MA 305 Spring 2K Homework 4 Solutions

1. Define the set = {a+ bx+cx¥’ +dx®: a,b,c,d € R}, the set of polynomials of degree 3 or less with real
coefficients. Show thagFs a vector space over the real numbers with the usual scalar multiplication and addition
over the polynomials.

There are two ways to do this. One is to show that it is a vector space by showing it satisfies the defininition of a
vector space. The other way is to show it's a subspace of a known vector space.

(a.) Showing B satisfies the definition of a vector space.

Consider three arbitrary polynomialshg:

U = ag+bix+cpd+dpd
V = ap+box+ CzX2 + de3
W = az+bax+cax +dad

and two arbitrary real numbeesand3. Then, let us prove the eight axioms that compose the definition of a vector
space.

(A1) YuvePRs:u+v=v+u.

U+Vv = (ap+ap)+ (b1+b2)x+ (cp+ C2)x% + (d1+d2)x
and
VHu = (ag+ay) + (b2 +by)x+ (C2+Co)X® + (dz + dp)X
= (ap+az) + (by + bp)x+ (C1 4 C2)X% + (dy + d)X®
= u+v

Thus the first axiom is satisfied.

(A2) VYuv,weP3:(U+Vv)+w=u+(V+w).

(U+V)+wW = ((a1+ap)+ag) + ((br+bp) +bg)x+ ((C1+ C2) + C3)X2 + ((d1 + ) + dg)x®

and

(a1 + (ag+ag)) + (b1 + (b2 + b3) )X+ (C1 + (C2 + €3))X? + (d1 + (do + d3))x®
((a1+ap) +ag) + ((b1 + b)) + bg)x+ ((c1+¢2) + C3)X2 + ((d1+dp) + dg))Co’
= (U+v)+w

u+ (V+w)

Thus the second axiom is satisfied.

(A3) d0ePs:WeP;:0+v=yv.



We can see the zero polynomia+00 + 0x + 0x? + 0x® is in Ps. Let us denote it by § to keep from confusing it
with the real number zero. Then,

Op,+V = (0+a)+ (0+bp)x+ (0+Co)x% + (0+ d)x®
= ap+bpx+ x4 dpxX®
=V

Thus the third axiom is satisfied with the zero polynomigl 0
(A4) VYvePs3:3(—v)ePs:v+(—v) =0p,.

For the arbitrary polynomial, we see that the polynomiél-ay) + (—b2)x+ (—C2)x% + (—d2)x® = —ap — box —
cox? — dox3 is also inPs, so let us denote it asv. Then,

V+(=v) = (ag—a2)+ (b2 —bo)x+ (co— )X + (d2 — do)x®
= 0+40x+0x+0x

Thus, the fourth axiom is satisfied.

(A5) Vo eR:VuvePs:a(u+v)=au+av.

a((ag + ag) + (b1 + bp)x+ (C1 + €2)x% + (d1 + d2)x°)

G(al + az)) ( (b1 + bz))X+ (G (Cl + Cg))X2 + (G (dl + dz))Xs)

(0@q) + (@) + ((aby) + (abg))x+ ((acy) + (ac2))X + ((ack) + (adp))x%)
aay) + (aby)x+ (acy)x? + (ady)x®) + (aag) + (abg)x+ (ac2)x? + (ad2)x®)
au) + (av)

au+v) =
(
(
(
(
Thus the fifth axiom is satisfied.

(AB) Vo,peR:VYvePs:(a+pB)v=av+pv.

(a4 B)ag) + (o + B)b2)x+ (o + B)c2)x% + ((a + B)d2)x

(aaz) + (Bag)) + ((abz) + (Bbz))x+ ((acz) + (Bcz) )X + ((ady) + (Bdz2) )X
(@az) + (abp)x+ (aC2)x + (ad2)X%) + ((Bag) + (Bbz)X+ (Bc2)X + (Bd2)x®)
av) + (Bv)

(a+pB)v (
(
(
(

Thus the sixth axiom is satisfied.

(A7) Vo,BeR:VYvePs: (ap)v=oa(pv).

+ (Bb2)x+ (Bc2)X® + (Bd2)x®)

aBv) = a((Ba) 2
= (a(Baz)) + (a(Bbz))x+ (a(Bcz))X* + (a(Bd2))x°
= ((aB)az) + ((aB)b2)x+ ((aB)c2)X* + ((aB)d2)x®
= (ap)v

Thus the seventh axiom is satisfied.

(A8) WwePs:lv=v.



v = 1ap+hbox+ CoX% + d2X3)
a + box+ cx2 + dox®
v

Thus the eighth, and final, axiom is satisfied.
Becausd®; satisifes all eigh axioms, it is a vector space over the real numbers.

(b.) Showing B satisfies the definition of a subspace.

The other way of showings is a vector space is to show its a subspace of a known vector space. We know from
lecture 17 that the set of all polynomials with real coefficients

R[] = {ao+aix+ - +aax? 1 & € Rd € Zxo}

is a vector space, arfés C R[X]. So, we only need to sho®; satisfies the two axioms of a subspace. Thus, let us
consider two arbitrary polynomials is:

= ay+bix+ o+ dx®
V o= ap+box+ x4+ dox®
and an arbitrary real numbar
(S1) VYuvePs:u+vePs.
U+v = (a+ap)+ (br+b)x+ (C1 4 c2)x2 + (dy + d2)x®

Here, we knova; +a> € R, by + by € R, ¢+ € R, andd; +dy € R, sou+v € Ps.
Thus, the first axiom is satisfied.

(S2) VaeR:VveP;:avePs.

av = (aag)+ (abg)x+ (acy)x? + (ad)x®) + (aaz) 4 (abz)x+ (ac2)x? + (adg)x)
Here, we knownay € R, ab; € R, ac, € R, andad; € R, soav € Ps.
Thus, the second, and final, axiom is satisfied.
Because it satisifies both axioms of being a subsp&gas,a subspace d&[x], and is thus a vector space by itself.

2. For the vector spacesRlefined above, do the following.

(a.) Find a basis for B.

To do this, we must first guess at a basisPgrand then prove that it is, in fact, a basis. Let us first consider the
arbitrary polynomiali = a+ bx+ cx? 4 dx® € Ps, and the arbitrary vector

a
b 4
c | € R*.
d
We know the elementary vectors
1 0 0 0
|0 |1 10 10
el - 0 7e2 - 0 7e3 - 1 7e4 - O
0 0 0 1



form a basis foiR*, so we might guess that the corresponding polynon{ialg, x?,x3} form a basis foPs. The four
polynomials are certainly containedig, so we must show they are linearly independent and span the space.

(Linearly Independence.)
Suppose a linear combination of the four polynomials is equal to the zero polynomial,
€11+ Cox+ C3X2 + Cax® = Op;.

Then we know the coefficients must all be zeog:= ¢, = ¢c3 = ¢4 = 0, and thus by definition the polynomials are
linearly independent.

(SpanPs.)

Suppose we have an arbitrary polynomiat a+ bx+ cx? + dx® € P3. We want to show we can writeas a linear
combination of the four polynomials:

U = 11+ CoX+ Cax2 + CaC,

but this is trivial to see if be pick; = a, ¢, = b, c3 = ¢, ¢4 = d. Thus, by definition, the polynomials spBa
Therefore{1,x,x?,x%} is a basis foPs.

(b.) Give the dimension ofsP

We have found a basis fé#;, and the dimension of a vector space is the number of elements in its basis, so the
dimension ofP; is 4.

3. Find a basis for the right null space of the matrix

1
A= 1 .
2

We are just trying to solve the equatiéest= 0, so we can set up the augmented coefficient matrix

(S N
N P
RN

1 3 1 2|0
1 4 1 1(0
2 1 2 1|0
and reduce it to row echelon form
{1 31 2 O'|
0 1 0 -1(01.
[O 0 0 -8 OJ
The, back substitution gives us the answer
X A -1
y | 0 _ 0
2|~ z |74 1
w 0 0
Thus, the basis for the null spak¢A) is
-1
0
1
0



4. Consider the vector spad@® of four-dimensional vectors, and the two vectors,

o

and

RPN R
RO

(a.) Show these two vectors are linearly independent.

To show the vectors are linearly independent, we put them into a matrix

RPN R R
R ORr o

and we reduce it to row echelon forr

0
1
0
0

[oNeNel

Because there is a pivot in ever column, we know that if we saleed b, there would be no free variables, and thus
the only solution would be the zero vector. This means the only linear combination of these two vectors that yields the
zero vector is the combination with zeros for both coefficients. Thus, the vectors are linearly independent.

(b.) Extend these two vectors to a basis Rr.

To extend these vectors to a basis, we first extend them to a set thatRpaarsd then pare this set down to a
linearly indpenedent set. Because we know the elementary vectors mentioned in problem 2(a) formakésisefor
know the two vectors above plus the elementary vectors Bpamhus, we put them all into a matrix

1 01 000
110100
2 00010
11 00 0 1
and reduce it to row echelon form
1 0 1 0O 0O
0O -2 -2 0 10
0O 0 -1 1 0O
0O O 0O -1 0 1

Because there are pivot elements in the first four columns, we know the first four columns of the original matrix are
linearly independent and form a basis Rf.
Therefore, the set of four vectors

RN BR e
HC:HO
OC;OH
OC;HO

is an extension of the two original vectors to a basisRbr



