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Abstract—Previous studies of receive diversity have carefully
modeled the impact of spatial correlation and antenna coupling
on the signal component at the receiver. By contrast, relatively
little attention has been paid to noise. In this paper we introduce
a receive diversity model that articulates the dominant physical
noise sources and relates their spatial correlation to the properties
of the antennas, front-end amplifiers and matching networks.
We then derive an optimal receiver as well as a formula for
the resulting outage probability in terms of these noise sources.
Numerical results are presented which suggest that different noise
sources can impact performance in profoundly different ways.

I. INTRODUCTION

Signal reception in a mobile wireless receiver is impaired by
fading — the random power fluctuations that result from con-
structive and destructive interference of scattered radio waves.
Receive diversity is a well-known technique that improves
reception by using an antenna array to collect multiple fading
signals. The degree of improvement depends on the correlation
between the signals — highly correlated signals offer little
improvement since they tend to fade simultaneously, while
uncorrelated signals offer a large gain since simultaneous fades
are highly unlikely. Signal correlation depends on the spatial
statistics of the incident electric field, the array radiation
pattern and coupling between the antennas.

Lee [1] first investigated the effect of spatial correlation
and antenna coupling on receive diversity by representing the
antenna array and receiver as multiport networks. He showed
that diversity performance was dependent on the antenna
terminations and for certain (albeit impractical) terminations,
mutual coupling may improve performance. In the decades
since this work, there have been numerous studies of correla-
tion and coupling in antenna arrays. This is due to the many
applications of antenna arrays, which include reducing co-
channel interference [2] and increasing capacity with multiple-
input multiple-output (MIMO) systems [3]. MIMO systems in
particular have attracted much recent attention [4] - [9].

Previous work on mutual coupling has carefully modeled
the impact of coupling on the signal component; however,
relatively little attention has been paid to noise. In fact, most
of the works cited above do not include detailed models of
noise. Instead, noise is modeled as white and Gaussian with a
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fixed distribution, regardless of its source or the surrounding
receiver design. However, real receivers are plagued by diverse
noise sources. These sources are affected by antenna coupling,
matching networks and amplifiers in different ways. Since
the signal and noise play equal roles in determining most
system performance metrics, a channel model that does not
correctly represent noise cannot be expected to correctly
predict performance.

Some recent work has improved the noise modeling in
multi-antenna receivers. In [10] a realistic noise model for the
front-end amplifiers is introduced and matching networks that
optimize power transfer and noise performance are compared
for dual diversity. The effect of noise matching on the capacity
of MIMO systems for sky-noise-limited and amplifier-noise-
limited scenarios was addressed in [11] and [12]. While these
studies are a significant step forward from the spatially white
noise model, several issues remain to be addressed. First, the
optimal receiver for correlated noise and expressions relating
the outage probability to the signal and noise correlation have
not been developed. Second, most modern front-end amplifiers
have low noise figures so no single noise source can be
regarded as dominant. There are several significant sources
of noise in the receiver that need to be considered.

In this paper we introduce a receive diversity model that
articulates the dominant physical noise sources and relates
their spatial correlation to the properties of the antennas, front-
end amplifiers and matching networks. We derive an optimal
receiver for this system as well as an explicit formula for the
resulting outage probability in terms of these noise sources.
Numerical examples are presented for different noise sources
and matching networks. The results suggest that different noise
sources can impact performance in profoundly different ways.

II. RECEIVE DIVERSITY WITH CORRELATED NOISE

When antennas are brought close together, the noise com-
ponents in each branch may become correlated. In this section,
we present an optimal combiner for receive diversity with
correlated noise, as well as a formula for the resulting outage
probability. The specific form of noise correlation which
results from mutual coupling is derived in the next section.

The received signals in an M -branch diversity system with
frequency-flat, quasi-static fading may be expressed as

r:\/gh:v+n, €))
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where z is a complex information symbol with E[|z|?] = 1,
E[-] denotes the expectation, £ is the average received energy
per branch, h is an M-dimensional column vector of fading
path gains and n represents noise. We assume h is a zero-
mean, circularly-symmetric complex Gaussian random vector,
denoted by h ~ CA(0, £y,), where £y, = E[hh*'] and the su-
perscript H denotes the conjugate-transpose. We also assume
that the noise is spatially correlated, so n ~ CA/(0, X,,). Most
prior work on receive diversity has assumed spatially white
noise.
The receiver employs a linear combiner of the form

y=wlr=hs+n ()
where ha represents the signal component and 7 is the noise.
From (1), the instantaneous signal-to-noise ratio (SNR) at the
combiner output is then
A _ . [w"h]?

v(w) = E[|n]2] EWHEHW' ®)

In maximum-ratio combining (MRC), the combiner w is
chosen to maximize y(w). For uncorrelated noise, say 3,, = I
where I is the identity matrix, it is well known [13] that y(w)
is maximized if and only if thelcombiner is of the form w o h.

For correlated noise, let 32 denote the Hermitian square-
root of X,,. Observe that the change of variable u = 32w
puts (3) in a form similar to the white noise case:

1
_ g|uHEn 2hl?
ufu '

7(u) “4)

_1
It follows that v is maximized if and only if u & 3, ?h, or
equivalently w o< 3 'h. The resulting optimal SNR is then!

7° = max y(w) = £-hfZ'h. &)

In particular, note that the conventional MRC is suboptimal
for spatially correlated noise.

The performance of receive diversity systems is often mea-
sured by the outage probability, defined as

Pou(t) =Pr{y° <7}, (6)

'Optimization problems of this form are encountered in many other areas;
adaptive array processing is one related example [14, pg. 60].

Circuit model of a post-detection diversity receiver.

where 7 is a non-negative threshold. A closed-form expression
for the outage can be obtained using the results of [1]: If
0 < A1 < --- < Ay are the distinct positive eigenvalues of
EXLX,?, then 2

M y\M-1 /A
I SRV Clintis)
j=1 Hi;éj()‘j = Ai)
The outage probability for zero or repeated eigenvalues can
also be obtained from [1]. In particular, for 3, = I and

3, = NolI, we recover Brennan’s classic outage formula for
i.i.d. fading and noise [13]:

1 /T M-1_-—t
- Jo

where I' = £/Nj is the average SNR.

Pou(T) (N

Poul(T) =

III. RECEIVER MODEL

Consider an M -antenna diversity receiver with mutual cou-
pling and optimal post-detection combining. The output of
each antenna is amplified, demodulated and digitized before
combining. We assume coupling occurs only between anten-
nas; there is no coupling between the amplifiers, demodulators
or A/D converters in each branch. We further assume a nar-
rowband system, so all impedances are approximately constant
over the system bandwidth and all signals can be expressed in
complex baseband form.

A circuit model of this receiver is illustrated in Fig. 1. This
model reflects the impedances of the antenna array, matching
network, amplifiers and load as well as the currents and
voltages due to the signal and dominant noise sources. Each
of these components is described in detail below.

A. Antenna Array

The function of an antenna is to convert an incident elec-
tromagnetic field into a voltage across the antenna terminals.
When the antennas of an array are closely spaced, the terminal
voltage of each antenna depends not only on the field at that
antenna but also on the currents flowing through neighboring

2This follows from the Appendix of [1] by writing v° = hil Shy,, where
hw ~ CN(0,I) and X = 6‘2;‘/22512111/2, and observing that £, 35!
has the same eigenvalues as 3.
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Fig. 2. The Rothe-Dahlke model of an amplifier.

antennas. At the system design level, we can represent the
array as an M -port Thevenin equivalent circuit, as shown in
Fig. 1. The relationship between terminal voltages and currents
is then described by an M x M impedance matrix Za, where
[ZAli; is the self-impedance of antenna ¢ and [Za];; is the
mutual impedance between antennas ¢ and j. Approximate
formulas for these impedances are available for thin dipoles
[15, ch. 8]; other types of antennas may be evaluated by
numerical techniques.

The open-circuit antenna voltage V; represents the com-
bined effects of both signal and noise in the array, and can be
written as

Vi = VEhyz + ng ©)

where /Ehx is the voltage induced by the incident sig-
nal electric field. As in the previous section, we assume
hy ~ CN(0,Xy,). For perfectly conducting antennas, ng
is the voltage induced in the array by noise sources in the
surrounding environment. These sources may include thermal
radiation, cosmic background radiation and interference from
other electronic devices. We consider the canonical example
of thermal radiation from a spherically isotropic distribution
of black-body radiators [16, pg. 111] at uniform temperature
To. The noise voltage is then ny ~ CN(0,X,,), where the
correlation matrix is given by Twiss [17] 3

S, = 2kToB(Za + Z1) | (10)

k = 1.38 x 10723 J/K is Boltzmann’s constant and B is the
system bandwidth in Hz. In this paper, we take Ty = 290 K,
the standard temperature. For large inter-element spacings,
note that Za is essentially diagonal and so the noise is
spatially white. For spacings less than a few wavelengths,
however, Z A is not diagonal and the noise is correlated. Since
correlated noise is generally desirable in communications, we
expect that neglecting this correlation in previous analyses
will yield overly pessimistic performance estimates. We will
illustrate this point later with an example.

B. Amplifiers

An amplifier is usually well-modeled (within its dynamic
range) as a linear, noisy two-port network. According to Rothe
and Dahlke [18], any such network can be represented by
a simple noise network cascaded with a noise-free network,
as shown in Fig. 2. The noise voltage v, and current ¢,
are independent zero-mean Gaussian RVs which model some
combination of thermal and shot noise generated by internal
elements. A common convention is to normalize the variances
of these sources by the thermal noise power generated by

3 An elegant, alternative derivation was recently given by Gans [11].

a 1 € resistor at standard temperature. Thus, the equivalent
noise resistance of the voltage source and the equivalent noise
conductance of the current source are given respectively by

po = E0PL - E[lia’] (11)
“ 4kT,B 7 4kTyB -
The parameter z.,, = Tcor + JZcor, called the correlation

impedance, reflects the degree of correlation between the noise
observed at the two output terminals. The noise statistics of
an amplifier are completely characterized by {74, ga, Zcor }-

An important amplifier metric is the noise factor, F', defined
as the ratio of the output noise power to the noise power
contributed by a source alone, when a source impedance
zs = rs + jxs at standard temperature is connected to the
input port, i.e.,

2

E[2|U2| ] :1+i(ra+ga |Zs+zcor|2)~

[[val?]l,, =i 0 Ts

The noise factor is useful because it relates the input and

output SNRs of the amplifier, given in dB by SNRy =

SNR;, — NF, where NF = 10log,, F' is the noise figure.
Note that [ attains its minimum value F,;, when z, = 2op¢

F =
E

where [18]
Fmin = 142 (garcor + \/ GaTa + (garcor)2) (12)
Zopt = ra/ga + Tgor - jxcor- (13)

This defines a new set of noise parameters, {Fynin, a, Zopt |-
which are typically used in low-noise amplifier (LNA) design.*

C. Load

Since the receiver chains downstream from the amplifiers
are assumed to be electrically isolated from one another, the
noise in each branch is independent and the impedances are
uncoupled. The downstream components consist of filters,
mixers, amplifiers and other analog circuits that generate a
combination of thermal and shot noise and possibly other
varieties of noise that are inherent to each device. Here we
reference the total downstream noise to the amplifier output
and simply assume that each branch may be modeled by an
impedance z; and a zero-mean Gaussian noise voltage vy;
with equivalent noise resistance 7.

D. Matching Network

Matching networks are often used to alter the source (array)
impedance, usually in order to maximize power transfer or
minimize the noise factor. Ideally the network is formed
with passive, reactive elements so it is noiseless, lossless and
reciprocal. The matching network in Fig. 1 has M input and
output ports. If V;, I, V,, I, denote the voltages and currents
at the input and output of the device, respectively, then

Vi = Zul, +Z421,
V, = Zal;+Z2]l,
4A variation of these parameters based on the admittance version of the

Rothe-Dahlke model are {Fynin, Rn, Yopt}. For microwave amplifiers a
reflection coefficient I'op¢ is usually given in place of Yopt [20, pg. 558].
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It can be shown [19, pg. 13] that the network is lossless
(no power is dissipated within it) provided the following
conditions are satisfied: Z11 = —Z{Il, Zoo = —ngz, Zo1 =
—Z{g. From the standpoint of the rest of the receiver, the
antennas plus matching comprise a noisy linear network which
can be represented by a Thevenin equivalent circuit with

v, =
Z, -

MV, , M = Z21(le+ZA)_1

—MZ12 + Z22 . (14)

IV. OUTAGE ANALYSIS

We now derive the outage probability of the system in Fig. 1
with optimal post-detection combining. To do so, we must first
identify the input to the combiner, denoted by r in (1). Since
there is no coupling downstream from the amplifiers, r will
simply be a scaled, sampled version of the voltage V, at the
amplifier output, so it suffices to place our reference point
there.

A. No Matching

For simplicity, consider first the case of no matching
network. After some tedious but essentially straightforward
network theory, we obtain

r=V,=vVEhz+n, (15)

where
h = DCh,, (16)
n = DC [nt — Va — (ZA + ZCOT'I)ia} + (I - D)Vda(17)

h; and n; are given in (9), v, and i, are the amplifier noise
voltages and currents, vq is the downstream noise and

C = z(Za+ 21 D)7 (18)
D = z [(ZL+222)I—2120]_1 . (19)

From (16), we see
>, = DCE,, CHADH . (20)

Recalling that ny ~ CN(0,X,,), va ~ CN(0,4kTyBr,I),
ia ~ CN(0,4kTyBg,I) and vq ~ CN(0,4kTyBrgl) are
mutually independent, we conclude the noise covariance is

1
4kTo B

1
¥, = DC 5(ZAJrzﬁ)JrraI

+ga(ZA + ZCOTI)(ZA + ZcorI)H CHDH

+rg(I-D)(I-D)H . 1)

Combining (20) and (21), we can now calculate the outage
probability (7) from the eigenvalues of the SNR matrix 3 =
EXLE, . If DC is nonsingular (it usually is), the form of
this matrix can be simplified by observing

ThIa ' = (DC)Zy, =5 (DC) ! (22)

where
Lzﬁ = 1(zA +ZHY +r I +rgGGH
4kToB 2
+9a(ZA + ZeorI)(Za + zeor D)
G = (bC)"Y(I1-D)
_ 222 Zoa + (211222 - 2’12221)1 (23)
221ZL 222

Intuitively, 35, represents the noise covariance that would
result if all of the system noise were represented by an
equivalent noise voltage across the antenna array.

Since the right side of (22) is a similarity transformation, the
eigenvalues of Xy, Egtl are not changed by the transformation.

We can therefore take the SNR matrix to be

& 1
= S | =(Z VAN I GGH
T, 2( A+Zp)+r 41y

-1
+ga(ZA + ZCO’!'I)(ZA + Zco’rI)H (24)

B. Matching

Now suppose a matching network is inserted between the
antennas and amplifiers, as shown in Fig. 1. From (14), it
follows that (24) still applies with 3y, replaced by M Xy, M#
and Zx replaced by Z’y. The SNR matrix is therefore

&

1
= WMEMMH 3 (Za +Z0) + 7l

-1
+7’dG/G,H + ga( ZA + ZcorI)(ZiA + Zcm'I)H (25)

where G’ is given by (23) with Z 4 replaced by Z/,.

V. NUMERICAL RESULTS

In the previous section, we derived a general outage proba-
bility formula that applies to any narrowband Rayleigh fading
model, antenna array, matching network, front-end amplifiers
and downstream noise. In this section, we numerically evaluate
the outage probability for several specific examples.

We consider a uniform linear array of M = 2 or 4 half-
wavelength dipoles spaced a distance d apart. Each dipole
has radius 1073)\, where )\ is the signal wavelength. The
incident electric field is a superposition of N = 32 vertically-
polarized plane waves with i.i.d. phases uniformly distributed
on (0,27). The angles-of-arrival (AOA) of the plane waves,
@0, - .., PN—1, are uniformly spaced in azimuth from O to 2.
Under these conditions, the open-circuit fading path gains (9)
are approximately Gaussian with correlation matrix

N-1

Enelm = Z gn(¢k)9fn(¢k)ej2”(”_m)% cosgr
k=0

(26)

where g, (¢) is the open-circuit voltage induced in the n'"
antenna by a zero-phase plane wave with AOA ¢, normalized
so that Y, |gn(¢x)|?> = 1 for an isolated dipole.

For omnidirectional antennas (i.e., g,,(¢) is constant) this
expression converges for large N to Clarke’s formula [21]:
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Fig. 3. Outage probability for multiport and self matching, d = 0.1\

Jo(2m|n — m|d/X), where Jy(z) is the zeroth-order Bessel
function of the first kind. While the elements of an array of
infinitesimally thin wire dipoles are omnidirectional, assuming
so for dipoles of finite thickness may be inaccurate. For this
reason we calculated g,,(¢) numerically using the Numerical
Electromagnetics Code (NEC) [22], a popular Method-of-
Moments based electromagnetic solver. NEC was also used to
find the array impedance matrix Zja, yielding more accurate
results than the thin-wire approximation.’

The amplifier selected for this study is a low-cost SiGe LNA
[23] designed for use in the cellular band. In high-gain mode
with Rpi,s = 510 Q and f = 900 MHz, its impedance matrix
and Rothe-Dahlke noise parameters are:

zin 22 | | 3574 —82.0° 2.74/91.8° 0
291 Zoo | 325/119° 46.14 — 23.3°
e =945 Q, ¢, =324 mS, zeor =35.34—114° Q

This amplifier is approximately unilateral (z2; > z12) and the
minimum noise figure is quite low (1.04 dB), ideal charac-
teristics for front-end amplifiers. In practice the noise figure
may be slightly higher due to impedance mismatch and other
implementation issues, but still low enough (typically a few
dBs) that amplifier noise cannot be regarded as dominant.
The load impedance is taken as the conjugate of the am-
plifier output impedance, i.e., z;, = 23,. In this initial study
we neglect downstream noise, so rq = 0. For the amplifier
and matching networks used in this example, the elements of
G'G'" are typically two orders of magnitude less than the
antenna and amplifier noise contributions in (25). Therefore,
neglecting downstream noise should not significantly affect re-
sults for moderate values of r4. The more general case of non-
negligible downstream noise will be considered elsewhere.

SThere is a significant difference in the mutual impedance calculated using
the thin-wire approximation and NEC for closely coupled dipoles; see Figs.
8.21 and 8.22 in [15].

T T

— — —Multiport Match
Self Match

—i.i.d. Fading & Noise |-:

1 1 11
-30 -25 -20 -15 -10 -5 0 5 10
Normalized SNR [dB]

Fig. 4. Outage probability for multiport and self matching, d = 0.2\

We now evaluate outage for two matching networks con-
sidered in [10]. In optimal multiport matching for minimum
noise figure, the network (14) is chosen so that Z/y, = z,/1,
where z,,; is the source impedance (13) that minimizes the
noise factor F'. One network that accomplishes this task is

-]

where %(ZA + Zg) = UAUH, A is diagonal and U is
a unitary matrix. Applying (25) for multiport matching, the
normalized SNR matrix is

—ju (ToptA) 3

jil»'opt]:

Zi2
Z22

3 (2K — Za)

27)
—J (ToptA)% u (

Z11
Z21

%2 =2, (Za +2H) S, (28)
where 02 = & JAKToBF,,ints is the SNR of a single-antenna
system and r; is the real part of the antenna self-impedance.

The matching network (27) can be difficult to realize in
practice. A simpler, suboptimum strategy is to apply to each
receive antenna the two-port matching network that achieves
the minimum noise figure for that antenna in isolation. This
is called self matching for minimum noise figure and is
accomplished by the network

Zyy Zaz | _ —jzsl —J\/ToptTs1 (29)
Z21 Z22 _j\/roptrs]: jxoptI '
For self-matching, the normalized SNR matrix is
1 1
ﬁz = r.F,MX,, MA {2( A2 I

—1
+9a(Zls + Zeor D) (Z/y + ZCOTI)H} . (30)

If the antenna spacing is sufficiently large so that coupling
may be neglected (30) reduces to X = 02Xy, .

The outage probability for multiport and self matching and
M = 2,4 are shown in Figs. 3 and 4 for antenna separations
of d = 0.1\ and 0.2), respectively. Included for comparison
are the outage curves for i.i.d. fading and noise (8). For two
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Fig. 5. Diversity gain at 1% outage for M=2 with multiport and self matching.

antennas separated by d = 0.1\, multiport matching is slightly
better than the i.i.d. case; however, there is a penalty of ~ 2 dB
for self matching. This penalty is almost completely eliminated
by increasing d to 0.2, which is interesting since the antennas
are still strongly coupled at this distance. Note that the penalty
for self matching is significantly increased for M = 4. In
particular, the benefit of using more than two antennas is
significantly less with self matching than multiport matching.

Finally, we examine the impact of different noise sources on
the diversity gain, defined as the difference in SNR between
the M = 2 and M = 1 outage curves at a fixed probability.
In Fig. 5 the diversity gain at 1% outage is shown for °
0.06A < d < X and two dual diversity systems: One with
both antenna and amplifier noise (as in Figs. 3 and 4), and
one in which amplifier noise alone dominates. For multiport
matching, there is no difference in performance between the
two systems and little difference from the i.i.d. fading and
noise case. For self matching, however, observe that amplifier
noise leads to significantly worse performance than antenna
and amplifier noise. This is due to the fact that the antenna
noise component in (30) remains highly correlated for self
matching, and optimal combining can exploit this correlation
to improve the gain. The effect of noise correlation may also be
seen by considering a case in which antenna noise is dominant.
For any matching network the SNR matrix in this case reduces
to (28), so the diversity gain would be identical to the multiport
matching plot in Fig. 5.

We conclude that different noise sources can impact perfor-
mance in profoundly different ways. This example illustrates
the importance of clearly identifying and modeling the distinct
sources of noise in coupled multiple-antenna systems.

VI. CONCLUSION
We presented a diversity receiver model that includes the
most common sources of noise. The outage probability of

The azimuthally uniform current distribution assumption employed in NEC
may be less reliable at antenna separations smaller than 0.05\.

the optimal diversity receiver was derived in terms of the
output noise correlation, which in turn was shown to depend
on receiver noise sources, antenna coupling, the front-end
amplifiers and matching network. We further illustrated by
example that different noise sources can impact performance
in profoundly different ways.
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