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Abstract

Given a vector space basis with integral domain coefficients,
a variant of the Gram-Schmidt process produces an orthog-
onal basis using exact divisions, so that all arithmetic is
within the integral domain. Zero-division is avoided by the
assumption that in the domain a sum of squares of nonzero
elements is always nonzero. In this paper we fully develop
this method and use it to illustrate and compare a vari-
ety of means for implementing generic algorithms. Previous
generic programming methods have been limited to one of
compile-time, link-time, or run-time instantiation of type
parameters, such as the integral domain of this algorithm,
but we show how to express generic algorithms in C++ so
that all three possibilities are available using a single source
code. Finally, we take advantage of the genericness to test
and time the algorithm using different arithmetics, including
three huge-integer arithmetic packages.

1 Introduction

Given a basis B = {b1, . . . , bn} for Rn the Gram-Schmidt
orthogonalization process, as described in e.g. [3], computes
an orthogonal basis B∗ = {b∗1, . . . , b

∗
n} for Rn such that

〈

b∗i , b∗j
〉

= 0 for 1 ≤ j < i ≤ n using the ordinary inner
product. For simplicity, we shall restrict ourselves to n-
dimensional spaces; all our algorithms are easily transferred
to work on lower-dimensional subspaces. In [9], statement
following proof of (1.28) on p. 523, the authors hint at a
method for computing B∗ from B using exact division in
the case where B spans a subspace of Dn. The domain D is
an integral domain with the added property that

∑

i
x2

i 6= 0
when xi 6= 0. This additional property guarantees that no
division by zero occurs in any of the exact divisions. In this
paper we fully develop this method.

Examples of such domains, which have great importance
in the symbolic context, are the ring of polynomials over
the integers. If the Gram-Schmidt process were performed
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without exact division on bases with such parametric en-
tries, reductions by polynomial GCD computations would
be performed on the intermediate rational function entries.
Exact divisions can avoid the costly GCD computations, as
in the more classical examples by Bareiss for Gaussian elimi-
nation [1] and by Brown and Traub in the subresultant PRS
algorithm [7].

We also consider how the exact-division Gram-Schmidt
orthogonalization can be programmed generically with dif-
ferent techniques of instantiation of the integral domain.
These techniques can be briefly characterized as compile-
time, run-time, or link-time instantiation.

Compile-time instantiation uses a programming language
feature such as templates (in C++) or generic units (in
Ada). Different instances of an algorithm produce sep-
arate copies of the code in the executable, each tai-
lored to the particular instance. This is the method
used exclusively in the C++ Standard Template Li-
brary [12, 11]. Since functions can be inlined and op-
timized, compile-time instantiation generally produces
the fastest code but has the disadvantages of requir-
ing recompilation of the full code for any changes and
produces “code bloat” from the repetition of the code
when more than one instance is required.

Run-time instantiation uses the more traditional method of
passing pointers to functions; by varying the pointers
at run time, different instances of an algorithm are in-
voked at different times. The indirection and func-
tion calling make run-time instantiation slower than
compile-time methods, but avoid code bloat and re-
quire fewer full recompilations.

Link-time instantiation is a compromise between the other
methods. An algorithm is written in terms of external
functions and a particular set of functions is supplied
using a separate compilation unit at link time. This
method restricts an executable to having only a single
instance of a generic algorithm, and the resulting code
is potentially slower than compile-time instantiations
since no inlining is possible. On the other hand the code
is faster than with run-time instantiation because there
is no run-time indirection in function calling. A simi-
lar approach was taken by Austin Lobo in his generic
implementation of the block Wiedemann algorithm [6].

To the best of our knowledge, all previous discussions of
generic programming have considered these methods mutu-
ally exclusive. In this paper we show how to combine them,
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by expressing our Gram-Schmidt algorithm as a single C++

template that can be instantiated at compile time, link time,
or run time.

We tested our exact-division Gram-Schmidt algorithm
and our generic programming methods using several types
of arithmetic. We discuss the details of creating different
instances of the algorithm with these different arithmetics
in section 4. Section 5 then gives some timing results for the
different instances and instantiation methods with two C++

compilers.

2 Preliminaries

We assume a basis B = {b1, . . . , bn} with bi ∈ Dn for 1 ≤ i ≤
n and will find its Gram-Schmidt basis B∗ = {b∗1, . . . , b

∗
n}

with b∗i ∈ Dn for 1 ≤ i ≤ n.
We first define a few quantities. If we set Bl :=

(b1, . . . , bl) ∈ Dn×l we can set, for 0 ≤ l ≤ n,

dl := det(BT
l Bl) = det

(

〈bi , bj〉1≤i≤l
1≤j≤l

)

(1)

We now note that d0 = 1 and if we set B∗
l := (b∗1, . . . , b

∗
l ) ∈

Dn×l we have that det(BT
l Bl) = det(B∗

l
T B∗

l ), and thus

dl =

l
∏

j=1

‖b∗j‖
2

2
for 0 ≤ l ≤ n. (2)

It is convenient to use the last observation to define βi :=
‖b∗i ‖

2
2 = 〈b∗i , b∗i 〉 and thus

βi =
di

di−1
for 1 ≤ i ≤ n. (3)

By the Gram-Schmidt process and (3) we have that

b∗i = bi −

i−1
∑

j=1

µi,jb
∗
j for 1 ≤ i ≤ n, (4)

µi,j =

〈

bi , b∗j
〉

〈

b∗j , b∗j
〉 =

〈

bi , b∗j
〉

βj

for 1 ≤ j < i ≤ n. (5)

We can now state the first of two lemmas (proofs of our
lemmas are in appendix A):

Lemma 1. Let dl be as in (1), b∗i be as in (4) and µi,j as
in (5); we then have

di−1b
∗
i ∈ D

n
for 1 ≤ i ≤ n, (6)

dl(bi −

l
∑

j=1

µi,jb
∗
j ) ∈ D

n
for 1 ≤ l < i ≤ n, (7)

djµi,j ∈ D for 1 ≤ j < i ≤ n. (8)

We now note that for 1 ≤ i ≤ n

βi =

〈

bi −

i−1
∑

j=1

µi,jb
∗
j , bi −

i−1
∑

j=1

µi,jb
∗
j

〉

= 〈bi , bi〉 −

i−1
∑

j=1

µ2
i,jβj , (9)

and that for 1 ≤ j < i ≤ n

µi,j =

〈

bi , bj −
∑j−1

k=1 µj,kb∗k

〉

βj

=
〈bi , bj〉 −

∑j−1
k=1 µj,kµi,kβk

βj

, (10)

which allows us to state the second lemma:

Lemma 2. Let dl be as in (1), b∗i be as in (4) and µi,j as
in (5); we then have

dl

l
∑

k=1

µj,kµi,kβk ∈ D for 1 ≤ l < j < i ≤ n, (11)

dl

l
∑

k=1

µ2
i,kβk ∈ D for 1 ≤ l < i ≤ n. (12)

3 The Algorithm

We are now able to state our algorithm:

Algorithm 1. Let B = {b1, . . . , bn} form a basis for
QF(D)n, where QF(D) is the field of quotients of D. The
following algorithm computes:

• The dk’s of (1).

• Vectors b̃1, . . . , b̃n such that b̃i = di−1b
∗
i for 1 ≤ i ≤ n,

with b∗i as in (4).

• The values µ̃i,j = djµi,j with µi,j as in (5).

d0 ← 1
for i← 1, . . . , n

for j ← 1, . . . , i− 1
Loop 1: σ ← 0

for l← 1, . . . , j − 1

σ ←
dlσ + µ̃i,lµ̃j,l

dl−1

µ̃i,j ← dj−1〈bi , bj〉 − σ
Loop 2: σ ← 0

for l← 1, . . . , i− 1

σ ←
dlσ + µ̃2

i,l

dl−1

di ← di−1〈bi , bi〉 − σ
µ̃i,i ← di

Loop 3: a← d1bi − µ̃i,1b1

for l← 1, . . . , i− 2

a←
dl+1a− µ̃i,l+1b̃l+1

dl

b̃i ← a

b̃1 ← b1

A proof of the algorithm is to be found in appendix A.

4 A Generic C++ Implementation

Our C++ implementation of the preceding algorithm, which
can be seen in appendix B, is generic in IDE, the integral
domain element type. The algorithm itself is a C++ template
function in IDE taking matrices of IDE as parameters. The
template function is written using the normal C++ arith-
metic operators, e.g., the product of two IDE variables a
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and b is denoted a ∗ b. This requires the IDE type to have
the overloaded C++ assignment, addition, subtraction, mul-
tiplication and division operators defined on it

We designed our implementation so it could use any of
the three instantiation strategies discussed earlier, compile-
time, run-time and link-time. This was achieved by adding a
“function-wrapper” around the underlying arithmetic func-
tions, to provide a consistent interface, and by use of
compile-time directives.

Add

Assign

Sub

Mul

Div generic_div()

generic_mul()

generic_sub()

generic_add()

generic_assign()

generic_construct()

generic_destruct()

Construct

Destruct

Poly

null

double

GMP

I

LIP
IDE<>

void* _data;

IDE()
~IDE()
operator=()
operator+()
operator-()
operator*()
operator/()

Matrix<>

Vector<>

Figure 1: An overview of the C++ implementation.

Figure 1 shows an overview of our implementation. The
underlying arithmetic is wrapped in the “generic ” func-
tions to establish a consistent calling convention based on
void pointers. If we are compiling for compile-time instanti-
ation the bodies of the generic functions are included in the
source, otherwise they are compiled separately and linked in.

We then create function objects (see [12]) for the generic
functions and use them to instantiate the arithmetic type
IDE, which in turn provides the required overloaded opera-
tors. The creation of these function objects takes place at
run time in the case of run-time instantiation, but at compile
time in the case of compile-time or link-time instantiation.

In appendix C we show the C++ code required for the
addition function and two underlying implementations of it
when using our strategy. The C++ code makes heavy use
of compile-time directives to select the instantiation type.
There are two function wrappers, gmp add and lip add, the
source code for which is included if compile-time instanti-
ation is required. One of the two wrappers is selected for
use through renaming. We define a type Add, which is a
pointer-to-function object in the case of run-time instanti-
ation, but a derived ternary-function object otherwise. We
finally define the IDE class, which has a member of the Add
type that it uses for the addition operation.

To use the C++ algorithm, we instantiate simple Vector
and Matrix classes with the IDE type. The template func-
tion for our algorithm, as mentioned earlier, accepts these
matrices as parameters.

The implementation leaves many factors up to the un-
derlying arithmetic, such as handling division by zero. The
algorithm as presented in appendix B differs from our pre-
sentation in section 3 in a few minor ways. For instance
the vectors and matrices are initialized to zero by default,
and the a vector has been removed for the sake of efficiency.
There are some additional differences due to the current lack
of support for matrices in C++, such as having indices start
at zero, but these should be clear from context.

5 Timing Results

We instantiated the C++ implementation with several arith-
metics, in order to see what effects the instantiation strat-
egy would have on the resulting running time. We chose
three of the most popular freely-available long-integer arith-
metic packages and two simple arithmetics for our trials.
The long-integer packages were: Lenstra’s LIP package [8],
GNU’s GMP package [4], and the I arithmetic of the LiDIA
project [10]. The simple arithmetics were normal C++ double
floating-point arithmetic, and null arithmetic, which only
counts the number of calls to each operation.

We compiled the long-integer packages using GNU’s
gcc 2.7 C compiler, using full architecture-specific optimiza-
tions. We compiled the simple arithmetics and other code
using the Apogee apCC 3.0 C++ compiler on SUNs, and the
IBM xlC C++ compiler on the IBM. The C++ code was com-
piled for each architecture platform with full architecture-
specific optimization and inlining turned on.

Operation apCC xlC
Constructions 3244359 6401509
Destructions 3163053 6320203
Assignments 753877 3911027
Additions 671650 671650
Subtractions 500150 500150
Multiplications 1833550 1833550
Divisions 651750 651750

Figure 2: Operation counts for optimized executables.

Figure 2 shows the results of a null-arithmetic run of
executables created by the two compilers. The figure shows
counts of the number of basic operations in a run, including
the number of IDE constructor, destructor and assignment
calls. As can be seen the apCC compiler proved far better at
preventing the unnecessary creation of temporary variables,
with only half as many IDE variables being constructed as
with xlC.

Sparc7 I LIP GMP double null
Compile 2320.2s 3007.1s 2115.9s 59.9s 1.0s
Link 2328.9s 3008.8s 2115.2s 63.6s 7.7s
Run 2334.5s 3007.5s 2115.1s 65.1s 9.5s

Sparc8 I LIP GMP double null
Compile 512.6s 980.0s 450.0s 26.3s 0.4s
Link 499.9s 979.7s 451.8s 28.8s 4.1s
Run 501.3s 986.8s 442.1s 28.4s 4.3s

POWER I LIP GMP double null
Compile 3558.2s 2883.6s 2637.0s 159.4s 4.0s
Link 3579.1s 2897.0s 2636.1s 173.2s 11.4s
Run 3545.7s 2848.6s 2620.7s 196.2s 20.1s

Figure 3: Execution times on three architectures, in seconds.

We timed the generated code on three different plat-
forms: a Sparc7 architecture SUN SparcStation 2, a Sparc8
architecture SUN SparcStation 20, and an IBM POWER ar-
chitecture IBM PowerStation 320H. The two SUNs differ in
that the earlier Sparc architecture does not support full in-
teger multiplication, only providing instructions to perform
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a multiplication in several separate steps. The inputs to the
long-integer executables were lattices from the factoring al-
gorithm of [9]. The input to the double and null executables
was a random 100× 100 matrix of single decimal digits.

The results of the timed runs can be seen in the tables
of figure 3. The times shown are averages of several indi-
vidual runs on the same input, run on the same workstation
under identical conditions. Even though direct comparison
between times on different architectures are not really mean-
ingful, the difference in relative performance between the
long-integer arithmetics is of some interest. Because of the
difficulty of obtaining accurate and repeatable timings on
multitasking workstations, the times of the longer runs are
only accurate to about 2%.

The difference between instantiation strategies can be
clearly seen with both of the simple arithmetics, double
and null. With null arithmetic compile-time instantiation
is much faster than link-time instantiation, with run-time
instantiation being the slowest as expected. This differ-
ence disappears, however, when using non-trivial arithmetic,
the slight differences there being due to timing inaccuracies.
Even when using double arithmetic, run-time instantiation
is only slightly slower than instantiating at compile time.
Since the main difference between the three instantiation
strategies is in function-call overhead, the strategies per-
form the same when using expensive arithmetic. However,
the large difference for the null arithmetic shows that this
overhead can be a critical factor in some situations.

The running times of the three long-integer arithmetics
used for instantiation varies somewhat between the three
platforms. GNU’s GMP package runs fastest overall, with
LiDIA’s I arithmetic being about 10% slower on the SUNs.
This is quite surprising, since the I arithmetic uses hand-
optimized assembly code for its basic operations on the
SUNs, but GMP is written purely in C. Lenstra’s LIP arith-
metic is the slowest of the three, which is likely due to the
fact that portability was a main goal in its implementation.
Even so it is faster than the I arithmetic on the IBMs, where
the I arithmetic has no assembly code support.

The GMP long-integer arithmetic package seems to be
overall fastest of those we tested. Even so users may want to
benchmark the available arithmetics for their particular ap-
plication, e.g. using the techniques presented in this paper,
to see which one performs best for the operations required
by it.

An early version of this paper, presented at the Dagstuhl
Computer Algebra Systems meeting, had timing results
based on optimized executables which were not optimized
for a specific architecture. Those executables were in gen-
eral about three times slower than those compiled with full
architecture-specific optimizations. Therefore, setting the
right compiler flags can be a more critical factor than se-
lecting the fastest long-integer package.

To try our algorithm on more complex integral domains
we also tried instantiating it with polynomial arithmetic.
We used the Factory C++ polynomial arithmetic of [13] and
ran the algorithm on an input of small univariate random
polynomials, with good results. Adding support for poly-
nomial arithmetic to our C++ implementation required only
the addition of new wrapper functions to make calls to the
Factory library. The inputs used in all the tests, along with
the complete source code, are available on the Internet at
URL http://www.cs.rpi.edu/~ulfar/edgs/.

6 Generic Bit Complexity Analysis

In this section we give the running time analysis in terms of
bit complexity for our algorithm of section 3. Clearly, the
algorithm performs O(n3) arithmetic operations in D. The
question to be answered is whether the lengths of operands
remain bounded by some (possibly polynomial) function in
the lengths of the entries in bi and the dimension n. As
the precise implementation of arithmetic in D is unknown,
several considerations are in order.

Canonical representation: As an example, suppose that D =
Q, the rational numbers and that the entries in bi are
integers on input. In a non-canonical model for Q each
intermediate rational number is a pair of integers. No
reduction to lowest terms is performed and instead in
the computation of σ in loop 1, for example, the denom-
inator of dlσ + µ̃i,lµ̃j,l is multiplied by dl−1. In other
words, no division is actually performed. A famous
phenomenon, first described by [7], p. 414, eq. (27) for
the polynomial GCD algorithm, occurs: the bit lengths
of the intermediate numerators and denominators grow
exponentially in n. Such immense size growth can-
not occur when the rationals are reduced to relatively
prime numerators and denominators. In fact, even in
the polynomial GCD algorithm one obtains polynomial
time bit complexity. We must therefore assume that
the representation of any element in D is independent
of how it is computed.

Bounded size growth: Under the canonical representation
assumption for each element x ∈ D there is a unique
bit-size `(x) designating the storage requirements of x
in the given model of arithmetic. It is, however, not
sufficient to assume that the size of the result of each
arithmetic operation is polynomially bounded by the
combined size of the operands. Take, for example, as
the computational arithmetic model for multivariate
polynomials the sparse representation with respect to
the power basis. Size growth for multiplication is then
quadratic but even high powers of sparse polynomials
can have exponential size, for instance (x1 + · · ·+xn)n.
For integer entries, the standard arithmetic operations
have linear size growth and as we will see below this
would be generically a sufficient assumption for ob-
taining polynomial bit complexity. Many useful do-
mains, however, have superlinear growth for multipli-
cation. An example is Z[x]. The product of two de-
gree d polynomials whose coefficients are integers with
s bits, thus size O(ds), may have size Θ(ds log d). Fur-
thermore, our generic analysis should let us distinguish
between growth in multiplication/division and growth
in addition/subtraction.

Efficient arithmetic: Clearly, each individual arithmetic op-
eration must be efficient is some sense, say polynomial-
time. One may consider efficiency in relation to the bit
size of the answer. We observe that exact division can
produce super-polynomially sized results. An example
is again the sparse multivariate model and the divi-

sion
∏n

i=1(x
n
i − 1)

/

∏n

i=1(xi− 1). Both operands have

2n terms while the quotient has nn terms. Although
we consider output-sensitive analysis somewhat unnat-
ural, the formulation of our analysis can account for
such cases.
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We follow the approach of [5] and estimate the degrees
and coefficients when the algorithm is performed on sym-
bolic inputs. To make our estimates, we use 1-norms of
multivariate polynomials over Z, which for a given polyno-
mial are defined as the sum of the absolute values of its
integral coefficients. For all f, g ∈ Z[y1, . . . , yk] we have the
useful properties

‖fg‖1 ≤ ‖f‖1‖g‖1 and ‖f + g‖1 ≤ ‖f‖1 + ‖g‖1.

Theorem 1. Let X = (x1,1, . . . , xn,n) and suppose that the
j-th coordinate of bi is set to xi,j . Then if the algorithm is
executed over the domain D = Z[X], for any result τ that is
assigned to a variable we have

degX(τ) ≤ 2n and ‖τ‖1 ≤ 2n2n. (13)

A proof is given in appendix A. We note that the esti-
mates are quite crude and can be improved using Hadamard-
like inequalities on the symbolic determinants. Our main
point is that this theorem captures the bit complexity for
most any model of arithmetic. For instance, if the inputs
are integers bounded in absolute value by M , then any inter-
mediately assigned value has no more than O(n(lg n+lg M))
bits.

Appendix

A Proofs

Proof of Lemma 1. To prove (6), following [9] we write b∗i =

bi−
∑i−1

j=1 λi,jbj and take the inner product of both sides with

bk where 1 ≤ k < i ≤ n. Since 〈b∗i , bk〉 = 0 we have

〈bi , bk〉 =

i−1
∑

j=1

λi,j〈bj , bk〉,

which is a linear system of i−1 equations with λi,1, . . . , λi,i−1

as the unknowns. Solving this system by Cramer’s rule gives
us det(BT

i−1Bi−1)λi,j ∈ D for 1 ≤ j < i or by (1) di−1λi,j ∈
D, thus (6).

The proof of (7) follows similarly to (6). We write

bi −
l
∑

j=1

µi,jb
∗
j = bi −

l
∑

j=1

κ
(l)
i,jbj (14)

and observe that b1, . . . , bl are orthogonal to this partial pro-
jection of bi. In particular, we obtain

dlκ
(l)
i,j ∈ D. (15)

To prove (8) we use (1), (5) and (6) and write

djµi,j = dj

〈

bi , b∗j
〉

βj

= dj−1

〈

bi , b∗j
〉

=
〈

bi , dj−1b
∗
j

〉

∈ D,

which concludes the proof.

Proof of Lemma 2. To prove (11) we make use of (1), (14),
and (15) and get that

dl

l
∑

k=1

µj,kµi,kβk =

〈

bi , dl

l
∑

k=1

µj,kb∗k

〉

=

〈

bi , dl

l
∑

k=1

κ
(l)
j,kbk

〉

∈ D.

To prove (12) we consider the basis

B′ = {b1, . . . , bl, bi, bl+2, . . . , bi−1, bl+1, bi+1, . . . , bn},

for 1 ≤ l < i ≤ n, which we form from the basis B by
swapping the vectors bi and bl+1. We note that d′

l = dl,
µ′

l+1,j = µi,j and β′
j = βj for 1 ≤ j ≤ l. We then have,

using (9) that

dl

l
∑

k=1

µ2
i,kβk = dl

l
∑

k=1

(µ′
l+1,k)2β′

k

= dl(β
′
l+1 −

〈

b′l+1 , b′l+1

〉

) ∈ D,

since dlβ
′
l+1 = d′

lβ
′
l+1 ∈ D.

Proof of The Algorithm. Let σ
(l)
i,j denote the value of (11) or

the variable σ after loop 1 has been executed for the control

variable value l. We have that σ
(1)
i,j = µ̃i,1µ̃j,1 = d1µi,1µj,1β1

and since

σ
(l)
i,j =

dlσ
(l−1)
i,j + µ̃i,lµ̃j,l

dl−1

= βl(σ
(l−1)
i,j + dlµi,lµj,l) = dl

l
∑

k=1

µi,kµj,kβk

we have by (10) and (11) that µ̃i,j =, and thus

µ̃i,j = djµi,j = dj−1(〈bi , bj〉 −

j−1
∑

l=1

µi,lµj,lβl)

= dj−1〈bi , bj〉 − σ
(j−1)
i,j .

Let σ
(l)
i denote the value of (12) or the variable σ after

iteration l of loop 2. We have that σ
(1)
i = µ̃2

i,1 = µ2
i,1β1 and

since

σ
(l)
i =

dlσ
(l−1)
i + µ̃2

i,l

dl−1
= βl(σ

(l−1)
i + dlµ

2
i,l) = dl

l
∑

k=1

µ2
i,kβk,

we have by (9) and (12) that di = di−1βi, and thus

di = di−1(〈bi , bi〉 −

i−1
∑

l=1

µ2
i,lβl) = di−1〈bi , bi〉 − σ

(i−1)
i .

Let a
(l)
i denote the value of the variable a before loop 3

has been executed for the control variable value l, which
corresponds to the value (7). We note that by (7) and (4)

we assign the correct value to b̃2 and a
(1)
i corresponds to

(11) for l = 1. If we assume that a
(l−1)
i and b̃l−1 are already

computed correspondingly, we have that

a
(l)
i = dl

(

bi −
l
∑

k=1

µi,kb∗k

)

= dl

(

a
(l−1)
i

dl−1
− µi,lb

∗
l

)

(16)

=
dla

(l−1)
i − µ̃i,lb̃l

dl−1
(17)

and therefore that b̃i = a
(i−1)
i is correctly assigned.
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Proof of Theorem 1. From (1) we see that

degX(dk) ≤ 2k and ‖dk‖1 ≤ k!nk ≤ n2k.

[A sharper Hadamard-like estimate is possible; see [2] and

[7], §4.6.2, Exercise 21(a).] Let κ̃
(l)
i,j = dlκ

(l)
i,j for κ

(l)
i,j as

defined in the proof of Lemma 1, now computed with generic
initial entries. By Cramer’s rule we obtain from

〈bi , bk〉 =
l
∑

j=1

κ
(l)
i,j〈bj , bk〉, 1 ≤ k ≤ l

the determinantal estimates

degX(κ̃
(l)
i,j) ≤ 2l and ‖κ

(l)
i,j‖1 ≤ n2l.

Similarly, using the above notation, we also have

σ
(l)
i,j = dl

l
∑

k=1

µi,kµj,kβk =

〈

bi ,

l
∑

k=1

dlκ
(l)
i,kbk

〉

,

hence

degX(σ
(l)
i,j) ≤ 2l + 2 and ‖σ

(l)
i,j‖1 ≤ n2l+1.

From these, we obtain easily

degX(µ̃i,j) ≤ 2j and ‖µ̃i,j‖1 ≤ 2n2j−1.

Furthermore,

σ
(l)
i = dl

l
∑

k=1

µ2
i,kβk

= dl(β
′
l+1 −

〈

b′l+1 , b′l+1

〉

)

= d′
l+1 − dl

〈

b′l+1 , b′l+1

〉

thus (estimating crudely)

degX(σ
(l)
i ) ≤ 2l + 2 and ‖σ

(l)
i ‖1 ≤ 2n2l+2.

The intermediate values of a defined above can be expressed
by (14) and (17) as

a
(l)
i = dl

(

bi −

l
∑

k=1

κ
(l)
k,jbk

)

and therefore

deg(a
(l)
i ) ≤ 2l + 1 and ‖a

(l)
i ‖1 ≤ 2n2l.

Here the degree (norm) of a vector is the maximum degree
(norm) of its entries.

B The C++ Algorithm

Following is the C++ code for our algorithm.

template <class IDE>
IDE dot product( Matrix<IDE>& A, size type i,

Matrix<IDE>& B, size type j )
{

IDE dp = IDE(0);
for( int k = 0; k < A.rows(); k++ )

dp += A[k ][i ]∗B [k ][j ];
return dp;

}

template <class IDE>
void edgs( Matrix<IDE>& B,

Matrix<IDE>& Bt,
Matrix<IDE>& Mt )

{
int m = B.rows();
int n = B.cols();
Vector<IDE> d( n+1 );
IDE s;
Bt = Matrix<IDE>( m, n );
Mt = Matrix<IDE>( n, n );

d [0] = IDE(1);
for( int i = 0; i < n; i++ )
{

for( int j = 0; j <= i−1; j++ )
{

s = IDE(0); // Loop 1
for( int l = 0; l <= j−1; l++ )

s = (d [l+1]∗s + Mt [i ][l ]∗Mt [j ][l ])/d [l ];
Mt [i ][j ] = d [j ]∗dot product(B,i,B,j ) − s;

}

s = IDE(0); // Loop 2
for( int l = 0; l <= i−1; l++ )

s = (d [l+1]∗s + Mt [i ][l ]∗Mt [i ][l ])/d [l ];
d [i+1] = d [i ]∗dot product(B,i,B,i) − s;

Mt [i ][i ] = d [i+1];

for( j = 0; j < n; j++ ) // Loop 3
Bt [j ][i ] = d [1]∗B [j ][i ] − Mt [i ][0]∗B [j ][0];

for( l = 0; l <= i−2; l++ )
for( j = 0; j < n; j++ )

Bt [j ][i ] = (d [l+2]∗Bt [j ][i ]
−Mt [i ][l+1]∗Bt [j ][l+1])/d [l+1];

}
for( i = 0; i < n; i++ )

Bt [i ][0] = B [i ][0];
}

C Implementation Details

In this appendix we step through some of those parts of our
C++ implementation which allow us to provide compile-time,
link-time and run-time genericness in one C++ program.

#ifdef COMPILE TIME GENERIC
void
gmp add( void∗& dest,

const void∗ src1, const void∗ src2 )
{

mpz add( (MP INT∗) dest,
(MP INT∗) src1, (MP INT∗) src2 );

}
...
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void
lip add( void∗& dest,

const void∗ src1, const void∗ src2 )
{

zadd( (verylong) src1,
(verylong) src2, (verylong∗) &dest );

}
...
#else /∗ LINK or RUN TIME ∗/
void
gmp add( void∗& dest,

const void∗ src1, const void∗ src2 );
void
lip add( void∗& dest,

const void∗ src1, const void∗ src2 );
...
#endif /∗ COMPILE TIME ∗/

The above code defines two wrapper functions for addi-
tion, one using GMP and the other LIP. Both functions are
made to take the same parameters, i.e., have the same call
interface, by using void pointers. If compile-time genericness
is desired we provide the implementation of these functions,
otherwise we just give prototypes to be resolved at link-time.

#ifdef COMPILE TIME GENERIC
#ifdef GMP
#define generic add gmp add
#endif
#ifdef LIP
#define generic add lip add
#endif

...
#endif /∗ COMPILE TIME ∗/

If compile-time genericness is required, we above select a
particular arithmetic by renaming its wrapper functions to
have the generic prefix.

#ifdef RUN TIME GENERIC
typedef pointer to ternary void function

<void∗&,const void∗,const void∗>
Add ;

...
#else /∗ COMPILE or LINK TIME ∗/
struct Add : public ternary function

<void∗&,const void∗,const void∗,void>
{

void
operator()( void∗& dest,

const void∗ src1,
const void∗ src2 ) const

{
generic add( dest, src1, src2 );

}
};
...
#endif /∗ RUN TIME ∗/

Above we wrap the generic arithmetic functions into
function objects, with one object per operation. If run-time
genericness is desired we have these be pointer-to-function
objects, which allows us to change the pointers at run time.
If, however, we want compile-time or link-time genericness,
these objects are just another layer of wrapping, which will
be resolved into direct function calls by the compiler.

Below we finally define the IDE class which gets instanti-
ated with the function objects defined above. These objects
are static members of the IDE class, and therefore neither
consume any extra space per IDE variable, nor do they slow
down copying of IDE objects. Each IDE instance has a void
pointer to its data, and uses the function objects to perform
operations on them.

template<. . . ,class Add,. . . >
class IDE
{

protected:
void∗ data;
static Add add ;
...

public:
...
ide type
operator+( const ide type& h ) const
{

ide type t ;
add( t. data, data, h. data );

return t ;
}
...

};

Acknowledgment: Imin Chen, then an undergraduate
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