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Abstra ct

Supersymmetry(SUSY)is an excitingnewsymmetryof theoreticalphysicsthat hasyet to be veri¯ed exper-
imentally. It arisesnaturally in superstringtheory and is the only known physicalextensionof the Poincare
algebra. From a mathematician'sperspective many equationsstudiedby physicistsinvolving SUSYare in
a strict senseambiguous. Our objective is to remove this ambiguity and give the physicistscalculationsa
mathematicalhome.

A Shor t Course in the Physics of Supersymmetr y

² fermionshave half-integerspin;s = 1=2; 3=2; :::
² bosonshave integerspin;s = 0; 1; 2; :::

Supersymmetrystatesthat naturehasa balancebetweenfermionsand bosons.In a systemwith unbroken
SUSYthere would be an equalnumber of bosonicand fermionicdegreesof freedom. The Minimal Super-
symmetricStandardModel (MSSM) is an exampleof a physical model basedon SUSY.If the MSSM is
correct then nature has at least twice as many particlesas the current StandardModel includes. There
ishopethat theLargeHadronColliderat CERNwill observethe¯rst low-energy(TeV)signaturesofSUSYsoon.

Known Particle Spin SUSY predictedby MSSM Spin
electron 1=2 $ selectron 0
photon 1 $ photino 1=2
quark 1=2 $ squark 0
gluon 1 $ gluino 1=2
Higgs 0 $ Higgsino 1=2

SUSYis a symmetrywhich rotatesknown particlestatesinto newstateswhich arenot yet observed. Observed
symmetriesin particlephysicssuch asSU(3)-°avor or the gaugesymmetriesSU(3)C ­ SU(2)L ­ U(1)Y rotate
particlestatesof a given spin into the samespin. Observe that SUSYis quite di®erent, it connectsparticles
of spindi®eringby 1=2. This meansthat representationsof SUSYwill necessarilycontain several irrepsof the
Poincaregroup.SalamandStrathdeē rst introducedthe super¯eld which represents N = 1 SUSY,

U = f + µÁ+ ¹µ ¹X + µµm + ¹µ¹µn + µ¾n ¹µvn + µµ¹µ¹̧ + ¹µ¹µµÃ + µµ¹µ¹µd (1)

This is calledthe component ¯eld expansion. You canseehow a singlesuper¯eld U containsall the following
relativistic¯elds, just think of the µ's asplace-holdersfor now,

scalar̄ elds f ; m; n; d spin0 commuting ¯elds
Weyl spinors Á; ¹X ; ¹̧; Ã spin1/2 anticommuting ¯elds
vector¯eld vn spin1 commuting ¯eld

Modelsbuilt with super¯eldsarealmostautomaticallysupersymmetric.For example,thegaugedWessZumino
modelhasthe followingsuper¯eld Lagrangian

L =
1
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whereW isa spinorsuper¯eldwhich hascomponent ¯elds¸; Fmn; D which couldrepresent thephotino,photon
andan auxillary¯eld respectively, and© is a chiral super¯eld which hascomponent ¯elds Ã; A; F which could
represent the electron,selectronandan auxillary ¯eld respectively. The sameLagrangianwritten explicitly in
component ¯eld form is,
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Supernumbers

² In a nutshellour research goalis to unravel the math of super¯elds.To do this webeginwith supernumbers.

² Grassmanngenerators³ i anticommute ³ i ³ j = ¡ ³ j ³ i . Note(³ )2 = 0 evenif ³ 6= 0.

² Supernumbersareconstructedasfollows,

z =
1X

p=0

X

i1< ¢¢¢<i 2p

zi1:::i2p³
i1³ i2 ¢¢¢³ i2p
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in 0¤ (commuting supernumbers)

+
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² Conjugationof supernumberssatis¯es(zw)¤ = w¤z¤, a supernumber is saidto be real if z¤ = z.

Supersp ace and Supersmooth Functions

² Flat superspaceis genericallyK pjq = (0¤)p £ (1¤)q then z 2 Kpjq hasz = (x1; : : : ; xp; µ1; : : : ; µq) where
xm 2 0¤ for m = 1; 2; : : : ; p and µ® 2 1¤ for ® = 1; 2; : : : ; q. The dimensionof K pjq is (pjq), however asa
Banach spaceK pjq is in¯nite dimensional.

² Let U µ Kpjq, f is saidto be G1 on U if thereexistp+q functionsGM f : U ! ¤, M = 1; 2; : : : ; p + q

f (a + h; b+ k) = f (a;b) +
pX

m=1

hm(Gmf )(a;b) +
qX

®=1

k®(Gp+ ®f )(a;b) + jj (h; k)jj ´ (h; k)

wherejj ´ (h; k)jj ! 0 asjj (h; k)jj ! 0. HereG1 or supersmooth functionsarede¯nedinductively just asin
the C1 case.AliceRogersinvented this de¯nition to mirror the standardcalculusover R. In contrast to most
of the literatureherde¯nition allowsusto viewderivativesofGrassmannvariablesin termsofa limiting process.

² The superspaceR4j4 is known as N = 1 rigid superspace. A typical point in R4j4 is z =
(x0; x1; x2; x3; µ1; µ2; ¹µ1; ¹µ2) 2 R4j4 whereby de¯ntion the coordinatesxm are real even Grassmannvariables
whilethe µ®; ¹µ_® areconjugateodd Grassmannvariables,

(xm)¤ = xm m = 0; 1; 2; 3 ( ¹µ1)¤ = µ1 ( ¹µ2)¤ = µ2

SupposeU : R4j4 7! V then sinceµ®µ® = 0 and ¹µ_®¹µ_® = 0 it follows that the only nontrivial terms are
preciselythosewe wrote in the component ¯eld expansion (seeeqn(1)). The component ¯elds are func-
tions of (x0; x1; x2; x3). Physicistscall the component functions"x-space"dependent and intuitively identify
(x0; x1; x2; x3) with Minkowskispace.

Supermanif olds: Cur ved Supersp ace

² M is a (pjq) dimensionalsupermanifoldif it is locally K pjq. Just as in the standardmanifoldtheory we
requirethat M be coveredby an atlasof compatiblecharts. What is newis that compatible meansthat the
chartshave supersmooth transitionfunctions.

Figure 1: ParameterspaceK pjq andtangent spaceTxM for a supermanifoldM contrasted.

² G1 (M ) denotessupersmooth functionsfrom M to ¤. An evenfunctionoutputseven supernumbers. An
odd functionoutputsodd supernumbers.

² Tangent vectors are derivations on G1 (M ). Even tangent vectors map even functions to even
functionsand odd to odd. Odd tangent vectorsmapeven functionsto odd functionsand vice-versa.The set
of all tangents at x 2 M is the tangent spaceTxM .

² M is locally K pjq however the tangent spaceTxM = ¤p+ q. This is in marked contrast to ordinary
manifoldtheory whereit is customaryto identify the tangent spaceand parameterspace. We have found
identi¯cation of the eventangent spaceT 0

x M with Kpjq useful.

Super Lie Gr oups

² A supermanifoldG which is alsoan abstractgroupis calleda super Lie groupif the groupoperationsare
G1 with respect to the supermanifoldstructureon G.

² SinceG1 functionsarealwaysclassC1 functions,it followsthat the Banach manifoldBG correspondingto
a super Lie groupG is necessarilya Banach Lie group.

² Let G be a super Lie groupand g its tangent spaceTeG at the identit y e of G. Let Áv : R £ BG ! BG
denotethe °ow of the vector ¯eld X v on BG: We de¯ne exp as the mappingfrom g0 into BG de¯nedby
exp(v) ´ Áv(1; e). In constrast physicists typically de¯ne the exp in terms of a local formula, they
assumethe Baker-Campbell-Hausdor®relation whereas we derive it.

New Theorems in the G1 -ca tegor y

² In the caseof ¯nitely generatedsupernumbersthe theoremsbelow areproved using¯nite dimensionalLie
grouptheory. However, in the G1 caseour supermanifoldsare in¯nite dimensionalmanifoldsso the known
proofswerenot appropriatefor the G1 -case.

Theorem: exp : g0 ! G is a classG1 mapping.

² This theoremprovides a geometricalfoundation to the formal exponential found in the physics liter-
ature. In particular,we canuseit to prove that the super Poincaregroupis a G1 -supermanifold.

Theorem: If G is a (pjq) super Lie groupandS is a closed(r js) sub-super Lie groupof G thenG=S is a
(p ¡ r jq ¡ s) supermanifold.Moreover G ! G=S is a G1 -mappingandis a principal¯b er bundle

with structuregroupthe super Lie groupS. All local trivializing mapsareG1 -maps.

² As applicationof this theoremtake the quotient of the super Poincaregroupby the super Lorentz group,the
resultingspaceis identi¯ed with R4j4. Moreover, this constructioninducesthe actionof the Lorentz groupon
the component ¯eldsof a N = 1 super¯eld. That is it makesµ® and ¹µ_® into Weyl spinors.What is newis that
we have obtainedtheseresultsin the G1 category. That is we have provideda solidmathematicalfoundation
for the super¯eld construction̄ rst introducedby of SalamandStrathdee.

Principle Fiber Bundles and Gauge Theor y

² The central ideaof modernphysicsis that symmetryguidesand limits the physicallypossiblestates.Local
or gaugesymmetriesareusedto derive the known forcesin current physicaltheory. Traditionally physicists
beginwith a globalsymmetrythenmodify it to bea localsymmetryby changingcertainconstants to functions.
Intuitively this amounts to attaching a distinct copy of the symmetrygroupto each point in space.Curiously
this leadsto the introductionofanewobject that transformsinhomogeneouslyunderthe localsymmetrygroup,

A¹ 7! gA¹ g¡ 1 ¡ (@¹ g)g¡ 1: (2)

What is truly beautiful is that one ¯nds that this object is simply the well-known vector potential of
electromagnetism.Weyl ¯rst derivedE&M from this gauge-principlein 1929,but it wasregardeda novelity
for somedecades.Then in 1956-1957the work of Yang, Mills and Utiyamashowed Weyl's gaugeprinciple
couldbe generalizedto othernonabeliangaugegroups.It turns out that the PrincipleFiber Bundle(invented
by mathematiciansunawareof gaugetheory)yieldsthe samemathematics.

² A PrincipleFiberBundle(PFB) has(P; M ; ¼; G; Ãi ) whereP is thebundlespace,M is thebasespacewhich
we identify with spacetimein Yang-Millstheory, ¼is the projection,G is the gaugegroupwhich actson the
¯bers of P; ¼(xg) = ¼(x) for all g 2 G, and¯nally Ãi arelocal trivializing mapsfrom ¼¡ 1(Ui ) 7! Ui £ G.

Figure 2: PrincipleFiber Bundleis locally the Cartesianproduct U £ G.

² A connectionone-form! on a PFB pullsback undera localsectionto A on the basemanifold.If we change
sectionsthenwe obtainpreciselyeqn(2), the sametransformationthat physicistspostulatedin gaugetheory.

Future Work: Super Fiber Bundles and Super Yang Mills Theor y

² Wewouldliketo developageometricpictureofsuperYang-Millstheoryin termsofG1 -supermanifoldtheory.
At the present time theredoesnot appearto bea geometricaccount mirroringthe standardgaugetheoryover
PFB's. Therehave beenattemptsbut they involve physicsthat would be distractingto mathematicians.It is
our hope we cangive a descriptionwhich is moreaccessibleto geometers.

² The basicidea is to replacespacetimewith superspace.This builds SUSYinto our model. We expect
that many of our super Lie group constructionswill ¯nd anotherapplicationhere. Other applicationsare
supergravity (gaugetheoryof localSUSY) andstring theory.


