuit board (PCB) mounting assembly is shown
in Fig. 7. The PCB used Rogers 6002 substrate material with

5 m of electroplated gold on all copper metallization. Inter-

Fig. 3. SEM image showing cross section of a silver-on-sapphire transmission
line �Al O � showing virtually zero bottom side surface roughness and excel-
lent cohesion to the substrate.

Fig. 4. SEM image showing top view of the silver metallization at 1.7 �m
exhibiting extremely flat silver with no visible merged grains.

Fig. 5. SEM image showing top view of the silver metallization at 1.1-�m
thickness exhibiting merged grains leading to large constriction resistances.

facial metal layers such as chromium and nickel were avoided to
eliminate ferromagnetic effects. The PCB traces were coplanar
waveguide (CPW) to further reduce any current in the copper
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Fig. 6. Transmission-line patterns for: (a) silver-on-fused-quartz and
(b) silver-on-sapphire.

TABLE II
TRANSMISSION-LINE DIMENSIONS

Fig. 7. Transmission-line test assembly where a silver transmission line on test
substrate is mounted on a gold electroplated PCB board on Roger’s 6002 dielec-
tric. Gold wirebonding is from the top silver layer on the test transmission line
to the gold surface of the PCB board.

metallization. Silver conductive paint, 50% weight and dried
under pressure, provided the connection from the ground plane
of the sample to the PCB board.

The silver transmission lines were thermosonically ball
wirebonded to the PCB CPW with five 25.4- m-diameter gold
wirebonds at each port using a K&S 4524AD gold wirebonder.
Gold was chosen for wirebonding due to its lack of oxide for-
mation and favorable isomorphous alloying with silver. Thus,
there are no metal–oxide–metal regions and a smooth alloy
transition from silver to gold at the wirebonds [28]. The PCB
board was connectorized with a custom-made assembly from a
Spinner ATL low PIM -male to -male cable, specified to
have 160 dBc or less distortion with two 44-dBm carriers.
The helical copper encased cable was cut to dimension and
used as an end launch connector that was soldered using 60/40
tin-lead solder. The resulting input and output return loss for
both samples is in excess of 30 dB. The complete test config-
uration has no ferromagnetic materials, no metal–oxide–metal
structures, no dielectric loss, and minimal surface roughness.

VI. MEASUREMENT AND DISCUSSION

In this section, the PIM of the fused-quartz and sapphire lines
are characterized using a high dynamic-range two-tone test

Fig. 8. Measured and simulated third-order PIM power versus the two-tone
frequency separation �� . Each data trace is circled with an arrow and label
pointing to the corresponding data trace. The two-tone power was 33 dBm for
the silver-on-sapphire �Al O � line and 30 dBm for the silver-on-fused-quartz
�SiO � line.

system [24]. The 50- lines have different thermal dispersion
characteristics due to the different linewidths resulting from the
different permittivities of the substrates. Material and current
bunching effects, as well as line dimension effects on PIM, are
discussed in Sections VI-C and D, respectively.

A. Electro-Thermal Dispersion Measurement

PIM distortion in the sapphire and fused-quartz transmis-
sion-line samples was characterized using a two-tone test in a
high dynamic range feed-forward measurement system [24].
The two transmission-line samples, silver-on-sapphire and
silver-on-fused-quartz, were characterized for electro-thermal
dispersion by sweeping the tone separation of a two-tone
signal centered at 480 MHz. The silver-on-sapphire sample was
tested at 33-dBm input power (the power of each tone) from
4 Hz to 10 kHz , while the silver-on-fused-quartz sample
was tested at 30-dBm input power from 4 to 200 Hz .

The measured response to the 4-Hz–10-kHz sweep for
the silver-on-sapphire transmission line, shown in Fig. 8, ex-
hibits a low-pass (approximately 10 dB per decade) response,
the defining characteristic of electro-thermal distortion (see (29)
and [7]). The theoretical model, based solely on material prop-
erties and current distributions for the transmission line, agrees
well with the measured data having both the same thermal band-
width and magnitude. The transmission-line thermal properties
used for simulation of (45) are given in Table I and the line di-
mensions are in Table II.

The measured response to the 4–100-Hz sweep of the
silver-on-fused-quartz transmission line, shown in Fig. 8,
exhibits a low-pass characteristic with a slow transition ap-
proaching 10 dB per decade. The thermal parameters of the
fused-quartz substrate create a much lower thermal dispersion
bandwidth with no visible knee or transition region. The dis-
tributed electro-thermal theory predicts a sub-hertz thermal
bandwidth for this system and accurately predicts the distortion
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generated in both amplitude and dispersion characteristic. The
simulated results come from the evaluation of (45) using the
material parameters and geometries in Tables I and II, coupled
with the current density distribution. The current density dis-
tribution of the transmission lines, which is used to define the

proportionality factor, was obtained through simula-
tion in Ansoft HFSS 11. Computation of the factor is
described in Section VI-C.

B. Distortion Measurement Over Line Length and Power

PIM distortion in a second Ag on Al O transmission-line
sample 27.5 mm in length was characterized alongside the
1.2644-m Ag on an Al O transmission-line sample. The
sample was characterized for electro-thermal dispersion by
sweeping the tone separation of a two-tone signal centered
at 480 MHz. The test power of each tone applied to the sample
was 32 dBm from 10 Hz to 10 kHz . The input power
was decreased by 1 dBm for the 27.5-mm sample to ensure
the nonlinear response tracked model predictions over power.
The input power to the 1.2644-m sample remained 33 dBm
per tone. Dynamic-range limitations prevented further power
sweeps (see [24]). The measured response of both the 1.2644-m
and 27.5-mm Ag on an Al O transmission-line sample to the
10-Hz–10-kHz sweep, shown in Fig. 9, exhibits a low-pass
(approximately 10 dB per decade) response, the defining
characteristic of electro-thermal distortion (see (29) and [7]).
The theoretical model predicts a response that agrees well with
the measured nonlinear content from each length of line and
each applied input power, based solely on material properties
and current distributions for the transmission line. The mea-
sured data has both the same thermal bandwidth and magnitude
for each line. The transmission-line thermal properties used for
simulation of (45) are given in Table I and the line dimensions
are given in Table II. The current density distribution of the
transmission lines, which is used to define the propor-
tionality factor, was obtained through simulation in Ansoft
HFSS 11. Computation of the factor is described in
Section VI-C.

C. Material and Current Bunching Thermal Effects

Electro-thermal distortion is heavily dependent upon the heat
conduction properties of the materials in the system. Although
the loss of the silver-on-fused-quartz line is three times lower
than that of the silver-on-sapphire transmission line, it exhibits
distortion that would exceed that of the sapphire substrate line
with equal applied power at small tone separations. The thermal
dispersion bandwidth is also much lower for the silver-on-fused-
quartz line, sub-hertz, compared to the 400-Hz bandwidth of the
sapphire line. Lower loss and thermal bandwidth would suggest
lower distortion, but this is not seen in the silver-on-sapphire and
silver-on-fused-quartz two-tone sweeps. This section discusses
the effect of thermal material properties and current confinement
on distortion generation.

The material properties of sapphire fused-quartz and silver
are given in Table I. The material properties of silver, substi-
tuted into (45), yield a thermal bandwidth of over 10 MHz and a
peak distortion of 118 dBm for a 33-dBm two-tone signal ap-
plied to a 50- 433- m-wide transmission line. The silver does

Fig. 9. Measured and simulated third-order PIM power versus the two-tone
frequency separation �� . The two-tone power was 33 dBm for the 1.2644-m
Ag on Al O line and 32 dBm for the 27.5-mm Ag on Al O line.

not have a large enough volume, and thus, thermal capacity, to
absorb the heat generated in the samples measured here. The
heat that is not absorbed by the conductor must flow into the
substrate. The thermal material properties of the sapphire and
fused-quartz substrate provide a thermal bandwidth of 400 Hz
and sub-hertz, respectively. The magnitude of the thermal re-
sponse is much greater in both of these materials than for the
metal due to the large difference in thermal conductivity. The
thermal properties of the silver metallization can be ignored as
the thermal bandwidth of the substrate dominates, as shown in
the measured electro-thermal distortion characteristics of Fig. 8.
However, in instances with thicker metallization, the properties
of the metallization must also be considered.

The thermal bandwidth is defined further by current bunching
on the transmission line through the proportionality
factor in (29)–(32). Current bunching confines the majority of
the heat generated to the edges of the line. The current density
for a 50- 433- m-wide silver-on-sapphire transmission line,
computed in Ansoft HFSS 11 at 480 MHz for a 30-dBm
signal, is shown against lateral dimension ( in Fig. 10). The
volumetric density of heat follows the current density function
spatially with the heat proportional to the square of the current
density. However, the heat generated spreads laterally and
flows through the entire area of the transmission-line interface
with the substrate at low thermal frequencies . As the thermal
frequency increases, the thermal skin depth limits lateral
heat spreading. The heat transfer area at very low thermal
frequencies is the product of the total and dimensions of the
line until the thermal skin depth reduces to less than half the
lateral line dimension . In excess of this thermal frequency, the
heat transfer area lateral dimension is the thermal skin depth
until the electrical skin depth of the two-tone signal becomes
greater than the thermal skin depth. The heat transfer area then
has the same and dimensions of the volume generating
heat . The width of the volume parameter is given by the
distance where the current is reduced by a factor of from its
maximum, representing the point where heat has fallen to nearly
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Fig. 10. Current density distribution of a 433-�m-wide silver-on-sapphire
transmission line �Al O � at 480 MHz across lateral dimension � computed
with Ansoft HFSS 11 for a 33-dBm input power.

10% of its maximum value. The total distortion generated in
each finite electro-thermal cell is then two times that of a single
side of the conductor, while the thermal filter bandwidth
scaling parameter is due to the volume from only one side of
the conductor. The reduction of the heat transfer area with
increasing thermal frequency results in a small temporary
increase in thermal response rolloff near the band edge (see the
Appendix).

D. PIM Dependency on Line Dimensions

Transmission-line distortion is dependent on thermal mate-
rial properties, current bunching, substrate dimensions, and con-
ductor dimensions. Conductor dimensions such as width and
thickness determine the characteristic impedance and loss of the
line, in turn defining the heat generated at a given input power.
The length of a transmission line affects the distortion generated
through spatial summation and loss. This section discusses the
effects of each dimensional parameter leading to design guide-
lines for low PIM transmission lines.

Growth of PIM along the length of a transmission line, as
described in [20] and [21], is described by the electrothermal
theory presented with growth of PIM over line length highly
dependent on line loss (shown in Fig. 11) for a two-tone signal
with a 10-Hz tone separation. PIM grows along the lines with
the PIM from each cell summing as modified by line loss of both
the fundamental and PIM tones.

The effect of linewidth on PIM over line length is shown in
Fig. 12, where the width of the transmission line is doubled for
each simulation from 102.75 to 1644 m while the characteristic
impedance remains the same by changing the per-
mittivity of the substrate. The thermal properties of the substrate
are held constant. The corresponding distortion is predicted to
fall with width in a cubic relationship in (29)–(32) for a finite
electro-thermal cell. However, the growth of the distortion down
the transmission line also experiences a cubic width effect from
loss along the length of the transmission line, as predicted in
(45). The total width contribution is then sixth order, and for the

Fig. 11. Simulated PIM generation along the length of the transmission line
for silver-on-sapphire �Al O � at 33 dBm and silver-on-fused-quartz �SiO � at
30 dBm for a 10-Hz tone separation.

Fig. 12. PIM generation along the length of a silver-on-sapphire microstrip
line where characteristic impedance is held constant and linewidth is varied in
multiples of two from 102.75 to 1644 �m. Thermal material parameters are that
of a sapphire substrate. Line length is 1.26 m, substrate thickness is 500 �m,
and the input power is 33 dBm.

transmission line of Fig. 12, approximately an 18-dB drop in
maximum distortion amplitude is obtained for each doubling of
the linewidth.

Similarly, the width can be altered while the substrate permit-
tivity is kept constant, representing a sweep of the characteristic
impedance of the line. As the width of the strip increases, re-
duces, the current increases, but the current density decreases.
Thus, there are competing trends impacting electro-thermal dis-
tortion. This is examined in Fig. 13. Here the width of the trans-
mission line on a sapphire substrate is doubled each simulation
from 102.75 to 1644 m, while the characteristic impedance
is 82.4, 66.1, 50, 34.9, and 22.3 at each respective width. The
initial improvement in distortion is approximately 16 dB when
doubling the width of an 82.4- characteristic impedance line.
Subsequent improvement in distortion with linewidth doubling
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Fig. 13. PIM generation along length of a silver-on-sapphire microstrip line
for a sapphire substrate where characteristic impedance is varied from 82.3608
to 22.3� from linewidth variation in multiples of two from 102.75 to 1644� m.
Line length is 1.26 m, substrate thickness is 500� m, and the input power is
33 dBm.

Fig. 14. PIM magnitude and thermal dispersion band width of a 50-�
silver-on-sapphire microstrip line at sapphire thickness,� , of 125, 250, 500,
1000, and 2000� m. The width of the silver metallization is 102.75, 205.5,
411, 822, and 1644� m, respectively, at an applied tone power of 33 dBm. Line
length is 1.26 m, substrate thickness is 500� m, and the input power is 33 dBm.

drops to 14 dB as the characteristic impedance is further reduced
to 22.3 at a line width of 1644 m.

The heat generation volume to area ratio in (29)–(32), ,
and the linewidth can be altered through choice of substrate
height. Both the PIM magnitude and thermal bandwidth of
the thermal dispersion characteristic can be controlled with
this height. In Fig. 14, the thickness of the substrate,, is
doubled in each simulation from 125 to 2000m, while is
maintained at 50 by doubling the linewidth each simulation
from 102.75 to 1644 m. The thermal dispersion bandwidth
is altered signi�cantly by the change in substrate thickness,
decreasing continuously as substrate thickness is increased.
The lower distortion on thin substrates in Fig. 14 is line-length
dependent and can be attributed to greater loss for the line
length of 1.26 m. Generally, increasing substrate thickness
leads to lower distortion over bandwidth.

Thickness of the line primarily effects the conductive loss of
the metal until it becomes several times thicker than the skin
depth. At this point, the additional metal begins to sink heat, ef-
fectively increasing the thermal conductivity of the system and
reducing distortion. A metal possesses a thermal conductivity
one to three orders of magnitude greater than that of electrical
substrates. PIM can be signi�cantly reduced if there is enough
metal to sink all of the generated heat. The dimensional depen-
dencies predicted suggest that the dynamic range achievable on
a transmission line will always be greatest on thick short wide
lines with thick high thermal conductivity substrates.

A wider microstrip line reduces current density, although the
effect is smaller at higher frequencies as current bunching con-
�nes heat generation to the lateral edges of the strip. As the op-
erational frequency increases, current con�nement causes the
interior of the metal to behave increasingly as a heat sink, re-
ducing the PIM magnitude, but extending its bandwidth. How-
ever, this is only a second-order effect and will not overcome
the increase in PIM due to increased line loss and heating due
to current bunching.

VII. D ESIGN GUIDELINES

There are several steps that can be taken to reduce the level
of the electro-thermal PIM induced on transmission lines for
RF signals with nonconstant envelopes. One of these options is
providing a heat-sinking mechanism with a very small time con-
stant immediately adjacent to the heat generating loss region.
With low-loss substrates, the major source of heat generation is
conductive loss within the skin depth of the conductors. Using
thick metallization does little to change the level of resistive heat
generation, but it does serve to provide rapid heat spreading,
i.e., a local heatsink with a very low time-constant. A similar
approach is to use a dielectric layer with a very high thermal
conductivity immediately adjacent to the conductors. It is, of
course, advantageous to use a bulk substrate with higher thermal
conductivity. In the case of microstrip, the key conductor is
the strip as the current density in the ground plane is much
lower than for the strip. Using a thicker substrate will enable
the conductor cross section dimensions (the width of the strip in
the case of microstrip) to increase, and this reduces the current
density and heat generated. This in-turn reduces electro-ther-
mally induced distortion. Finally, a lower system characteristic
impedance can reduce the level of electro-thermal PIM. How-
ever, there is a cross-over point for long line lengths. The impact
can be dramatic with peak third-order PIM reducing by 60 dB
as the characteristic impedance reduces from 82 to 22.3(for
a silver-on-sapphire microstrip line). Both forward- and back-
ward-traveling PIM are generated and the level of PIM mea-
sured at the ends of a transmission line are length dependent as
a result of the coherent combining of PIM.

VIII. C ONCLUSION

Distributed PIM on a transmission line is produced along the
length of the line. An analytic treatment of distributed electro-
thermally induced distortion was developed for microstrip trans-
mission lines. The model predicts both amplitude and thermal
dispersion characteristics of PIM based only on material prop-
erties of the metal and substrate. The growth of PIM along the
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line was derived accounting for both loss and electrical disper-
sion. PIM dependencies on width, length, thickness, and sub-
strate parameters were analyzed leading to design guidelines for
low distortion lines. The effect was experimentally character-
ized by applying a two-tone test to each sample, with the sepa-
ration frequency between the tones swept from 4 Hz to 10 kHz.
The experimental results were in excellent agreement with those
modeled.

APPENDIX

In this appendix, it is shown that the heat flow through the
substrate is the major path for the heat generated in the strip of
a microstrip line—the assumption for the heat flow path used
in the body of this paper. Two substrates, sapphire and FR-4,
which have two orders of magnitude difference in their thermal
conductivities, are considered. It is shown that even for FR-4,
which has the lowest thermal conductivity of 22 commonly used
microwave substrates [25], thermal conduction in the substrate
dominates the thermal heat flow in a microstrip line when PIM
is concerned. Throughout a two-tone test signal is considered.

The heat generated in the strip of a microstrip line has three
prominent heat flow paths [see Fig. 15(a)]. These heat flow paths
are indicated by their thermal conductances , , and . Heat
flow into the air is ignored since the thermal conductivity of air
is an order of magnitude less than that of FR-4 and radiation
from the strip of microstrip lines is known to be negligible since
the temperature is small and the emissivity of common metals
is nearly zero. Referring to Fig. 15(a), there are two heat current
sources, and , generated in the top and bottom regions of
the strip, respectively. The variable is used to denote heat (in
watts) and to avoid confusion with the heat density or heat flux
. At high enough electrical frequencies, and are sourced

in the top and bottom skin effect regions, respectively. The treat-
ment below will consider the skin-effect situation as this repre-
sents an extreme case where heat current may flow transversely
through part of the strip conductor before it can enter the sub-
strate. Here it is shown that the thermal conductance of the sub-
strate, as a function of the thermal skin depth is always larger
than the thermal conductance of unheated regions of the strip
(due to electrical standing waves). The thermal conductance of
the interior of the metal strip dominates substrate thermal con-
ductance and spreads heat laterally at low thermal frequencies.
As thermal frequency increases, the substrate thermal conduc-
tance dominates the metal interior thermal conductance. In all
cases, the electrical skin effect has no effect on heat flow being
predominately in the vertical direction into the substrate.

Since there are three thermal paths, three thermal conduc-
tances must be considered: , , and .1 These thermal con-
ductances are used to derive the thermal resistances shown in
the electrical circuit analog of the thermal system in Fig. 15(b).
The transverse thermal conductance of the strip, , is a function
of the thickness of the strip, width of the strip, the metal thermal
skin depth , and the electrical skin depth . In most mi-
crowave structures, the dimensions contributing to are domi-
nated by the width of the strip at low thermal frequencies, as the

1We use � here for thermal conductances, as one of the symbols used in
mechanical engineering for thermal conductance, � , creates confusion when
used with electrical quantities; � is also used for specific heat capacity.

Fig. 15. Thermal heat flow. (a) Longitudinal conductance � , transverse con-
ductance � , and substrate conductance � in the conductive strip. (b) Thermal
resistances representing the thermal impedance along the strip � � ��� ,
transverse in the conductor � � ��� , and in the substrate � � ��� .

distance from local heating maxima at the edge of the strip to
the cooler center of the strip is much longer than the conductor
thickness and smaller than the metal thermal skin depth. As the
metal thermal skin depth decreases with increasing thermal fre-
quency, , the dimensions contributing to are dominated by
the metal thermal skin depth until it becomes less than the elec-
trical skin depth. At this point, the electrical skin depth domi-
nates the dimensions contributing to . The minimum possible
thermal conductance due to current bunching is considered in
this analysis by assuming that the maximum of the electrically
generated heat travels to at least the current decay point to-
ward the strip center.

The thermal conductance of the substrate is determined
by the width of the line, the substrate depth at low thermal fre-
quencies, and the substrate thermal skin depth at high thermal
frequencies. It is increased slightly by the thermal spreading ef-
fect, but for the dimensions considered here, this is negligible,
increasing thermal conductance by at most 20% [29].

Thermal conductance describes thermal conductance
longitudinally along the strip, which, in the case of a poorly
matched line, extends from a region of maximum heating (the
standing wave current maximum) to a region of no heating (the
standing wave current minimum). These regions are separated
by a distance , where is the phase velocity at
the center frequency of the two tones. The conductance
is a function of the width of the strip and the mean electrical
frequency. Thus,
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where is the area through which heat current flows and
is the thermal diffusion length into the substrate. The

length of the conduction region for , , is given by

if
if

if

where is the current decay point toward the strip center.
The substrate thermal skin depth, , extends from the

strip–substrate interface into the substrate with the isotherm
at being at one or two thermal skin depths if . The
thermal skin depth is inversely proportional to and results
in the thermal conductance of the substrate increasing with .
As mentioned previously, there is also radial heat spreading in
the substrate [29], which increases the thermal conductance of
the substrate, at most by a factor of 2, but for the dimensions
considered, the increase is around 20%. This effect is ignored
here as it does not affect the argument that heat flow is over-
whelmingly into the substrate (indeed the increased thermal
conductance strengthens the argument).

The ratios of the conductances , , and are shown
in Fig. 16(a) for a 50- Ag on sapphire microstrip line and
for a 50- Cu on FR-4 microstrip line with a substrate thick-
ness of 1.6 mm. The thermal conductances are calculated using
the dimensions of the lines and the substrate data in Table I.
For thermal frequencies (i.e., difference frequency of the
two-tone signal) less than several gigahertz, Fig. 16(a) shows
that for the Ag on the sapphire line, the thermal conductances of
the conductor in the transverse direction, i.e., , and of the sub-
strate are several orders of magnitude greater than the thermal
conductance in the longitudinal direction . is also always
higher than for any electrical excitation frequency for both
the Ag on sapphire line and the Cu on FR-4 line for a 10-Hz
thermal frequency. Fig. 16(b) shows the impact of increasing
thermal frequency at a (near) constant electrical frequency. At
low thermal frequencies, the thermal conductance of the metal
interior dominates the substrate thermal conductivity , re-
sulting in lateral heat spreading across the metal. The thermal
skin depth of the metal is still in excess of the path length to the
center of the conductor, requiring the heat to flow into the sub-
strate. As the thermal frequency increases, the substrate thermal
conductance begins to increase before the metal thermal con-
ductance due to the physical dimensions of substrate thick-
ness and strip width. Lateral heat spreading continues to de-
crease with increasing thermal frequency until heat transfer oc-
curs predominantly into the substrate from the bottom of the
strip. When the thermal frequency becomes high enough, the
thermal skin depth of the metal becomes less than the electrical
skin depth. Above this thermal frequency, the substrate thermal
conductance path length continues to become shorter while
the transverse, or metal interior thermal conductance path
length remains constant at the electrical skin depth. The top of
the strip heats only the metal interior at these thermal frequen-
cies. These relationships support the assumption in the paper
that heat flow is predominantly in the transverse direction in
the metallization followed by heat flow into the substrate at low
thermal frequencies, with heat flow predominantly in only the
substrate at higher thermal frequencies. Determining the actual

Fig. 16. Ratio of the thermal conductances. (a) Ratio of the conductances of the
metal interior conduction path � to the substrate conduction path � and ratio
of the conductances of the substrate conduction path � to the metal current null
path � as a function of electrical frequency � at a thermal frequency �� of
10 Hz. (b) Ratio of the conductances of the metal interior conduction path �

to the substrate conduction path � as a function of thermal frequency�� at a
fixed electrical frequency of 480 MHz.

contributions requires further study. The effect of heat spreading
is an active area of research in mechanical engineering [29].
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