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Abstract—The effect of antenna mutual coupling on fading
correlation in compact MIMO arrays has received considerable
attention. By contrast, relatively little attention has been paid
to the noise. In this paper we present a circuit model for a
noisy MIMO receiver front-end that includes arbitrary coupling
and noise correlation. The noise figure for two-port networks is
extended to multiport networks, from which theorems for optimal
front-end design are derived. Numerical results are presented
which provide insight into receiver noise behavior in the presence
of coupled antennas.

I. INTRODUCTION

The capacity of a fading wireless channel may be substan-
tially increased by employing multiple antennas at both the
transmitter and receiver, resulting in a multiple-input, multiple-
output (MIMO) channel. As with any communication system,
developing an accurate yet mathematically tractable channel
model is essential to predicting the performance of actual
systems. Since the seminal papers of Telatar [1] and Foschini
and Gans [2], which assumed independent fading between
each transmit and receive antenna, there has been an enormous
amount of research devoted to this subject.

Initial studies in this area examined the impact of fading
correlation by developing ray-tracing and analytical correla-
tion models and evaluating their effect on capacity through
Monte Carlo simulations, asymptotic analysis, and bounding
techniques (examples of each of these may be found in several
special issues on the subject [3]- [5]). The results generally
indicate a loss in performance with correlation, however, in
sufficiently rich scattering environments the antenna separa-
tions may be made as small as half a wavelength without
significant performance degradation (cf., [6]). At such small
spacings the antennas may become coupled, so the ensuing
studies (cf., [7] and the references within) analyzed the impact
of mutual coupling on fading correlation. This led to the
consideration of matching networks to maximize the transfer
of power from the coupled array to the rest of the receiver [8].

While these studies introduced increasing detailed models
of the fading correlation, little attention was paid to the noise.
In fact, most of the papers cited above assume a spatially white
noise model, only mentioning noise correlation in reference to
interference (cf., [9]). However, for closely-spaced antennas
even noise generated in the receiver may become correlated.
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For example, noise in a front-end amplifier may disperse
across neighboring receiver chains through coupled antennas.
A non-trivial noise model for a MIMO receiver was con-
sidered in [10], where the authors introduced a standard
amplifier model into their previous model for mutual coupling
[8]. They demonstrated that matching networks optimized for
noise figure outperformed those designed for maximum power
transfer. More recently, Gans [11], [12] evaluated the impact
of antenna thermal noise and (spatially white) amplifier noise
individually. It was shown that matching networks offer no
improvement in capacity when antenna noise is dominant,
while they are essential when amplifier noise is dominant.

In this paper we establish low-noise design principles for
coupled MIMO receivers. After obtaining an expression for
capacity with spatially correlated noise, we introduce a front-
end circuit model that includes arbitrary coupling and noise
correlation between its branches. By extending the well-known
concept of noise figure for two-port networks to multiport
networks, we are able to derive theorems for optimal front-
end design. Finally, we present some numerical examples that
illustrate the theory. In one particularly surprising example
we present two front-ends with the same noise figure that
produce remarkably different capacities in the presence of
coupled antennas. A brief review of some relevant concepts
from two-port noise modeling is provided in the Appendix.

II. MIMO CAPACITY WITH CORRELATED NOISE

A frequency-flat MIMO system with N transmit and M
receive antennas may be modeled as

r=Hx+n, (D

where x € CV is the transmitted signal; r,n € CM are the
received signal and noise, respectively; and H € CM*V s
the channel matrix. The transmitter is constrained in power
by tr (E [xx']) < P, where tr(-) and E[-] are the trace and
expectation, and 1 denotes the conjugate-transpose. We assume
Rayleigh fading and a Kronecker correlation model [6] with
no transmit correlation, so the columns of H are indepen-
dent and identically distributed (i.i.d.) zero-mean, circularly-
symmetric, complex Gaussian random vectors, denoted by
h; ~ CN(0,%y), where ), = E[h;h!] is the correlation
matrix. We assume H is known at the receiver but not the
transmitter. The noise is also Gaussian with spatial correlation,
so n ~ CN(0,X,). Most prior work on MIMO assumes
spatially white noise, so 3,, o< I where I is the identity matrix.
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The ergodic capacity of this system may be obtained from
the familiar formula for spatially white noise [6] by applying
a noise-whitening filter Z,_,l/ 2 to r, which will not affect the
capacity. The ergodic capacity is then

C =E [logdet (I+HI ZH,)] , 2)
where H,, € CM*N has i.i.d. CN(0,1) entries,
P /215172
S Nzh/ b el A 3)

and A'/2 denotes the positive definite square root of a positive
definite matrix A [13, pg. 406]. We will refer to 3 as the SNR
matrix as it is analogous to the signal-to-noise ratio (SNR) of
a single-input, single-output (SISO) system.

A closed-form expression for (2) was derived in [14]. In
particular, if M = N and X has distinct eigenvalues A\; >
Ao > -+ > Ay > 0, this expression reduces to

legvzl det Ak

TS ON (1= Ai/A)
J>i

where Ay € RV*Y s defined by
[Akli; = Go o w Tt M log(1 4+ w)du,  j =k
R ik

The only case of non-distinct eigenvalues we shall consider is
3 = L1, for which Telatar’s expression [1] applies:

Nl oo
C= L2 (u)e "1 L) d 5
oy T P

where Lj(u) is the Laguerre polynomial of order k.

“4)

III. RECEIVER MODEL

The signal received by the antennas is usually amplified
and down-converted before A/D conversion and digital signal
processing. The analog circuits that accomplish this goal are
collectively referred to as the front-end. We shall take (1) as
the voltage input to the A/D converters and n as the collective
effect of thermal noise from the antennas and (thermal and
non-thermal) noise generated in the front-end. The antennas

Front-End Load

Receiver model. The antenna array and front-end are modeled with Thevenin equivalent networks.

and front-end are assumed to be frequency-flat over the system
bandwidth and are modeled by Thevenin equivalent networks,
as shown in Fig. 1, where the load is the A/D converter input
impedance. Below we discuss these networks in more detail.

A. Antenna Array

Let v,i € CM denote the voltage across and current flowing
into the antenna array terminals, respectively. The circuit
equation for the array is (cf., [15])

Vv ="Zai+ v, (6)

where Za = Ra + jXa is the antenna impedance matrix
and v, is the open-circuit voltage, as shown in Fig. 1. For a
uniform linear array (ULA), Z is a function! of the inter-
element spacing d. Mutual coupling between the antennas is
reflected by the off-diagonal elements of Z . The open-circuit
voltage is related to the incident electric field by the array
radiation pattern and, since the front-end is linear, takes the
same form as (1),

Vo = Hox + 1, @)

where the columns of Hy are i.i.d. and Gaussian.

Nyquist’s formula for thermal noise applies to an antenna
when it is enclosed by a black-body radiator [17, pg. 111].
This formula was extended to antenna arrays by Twiss [18],
who showed that the noise voltage can be modeled as
n, ~ CN(0,4kToBRA), where k = 1.38 x 10723 J/K is
Boltzmann’s constant, 7Ty = 290 K is the standard temperature,
and B is the bandwidth in Hz. Note that with the array
imbedded in a linear medium, the reciprocity theorem (cf.,
[16, pg. 144]) applies so that Z is symmetric.

B. Front-End

Most prior studies of noise in MIMO receivers have been
restricted to uncoupled amplifiers [10], [12]. Here we take a
more general viewpoint and assume the front-end may have
arbitrary coupling and noise correlation between its ports. Let
vi, vy € CM and iy,iy € CM denote the voltages and currents

! Approximate formulas are available for infinitesimally-thin wire dipoles;
other antennas may be evaluated using numerical techniques [16, ch. 8].
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at the input and output terminals of the front-end in Fig. 1,
respectively. These circuit quantities are related by

Vi | _ VATRRAT iy + n;
V2 Zyy Zo ip nz
where Z;; € CMxM “and the noise voltages ni, ny are zero-
mean Gaussian with correlation matrices 3;; £ E[nznj]

Solving the circuit in Fig. 1 for the output voltage, we obtain

] o (®)

r= |:ZL (ZQQ 4+ 2z I — GZJ{2>_1 G:| (VO —nj + Gflng) s

where G = Zoy (Za + le)_l and we have assumed the
impedance matrices are nonsingular. The term inside the
square brackets multiplies both the signal and noise compo-
nents of r, which will result in a similarity transformation on
the SNR matrix X. Since (2) depends only on the eigenvalues
of 32, this will not alter the capacity and we may take

r=Hox+n,+2z, &)

where z = G~ 'ng —n; is noise from the front-end. Compar-
ing (1) and (9) we see that the model of Fig. 1 maps to the
standard model (1) with H = H, and n = n, + z. Intuitively,
(9) refers all voltages to the open-circuited antenna terminals.

IV. THE NOISE FACTOR MATRIX

The noise factor of a two-port network is the ratio of the
output noise power to the noise power contributed by a thermal
source alone (cf., Appendix). This concept may be extended
to multiport networks by defining the noise factor matrix

F 2 (Sul,_0) "/’ S0 (SBal,_) "

1 _ _

I+ mRA”QE 221 R,
The two-port noise factor is useful since it equals the SNR
drop across the network. Thus, from a system design per-
spective, the noise factor provides a sufficient description of a
device and we may ignore its internal details. As we shall see,
F enjoys similar properties. Indeed, (3) may be expressed as

P
) P
4KToBN

The noise factor of a two-port should be made as small
as possible so that the output SNR (and hence capacity) is
maximized, as discussed in the Appendix. Since Xp,Ra
and F are positive definite, we may extend this concept
to multiport networks using the positive semidefinite partial
ordering [13, pg. 469]. For A, B € CM*M and Hermitian, we
use the notation A > B and A > B to indicate that A — B
is positive semidefinite and positive definite, respectively.

Theorem 1: Suppose two otherwise identical MIMO sys-
tems have front-ends with noise factor matrices F; < Fs.
Then the corresponding capacities satisfy C; > Cs, with
equality if and only if F; = Fo.

Proof: We first claim that if A > B > 0 are Hermitian
matrices then log det A > log det B, with equality if and only

(10)

SIPRLVPFOIR, VPR ()

if A = B. To prove this, observe that C £ B~1/2AB~1/2 >
I implies that the eigenvalues of C satisfy A\; > 1. Thus

logdet C = logdet A —logdet B = Zlog A >0, (12)
with equality if and only if A\; = 1 for each i. Since I is the
only Hermitian matrix that satisfies these conditions, equality
holds if and only if C =1, or equivalently A = B.

Now let F; < F5 be any noise factor matrices and let 3
and 3, denote the corresponding SNR matrices in (11). Since
F; <F5 implies ¥; > X5, for all H,, we therefore have

I+H X H,>I1+H >H,>0. (13)
Applying the claim above, we conclude
log det(I + H! X,H,,) > logdet(I + H! 3,H,,) (14)

with equality if and only if Hf (X, — X3)H,, = 0.

From (2), we conclude C; > C5. Note C; = C5 only if
equality holds in (14) with probability one in the distribution
of H,,. This in turn holds only if HL(El -3¥)H, =0
with probability one, which implies E[H{ (X; — X2)H,,] =
tr(3; — 39)I = 0. Since 3; > 3o, the eigenvalues p; of
31 — X, are nonnegative and ), p; = tr(3; — 32) = 0, so
w; = 0 for all 4 and hence ¥; = 3. We conclude C; = Cs
if and only if 3; = 35, or equivalently F; = Fs. [ |

V. OPTIMAL MATCHING FOR FRONT-END AMPLIFIERS

Theorem 1 provides a design goal for MIMO front-ends.
In this section we apply this to a front-end consisting of
a 2M-port matching network and a bank of M uncoupled,
identical amplifiers, as shown in Fig. 2. Ideally, the match-
ing network is lossless so that it does not dissipate power
or generate noise. Such a network satisfies [15, pg. 13]
Znn = —Zaj1s Zvioy = —Zaab, and Zaigy = —Znly.
The amplifiers are represented by Rothe-Dahlke equivalent
networks (cf., Appendix) with v, ~ CN(0,4kTyBr,I) and
ia ~ CN(0,4kTyBg,I) mutually independent. Front-ends of
this form were considered in [10] and [12], however, in the
former antenna thermal noise was neglected and in the latter
additional constraints were imposed upon the amplifiers.

After some tedious but essentially straightforward circuit
analysis, the front-end noise may be found as

Z = M_l [Va + (ZZ; + ZcorI) ia] 5 (15)
M = Zyo (Za + Znayr) (16)
Zy = —MZnis+ Zniso - (a7

Using this in (10), we obtain the noise factor matrix as

Fo— T+R M7 [rad+

9o (Z'n + 2eorD) (Zly + 2erD) } M-TR;? (18)

which reduces to the classical noise factor (25) for M = 1.
The noise factor of a two-port achieves its minimum Fiy;, (27)
when the source impedance is zopt = Topt + JTopt (28). The
following theorem extends this result for M > 1.
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Fig. 2. A simple front-end consisting of a matching network and M uncoupled amplifiers.

Theorem 2: For the noise factor matrix in (18) we have
F > Fuinl, with equality if and only if Z/y, = z,xI. One
particular network which achieves the lower bound is

VAN ER!
VAVES

i
("'opt]-{A)l/2

Proof: Factor the term in the square brackets of (18) as

(roleA) 1/2
xnptI

VANED)
VAVEY

ol 4 ga (Zs + zeorD) (Zla + 2o T)| =

0a (opd — Zip) (zopd — Zin) + 00 "Lz 7).
> T L7, 1 2 -

with equality if and only if Z/, = zonI. Applying this to (18)
yields the desired result. The above matching network achieves
this minimum and is lossless since Za is symmetric. [ |
Matching networks of the above form have appeared else-
where in the literature (cf., [10] and [12]) without a proof of
optimality. From the two theorems established in this paper,
we readily see that for any matching network with Z', # zol
capacity is strictly less than that achieved by optimal matching.

(Fin — 1)MRAM' |

VI. NUMERICAL RESULTS

With the analytical portion of our paper complete, we
present some numerical results to illustrate our theory. We
first describe the antenna array and propagation model, then
evaluate capacity for several front-ends of interest. In each case
the SISO SNR (26) is 10 dB and the fading correlation matrix
35 is normalized by the attenuation in the SISO channel.
Results are given for M = N = 1 — 4 antennas with spacings
of 0.01\ < d < A, where A is the carrier wavelength. The
integrals in (4) and (5) are evaluated numerically and the
results confirmed with Monte-Carlo simulations (not shown).

A. Antenna Array and Propagation Model

The receive array is a ULA of half-wavelength dipoles.
Expressions for the impedance matrix and radiation pattern
of such an array are available for infinitesimally thin wire
dipoles [16], however, we prefer to evaluate finite-thickness

dipoles numerically. The Numerical Electromagnetics Code
(NEC) [19], a well-known Method-of-Moments (MoM) based
program, was used for this purpose. Each wire dipole is 1073\
thick and divided into 25 computational segments.

A sufficient condition for Rayleigh fading is that the re-
ceived electric field be composed of a large number (in the
sense of the central limit theorem) of plane waves modulated
by independent and uniformly-distributed phases. We consider
a two-dimensional model in which the plane waves are co-
polarized with the dipole orientation and arrive with equal
probability over the azimuthal range. The entries of the open-
circuit correlation matrix Xy, are then given by [20]

2

Sl = 5o / 9n(9)g (9)* TR0 (19)
where g,,(¢) is the voltage induced in the n'
plane wave arriving with azimuthal angle ¢.

The g,,(¢) functions were evaluated in NEC over 32 evenly
spaced angles (for each inter-element spacing) and the results
used in a numerical approximation of (19). This approach
accounts for scattering between neighboring antennas — if we
assumed the omnidirectionality of isolated dipoles, (19) would
reduce to Clarke’s [20] formula Jo (27% (m — n)), where
Jo(zx) is the zeroth-order Bessel function of the first kind.

antenna by a

B. Noise Figure Example

Referring to Fig. 1, consider two uncoupled front-ends
(label them “A” and “B”) with identical impedance matrices

Zyy, Zyp | _ |zl O
Zo1 Zoo 2011 290l ’

where z11 = 299 = 50 © and 297 = 500 €2, and uncorrelated
noise sources X1y = Yo = 0, X;; = 4kTyBry, i@ € {1,2}.
Let the noise resistances of each front-end be assigned as

(20)

Front-end A :
Front-end B :

1 =974, 10 =0

=0, 7o = 9ra|G|? @D

where G = 221/(z4 + 2z11) and z4 = 74 + jxa is the
impedance of an isolated antenna. Note that the branches of
both of these front-ends have a 10 dB noise figure, hence for
uncoupled antennas they should produce identical capacities.
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Fig. 3. Capacity versus inter-element spacing for two front-ends.

The capacity of each of these systems for N = 1 —4 is
shown in Fig. 3, with the i.i.d. fading and noise case (5) pro-
vided for reference. We immediately notice that for strongly
coupled antennas (say, d < 0.5)) these two front-ends behave
quite differently, in stark contrast to the above statement for
uncoupled antennas (which appears to be in agreement here for
d > 0.5)). In particular, a four-antenna receiver with d = 0.1\
will benefit from a 25% increase in capacity by choosing
front-end A over front-end B, even though they have the same
noise figure. This somewhat peculiar result is understood by
observing that the noise in front-end A correlates through the
coupled antennas, while that of front-end B is isolated from
the antennas and thus remains spatially white for all inter-
element spacings. It is well-known that noise correlation can
only increase capacity, thus front-end A should have a larger
capacity at small spacings.

C. Matching Example

We now demonstrate an application of Theorem 2 for the
receiver in Fig. 2. We selected a SiGe low-noise amplifier [21]
designed for use in the cellular band. In high-gain mode with
Rpias = 510 ©Q and f = 900 MHz, its impedance matrix and
Rothe-Dahlke noise parameters are:

Z11 Z12 o 35.74 — 82.0° 2.74/91.8° Q
291 229 | 325/119° 46.14 — 23.3°
re =945 Q, g, =324 mS, z,, =35.34—114° Q

An optimum matching network for this front-end is given in
Theorem 2. While this network achieves the minimum noise
factor matrix, it may be difficult to realize in practice. A
practical, suboptimal alternative is to apply to each antenna
the (two-port) optimal matching network (29) for an isolated
dipole. We shall follow the terminology introduced in [10] and
refer to this as self-matching.

Capacities for optimal and self-matching are shown in
Fig. 4, with the i.i.d. fading and noise case again provided for

P N=4
________ ik
10+ q
________ N=3
P
8 - s eeeT ax =
N
I
=
2
= N=2 i
2
© T
©
aQ
©
o
N=1
2r 4
= = =Optimal Match
o Self Match
= i.i.d. Fading & Noise
I N N N

0 I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

d/A

Fig. 4. Capacity for optimal and self matching.

reference. At small inter-element spacings, the optimal match
is superior to the self match, and is an upper bound at all
spacings in accordance with Theorem 2. For self-matching, the
fading and noise correlations approach unity as the antennas
are brought closer together, and the capacity reduces to that
of a SISO system. In contrast, the optimal match is able
to completely decouple the array at any distance, and the
performance of an i.i.d. system is retained even at extremely
close spacings.

The results for optimal matching should be interpreted
with caution since the array may exhibit supergain behavior
[12]. Consequently, the system is highly sensitive to channel
estimation errors, and, as shown in? [22], becomes extremely
narrowband at small inter-element spacings. In fact, this nar-
rowband behavior may be used to explain the drop in the
optimal match curve for d < 0.1\ in Fig. 3 of [10] that is not
observed here. The authors of [10] use a time-limited sinusoid
in their finite-difference time-domain (FDTD) program, while
here the MoM-based NEC assumes time-harmonic fields.

VII. CONCLUSION

We presented a circuit model for a linear, noisy MIMO
receiver front-end and introduced the noise factor matrix F as a
natural extension of the noise factor of two-port networks. As a
result we were able to derive theorems directly linking MIMO
capacity to the eigenvalues of F, which are analogous to the
well-known concept of minimum noise figure design for SISO
systems. Numerical examples were presented that demon-
strated the inability of noise figure to predict performance in
the presence of coupled antennas and the performance of the
optimal multiport matching network for front-end amplifiers.

APPENDIX
A circuit model for a SISO receiver front-end is shown
in Fig. 5. The antenna is modeled by a Thevenin equivalent

2In this study the match was optimized for power transfer instead of noise,
however, the decoupling property responsible for these effects remains.
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Antenna

Fig. 5.

circuit with impedance z4 = r4 + jx4 and open-circuit
voltage v, = hox + n,, where h, ~ CN(0,1) is (normalized)
Rayleigh fading,  is the transmitted signal with E[|z|?] = P,
and n, ~ CN(0,4kTyBr,) is antenna thermal noise.

The Rothe-Dahlke model [23], a commonly accepted stan-
dard for representing noisy, linear two-ports, is used to model
the front-end. The noise sources v, ~ CN(0,4kTyBr,) and
iq ~ CN(0,4kTyBg,) are mutually independent, where r, is
the equivalent noise resistance and g, is the equivalent noise
conductance. Noise correlation between the input and output
ports is accounted for by the correlation impedance zco.

The voltage across the load is

GZL

r= -
299 + 21, — G219

(hox + 16 — 2) (22)
where G = 291/(24 + 211) and z = v, + (24 + Zeor)ia. A
useful metric associated with a two-port network is the noise
factor,3 F, defined as the ratio of the output noise power to
the (thermal) noise power contributed by the source alone.

Identifying the noise component of r as n o< n, — z, we have
E(|n|?] E[|2[’]
E[n|?]]| 4kTyBra

z=0
Now consider a lossless (and therefore noise-free) matching
network with impedance matrix

F= 1+ (23)

(24)

ZM22

ZM11
ZM21

ZM12 }

inserted between the antenna and front-end. The noise factor
of the composite (matching plus front-end) network is

r 2+ Zeor|?
1+ a+ga‘ ;4"‘ corl 7

A

F= (25)
where the transformed antenna impedance 2/ = r/;, +jx/, may
be chosen arbitrarily with the appropriate matching network.
The SNR at the load is
R S )
4kToyBraF F’
where p,, is identified as the SNR at the open-circuited antenna
terminal. Thus we can maximize p by minimizing (25). The
minimum Fip, occurs at 2’y = Zop = Topt + jZopt, Where [23]

p (26)

Fmin = 142 <ga7'cor + \/ GaTa + (garcor)Q) (27)
Zopt = Ta/ga + rc20r — JTcor- (28)

3The noise figure of a two-port network is 10logqq F.

Front-End

Load

Circuit model for a SISO receiver front-end.

One particular matching network that achieves 2’y = zqp is
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