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Abstra ct

Supersymmetry(SUSY)is an excitingnewsymmetryof theoreticalphysicsthat hasyet to be veri ed exper-
Imertally. It arisesnaturally in superstringtheory and is the only knowvn physicalextensiorof the Poincare
algebra. From a mathematician'gpersgective mary equationsstudiedby physicistsinvolving SUSY are in

a strict senseanbiguous. Our objective is to remare this ambiguity and give the physicistscalculationsa
mathematicahome.

A Short Course in the Physics of Supersymmetr y

2 fermionshave half-irtegerspin;s = 1=2;, 3=2; ...
2 bosondhave integerspin;s = 0; 1; 2; :::

Supersymmetrystatesthat nature hasa balancebetweenfermionsand bosons.In a systemwith unbroken
SUSYthere would be an equalnumber of bosonicand fermionicdegree®f freedom. The Minimal Super-
symmetricStandardModel (MSSM) is an exampleof a physical model basedon SUSY.If the MSSMis
correctthen nature has at leasttwice as mary particlesas the curren StandardModel includes. There
Ishopethat the LargeHadronColliderat CERNwill obserethe rst low-energy(€V) signature®f SUSYsmn.

Known Particle| Spin| SUSY| predictedoy MSSM Spin
electron 1=2| $ selectron 0
photon 1| $ photino 1=2

quark 1=2| $ squark 0
gluon 1 | $ gluino 1=2
Higgs 0| $ Higgsino 1=2

SUSYis a symmetrywhid rotatesknown particlestatesinto newstateswhid arenot yet obsered. Obsered
symmetriesn particlephysicssut asSU(3)-°avor or the gaugesymmetrieSU(3)c - SU(2). - U(1)y rotate
particle statesof a given spininto the samespin. Obsenre that SUSY s quite di®eret) it connectparticles
of spindi®eringoy 1=2. This meanghat represetationsof SUSYwill necessarilgorain seweralirrepsof the
Poincaregroup. Salamand Strathdee rst introducedthe super eld which represets N = 1 SUSY,

U=f+pA+ pX + pum + fifin + p3A v, + pult, + papA + pppnd (1)

Thisis calledthe component eld ex@mnsion Youcanseehow a singlesuper eld U cortainsall the following
relativistic elds, just think of the p's asplace-holderfor now,

scalarelds | f;m;n;d| spin0 | commuting elds
Weyl spinors A; X ; 5 A | spin1/2 | articommnuting “elds
vector eld Vi spinl commuting eld

Modelsbuilt with super eldsarealmostautomaticallysupersymmetric For examplethe gaugedVessZumino
maodel hasthe following super eld Lagrangian

L = tr (WWijy) + tr (WWjg) + &0,

16kg?

whereW isaspinorsuper eldwhich hascommnen elds ; Fnn; D which couldrepresenthe photino,photon
andan auxillary "eld resgectively, and© is a chiral super eld which hascompnen “elds A; A; F whid could
represeinthe electron selectrorand an auxillary eld resgectively. The samelLagrangianwritten explicitly in
commnen eld formis,

L =
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+FF i iA3%"D,A; DhAD™A + %ADA+ pl—é(AbA i AIA)

Supernumbers

2 In anutshellour researa goalis to unravel the math of super elds. To do this we beginwith superrumbers.
2 Grassmanmeneratorg' articomnute3'3) = ; 313 Note(3)?> = O ewenif 3 6 0.

2 Superrumbersare constructedasfollows,

X X o | X X
Z = Zilz::izp3I13I2 ¢ees ' + Ziq:igpe
l0:0 1< C6d 2p {Z } IO:O 1< C6d 2p+1 {Z }

in % (commuting supemumbers)
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in 1o (anticommuting supemumbers)

2 Conjugationof superrumberssatis es(zw)” = w"z°, a superrumber is saidto berealif z° = z.

Superspace and Supersmooth Functions

New Theorems in the G! -categor y

x™ 2% form=12:::;pandy®2 = for®= 1;2;:::; 0 Thedimensiorof KP4 is (pjg), howewer asa
Banat spaceKP9isin nite dimensional.

2 LetU p KP9, fissaidto be G onU if thereexistp+q functionsGyf :U! &, M = 1,2:::;p+ Q

X Xd
fa+hib+k)=f@ab+ h"Gnf)@b+ k¥ Gpof )(@b) +ji(h;k)ji" (h;k)
m=1 ®=1

wherejj” (h; k)jj ! 0Oasjj(h;k)jj ! 0. HereG! or supersmath functionsare de nedinductively just asin
the C! caseAlice Rogerdnverted this de nition to mirror the standardcalculusover R. In cortrast to most
oftheliteratureherde nition allovsusto viewderiativesof Grassmannariablesn termsof alimiting process.

2 The superspaceR** is knovn as N = 1 rigid superspace. A typical poirt in R% is z =

(x% x%; xZ x3; b & o ) 2 R44 whereby de ntion the coordinatesx™ arereal even Grassmanrvariables

while the 1®; [ are conjugateodd Grassmanariables,
(x™?=x" m=0123 (H)"= i ()" =W

SupmseU : R4 71 V then sincep®® = 0 and (&2 = 0 it follows that the only nortrivial terms are

preciselythosewe wrote in the compnent eld ex@nsion (seeed'(1)). The component elds are func-

tions of (x°; x1; x%; x3). Physicistscall the commnen functions"x-space"dependen and intuitiv ely idertify
(x% x1; x2; x3) with Minkowskispace.

Supermanif olds: Curved Superspace

2 M isa(pjq dimensionabupermanifoldif it is locally KP9. Just asin the standardmanifoldtheory we
requirethat M be coveredby an atlasof compatiblecharts. What is newis that compatible meanghat the
charts have supersmath transitionfunctions.
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Figure 1: Parameterspacek P9 andtangen spacel,M for a supermanifoldM corirasted.

2 G! (M) denotesupersmoth functionsfrom M to a. An evenfunctionoutputs even sugerrumbers. An
odd functionoutputsodd superrumbers.

2 Tangent vectors are derivations on G* (M ). Even tangem vectors map ewen functions to ewen
functionsand odd to odd. Odd tangemn vectorsmap even functionsto odd functionsand vice-ersa. The set
of all tangens at x 2 M isthe tangen spacelyM .

2 M is locally KP9 honever the tangem spaceTyM = aP*9  This is in marked cortrast to ordinary

manifoldtheory whereit is customaryto idertify the tangen spaceand parameterspace. We have found
iderti cation of the eventangen spacel’M with KP9 useful.

Super Lie Gr oups

2 A supermanifoldG whidh is alsoan abstractgroupis calleda super Lie groupif the group operationsare
G! with resgectto the supermanifoldstructureon G.

2 SinceG! functionsarealwaysclassC! functions,it follovsthat the Banat manifoldBG correspndingto
a super Lie groupG is necessarilg Banat Lie group.

2 Let G be a super Lie groupand g its tangen spaceT.G at the idertity e of G. Let A, : R£ BG! BG
denotethe °ow of the vector eld XV on BG: We de ne exp as the mappingfrom g° into BG de ned by
exp(v) © AJ(l;e). In constrast physicists typically de ne the exp in terms of a local formula, they
assumethe Baker-Camplell-Hausdor®relation whemeas we derive it.

2 In the caseof nitely generatedsuperrumbersthe theoremsbelav are proved using nite dimensionalie
grouptheory Howeer, in the G! caseour supermanifoldsare in nite dimensionamanifoldsso the known
proofswerenot appropriatefor the G -case.

Theorem: exp:g’! GisaclassG' mapping.

2 This theoremprovides a geometricalfoundationto the formal exponenial found in the physicsliter-
ature. In particular,we canuseit to prove that the super Poincaregroupis a G! -supermanifold.

Theorem: |If Gisa(pjqg) superLie groupandS isa closedrjs) sub-suprLie groupof GthenG=S isa
(pi rigi s) supermanifold.Moreawer G! G=S isa G! -mappingandis a principal b er bundle
with structuregroupthe super Lie groupS. All local trivializing mapsareG?* -maps.

2 As applicationof this theoremtake the quotiert of the super Poincaregroupby the super Loreriz group,the

resultingspacsds iderti ed with R44. Morewer, this constructionnduceshe actionof the Loreriz groupon

the commnen “eldsofaN = 1 suger eld. That is it makesp® and i into Weyl spinors.What is newis that

we have obtainedtheseresultsin the G category That is we have provideda solidmathematicafoundation
for the super eld constructionrst introducedby of Salamand Strathdee.

Principle Fiber Bundles and Gauge Theor y

2 The cerral ideaof modernphysicsis that symmetryguidesand limits the physicallypossiblestates.Local
or gaugesymmetriesare usedto derive the known forcesin curren physicaltheory Traditionally physicists
beginwith a globalsymmetrythenmadify it to be alocalsymmetryby changingcertainconstats to functions.
Intuitiv ely this amourns to attaching a distinct copy of the symmetrygroupto eat poirt in space.Curiously
this leaddo the introductionofa newobjectthat transformsnhomogeneoustbinderthe localsymmetrygroup,

A 7' gAsg ti (@9)g (2)

What is truly beautiful is that one nds that this object is simply the well-knavn vector potertial of
electromagnetismWeyl rst derived E&M from this gauge-principlen 1929 but it wasregardedh novelity
for somedecades.Thenin 1956-195The work of Yang, Mills and Utiyama shaved Weyl's gaugeprinciple
couldbe generalizetb othernonaleliangaugegroups.It turns out that the PrincipleFiber Bundle(inverted
by mathematiciansinavare of gaugetheory) yieldsthe samemathematics.

2 A PrincipleFiber Bundle(PFB) has(P; M ; ¥ G; A;) whereP isthe bundlespaceM is the basespaceavhit
we idertify with spacetimen Yang-Millstheory Vais the projection, G is the gaugegroupwhid actson the
bersof P; ¥{xg) = ¥x) forall g 2 G, and nally A; arelocaltrivializing mapsfrom¥ Y(U,) 7! U; £ G.
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Figure 2: PrincipleFiber Bundleis locally the Cartesianproduct U £ G.

2 A connectiorone-form ona PFB pullsbadk undera local sectiornto A onthe basemanifold. If we change
sectionghenwe obtain preciselyed'(2), the sametransformatiorthat physicistspostulatedin gaugetheory

Future Work: Super Fiber Bundles and Super Yang Mills Theor y

2 \WWewouldliketo deelopa geometripictureof super Yang-Millstheoryin termsof G -supermanifoldtheory
At the presentime theredoesnot appearto be a geometri@accouh mirroringthe standardgaugeheoryover
PFB's. Therehave beenattemptsbut they involve physicsthat would be distractingto mathematiciansilt is
our hope we cangive a descriptionwhid is moreaccessiblee geometers.

2 The basicideais to replacespacetimewnith superspace. This builds SUSY into our model. We expect
that mary of our supger Lie group constructionswill nd anotherapplicationhere. Other applicationsare
supergravity (gaugetheoryof local SUSY) and string theory




