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Abstract

We develop a gaugedWess-Zuminomodel in noncommutativ e Minkowski super-
space. This is the natural extension of the work of Carlson and Nazaryan, which
extended N = 1=2 supersymmetry written over deformed Euclidean superspace
to Minkowski superspace. We investigate the interaction of the vector and chi-
ral super¯elds. Noncommutativit y is implemented by replacing products with star
products. Although, in general, our star product is nonassociative, we prove that
it is associative to the ¯rst order in the deformation parameter C. We show that
our model reproducesthe N = 1=2 theory in the appropriate limit, namely when
the deformation parameters ¹C _® _¯ = 0. Essentially , we ¯nd the N = 1=2 theory and
a conjugate copy. As in the N = 1=2 theory, a reparameterization of the gauge
parameter, vector super¯eld and chiral super¯eld are necessaryto write standard
C-independent gaugetheory. However, our choice of parameterization di®ersfrom
that used in the N = 1=2 supersymmetry, which leads to some unexpected new
terms.

a similar paper has beensubmitted to JHEP
testbetter@yahoo.com
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1 Overview
There has been a variety of discussionabout deformations of superspacein recent
years [1]-[13] (undoubtedly a partial list). Of particular interest to this paper is
the deformed Euclidean superspaceconstructed by Seiberg in [8]. Generally, the
literature following Seiberg has focusedon superspacewith a Euclidean signature.
One exception is [11], in which Carlson and Nazaryan found how to construct a
deformed Minkowski superspace¤. In their paper, they implemented superspace
noncommutativit y with a star product which was hermitian but not associative in
general. Their star product reproducesthe deformation of N = 1

2 supersymmetry in
a certain limit. Additionally , they studied the Wess-Zuminomodel (without gauge
interactions) and found results similar to Seiberg's. Our goal is to construct the
gaugedWess-Zuminomodel in this noncommutativ e Minkowski superspace.

Following the construction of Nazaryan and Carlson, we deform N = 1 rigid
Minkowski superspaceas follows:

f µ̂®; µ̂¯ g = C®¯ f ¹̂µ_®; ¹̂µ _¯ g = ¹C _® _¯ (1)

where (C®¯ )¤ = ¹C _® _¯ . In this deformation, all of the fermionic dimensionsof super-
spaceare deformed. Here both Q and ¹Q are broken symmetries,so we will say that
this spacehas N = 0 supersymmetry. Despite this, the deformation still permits
most of the usual super¯eld constructions.

In section 2.1 we explicitly de¯ne the noncommutativ e Minkowski superspace
by listing the deformedcoordinate algebra found in [11]. The deformedcoordinates
have hats on them to distinguish them from the standard coordinates. The usual
model is then deformedby simply putting a hat on all of the objects in the standard
theory. In practice, we will not explicitly calculate anything in terms of these
operators. Instead, we will ¯nd it useful to make the usual exchangeof the operator
product for the star product of ordinary functions of superspace;

f̂ 1f̂ 2 7! f 1 ¤ f 2: (2)

This correspondenceallows us to work out the details of noncommutativ e theory
using ordinary calculuson superspace.In this sensewe obtain the noncommutativ e
Wess-Zuminomodel by simply replacing ordinary products with star products.

In sections2.2 and 2.3, we continue our brief summary of the work of Carlson
and Nazaryan in [11]. In [11], deformed Minkowski spacewas constructed to the
secondorder in the deformation parameter. In this paper, we will primarily examine
the ¯rst order extensions of their work. In section 3, we will examine how to
write a nonabelian supersymmetric gauge theory on noncommutativ e Minkowski
superspace. Following the standard super¯eld construction(see [14] for example),
we will intro duce the vector super¯eld (V) and calculate the star exponential (eV )

¤After the completion of this work the author learnedthat the work of M. Chaichian and A. Kobakhidze
in [12] and the work of Y. Kobayashiand S.Sasakiin [13] alsostudied the Wess-Zuminomodel on deformed
Minkowski superspacesin somedetail. Both of these works employ a star product which is associative
but not hermitian. The star product studied here is hermitian but not associative in general. Also, note
that [5] and [10] study someaspects of deformedMinkowski superspacethat have relevanceto this work.
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in section3.1. We will calculate the explicit modi¯cation thesede¯nitions imply for
the component ¯elds of the vector multiplet.

The gauge transformation itself will be discussedin section 4. In section 4.1,
we will ¯nd a parameterization of the vector super¯eld such that the standard
gaugetransformations are realized at the component ¯eld level. This procedure is
similar to Seiberg's in [8]. We employ a modi¯ed Wess-Zuminogaugethroughout
the calculations. This is possibleprovided that we de¯ne the gaugeparameter ¤
with somecarefully chosendeformation dependent shifts. We will ¯nd that reality
uniquely a±xes this construction. Next, in section 4.2, we intro duce the spinor
super¯eld W® by making the natural modi¯cation to the standard de¯nition.

Then, in section 5, we examine the gaugetransformation on a chiral super¯eld.
Again, we will ¯nd it necessaryto shift the chiral super¯eld by a deformation de-
pendent term in order to preserve the usual gaugetheory. These shifts, similar to
those found in [8] and [15], are derived in detail.

Finally, in section 6, we construct the Lagrangian of the gaugedWess-Zumino
model. This construction closely resembles that of Wessand Bagger in [14] except
that products have been replaced by star products. Also, the component ¯eld
expansionsof the super¯elds havesomeC-dependent shifts asderived in the previous
sections.Overall, the gaugesymmetry of the Lagrangian is establishedby arguments
analogousto the standard arguments. We conclude the paper by computing the
Lagrangian written explicitly in terms of the component ¯elds. Our result is similar
to [15], however, there are someunexpected terms.y

2 Noncomm utativ e Mink owski Superspace

2.1 Deformed Coordinate Algebra
We begin by considering N = 1 rigid Minkowski superspacewhere a typical point
is (xm ; µ®; ¹µ_®). In the commutativ e case,we have:

[xm ; xn ] = 0 [xm ; µ®] = 0
f µ®; µ¯ g = 0 [xm ; ¹µ_®] = 0
f ¹µ_®; ¹µ _¯ g = 0 f µ®; ¹µ _¯ g = 0

(3)

The coordinatesxm are identi¯ed with spacetimecoordinates, whereasthe µ® and ¹µ_®

are grassmanvariables. We then construct noncommutativ e Minkowski superspace
by replacing coordinate functions (xm , µ®, ¹µ_®) with operators (x̂m , µ̂®, ¹̂µ_®). In
particular, we require that the deformedcoordinates satisfy

f µ̂®; µ̂¯ g = C®¯ [x̂m ; µ̂®] = iC ®¯ ¾m
¯ _¯

¹̂µ _¯

f ¹̂µ_®; ¹̂µ _¯ g = ¹C _® _¯ [x̂m ; ¹̂µ_®] = i ¹C _® _¯ µ̂¯ ¾m
¯ _¯

f µ̂®; ¹̂µ _¯ g = 0 [x̂m ; x̂n ] = (C®¯ ¹̂µ_® ¹̂µ _¯ ¡ ¹C _® _¯ µ̂®µ̂¯ )¾m
® _®¾n

¯ _¯
:

(4)

yThis paper contains somesecondorder results for the star exponential. However, we do not complete
the development of the theory to secondorder in this paper. We do ¯nd some partial results at the
secondorder of the deformation parameter and they agreewith the N = 1

2 in the limit ¹C _® _¯ = 0. The
JHEP version contains only the ¯rst order results given here.
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This algebra was de¯ned by Carlson and Nazaryan so that the deformed chiral
coordinates ŷm = x̂m + i µ̂¾m ¹̂µ and ¹̂ym = x̂m ¡ i µ̂¾m ¹̂µ satisfy

f µ̂®; µ̂¯ g = C®¯ [ŷm ; µ̂®] = 0

f ¹̂µ_®; ¹̂µ _¯ g = ¹C _® _¯ [ ¹̂ym ; ¹̂µ_®] = 0

f µ̂®; ¹̂µ _¯ g = 0:

(5)

Theserelations will allow us to develop chiral and antichiral super¯elds in much the
sameway as in the commutativ e theory. In addition, we have:

[¹̂ym ; µ̂®] = 2iC ®¯ ¾m
¯ _¯

¹̂µ
_¯

[ŷm ; ¹̂µ_®] = 2i ¹C _® _¯ µ̂¯ ¾m
¯ _¯

[ŷm ; ŷn ] =
³

4 ¹C _® _¯ µ̂®µ̂¯ ¡ 2C®¯ ¹C _® _¯
´

¾m
® _®¾n

¯ _¯
(6)

[¹̂ym ; ¹̂yn ] =
³

4C®¯ ¹̂µ_® ¹̂µ
_¯ ¡ 2C®¯ ¹C _® _¯

´
¾m

® _®¾n
¯ _¯

[ŷm ; ¹̂yn ] = 2C®¯ ¹C _® _¯ ¾m
® _®¾n

¯ _¯
:

This choice of deformed coordinate is motivated by our desire to follow the same
construction of chiral super¯elds as in the commutativ e theory.

2.2 Star Pro duct
The star product on Minkowski superspaceis de¯ned by

f ¤ g = f (1 + S)g (7)

where S is formed using the superchargesQ® and ¹Q _®,

S = ¡ 1
2C®¯

Ã
Q®

!
Q¯ ¡ 1

2
¹C _® _¯

Ã
¹Q _®

!
¹Q _¯

+ 1
8C®¯ C° ±

Ã
Q®

Ã
Q°

!
Q±

!
Q¯ + 1

8
¹C _® _¯ ¹C _° _±

Ã
¹Q _®

Ã
¹Q _°

!
¹Q _±

!
¹Q _¯

+ 1
4C®¯ ¹C _® _¯ (

Ã
¹Q _®

Ã
Q®

!
¹Q _¯

!
Q¯ ¡

Ã
Q®

Ã
¹Q _®

!
Q¯

!
¹Q _¯ ):

We follow the conventions of Wessand Bagger in [14]. In the chiral coordinates
ym = xm + iµ¾m ¹µ, the superchargeshavethe familar forms. Note that the derivatives
of µ® and ¹µ_® are taken at ¯xed ym .

Q® = @
@µ® jy

¹Q _® = ¡ @
@¹µ _® jy + 2iµ®¾m

® _®
@

@ym
(8)

Whereas,when the derivativesare taken at ¯xed antichiral coordinates ¹ym = xm ¡
iµ¾m ¹µ, we have

Q® = @
@µ® jy ¡ 2i¾m

® _®
¹µ_® @

@¹ym

¹Q _® = ¡ @
@¹µ _® j ¹y :

(9)
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We will not make explicit jy or j ¹y elsewhere,since they are to be understood im-
plicitly . Many other formulae can be found in [11]. Someproperties of this star
product on functions f , g, and h are

f ¤ g = g ¤ f (f + g) ¤ h = f ¤ h + g ¤ h
f ¤ g 6= g ¤ f f ¤ (g ¤ h) 6= (f ¤ g) ¤ h:

(10)

The noncommutativit y and nonassociativit y will require someattention in general.
However, to the ¯rst order in the deformation parameter, we note that

f ¤ (g ¤ h) = (f ¤ g) ¤ h (11)

the star product is associative. A proof is given in the appendix.

2.3 N = 0 Supersymmetry
The formulae below are stated for the operators acting on functions of the deformed
Minkowki superspace.In particular, they should beunderstood asstatements about
how the operators act on star products of functions. We de¯ne the star brackets as

f A; B g¤ = A ¤ B + B ¤ A and [A; B ]¤ = A ¤ B ¡ B ¤ A: (12)

Then calculate
f µ®; µ¯ g¤ = µ® ¤ µ¯ + µ¯ ¤ µ® = C®¯

f ¹µ_®; ¹µ _¯ g¤ = ¹µ_® ¤ ¹µ _¯ + ¹µ _¯ ¤ ¹µ_® = ¹C _® _¯ :
(13)

It is important to note that products of both µ® and ¹µ_® are deformed. This has
the consequenceof breaking all of the supersymmetry. Starting with the canonical
forms of the supercharges,we obtain

f Q®; Q¯ g¤ = ¡ 4 ¹C _® _¯ ¾m
® _®¾n

¯ _¯
@2

@¹ym @¹yn

f ¹Q _®; ¹Q _¯ g¤ = ¡ 4C®¯ ¾m
® _®¾n

¯ _¯
@2

@ym @yn

f Q®; ¹Q _®g¤ = 2i¾m
® _®

@
@ym :

(14)

Comparing this to [8], we note that when ¹C _® _¯ = 0, then Q® is an unbroken symme-
try , hencethe label N = 1

2 supersymmetry. The author proposesthat we call the
theory constuctedby Carlson and Nazaryan N = 0 supersymmetry to be consistent.
Now, although the superchargesare broken, we still have

f D®; Q¯ g¤ = f ¹D _®; Q¯ g¤ = f D®; ¹Q _¯ g¤ = f ¹D _®; ¹Q _¯ g¤ = 0
f D®; D ¯ g¤ = f ¹D _®; ¹D _®g¤ = 0:

(15)

These relations are crucial. We can still de¯ne the chiral (©) and antichiral ( ¹©)
super¯elds by the constraints ¹D _® ¤ © = 0 and D® ¤ ¹© = 0 on noncommutativ e
Minkowski superspace. Thus, most of the usual techinques in Wessand Bagger
[14] still apply for our discussion. The primary di®erenceis that products will be
replacedwith star products.
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3 Vector Super¯elds
Our goal is to construct a nonabelian gaugeon deformed Minkowski superspace.
Thus, we consider a vector super¯eld V which carries somematrix representation
of the gaugegroup and is subject to the usual constraint: V = V . In the stan-
dard super Yang-Mills theory, it is convenient to use a reduced set of component
¯elds called the WessZumino gauge. We will show in section 4.1 that the Wess
Zumino gaugecan be generalizedto the current discussionprovided we make some
C dependent shifts. For now, we let V take the canonical parametrization of the
Wess-Zuminogauge

V = ¡ µ¾m ¹µvm + iµµ¹µ¹̧ ¡ i ¹µ¹µµ¸ +
1
2

µµ¹µ¹µ(D ¡ i@m vm ) (16)

where the above is in chiral coordinates ym .

3.1 Star exp onential of vector super¯eld
We de¯ne the star exponential of the vector super¯eld in the natural way:

eV = 1 + V +
1
2

V ¤ V +
1
3!

V ¤ V ¤ V + ::: (17)

Our notation for the usual exponential will be exp(V ) and powers are to be under-
stood as ordinary powers - for exampleV 2 = VV . In this paper, star products will
be explicitly indicated.

The vector super¯eld is even, thus no new signs arise from pushing the Q® or
¹Q _® past V in the star product. Thus, to ¯rst order in the deformation parameter,

V ¤ V = V(1 + S)V

= V 2 ¡
1
2

C®¯ (Q®V)(Q¯ V) ¡
1
2

¹C _® _¯ ( ¹Q _®V)( ¹Q _¯ V)

+
1
8

C®¯ C° ±(Q®Q° V)(Q±Q¯ V) +
1
8

¹C _® _¯ ¹C _° _±( ¹Q _® ¹Q _° V)( ¹Q _±
¹Q _¯ V)

+
1
4

C®¯ ¹C _® _¯
³

( ¹Q _®Q®V)( ¹Q _¯ Q¯ V) ¡ (Q® ¹Q _®V)(Q¯ ¹Q _¯ V)
´

We will now calculate theseterms in chiral coordinates starting with

Q®V = @®

·
¡ µ¾m ¹µvm + iµµ¹µ¹̧ ¡ i ¹µ¹µµ¸ +

1
2

µµ¹µ¹µ(D ¡ i@m vm )
¸

= ¡ ¾m
® _®

¹µ_®vm + 2iµ®¹µ¹̧ + ¹µ¹µ
¡
¡ i¸ ® + µ®(D ¡ i@m vm )

¢
: (18)

Continuing, we ¯nd that

Q¯ Q®V = @̄
·
¡ ¾m

® _®
¹µ_®vm + 2iµ®¹µ¹̧ + ¹µ¹µ(¡ i¸ ® + µ®(D ¡ i@m vm )

¢
¸

= ¡ 2i² ¯ ®
¹µ¹̧ ¡ ² ¯ ®

¹µ¹µ(D ¡ i@m vm ): (19)
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Next we calculate ¹Q _®V.

¹Q _®V = (¡ @_® + 2iµ®¾n
® _®@n )

·
¡ µ¾m ¹µvm + iµµ¹µ¹̧ ¡ i ¹µ¹µµ¸ +

1
2

µµ¹µ¹µ(D ¡ i@m vm )
¸

= ¡ µ®¾m
® _®vm +

¡
¡ 2i ¹µ_® + 2¹µ¹µ¾m

® _®µ®@m
¢
µ¸

+ µµ
µ

i ¹̧ _® + ¹µ_®(D ¡ i@m vm ) + i² ®¯ ¾m
® _®¾n

¯ _¯
¹µ

_¯ @m vn

¶
(20)

The next calculation is a bit longer.

¹Q _® ¹Q _¯ V = (¡ @_® + 2iµ®¾m
® _®@m )( ¹Q _¯ V) (21)

= ¡ 2i² _® _¯ µ¸ + µµ
µ

² _® _¯ (D ¡ i@m vm )

+ i² ®¯ (¾m
® _¯

¾n
¯ _® ¡ ¾m

® _®¾n
¯ _¯

)@m vn + 2(¾m
® _®

¹µ
_¯ ¡ ¹µ_®¾m

® _¯
)@m ¸ ®

¶

Now, for the mixed supercharges,using the results above, we ¯nd that

Q® ¹Q _®V = @®( ¹Q _®V) (22)

= ¡ ¾m
® _®vm + 2i (µ®¹̧ _® ¡ ¹µ_®¸ ®)

+ µ®

µ
2¹µ_®(D ¡ i@m vm ) + 2i ¹µ

_¯ ²¾̄ ¾m
¾_®¾n

¯ _¯
@m vn + 2¹µ¹µ¾m

¯ _®@m ¸ ¯
¶

Similarly, we ¯nd that

¹Q _®Q®V = (¡ @_¯ + 2iµ®¾m
® _®@m )(Q®V) (23)

= ¾m
® _®vm ¡ 2i (µ®¹̧ _® ¡ ¹µ_®¸ ®)

+2µ®¹µ_®(D ¡ i@m vm ) ¡ 2iµ¯ ¹µ
_¯ ¾m

¯ _®¾n
® _¯

@m vn

¡ 2µµ¾m
® _®@m ( ¹µ¹̧ ) + ¹µ¹µ

µ
2µ¯ ¾m

¯ _®@m ¸ ® + iµµ¾m
® _®@m (D ¡ i@m vm )

¶

The next task is to calculate the products of the terms above. In the product
below, we have omitted from the beginning those terms with ¹µ¹µ becausethere is a
¹µ in each term.

1
2

C®¯ Q®VQ¯ V =
1
2

C®¯ £
¡ ¾m

® _®
¹µ_®vm + 2iµ®( ¹µ¹̧ )

¤£
¡ ¾n

¯ _¯
¹µ

_¯ vn + 2iµ¯ ( ¹µ¹̧ )
¤
(24)

=
1
4

C®¯ ² _® _¯ ¾m
® _®¾n

¯ _¯
vm vn ¹µ¹µ +

i
2

C®¯ µ¯ ¾m
® _®[vm ; ¹̧ _®]¹µ¹µ

=
µ

1
2

Cmn vm vn ¡
i
2

C®¯ ¾m
® _®

¹µ
_¯ [vm ; ¹̧ _®]

¶
¹µ¹µ

where we have usedthe identit y Cmn = 1
2C®¯ ² _® _¯ ¾m

® _®¾n
¯ _¯

, following the conventions

of [8]. Continuing to compute the products, sinceevery term has a µ this time, we
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can ignore the µµ terms from the outset.

1
2

¹C _® _¯ ¹Q _®V ¹Q _¯ V =
1
2

¹C _® _¯ £
¡ µ®¾m

® _®vm ¡ 2i ¹µ_®µ¸
¤£

¡ µ¯ ¾n
¯ _¯

vn ¡ 2i ¹µ_¯ µ¸
¤

(25)

= ¡
1
4

¹C _® _¯ ²¯ ®¾m
® _¯

¾n
¯ _®vm vnµµ ¡

i
2

¹C _® _¯ ¹µ_¯ ¾m
® _®[vm ; ¸ ®]µµ

=
µ

1
2

¹Cmn vm vn +
i
2

¹C _® _¯ ¾m
® _®

¹µ_¯ [vm ; ¸ ®]
¶

µµ

where we identi¯ed ¹Cmn = ¡ 1
2

¹C _® _¯ ²®¯ ¾m
® _®¾n

¯ _¯
following [11]. Next, consider the

secondorder in deformation parameter terms:

1
8

C®¯ C° ±(Q®Q° V)(Q±Q¯ V) =
1
8

C®¯ C° ±²®° ²¯ ±[2i ¹µ¹̧ + ¹µ¹µ(D ¡ i@m vm )]2

= ¡
1
8

jCj2 ¹̧ ¹̧ ¹µ¹µ

wherewe usejCj2 = 4C®¯ C° ±²®° ²±¯ . Similarly, we ¯nd that the next term is easily
calculated due to a sizeablecancellation sincewe may omit a µµ term from the start.

1
8

¹C _® _¯ ¹C _° _±( ¹Q _® ¹Q _° V)( ¹Q _±
¹Q _¯ V) =

1
8

¹C _® _¯ ¹C _° _±² _®_° ² _¯ _±[¡ 2iµ¸ ]2

= ¡
1
8

j ¹Cj2¸¸µ µ

where we use j ¹Cj2 = 4 ¹C _® _¯ ¹C _° _±² _®_° ² _¯ _±. The remaining term to consider in V ¤ V is
1
4C®¯ ¹C _® _¯ [( ¹Q _®Q®V)( ¹Q _¯ Q¯ V) ¡ (Q® ¹Q _®V)(Q¯ ¹Q _¯ V)]. We calculate

1
4C®¯ ¹C _® _¯

µ
( ¹Q _®Q®V)( ¹Q _¯ Q¯ V) ¡ (Q® ¹Q _®V)(Q¯ ¹Q _¯ V)

¶
=

= 1
4C®¯ ¹C _® _¯

µ
¾m

® _®f vm ; 4i ( ¹µ _¯ ¸ ¯ ¡ µ¯ ¹̧ _¯ )g

¡ 2i¾m
® _®f vm ; @l vk (µ° ¾l

° _¯
¾k

¯ _°
¹µ_° + µ¯ ²¾° ¾l

± _¯
¾k

° _°
¹µ_° )g

+ 2¾m
® _®

¹µ¹µ¾l
° _¯

f vm ; µ° @l ¸ ¯ ¡ µ¯ @l ¸ ° g

¡ 2¾m
® _®µµ¾l

¯ _¯
f vm ; @l ( ¹µ¹̧ )g

+ i¾m
® _®µµ¹µ¹µ¾l

¯ _¯
f vm ; @l (D ¡ i@m vm )g

¡ 4µ®µ° ¾m
° _¯

¾n
¯ _°

¹µ_° f ¹̧ _®; @m vng

+ 4¹µ_®µ° ¾m
° _¯

¾n
¯ _°

¹µ_° f ¸ ®; @m vng

+ 4iµ®¹µ¹µµ° ¾m
° _¯

f ¹̧ _®; @m ¸ ¯ g

+ 4iµ®µµµ° ¾m
¯ _¯

f ¸ ®; @m ¹̧ _° g

¡ 4iµ®¹µ_®µ° ¾m
° _¯

¾n
¯ _°

¹µ_° f (D ¡ i@m vm ); @m vng

¡ 4µ° ¹µ_° µ¾¹µ_¾¾k
° _¾¾l

®_° ¾m
¾_¯

¾n
¯ _¾@kvl @m vn

¶
:

(26)

We can see from the expressionabove the full secondorder calculations will be
lengthy. Additionally , we would have to deal with the nonassociativit y of the star
product. At present, the author has only calculated portions of the theory to the
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secondorder, mostly for the purposeof comparing the present work with [8]. We
leave the complete development of the secondorder deformed gauge theory to a
later paper.

3.1.1 Expanding V ¤ V ¤ V

We shall now ¯nd the correction to V ¤V ¤V to the ¯rst order in C®¯ . First, recall
¯rst that in the commutativ e theory, V 3 is zero in the Wess-Zuminogauge. Thus
any nontrivial term in V ¤ V ¤ V must arise from the deformation.

V ¤ (V ¤ V) =
= V(V ¤ V) ¡ 1

2C®¯ (Q®V)Q¯ (V ¤ V) ¡ 1
2

¹C _® _¯ ( ¹Q _®V) ¹Q _¯ (V ¤ V)
(27)

We can replaceV ¤ V with V 2 as we are looking for the ¯rst order in C®¯ terms.

V ¤ (V ¤ V) =
= V(V ¤ V) ¡ 1

2C®¯ (Q®V)Q¯ (V 2) ¡ 1
2

¹C _® _¯ ( ¹Q _®V) ¹Q _¯ (V 2)
= V (V ¤ V)

(28)

The two terms vanish becauseQ®V and ¹Q _®V have a ¹µ and µ in each term respec-
tiv ely while Q¯ (V 2) and ¹Q _¯ (V 2) are proportional to ¹µ¹µ and µµ respectively. To the
¯rst order, we have

V ¤ (V ¤ V) =
=

¡
¡ µ¾m ¹µvm + iµµ¹µ¹̧ ¡ i ¹µ¹µµ¸ + 1

2µµ¹µ¹µ(D ¡ i@m vm )
¢
(V ¤ V):

(29)

Now, if we examine the ¯rst order terms in V ¤ V , we notice that each term either
has µµ or ¹µ¹µ; thus, the product with V which is proportional to µ and ¹µ vanishes.
Therefore, to the ¯rst order in the deformation parameter,

V ¤ (V ¤ V) = 0: (30)

It is not hard to seethat this extends to higher star products. Thus, (V )n
¤ = 0 for

n ¸ 3 to the ¯rst order in the deformation parameter. That is, to the ¯rst order
in C, we have eV = 1 + V + 1

2V ¤ V . This is nice but it will clearly be spoiled if
we include the secondorder terms. For example, if one examinesthe mixed second
order term (26), the ¯rst few lines have only µ or ¹µ. Hence,in the product with V
they will not vanish like the ¯rst order case,thus generating a nontrivial term in
V ¤ (V ¤ V). We will not complete the development of eV to the secondorder in
this paper. Next, we shall show that in the limit of ¹C _® _¯ = 0, we recover the terms
found by Seiberg in [8].

Collecting the results of this section, we ¯nd that the star exponential of V in
the canonical Wess-Zuminogaugeis

eV = 1 + V + 1
2V ¤ V

= 1 ¡ µ¾m ¹µvm + iµµ¹µ¹̧ ¡ i ¹µ¹µµ®¸ ® + 1
2µµ¹µ¹µ(D ¡ i@m vm )

¡
¡ 1

4Cmn vm vn + i
4C®¯ µ̄ ¾m

® _®[¹̧ _®; vm ]
¢¹µ¹µ

¡
¡ 1

4
¹Cmn vm vn + i

4
¹C _® _¯ ¹µ_¯ ¾m

® _®[vm ; ¸ ®]
¢
µµ:

¡ 1
16 jCj2 ¹̧ ¹̧ ¹µ¹µ

¡ 1
16 j ¹Cj2¸¸µ µ

+ other 2nd order terms containing ¹C _® _¯ :

(31)
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3.2 N = 0 verses N = 1
2 star exp onentials

To comparewith the N = 1
2 construction, we make the following dictionary:

m 7¡! ¹
vm 7¡! A ¹
¹̧ _® 7¡! ¹̧ _®

¸ ® 7¡! ¸ ® + 1
4²®¯ C¯ ° ¾¹

° _° f ¹̧ _° ; A ¹ g
(D ¡ i@m vm ) 7¡! D ¡ i@¹ A ¹ :

(32)

We use Greek indices for Euclidean spacetime and Latin indices for Minkowski
spacetime. In [8], only products of µ were deformed. It is clear that we can recover
this deformation by setting ¹C _® _¯ to zero wherever it occurs. Using the dictionary
and setting ¹C _® _¯ = 0, we have

eV = 1 + V + 1
2V ¤ V

= 1 ¡ µ¾¹ ¹µA ¹ + iµµ¹µ¹̧ ¡ i ¹µ¹µµ®(¸ ® + 1
4²®¯ C¯ ° ¾¹

° _° f ¹̧ _° ; A ¹ g)
+ 1

2µµ¹µ¹µ(D ¡ i@¹ A ¹ ) ¡ 1
4C¹º A ¹ A º ¹µ¹µ

¡ i
4C®¯ µ̄ ¾¹

® _®[A ¹ ; ¹̧ _®]¹µ¹µ ¡ 1
16 jCj2 ¹̧ ¹̧ ¹µ¹µ:

(33)

This is precisely the exponential that Seiberg found on noncommutativ e Euclidean
superspacein [8].

4 Gauge theory on N = 0 Mink owski super-
space
In this section,we generalizesuper Yang-Mills theory to deformedMinkowski super-
space.Most of the usual constructions hold and the approach is similar to Sieberg's
N = 1

2 super Yang Mills theory in [8]. We simply replaceproducts in [14] with star
products. The main subtlety is ¯nding the correct parametrization of the vector
super¯eld.

4.1 Gauge Transformations
Our goal is to ¯nd a way to embed the usual C-independent gauge transforma-
tions into super¯eld equations on noncommutativ e Minkowski superspace. Since
our spinors are built on Minkowski space,we are forced to relate µ and ¹µ by con-
jugation. This means that we cannot directly follow the construction of [8]. In
[8], we can seethat (µ®) 6= ¹µ_®, V 6= V and (¤ + ¹¤) 6= ¤ + ¹¤. These relations are
sensiblefor Seiberg, who wrote them over noncommutativ e Euclidean superspace.
On Minkowski space,these inequalities must becomeequalities. We will ¯nd that
these reality conditions and the requirement that we recover N = 1

2 theory in the
¹C _® _¯ = 0 limit almost uniquely ¯xes this construction.

Nonabelian gaugetransformations on the vector super¯eld are embedded into
the following super¯eld equation on noncommutativ e Minkowski superspace.

eV 7¡! eV 0 = e¡ i ¹¤ ¤ eV ¤ ei ¤ (34)
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This is the natural modi¯cation of [14]. In¯nitesimally , we have

±eV = ¡ i ¹¤ ¤ eV + ieV ¤ ¤ : (35)

The component ¯elds of the vector super¯eld should transform in the adjoint rep-
resentation of the gaugegroup as in the standard gaugetheory. That is, under an
in¯nitesimal gaugetransformation, we should have

±vm = ¡ 2@m Á + i [Á;vm ]
±̧ ® = i [Á;¸ ®]
±D = i [Á;D ]:

(36)

Our goal now is to ¯nd a suitable parametrization of the gaugeparameter ¤ and the
vector super¯eld V such that (36) are embeddedinto (35). It is not surprising that
the canonicalWess-Zuminogauge(31) doesnot work in the N = 0 case,sinceit was
also necessaryfor [8] to shift the ¸ component in the N = 1

2 case.The reality of V
requiresthat we cannot shift only ¸ ; we must alsoshift ¹̧ . To be precise,¸ 7! ¸ + A
and ¹̧ 7! ¹̧ + B . We now determine what choiceof A and B will preserve the reality
of V while concurrently embedding (36). To the ¯rst order in C, we ¯nd under the
above rede¯nitions that (31) becomes,

eV = 1 ¡ µ¾m ¹µvm ¡ 1
4

¹Cmn vm vnµµ + 1
4Cmn vm vn ¹µ¹µ + 1

2(D ¡ i@m vm )µµ¹µ¹µ
+ ¹µ¹µµ®(¡ i¸ ® ¡ iA + i

4²®¯ C¯ ° ¾m
° _®[vm ; ¹̧ _®])

+ µµ¹µ_®(¡ i ¹̧ _® ¡ iB ¡ i
4² _® _¯

¹C _¯ _° ¾m
®_° [vm ; ¸ ®]):

(37)

Additionally , we make a C-dependent shift of the gauge parameter ¤ similar to
that of [8]. For the moment, let us make a reasonablygeneralansatz for the gauge
parameter in terms of a variable p.

¤ p = ¡ Á + ipµ¾m ¹µ@m Á + i
2µµ ¹Cmn f vn ; @m Ág ¡ (p + 1)µµ¹µ¹µ@2Á

¹¤ p = ¡ Á + i (2 ¡ p)µ¾m ¹µ@m Á ¡ i
2

¹µ¹µCmn f @m Á;vng ¡ (p + 1)µµ¹µ¹µ@2Á
(38)

where everything is a function of y in the above. Notice that modulo the higher µ
components in ¤, this reducesto the choice of gaugeparameter in [8] when p = 0.
We now determine which choiceof p will embed (36) in (35). We calculate that the
¹µ¹µµ® term in the RHS of (35) is

[Á;¸ ®] + [Á;A] ¡ 1
4²®¯ C¯ ° ¾m

° _®

¡
[Á;[¹̧ _®; vm ]] ¡ 2i (p¹̧ _®@m Á + (2 ¡ p)@m Á¹̧ _®)

¢
:
(39)

Similarly, the µµ¹µ_® term in the RHS of (35) is

[Á; ¹̧ _®] + [Á;B ] + 1
4 ¹² _® _¯

¹C _¯ _° ¾m
®_°

¡
[Á;[¸ ®; vm ]] + 2i (p¸ ®@m Á + (2 ¡ p)@m Á¸ ®)

¢
:
(40)

The ¹µ¹µµ® component of the LHS of (35) is

¡ i±¸ ® ¡ i±A + i
4²®¯ C¯ ° ¾m

° _®±[¹̧ _®; vm ]: (41)

Similarly, the µµ¹µ_® component of the LHS of (35) is

¡ i±¹̧ _® ¡ i±B ¡ i
4 ¹² _® _¯

¹C _¯ _° ¾m
®_° ±[¸ ®; vm ]: (42)
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It is not di±cult to show (applying (36)) that

i±[¸ ®; vm ] + [Á;[¸ ®; vm ]] = ¡ 2i [¸ ®; @m Á]
i±[¹̧ _®; vm ] + [Á;[¹̧ _®; vm ]] = 2i [¹̧ _®; @m Á]

i±f ¹̧ _®; vm g + [Á;f ¹̧ _®; vm g] = 2i f ¹̧ _®; @m Ág
i±(vm ¸ ®) + [Á;vm ¸ ®] = 2i@m Á¸ ®

i±( ¹̧ _®vm ) + [Á; ¹̧ _®vm ] = 2i ¹̧ _®@m Á:

(43)

Next, equate (41) and (39). Then require that ±̧ ® = i [Á;¸ ®] so that (43) holds.
Someterms canceland we ¯nd that

¡ i±A ¡ [Á;A] = i
2²®¯ C¯ ° ¾m

° _®

¡
(p + 1)¹̧ _®@m Á + (1 ¡ p)@m Á¹̧ _®

¢
: (44)

Likewise,equate(42) and (40). Then require that ±¹̧ _® = i [Á; ¹̧ _®] so that (43) holds.
Someterms canceland we ¯nd that

¡ i±B ¡ [Á;B ] = i
2²®¯ C¯ ° ¾m

° _®

¡
(p ¡ 1)¸ ®@m Á + (3 ¡ p)@m Á¸ ®

¢
: (45)

When p = 0, we ¯nd that (44) becomes

¡ i±A ¡ [Á;A] = i
2²®¯ C¯ ° ¾m

° _®f ¹̧ _®; @m Ág: (46)

Hence, in view of (43), we can seewhy [8] shifted the ¸ ® component of the vector
multiplet by A = 1

4²®¯ C¯ ° ¾m
° _®f ¹̧ _®; vm g. If we tried to use this choice of gauge

parameter, we would destroy the reality of V because(45) would lead us to choose
B = 1

4 ¹² _® _¯
¹C _¯ _° ¾m

®_° (¡ ¸ ®vm + 3vm ¸ ®). The correct choice is p = 1. With this choice
of gaugeparameter, we ¯nd the following conditions for A and B from (44) and
(45):

¡ i±A ¡ [Á;A] = i² ®¯ C¯ ° ¾m
° _®

¹̧ _®@m Á

¡ i±B ¡ [Á;B ] = i ¹² _® _¯
¹C _¯ _° ¾m

®_° @m Á¸ ®:
(47)

Theseconditions are satis¯ed by

A = 1
2²®¯ C¯ ° ¾m

° _®
¹̧ _®vm

B = 1
2 ¹² _® _¯

¹C _¯ _° ¾m
®_° vm ¸ ®:

(48)

It is easyto seethat ¹A = B and ¹B = A, which is necessaryin order to preserve ¹V =
V . This is the only parametrization of the vector super¯eld and gaugeparameter
for noncommutativ e Minkowski superspaceif we wish to stay in a generalizedWess
Zumino gauge. In principle, we could usethe other lower µ components of the vector
super¯eld to do more complicated shifts. Fortunately, we will not needto do that.
De¯ne the vector super¯eld to be

V(y) = ¡ µ¾m ¹µvm + µµ¹µ_®(¡ i ¹̧ _® + i
2 ¹² _® _¯

¹C _¯ _° ¾m
®_° vm ¸ ®)

+ ¹µ¹µµ®(¡ i¸ ® ¡ i
2²®¯ C¯ ° ¾m

° _®
¹̧ _®vm ) + 1

2µµ¹µ¹µ(D ¡ i@m vm ):
(49)

It should be evident from the calculations in this section that this parametrization
of V embeds(36) in (35) while maintaining the reality of V. This, of course,requires
that we de¯ne the gaugeparametersas functions of y to be

¤( y) = ¡ Á + iµ¾m ¹µ@m Á + i
2µµ ¹Cmn f vn ; @m Ág ¡ 2µµ¹µ¹µ@2Á

¹¤( y) = ¡ Á + iµ¾m ¹µ@m Á ¡ i
2

¹µ¹µCmn f @m Á;vng ¡ 2µµ¹µ¹µ@2Á:
(50)
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For the remainderof this paper, wewill assumethat the vector super¯eld is parametrized
as in (49) and that the gaugeparameter is parametrized as in (50). Explicitly in
this parameterization, to the ¯rst order in C, (31) becomes:

eV = 1 ¡ µ¾m ¹µvm ¡ 1
4

¹Cmn vm vnµµ + 1
4Cmn vm vn ¹µ¹µ + 1

2(D ¡ i@m vm )µµ¹µ¹µ
+ ¹µ¹µµ®(¡ i¸ ® ¡ i

4²®¯ C¯ ° ¾m
° _®f ¹̧ _®; vm g)

+ µµ¹µ_®(¡ i ¹̧ _® ¡ i
4² _® _¯

¹C _¯ _° ¾m
®_° f ¸ ®; vm g):

(51)

4.2 Spinor super¯elds
Again, we will construct theseasin the commutativ e theory except that everywhere
that we had a product in the commutativ e theory, we place a star product here.
De¯ne

W® = ¡ 1
4

¹D _® ¤ ¹D _® ¤ e¡ V ¤ D® ¤ eV : (52)

Conveniently , in chiral coordinates ym = xm + iµ¾m ¹µ, several of the star products
in the above are ordinary products. Thus,

W® = ¡ 1
4

¹D _® ¹D _®e¡ V ¤ D ® ¤ eV : (53)

Likewisede¯ne
W _® = ¡ 1

4D ® ¤ D® ¤ e¡ V ¤ ¹D _® ¤ eV : (54)

Similarly, in antichiral coordinates ¹ym = xm ¡ iµ¾m ¹µ, the above simpli¯es to

W _® = ¡ 1
4D ®D®e¡ V ¤ ¹D _® ¤ eV : (55)

We must determine the component ¯eld content of W® and W _®. Referring to
(51) and keepingonly up to the ¯rst order in C, we obtain

W® = W®(C = 0)
+ µµ( 1

2
¹Cmn f Fmn ; ¸ ®g + ¹Cmn f vn ; Dm ¸ ® ¡ i

4 [vm ; ¸ ®]g)
+ C° ¯ ²¯ ®µ° ¹̧ ¹̧;

(56)

where following Wessand Bagger's conventions in [14], the ¯eld strength and co-
variant derivative of the gaugino are

Fmn = @m vn ¡ @nvm + i
2 [vm ; vn ]

Dm ¸ ® = @m ¸ ® + i
2 [vm ; ¸ ®]:

(57)

Additionally , the spinor super¯eld of ordinary superspaceis

W®(C = 0) = ¡ i¸ ® + µ®D ¡ ¾mn¯
® µ̄ Fmn + µµ¾m

® _¯
Dm ¹̧ _¯ : (58)

Notice that when we set ¹C _® _¯ = 0, we recover the result of Seiberg [8] for W®.
Likewise,we ¯nd that

W _® = W _®(C = 0)
+ ¹µ¹µ( 1

2Cmn f Fmn ; ¹̧ _®g + Cmn f vn ; Dm ¹̧ _® ¡ i
4 [vm ; ¹̧ _®]g)

+ ¹C _° _¯ ² _¯ _®¹µ_° ¸¸
(59)

where
W _®(C = 0) = i ¹̧ _® + ¹µ_®D ¡ ¾mn _¯

_®
¹µ_¯ Fmn + ¹µ¹µ¹¾m _®¯ Dm ¸ ¯ : (60)

Again, we reproduce the result of [8] upon setting ¹C _® _¯ = 0.
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4.2.1 Gauge transformation of spinor super¯elds

The spinor super¯eld transforms asin the commutativ e theory. From the nonabelian
gaugetransformation (34), it follows that

W® 7! W
0

® = e¡ i ¹¤ ¤ W® ¤ ei ¤ : (61)

This can be shown by modifying the calculation used in the commutativ e theory.
We simply changeproducts to star products and utilize the algebra given in (15).

5 Chiral and antic hiral super¯elds
Chiral (©) and antichiral( ¹©) super¯elds are de¯ned as usual.

¹D _® ¤ © = 0 D® ¤ ¹© = 0 (62)

The stars deform any multiplications that result. However, as D ® = @® in the
chiral coordinates y¹ = x¹ + iµ¾m ¹µ and ¹D _® = @_® in the antichiral coordinates ¹y¹ =
x¹ ¡ iµ¾m ¹µ, we ¯nd that the star products are ordinary products. Consequently ,
we ¯nd the well-known solutions

©(y; µ) = A(y) +
p

2µÃ(y) + µµF (y)
¹©( ¹y; ¹µ) = ¹A( ¹y) +

p
2¹µ ¹Ã( ¹y) + µµ ¹F ( ¹y):

(63)

Thesesolutions follow from the chain rule as in the standard commutativ e theory.
This construction neednot be modi¯ed on noncommutativ e Minkowski superspace
becausethe anticommutation relations given in (15) are une®ectedby the deforma-
tion.

5.1 Parametrizing the Chiral super¯eld
The matter ¯elds in the Wess-Zuminomodel should transform in the fundamental
and antifundamental representations of the gaugegroup. This is naturally embed-
ded into the following super¯eld equation written on noncommutativ e Minkowski
superspace,(as T. Araki, K. Ito and A. Ohtsuka did for Euclidean casein [15]),

© 7! ©0 = e¡ i ¤ ¤ © ¹© 7! ¹©0 = ¹© ¤ ei ¹¤ : (64)

In¯nitesimally , we have

±© = ¡ i¤ ¤ © ±¹© = i ¹© ¤ ¹¤ : (65)

At the level of component ¯elds, (65) should embed

±A(y) = iÁA(y) ± ¹A( ¹y) = ¡ i ¹AÁ( ¹y)
±Ã(y) = iÁÃ(y) ±¹Ã( ¹y) = ¡ i ¹ÃÁ( ¹y)
±F (y) = iÁF (y) ± ¹F ( ¹y) = ¡ i ¹F Á( ¹y):

(66)
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It wasnecessaryfor [15] to shift the ¹F -term in ¹© to maintain the usualC-independent
gaugetransformations on the component ¯elds. Similarly, we must modify both ©
and ¹© from the cannonical form given in (63).

©(y) = A +
p

2µÃ + µµ(F + ´ )
¹©( ¹y) = ¹A +

p
2¹µ ¹Ã + ¹µ¹µ( ¹F + ¯ )

(67)

where the shifts ´ and ¯ must be chosenas to embed (66) in (65). Now ¤ and ¹¤
were given in (50), however, it will be convenient to view ¹¤ as a function of ¹y for
this section.

¤( y) = ¡ Á + iµ¾m ¹µ@m Á + i
2µµ ¹Cmn f vn ; @m Ág ¡ 2µµ¹µ¹µ@2Á

¹¤( ¹y) = ¡ Á ¡ iµ¾m ¹µ@m Á ¡ i
2

¹µ¹µCmn f @m Á;vng ¡ 2µµ¹µ¹µ@2Á
(68)

The µµ coe±cient in (65) yields

±F + ±́ = iÁF + iÁ´ ¡ 2i ¹Cmn @m Á@nA + 1
2

¹Cmn f vn ; @m ÁgA: (69)

Likewise,the ¹µ¹µ coe±cient in (65) yields

±¹F + ±̄ = ¡ i ¹F Á ¡ i¯ Á ¡ 2iC mn @n ¹A@m Á + 1
2Cmn ¹Af @m Á;vng: (70)

If we require that (66) holds, then we then ¯nd that the following condition on ¯
from (70) is

±̄ ¡ iÁ¯ = ¡ 2iC mn @n ¹A@m Á + 1
2Cmn ¹Af @m Á;vm g: (71)

Similarly, we ¯nd that the following condition on ´ from (69) is

±́ ¡ iÁ´ = ¡ 2i ¹Cmn @m Á@nA + 1
2

¹Cmn f vn ; @m ÁgA: (72)

Following [15], we notice that

±[iC mn @m ( ¹Avn ) ¡ 1
4Cmn ¹Avm vn ] + i [iC mn (@m ¹Avn ) ¡ 1

4Cmn ¹Avm vn ]Á =
= ¡ 2iC mn (@m ¹A)(@nÁ) + 1

2Cmn ¹Af @m Á;vng:
(73)

Additionally , we note that

±[¡ i ¹Cmn @m vnA + 1
4

¹Cmn vm vnA] ¡ iÁ[¡ i ¹Cmn @m (vnA) + 1
4

¹Cmn vm vnA] =
= 2i ¹Cmn (@nÁ)(@m A) + 1

2
¹Cmn f vn ; @m ÁgA:

(74)

Then, observe that (74) and (72) indicate that

´ = ¡ i ¹Cmn @m (vnA) + 1
4

¹Cmn vm vnA: (75)

Then, observe that (73) and (71) indicate that

¯ = iC mn @m ( ¹Avn ) ¡ 1
4Cmn ¹Avm vn : (76)

Thus, we de¯ne the chiral and antichiral super¯elds with respect to (50) as

© = A +
p

2µÃ + µµ(F ¡ i ¹Cmn @m (vnA) + 1
4

¹Cmn vm vnA)
¹© = ¹A +

p
2¹µ ¹Ã + ¹µ¹µ( ¹F + iC mn @m ( ¹Avn ) ¡ 1

4Cmn ¹Avm vn ):
(77)

It should be clear from this section that this is the correct parametrization of the
anti(chiral) super¯elds. This de¯nition embeds (66) in (65). This parametrization
givesthe component ¯elds the standard C-independent gaugetransformations.
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6 Gauged Wess-Zumino Mo del
We construct the gauge invariant Lagrangian of the Wess-Zuminomodel on non-
commutativ e Minkowski superspace:

L = 1
16kg2

µ
R

d2µtr W ¤ W +
R

d2 ¹µtr W ¤ W
¶

+
R

d2µd2 ¹µ¹© ¤ eV ¤ ©: (78)

Gaugeinvariance of L follows directly from the cyclicity of the trace and equations
(34), (61) , and (64). Also, note that this Lagrangian is real as the star product
has the property f ¤ g = g ¤ f . To ¯rst order in the deformation parameter, we can
calculate

tr W ¤ Wjµµ = tr W ¤ W(C = 0)jµµ ¡ iC mn tr Fmn ¹̧ ¹̧ + i ¹Cmn tr ¸¸F mn

tr W ¤ Wj ¹µ¹µ = tr W ¤ W(C = 0)j ¹µ¹µ ¡ iC mn tr Fmn ¹̧ ¹̧ + i ¹Cmn tr ¸¸F mn
(79)

where

W ¤ W(C = 0)jµµ = ¡ 2i ¹̧ ¹¾m Dm ¸ ¡ 1
2F mn Fmn + D 2 + i

4F mn F lk ²mnl k

W ¤ W(C = 0)j ¹µ¹µ = ¡ 2i ¹̧ ¹¾m Dm ¸ ¡ 1
2F mn Fmn + D 2 ¡ i

4F mn F lk ²mnl k :
(80)

To the ¯rst order, theseterms match thosefound by [8] if we set the ¹Cmn = 0. Next,
consider the coupling of the vector and chiral multiplets. After somecalculation,
we ¯nd

¹© ¤ eV ¤ ©jµµ¹µ¹µ = ¹F F + i¾m
® _®(@m ¹Ã _®)Ã® + 1

2
¹Ã _®¾m

® _®vm Ã®

+ 1
2

¹A(D ¡ i@m vm )A ¡ 1
4

¹Avm vm A + (@2 ¹A)A

¡ i (@m ¹A)vm A + i
p

2
2

¹A¸Ã ¡ i
p

2
2

¹Ã¹̧A
+ iC mn @m ( ¹Avn )F ¡ iC mn (@m ¹A)vnF
¡ i ¹Cmn ¹F @m (vnA) + i ¹Cmn ¹F vn@m A
¡ 1

2Cmn ¹Avm vnF + 1
2

¹Cmn ¹F vm vnA

¡ i
p

2
8 C®¯ ¾m

® _®
¹Af ¹̧ _®; vm gÃ¯

¡ i
p

2
8

¹C _® _¯ ¾m
® _®

¹Ã _¯ f ¸ ®; vm gA

¡
p

2
2 C®¯ ¾m

® _®(@m ¹A) ¹̧ _®Ã¯

¡
p

2
2

¹C _® _¯ ¾m
® _®

¹Ã _¯ ¸ ®@m A:

(81)

We identify the terms without deformation parameters as the usual terms in the
WessZumino model; that is, up to a total derivative we have

¹© ¤ eV ¤ ©(C = 0)jµµ¹µ¹µ = ¹F F ¡ i ¹Ã¹¾m Dm Ã ¡ (Dm ¹A)(Dm A)
+ 1

2
¹AD A + ip

2
( ¹A¸Ã ¡ ¹Ã¹̧A ) (82)

where Ã and A are in the fundamental representation of the gaugegroup

Dm Ã = @m Ã + i
2vm Ã Dm A = @m A + i

2vm A: (83)

In (81), we recover most of the terms found by [15] plus their conjugates. However,
in comparison to the N = 1

2 theory, terms that are linear in ¸ and ¹̧ are notably
modi¯ed. The new shifts in the gaugeparameters (50) lead to the modi¯cation of
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the ¸ and ¹̧ components of the vector super¯eld V which in turn give rise to the
following terms in the Lagrangian L :

¡ i
p

2
8 C®¯ ¾m

® _®
¹Af ¹̧ _®; vm gÃ¯ ¡

p
2

2 C®¯ ¾m
® _®(@m ¹A) ¹̧ _®Ã¯

¡ i
p

2
8

¹C _® _¯ ¾m
® _®

¹Ã _¯ f ¸ ®; vm gA ¡
p

2
2

¹C _® _¯ ¾m
® _®

¹Ã _¯ ¸ ®@m A:
(84)

Using covariant derivatives, theseterms become

¡ i
p

2
8 C®¯ ¾m

® _®
¹A[¹̧ _®; vm ]Ã¯ ¡

p
2

2 C®¯ ¾m
® _®(Dm ¹A) ¹̧ _®Ã¯

+ i
p

2
8

¹C _® _¯ ¾m
® _®

¹Ã _¯ [¸ ®; vm ]A ¡
p

2
2

¹C _® _¯ ¾m
® _®

¹Ã _¯ ¸ ®Dm A:
(85)

The term ¡
p

2
2 C®¯ ¾m

® _®(Dm ¹A) ¹̧ _®Ã¯ wasalsofound in [15]. However, the commutator
terms result from the choiceof gaugeparameter we madein (50). We might naively
have expected only the terms without the commutators. Let us summarize:

L = 1
16kg2 tr

¡
¡ 4i ¹̧ ¹¾m Dm ¸ ¡ F mn Fmn + 2D 2

¢

+ ¹F F ¡ i ¹Ã¹¾m Dm Ã ¡ Dm ¹ADm A + 1
2

¹AD A + ip
2
( ¹A¸Ã ¡ ¹Ã¹̧A )

+ 1
16kg2 tr

¡
¡ 2iC mn Fmn ¸¸ + 2i ¹Cmn ¹̧ ¹̧F mn

¢

+ i
2Cmn ¹AFmn F ¡ i

2
¹Cmn ¹F Fmn A

¡ i
p

2
8 C®¯ ¾m

® _®
¹A[¹̧ _®; vm ]Ã¯ ¡

p
2

2 C®¯ ¾m
® _®(Dm ¹A) ¹̧ _®Ã¯

+ i
p

2
8

¹C _® _¯ ¾m
® _®

¹Ã _¯ [¸ ®; vm ]A ¡
p

2
2

¹C _® _¯ ¾m
® _®

¹Ã _¯ ¸ ®Dm A:

(86)

7 Summary
Wehave developeda nonabelian gaugetheory over deformedMinkowski superspace.
In this deformation, all of the fermionic dimensionsare deformedand asa result, all
of the supersymmetry is broken. To be consistent with the N = 1

2 terminology, we
say that this deformed superspacehas N = 0 supersymmetry. Many of the results
directly mirror the results of N = 1

2 from [8] or [15]. This is due to the fact that
the deformation we consider in this paper reducesto the deformation of N = 1=2
supersymmetry upon setting ¹C _® _¯ = 0. It is not surprising that we recover the same
gaugetheoretic results as [8] in the limit ¹C _® _¯ = 0. The exception to this rule is
the choice of gaugeparameter intro duced by Seiberg in [8]. We found that it was
not possibleto usethe sameconstruction becauseit violated the hermiticit y of the
vector super¯eld. We ¯xed this by intro ducing a new gaugeparameter which served
to maintain both hermiticit y and the C-independent gaugetransformations on the
component ¯elds.

Next, we intro duced the chiral super¯eld ©. Again, we found it necessaryto
modify the cannonicalcomponent ¯eld expansionin order to maintain the standard
gaugetransformations on the component ¯elds. The modi¯cation is similar in spirit
to that of [15]. Essentially , what we found is the N = 1

2 theory and conjugate copy
where all of the usual N = 1

2 terms are accompaniedby their conjugatesdue to the
hermiticit y properties of the star product usedin this construction.

Finally, we constructed the Lagrangian which coupled the gauge and matter
¯elds. The gauge invariance of L follows for reasonssimilar to the commutativ e
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theory. We simply modi¯ed the standard arguments for the gaugedWess-Zumino
model by replacing products with star products. The primary obstacleto this con-
struction was the task of ¯nding the correct parameterization for the super¯elds.
The Lagrangian is similar to that found by [15], however, there are several new
terms. Most new terms comedirectly from the addeddeformation f ¹µ_®; ¹µ _¯ g¤ = ¹C _® _¯

(which should have beenexpected from the outset). However, the reparameteriza-
tion of the gaugeparameter also led us to someterms which were not immediately
obvious from the N = 1

2 theory.
There is much work left to do. First, we should complete the program begun

in this work to the secondorder in the deformation parameter. Nonassociativit y
will have to be addressed.It is likely that, the constructions of this paper will need
modi¯cation at the secondorder. Secondly, there are numerouspapers investigating
N = 1=2 supersymmetry [15]-[43] and it would be interesting to ¯nd complementary
results for the N = 0 casewhere possible. We could try to ¯nd the dual results
for, instantons as in [16]-[21], or renormalization as in [22]-[29] , or the possibility
of residual supersymmetry as in [30], or the Seiberg Witten map as in [31]. We
do not attempt to give a complete account of the N = 1=2 developments, we just
wish to point out the variety of novel directions future research might take. Finally,
it would be interesting to derive the N = 0 deformation from a string theoretical
argument.

8 App endix
De¯ne the parit y of F to be ²F . If F is even, then ²F = 1. If F is odd, then ²F = ¡ 1.
We can expressthe star product to the ¯rst order as:

F ¤ G = F G ¡ 1
2C®¯ ²F (Q®F )(Q¯ G) ¡ 1

2
¹C _® _¯ ²F ( ¹Q _®F )( ¹Q _¯ G):

Let us then prove that the ¯rst order star product is associative. Consider:

(F ¤ G) ¤ H = (F G ¡ 1
2C®¯ ²F (Q®F )(Q¯ G) ¡ 1

2
¹C _® _¯ ²F ( ¹Q _®F )( ¹Q _¯ G)) ¤ H

= F GH ¡ 1
2C®¯ ²F (Q®F )(Q¯ G)H ¡ 1

2
¹C _® _¯ ²F ( ¹Q _®F )( ¹Q _¯ G)H

¡ 1
2C®¯ ²F G(Q®F G)(Q¯ H ) ¡ 1

2
¹C _® _¯ ²F G( ¹Q _®F G)( ¹Q _¯ H )

= F GH ¡ 1
2C®¯ ²F (Q®F )(Q¯ G)H ¡ 1

2
¹C _® _¯ ²F ( ¹Q _®F )( ¹Q _¯ G)H

¡ 1
2C®¯ ²F G[(Q®F )G + ²F F (Q®G)]Q¯ H

¡ 1
2

¹C _® _¯ ²F G[( ¹Q _®F )G + ²F F ( ¹Q _®G)] ¹Q _¯ H

= F GH ¡ 1
2C®¯ ²F (Q®F )(Q¯ G)H ¡ 1

2
¹C _® _¯ ²F ( ¹Q _®F )( ¹Q _¯ G)H

¡ 1
2C®¯ [²F ²G(Q®F )G(Q¯ H ) + ²GF (Q®G)(Q¯ H )]

¡ 1
2

¹C _® _¯ [²F ²G( ¹Q _®F )G( ¹Q _¯ H ) + ²GF (Q®G)( ¹Q _¯ H )]:
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Notice that we have used ²F G = ²F ²G and ²F ²F = 1 to complete the calculation
above. Likewiseconsider:

F ¤ (G ¤ H ) = F ¤ (GH ¡ 1
2C®¯ ²G(Q®G)(Q¯ H ) ¡ 1

2
¹C _® _¯ ²G( ¹Q _®G)( ¹Q _¯ H ))

= F GH ¡ 1
2C®¯ ²GF (Q®G)(Q¯ H ) ¡ 1

2
¹C _® _¯ ²GF ( ¹Q _®G)( ¹Q _¯ H )

¡ 1
2C®¯ ²F (Q®F )(Q¯ GH ) ¡ 1

2
¹C _® _¯ ²F ( ¹Q _®F )( ¹Q _¯ GH )

= F GH ¡ 1
2C®¯ ²GF (Q®G)(Q¯ H ) ¡ 1

2
¹C _® _¯ ²GF ( ¹Q _®G)( ¹Q _¯ H )

¡ 1
2C®¯ ²F (Q®F )[(Q¯ G)H + ²GG(Q¯ H )]

¡ 1
2

¹C _® _¯ ²F ( ¹Q _®F )[( ¹Q _¯ G)H + ²GG( ¹Q _¯ H )]

= F GH ¡ 1
2C®¯ ²GF (Q®G)(Q¯ H ) ¡ 1

2
¹C _® _¯ ²GF ( ¹Q _®G)( ¹Q _¯ H )

¡ 1
2C®¯ [²F (Q®F )(Q¯ G)H + ²F ²G(Q®F )G(Q¯ H )]

¡ 1
2

¹C _® _¯ [²F ( ¹Q _®F )( ¹Q _¯ G)H + ²F ²G(Q®F )G( ¹Q _¯ H )]:

Therefore, F ¤(G¤H ) = (F ¤G) ¤H to the ¯rst order in the deformation parameter.
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