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1. Intro duction

An algorithm is presetted that allowsto decompsean algebraiccurve with rational coez-
cierts into its irreducible real factors. A real algebraiccoezxcient of a factor is represered
by its de ning minimal integral polynomial as well as by a rational interval suc that the
only real root of this minimal polynomial within the given interval is that real coexcient.
Our algorithm runs in time polynomial in the degreeand the coezxcient sizeof the rational
bivariate polynomial de ning the curve. As a corollary we get, for example,that the problem
of decidingwhether a multiv ariate polynomial factors over the realsis in polynomial-time.

From our represemation of the irreducible real factorsonecan, for instance, nd arbitrar-
ily precise®oating point approximations of their coexcients, or onecan by Seidemerg's[20]
algorithm determine whether there are real points that lie on the curvesde ned by these
factors. Our algorithm canalsobe usedasa sizereduction tool in any of the algorithms for
deciding the theory of real closed elds, e.g., Collins's cylindrical algebraic decompsition
method (see[1]) very much in the sameway as polynomial factorization over the ground
“eld can be usedto fork the reductionsin a Grébner basiscompletion.

The problem of nding the irreducible real factors of a curve is clearly a problem in
the existertial theory over the reals. Howewer, the number of unknown real variables, the
coezxcients of the factors, grows with the degreeof the polynomial. The existertial theory
over the realsis easily shavn NP-complete and henceany of the generalalgorithms, sud
as Canry's [2] P-spacesolution or Renegar's[18] excient method, have running time expo-
nertial in the number of variables. Therefore, sud algorithms do not solve our problemin
polynomial-time.

Our polynomial-time solution relies on the theory of factoring polynomials over the
complexnumbers. One key result in this theory is that onecan represen all the absolutely
irreducible factors over small distinct extension elds of the coexcient eld, ewen though
their least common super eld would in the worst casehave exponertial extensiondegree
(seex2). Therefore, one can comparethe factors pairwise by only squaring the degreesof
the extensions. In particular, the coezcients of the complex norm of these factors|whic h
are the real factors|will not lie in asymptotically higher degreeextensions.

Asin any of the algorithms dealingwith algebraicreal numbers,wewill combine algebraic
“eld theory with high precision numerical approximation techniques. In order to compute
separatingintervals, we needto bound the minimum distancebetweencertain algebraicreals
from below. In particular, for non-real complex numberswe needto bound their imaginary
part away from zero. For all problems of separation we will get bounds that require to
work with a maximal precisionthat is polynomial in the degreeand the binary length of the
coezcients of the input polynomial.

Our methods generalizeto curveswith totally real algebraic coexcients. We also can
factor implicitly given surfacesover the reals, since our methods work in polynomial-time
for any xed dimension. Howeer, for simplicity's sake we shall treat herethe caseof curves
with rational coexcients only.

We will alsobrie®y describe how one can test whether an irreducible real factor in our
output represemation cortains a real point. The irreducible factors with real points de ne
all irreducible componerts of the input curve. The method we useis essetially Seideterg's
[20]. and it turns out that this adaptation is also polynomial-time in the input parameters.
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Notation. By Z, Q, R, and C we denotethe set of integers,rational, real, and complex
numbers, respectively. The symbols' , A, and A will be usedto denoteminimal polynomials
over Q, the symbols 3, “, », and # will be usedto denotecomplexalgebraicnumbers. <(3)
and =(8) denotethe real ang imaginary part of 3, respectively, and 3" denotesthe complex
conjugateof3, 3% = <(3)j i 1=(3). Furthermore, € £, etc., will denotecomplex oating
point approximations of the algebraicnumbers3, #. The symbols ", "», etc., denotesmall
guartities, usually a guararteed precisionof an approximation. Finally, we usethe symbols
:= and =: to de ne new mathematical objects (the new quartities being on the side of the
colon), and we usethe symbols A and! asassignmen operatorsin program code.

2. Factoring over the Complex Num bers

The procedurewe will give below is an adaptation of the algorithm preserted in [10]. Since
we are interestedin a polynomial-time solution, the input polynomial can be assumedo be
irreducible, for otherwisewe factor it over the coexcient eld by any of the polynomial-time
methods. In addition, the input polynomial can be assumedmonic in one of the variables
and squarefreewhen ewvaluating the other variable at zero, which can be enforcedby the
simple isomorphictransformation

f(x;y) ;= bf (x;ax+ y+¢); a;b;c2 K;b6 0;

wherea is chosensud that deg (f) = degf’) [11], and ¢ not a root (as a polynomial in y)
of the resultart [10, x2]

Res (f (x; ax + y); (@@)f (x;ax + y)):

The correctnessof the algorithm follows from a lemma proved by seweral persons,among
them Chistov and Grigoryev [3, Lemma 1], Trager [21, x3.2], Dvornicich and Traverso|[7],
and the author [10, Theorem 1].

Lemma 1. Let f(x;y) 2 K[x;y] be irreducible, monic in x, K a eld of characteristic O.
Let g(x;y) 2 K[x;y] be an absolutely irreducible factor of f . Then there exists a root ® of
f (x; 0) such that the coexcient eld of g is isomorphicto a sub eld of K(®).

This lemmaallowsto computeall absolutelyirreducible factorsof f without construction
an algebraicextensioncommonto all the factors, which in the worst casecan be of degree

deg (f)!.

Algorithm  Factorization over the Algebaic Closure

Input: f (X;y) 2 K[x;y] irreducible and monicin x, f (x; 0) squarefreeK a eld of char-
acteristic 0. Furthermore, we are given the factorization of f (x; 0) into irreducible
polynomials over K, f (x; 0) = ' 1(X) ¢¢¢ (x). Notice that this factorization can be
found in polynomial-time for the usual represemations of K.

Output: Either f will be certi ed to be absolutely irreducible; or for all 1 - i - r the
algorithm returns polynomials

fi(xy) 2 Ki[x; y] with K; := K[z]=(" i(2))
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with the following property. For any irreducible factor g(x;y) 2 K(x;y) there exists
anindexj, 1. j - r, and there exists an enmbedding §:K; ! K that Xes K suc
that f(f;) = g. Notice, howeer, that a factor g may arise as the image of sewral
fi's, even asthe image of seweral conjugatesof a singlef; (seeremark following the
algorithm).

The idea of the algorithm is to computethe appraximation of a root of f (x;y) in any Ki[[y]],

and then nd the correspnding minimal polynomial.

Setthe order of the approximation

“max A 2(deg (f)i 1)deg,(f):

Step N: Setthe initial points for the Newton iteration

_ 1

io A 2
7 (@=@) (®0:0)

Notice that (@ =@)(®.0;0) 6 0 because was assumedrreducible, thus squarefree.
We now perform Newton iteration with quadratic convergence(see[13, x3.3]).

®o0A zmod' (2) 2 K;; Ki:

\ ,
® v A ® i yf(®;y) mody?”;

H @ T
i A2 @(®;j +13Y) _121 mod y

2+,
Notice that ®;.; and ;+1 are polynomialsin K;[y] with

f(®+15y) " 0 (mody?™); T %(@;j w3y) " 1 (mody?"):
Setthe approximated root
& A ®itiog, (necrer1 Mod Y€ 2 Ki[y]:
Step L: Wenow nd the lowest degreepolynomial in K;[x; y] whoseroot is ®).

Herewe try to nd a polynomial in K;[x; y] of degreem in x that ® satis es.
Set the neededorder of approximation

“ A deg,(f)(m+ deg(f)i 1):

We examinewhether the equation

Xi 1 .
@+  ha(y)® ~ 0 (mody*);
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hasa solution for hi: (y) 2 Ki[y] with degh;: ) - deg,(f). By choosingan indeterminate
"Ansatz’ for the coexcients of h;. ,

dagy (f)
hi;l (y) = Ui+ yi; Ui+ 2 Ki;
+=0
and de ning the coexcients of ® ,
X 1 *)

.=0

we are led to the following problem.
Solwe the linear systemover the eld K;

i 1989 (F)
™ + al) s = 0 (al) = 0for° < 0) (1)
1=0 +=0
forO- , - "in the variablesujs. , 0- * - mj 1,0- - deg,(f). Notice that if the

system(1) hasa solution in Kj, then that solution is unique (see[9, Theorem 1]). If the
systemhas a solution, then set

i 198 (1)
fi(y) A x™+ Uirs VX
120 =0

and exit the loop. If the systemhasno solutionandi = 1 and m = deg/(f) i 1, then
designatef absolutelyirreducible and exit the algorithm. o

The algorithm is subject to seeral improvemeris. For one, one can conbine stepsN
and L sothat one computes®, incremerally to the order = neededfor the m considered.
Furthermore, the systems(1) are not independen for di®eren m, and thereforethe trian-
gularizations can be incremenally computed.

We shall brie°y discusshow one can algebraically prove two factors f; and f;, i 6 j,
to be the same. Necessarily the term structure of thesefactors hasto agree. The factors
lie in the "elds K; := K[z;1]=(" i(z1)) and K; := K[z:]=(" j(z2)), respectively. We usevan der
Waerden'smethod of computing a primitiv e elemen for a smallest common super eld of
Ki and K; [14]. Sud an elemen can be chosenof the form 3, = 3; + ¢3, with minimal
polynomial A(z,) 2 K[zo], wherec 2 K, 3; is a root of ' {(z;), and 3; is a root of ' j ().
Furthermore, both 3; and 3, are algebraically expressiblein 3, i.e., there are polynomials
w1(z0) and w,(zp) in K[zp] that with wy(3p) = 3; and w,(3p) = 35, respectively. Interpreting
fi 2 KIX;y; z1]=(" 1(z1)) and f; 2 K[X;y; z]=(" 2(z2)) we test whether

fi(xy;wi(zo0)) ~ (X y; Wa(20)) (mod A(zp)):

If the test fails, f; and f; are distinct factors of f .
We shall alsobrie®y discusshow to court the number of distinct conjugatesof f; that are
factorsof f . Let us rst giveanexample.Considerf (x;y) = x*; 2(y+ 1)? 2 Q[x;y]. Clearly,
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r=1and' 1(z) = z*j 2. Thefactorsof f over K; arex?+ 32(y+ 1) and x2j 3?(y+ 1), with
' 1(8) = 0. In other words, only two of the four conjugatesof ' (z) lead to distinct factors.
What one might want to do is nd the de ning equation of the smallestsub eld of K; that
cortains all the coexcients of f;. For the examplethis is K[v]=(v?j 2). Oneway to construct

We st nd the minimal polynomials A;j (vij) 2 K[vi;] for vij = ui(2), 1- j - t, by
computing the minimum linear dependenceover K of

1;uij (z) mod ' (2); Ui (2)2 mod ' (2); ¢ee:

Then we compute a primitiv e elemen 3, and its de ning polynomial Aq(z) for the smallest
super eld of the elds

by inductively using the van der Waerdenprocedurediscussedbefore. All conjugatesof 3,
now will generatedistinct conjugate polynomials of f;.

Both problems,that of idertifying the samefactors and that of courting the number of
distinct conjugates,require a factorization procedurefor K[z] and are therefore quite costly.
For the computation of real factors we will adopt a di®eren strategy, applicable if K is
a nite algebraicextensionof Q. We will compute a high precisioncomplex °oating point
approximation of the factors. Usinga separationlemmarfor the coexcients of distinct factors,
we then canguararteethat we have approximated distinct factorsor identi ed identical ones.

3. Separation Lemmas

In section 4 we will identify complex and real factors by computing a complex °oating
point appraximation to their coexcients. In order to decideat what precision (\fuzz") a
coezxcient can be declaredreal, or two coexcients in two factors distinct, we needso-called
separation lemmas. We will formulate these inequalities in term of certain norms of the
de ning polynomials. We shall rst de ne thesenorms.

Let
f(2) = an(zi 31) 000z 3p)
= anz" + a,; 12" 1+ ¢+ ag 2 Z[z]; 3. 2 C:
The p-normoff, 0< p- 1 ,isdenedas

p
kfkp:= " jagjP + jayjP + €CC+ ja, P

The casedhat areusedmostoftenareforp= 1;2;andp= 1 . The 1l -normoff isreferred
to asthe heigh of f ,

Clearly, kf k; - kf ky - kf kg, but we alsohave

P

kf ko - n+ 1kfk; andKkfk; - P

n+ 1kf ky:

The measureof f is de ned as

A
M(f):=ja,j max(1;j3]):

0=
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The discriminant of f is
3

Y 1 @’
Disc(f ) := a2"i 2 (3:j %)2= —Resf;—
Lo an @

which is always an integer.

The rst lemmais a root separationlemmafor polynomialswith integercoezcients, and
is dueto Mignotte [16]basedon inequalitiesby Landau[12]and Mahler [15]. Independerily,
a similar inequality for Gaussianpolynomials was proven by Collins and Horowitz [6].

Lemma 2. Letn, 2andletf(z) = a,(zj 31) ¢C&z; 2,) 2 Z[z] be squarefree?. 2 C for
1- °- n. ThenM(f) - kfk, and

P 3jDisc(f )]

n(n+2) =2\ (f )ni 1
P3

> n(n+2) =2)f kgi 1

81 6 0:f3, i %>

= "1(n;kfky): £

In section4 we will needto distinguish real from complexroots. Sincethe complexroots
of an integer polynomial lie symmetric about the real axis, we get the following corollary.

Corollary 1. Let n, f, and 3. be asin lemma2. Furthermore, let <(3.) be the real and
=(%.) bethe imaginary part of 3., 1- ° - n. Then

0:2(%) 6 05) =) > S M) £

The precedinglemmaallows usto determineroot isolationsfor f , which will be a crucial
tool for our algorithm. Considerappraximations & to 3. givenascomplexrational numbers,
perhapsin °oating point format

mantissag 2eXPnent
Sud approximations are said to isolate the roots of f (z) if

8°:j% i ®j<"o; where" - Engipfj 3, | 3 j=4g:

The precision" is chosensud that a circle of radius " around eat appraximate root &
contains exactly one of the actual roots of f. Furthermore, the distance betweenthe ap-
proximations is larger than 2",. Now the separationlemma allows us to terminate a root
appraximation algorithm assoon as"y - "1=4. We alsoremark that sud root approxima-
tions can be computed quite exciently. E.g., one of Shénhage'sprocedures[19] has bit
complexity

O(n3log(kf ki ="0)3):

Older algorithms basedon the Caudy principle of argumert and the Routh-Hurwitz theo-
rem [17], [23], or real root appraximation [5] also have polynomial running time.
We nally give a separationlemmafor the roots of relatively prime polynomials.
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Lemma 3. Let

f(2) = an(zi %1) 6Kz 3n) 2 Z[z];
9(2) = bn(zi ") &z "m) 2 Z[z]; 3%;"22C

be two squarefreeyelatively prime polynomials. Then

801 0 | 1j. "n+m: (n¥ D(m+ Dk kokgko)
=1 "a(n; m; kf ka; kgko):

Proof. Considerh(z) := f (z) g(z). Sincef and g are squarefreeand relatively prime to one
another, h is squarefree.In order to apply lemma2 to h, we needan upper bound for khk,.
A simple argumert shows that

p
khk, - kf gky - kfkikgks - (n+ 1)(m + 1) kf Kokgko:

Hence
j% i "1 > "1(n+ m;khky)

. "in+m; (n+ 1)(m+ 1) kf kokgks): £

4. Complex Conjugation

The problem addressedn this sectionis the following. Given be an irreducible polynomial
' (z) 2 Z[z] of degreen and oneof its non-realroots 3. Let 3" beits complexconjugate. We
want to nd an algebraicnumber # and its minimal polynomial 'b(t) 2 Z[t] sud that

3= pu(#); 3= p(#); pu(t); p2At) 2 QLL:

The rationale behind this to our problem is the following. If we have found a complex
non-realfactor g(x;y;3) 2 Q(3)[x; y] of f (X;y) 2 Q[X;y], then

g(x; y;2) a(x;y:2%) 2 QHE)(x;y)

is an irreducible real factor of f (x;y).

The processof the construction of 'b and p;; p, is again basedon the determination of a
primitiv eelemen. Weknow that # = 3+ ¢3” is a primitiv e elemen for c chosenappropriately.
The polynomialsp,; p, arethen 3;3° expressedn terms of #. Howewer, oneneedsto identify
the appropriate minimal polynomial 'b for # by complex°oating point approximations. The
precisealgorithm follows.

Algorithm  ComplexConjugation

Input: Given is an irreducible polynomial ' (z) 2 Z[z] and a complex °oating point
number € of suxcient mantissa length that isolatesa non-realroot 3 of ' .

Output: An irreducible polynomial 'b(t) 2 Z[t], polynomials pi(t); p2(t) 2 Q[t] and a
complex®oating point appraximation £ that isolatesaroot # of 'b sud that py(#) = 3
and py(#) = 3°.



Step 1. Pick an integer c and compute the resultart
3 g
Y
~ zZ+
©@) A Res ' (" (5L =a @i Cii o)
1-§j-n

where

"(2) = an(zi %) eee(z i )
(see[14]).
Step 2: Factor ©(z) over the integersand identify that irreducible factor 'b(z) which has
# .= 3 c8" asits root. For that we may have to compute 3 to higher precision than
that of € in order to separate®# A € c(®)" from all other roots of ©. Automatically, the
appraximation # will isolate a root # of the factor 'b. Notice that Q(#) is now isomorphicto
Q[t]=(b(t)).
Step 3: Compute the GCD of ' (z) and ' (t + c2) over (Q[t]=("b(t)))[z]. Clearly, for t = #,
3% js a commonroot of both polynomials. By selecting

3.

c6 “ui i 1-i-nm2 k- n
3li3k7 H H

this will be the only commonroot of the two polynomials[22, x40].
Test whether the computed GCD is a linear polynomial zj p,(t). If not, go badk to step1
and start with a new c. Otherwise,computeps(t) A t + cp(t). =©

5. Factoring over the Real Num bers

We now discusshow to factor a polynomial f (x;y) 2 Z[x; y] into its real factors. One of the
problemswe encourter is how to represen the real coetcients. A standard represemation
is the one chosenby Collins's [4] in his cylindrical algebraicdecompsition algorithm. For
a real algebraic number » one gives an irreducible integer polynomial A(v) that has» as a
root, and onegivesa rational interval that isolates» amongthe real roots of A. Our output
represemation is di®eren, but canbe easily corvertedto Collins's represetation. The main
reasonfor not performing the conversioninside the algorithm is that Seidererg's method
for testing which of the irreducible real factors hasa real point is more exciently performed
with our represemation (seex6).

Algorithm  Factorization over the Real Numlers
Input: f (x;y) 2 Z[x;y] irreducible over Q, monicin X.
Output: A list of distinct monic factors
X :
a(cy) = X Y<2RXYLE L1 1
jik
that areirreducible over R. Ead factor g, is represeted by anirreducible polynomial
i (t) 2 Z[t] together with complex °oating point number # that isolatesa root
#, 2 C of b, and by coexcient polynomials by.j.«(t) 2 Q[t] sud that

8j;k: Mk = bl;j;k(#l):



Step 1: Factor f (z;0) over Q into
f(z;0)="1(2) ¢t ,(2); "'i(2) 2 Q[z]

and then call the algorithm Factorization over the Algebraic Closure of Section 2. The
algorithm returns for ead ' {(z), 1- i - r, an absolutelyirreducible factor
X _ 3 ’
fi(x;y;z) = Uij (2) X'y 2 QZI=(" i(2)) [x%;VI:

ik

By multiplying through with the least commonintegral denominator make the coe+cients
of u;; « integral.

Let Ai;j «(v) 2 Z[v] be the minimal polynomial of v = u;; «(2) 2 Q[z]=(" i(z)). We will not
compute these polynomials. Howewer, in order to distinguish the factors via °oating point
appraximation we will needthe maximum norm of the A;; x (V).

Ni5 makaA,,J,kksz j . deg((f,),O k- deg,(f.)g

Sud a bound can be deducedfrom the coetcient sizesof u;;x and ' ; (seethe proof of
theorem 1 below).

Step 2: Initialize the index of factorss;t A 0.

Step 3: Let d; := ded' i), Anax A Maxy. q if dyg, and Npmax A maxy. ¢ if Ngg.
Compute all complexroots of ' {(z) to °oating point precision

"3(dmax; di; Nmax; Ni; k' ik2; nJ]ak.ka Ui;j k k1 9)1

obtaining the complex°oating point numbers €. ;;:::;€4,. Notice that "3 is chosenrelative
to "4 below. A possiblevalue for "3 is givenin the proof of theorem 1 belonv. To nd roots
to this precision, we can use any of the arbitrary precision complex root approximation
procedures,e.g., the fast algorithms discussedoy Schénhage[19]. Thesealgorithms usually
identify the real roots amongthe €.. aswell as match complexconjugateroots.

Next, substitute all thesenumbersinto the polynomials u;; «(z) resulting in an approximate
polynomial X

G (X y) A Ui; ;k(el;t)xj yk; 1. +- d:
ik

Now the coexcients of f&. are appraximations guararteed to precision
II4(dmax; di ; Nmax; Ni) := minf "l(di , Ni):4; IIZ(dmax; di; Nmax; Ni):4'g: (2)

By that we mean that the approximate coexcients lie within a circle of radius "4 of the
actual coexcients. By lemmaa3 this precisionis suxcient to distinguish new complexfactors
from previously computed ones. By corollary 1 this precisionis also suzcient to identify
completelyreal factors, aswell asmatch up complexconjugatedones(seethe following step).
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Step 4.1: First, we chedk whetherfi correspndsto a real or a non-realfactor. Let 3., 2 C
be the root of ' ; whoseapproximate root €. producedf. If 3. is real (which is usually
indicated by the root appraximation algorithm usedin step 3), so must be f;(x;y;3;.).
Howewer, even a non-real3;. may leadto areal f (x;y;3.). Testif

k=(R)ky > "1(di;N;)=4:

From corollary 1 and (2) we deducethat this condition is necessaryand suzcient for
fi(X;y;3i+) to be anon-realpolynomial. We referto this outcomeof the test asthe non-real
case.

Eliminate A from the set S. Furthermore, if 3;. is non-real, let +° be the index with
€.» = (8.)" (the equality is usually guararteed by the root approximation algorithm em-

ployedin step 3). In that case,alsoeliminate f§.- from S.
Step 4.2: Next, we chek whether 8 hasalready beentreated earlier. If

1r.n|i'nt kg| i ﬂkl < 2"4(dmax; di; Nmax)

then, again by (2), the consideredfactor is already in the list of factors, therefore process
the next factor f.

Step 4.3: Now 8 is the appraximate versionof a new factor. Clearly, in the non-real case
fi(R)" is the approximate version of the correspnding real norm with respect to complex
conjugation. If needbe, we can compute the coezcients of this real factor to any precision
by increasingthe precisionof the approximate root €., of ' ;.

For future tests in step 4.2, add B, and in the non-real case(R)®, to the set T of g's and
update t accordingly.

We now treat the two cases.The real case,in which f (x; y;3;..) wasdeterminedto be a real
factor, is easy: Setgs.1 (X;¥) A fi(X;y;1); Desr (1) A " i(t); and A €.,

In the non-real case, rst compute, by the Complex Trace and Norm algorithm given in
section 4, a minimal polynomial b+ (t) 2 Q[t] one of whoseroots, #;.., generatesboth
3.+ + 37 and 3. 37.. Then express

G (G Y) A Fi06 Y 3) £ (X Y325

as a polynomial in Q[x; y;t]=(b(t)). Also, return the approximation #. for #., which is
also producedby the Norm and Trace algorithm.

In conclusionto both casesjncremert s, sincewe have addeda newreal factor, and proceed
to the nextB. o

Even though the precision”; is in the worst caseunreasonablylarge (seethe proof of
theorem 1 below), the algorithm can be implemerted in an adaptive more excient way.
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We can work with a lesserprecisionand rst generateall real factors we have certi ed to
be distinct with that precision. If the degreesof those factors add up to the degreeof f,
we neednot certify other factors to coincidewith already computed ones. The sameholds
for the processof identifying non-real complex factors. If we are left with some factors
whosepreciseform is undecided,we increasethe precisionand try to distinguish again. Our
estimate essetially provesthat this processwill terminate in polynomial-time. We have the
following theorem.

Theorem 1. The bit complexity of the Algorithm Factorization over the Real Numbersis
boundedfrom above by a polynomial in deg(f ) and the binary length of the coexcients of
f. £

This theorem follows from the lemmas2 and 3 as well as the fairly elaborate analysis
of the coexcient growth in the algorithm Factorization over the Algebraic Closure (see[9,
x6]) we will not give an explicit upper bound for the bit complexity of the algorithm, but
show that all sizeboundsare polynomially dependert on deqf ) and log(kf k; ). If onewere
to implemert the algorithm, it is paramourt to determine the bounds precisely not only
with respect thesetwo parameters,but alsowith respectto k' ik; , Ku;j Ky , and j3;..j. We
beginthe analysisby rst proving a lemmaon the height of a the minimal polynomial of an
algebraicnumber in Q[z]=(" (2)).

Lemma 4. Let u(z) 2 Z[z]=(' (2)), where' is a monic integral polynomial of degreen, and
let A(v) 2 Z[v] be the minimal polynomial of v = u(z). Then

kAky - n®2k Kkuk)” =: By(n;K' kp; kuky): (3)
Proof. Let A(v) = by (V™ + by, 1v™i *+ ¢¢¢+ ky), and let, forall t | O,

U(Z)1 (mOd ' (Z)) = Wpa + Wi Z+ CCC+ Wi, 12 Zni 1.

Now by;:::;hbn; 1 iS the unique solution to the linear system
10
Woo W01 e WOm
%wlo W11 D Wlm §% §_0
’ hn 1
Whi 1,0 Wni 11 - Wnl 1;m

Hence,using Cramer'srule and Hadamard'sdeterminart inequality we get asthe bound for
both the denominator b,, and the numeratorsh,b,0- * - mj 1,in the rational solution
of this system

kAk; - mM2?W™ with W := maxfj we jg: (4)

We now needto bound W. We st obsene that ku’k; - kukj and that

kz' (mod ')k, - K Ki™: |, n

5

The latter followsagainby using Cramer'srule and Hadamard'sdeterminart inequality, now
on the linear systemarising from computing the coexcients of the quotient and remainder

12



in the polynomial division of z' by ' . Combining thesetwo bounds, we get
maxfj wxo jg = ku” (mod * )k, '
30(n i )i n+2 kMY ks
Plugging this bound into (4) and crudely bounding® by n and® by nj 1 we obtain (3).

£

Next, we shov how closean approximation to aroot 3 of ' we needin order to approx-
imate the value u(®) of a polynomial u(z) 2 Z[z] to a given precision.

Lemma 5. Let u(z) 2 Z[z], degu) < n, andlet 3;€2 C such that 3 § < ". Then
ju@)i u(®)j < 2GR+ ") "kuky : (5)
P :
Proof. This bound is simply establishedby expanding,with u(z) =: = ; 7,

>t
ju@)i u®j=- be'i ®)-
j=1
Xt Xt o
-2 g jgj pP'E
j=1 1=0
Then (5) follows by crudely estimating the doublesum. £
We now are in a position to provide a polynomial estimate for N; and .

Proof of Theorem 1. By lemma4, we can choose
N; := fTJJ;f}Xf B1(di; K" ikaz; Kuij k1) g:
Finally, we determine"; suc that ", satis es (2). By lemmab5, with
Z; = maxfj %i.jg - K ike;

where the inequality follows from the bound for the measureof ' ; givenin lemma?2, it is
suxcient to have n .3 0
3= min Yy d?(Zij + 1)% kuig ke
)5

Sinceall ju;; ] are boundedpolynomially in size(see[9, x6]), log(1="3) must alsobe bounded
by a polynomial in deqf ) and the coexcient sizeoff. £

6. Seidenberg's Metho d

We now descrilke how one can test whether an irreducible factor producedby our algorithm
Factorization over the Reals cortains, as a curve, a real point. Of course, those factors
with real points constitute the irreducible real componerts of the curve de ned by the input
polynomial f . The algorithm is dueto Seidemerg[20], and can alsobe found in Jacobson's
[8] book, x5.

13



Algorithm  Real Point Testfor a Curve

Input: A complex algebraic number # given by its minimal polynomial A(#) and an
approximate isolated root £. Furthermore, a polynomial f (x;y;t) 2 Q[x;y;t] suc
that f (x;y;#) is an irreducible real polynomial, monicin x.

Output: True or false, depending whether there exists a real point (Xq;Yo) sud that
f (Xo;Yo;#) = 0.

Step 1: ForaA 0;1;::: Do:
Testwhether 3

GCD f;(x a)%i y%
computedover (Q[y; t]=(" (t)))[x] is 1. If that is true, set

gyt A (x i a)%(X;y;t)i y%(x; yit)

and go to the next step. Otherwise, try the next a. Notice that sincef is irreducible, hence
squarefreethere are at most deg, (f ) valuesof a for which this test can fail.

Step 2: Chooseb an integer sud that
b> j= (X0)=(Yo)]
for all Xq; Yo with f (Xo;Yo;#) = d(Xo; Yo; #) = 0 and =(yp) 6 0, and compute the resultant
h(Y;t) A Resc(f (X i bY;Y;t);9(X i bY:Y;t)):

Notice that h(Y;t) is a non-zeropolynomial in Q[Y;t]=(" (t)), and that by the input assump-
tion h(Y;#) hasreal coetcients.

Step 3: Testwhether h(Y;#) hasa real root. By Seidemerg's argumert, this is equivalent
to the problemwhetherf possesseareal point. The test itself canbe performedby Sturm's
method on Q(#)[Y]. In orderto determinethe sign of a polynomial remainderat an integer
point ¢ oneewaluatesthat remainderat a suzciently preciseappraximation of #, which can
be obtained from £. ©

The correctnessof this algorithm follows asin Seiderberg[20]. A polynomial sizebound
for b can be derived from the fact that x, and y, are roots in the correspnding resultarts.
Also, the Sturm sequencemethod can be performed with polynomially bounded approxi-
mations. We shall omit the argumerts, which are similar to thosein x5. Howewer, for the
record, we state the following theorem.

Theorem 2. The bit complexity of the algorithm Real Point Test for a Curve is bounded
from above by a polynomial in deg(f ), deg(A), and the coexcient length of f and A.
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