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Abstract

We dewelop a gaugedWess-Zuminomodel in noncommutativ e Mink owski super-
space. This is the natural extension of the work of Carlson and Nazaryan, which
extended N = 1=2 supersymmetry written over deformed Euclidean superspace
to Minkowski superspace. We investigate the interaction of the vector and chi-
ral super elds. Noncommutativit y is implemented by replacing products with star
products. Although, in general, our star product is nonasseiative, we prove that
it is ass@iative to the rst order in the deformation parameter C. We show that
our model reproducesthe N = 1=2 theory in the appropriate limit, namely when
the deformation parameters €2-= 0. Esserially, we nd the N = 1=2 theory and
a conjugate copy. As in the N = 1=2 theory, a reparameterization of the gauge
parameter, vector super eld and chiral super eld are necessaryto write standard
C-independert gaugetheory. However, our choice of parameterization di®ersfrom
that usedin the N = 1=2 supersymmetry, which leadsto some unexpected new
terms.

a similar paper has beensubmitted to JHEP
testbetter@yahoo.com



1 Overview

There has beena variety of discussionabout deformations of superspacein recen
years [1]-[13] (undoubtedly a partial list). Of particular interest to this paper is
the deformed Euclidean superspaceconstructed by Seiberg in [8]. Generally, the
literature following Seiberg has focusedon superspacewith a Euclidean signature.
One exception is [11], in which Carlson and Nazaryan found how to construct a
deformed Mink owski superspace”. In their paper, they implemented superspace
noncommutativit y with a star product which was hermitian but not assaiative in
general. Their star product reproducesthe deformation of N = % supersymmetry in
a certain limit. Additionally , they studied the Wess-Zuminomodel (without gauge
interactions) and found results similar to Seiberg's. Our goal is to construct the
gaugedWess-Zuminomodel in this noncomrmutativ e Mink owski superspace.

Following the construction of Nazaryan and Carlson, we deform N = 1 rigid
Mink owski superspaceas follows:

fi®ig=c® fi2fig= ¢o (1)

where (C® )® = &2~ In this deformation, all of the fermionic dimensionsof super-
spaceare deformed. Here both Q and © are broken symmetries, sowe will say that
this spacehas N = 0 supersymmetry. Despite this, the deformation still permits
most of the usual super eld constructions.

In section 2.1 we explicitly de ne the noncomnutative Mink owski superspace
by listing the deformed coordinate algebrafound in [11]. The deformed coordinates
have hats on them to distinguish them from the standard coordinates. The usual
model is then deformedby simply putting a hat on all of the objects in the standard
theory. In practice, we will not explicitly calculate anything in terms of these
operators. Instead, we will nd it usefulto make the usual exchangeof the operator
product for the star product of ordinary functions of superspace;

Tl\lfl\z 7! f10f2: (2)

This correspondenceallows us to work out the details of noncomnmnutativ e theory
using ordinary calculus on superspace.In this sensewe obtain the noncomrutativ e
Wess-Zuminomodel by simply replacing ordinary products with star products.

In sections2.2 and 2.3, we corntinue our brief summary of the work of Carlson
and Nazaryan in [11]. In [11], deformed Mink owski spacewas constructed to the
secondorder in the deformation parameter. In this paper, we will primarily examine
the rst order extensions of their work. In section 3, we will examine how to
write a nonabelian supersymmetric gauge theory on noncomnutative Mink owski
superspace. Following the standard super eld construction(see[14] for example),
we will introduce the vector super eld (V) and calculate the star exponertial (e¥)

" After the completion of this work the author learnedthat the work of M. Chaichian and A. Kobakhidze
in [12] and the work of Y. Kobayashiand S. Sasakiin [13] alsostudied the Wess-Zuminomodel on deformed
Mink owski superspacesin somedetail. Both of these works employ a star product which is ass@iative
but not hermitian. The star product studied here is hermitian but not assaiative in general. Also, note
that [5] and [10] study someaspects of deformed Mink owski superspacethat have relevanceto this work.
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in section3.1. We will calculate the explicit modi cation thesede nitions imply for
the componert “elds of the vector multiplet.

The gaugetransformation itself will be discussedin section 4. In section 4.1,
we will nd a parameterization of the vector super eld suc that the standard
gaugetransformations are realized at the componert eld level. This procedureis
similar to Seiberg'sin [8]. We employ a modi ed Wess-Zuminogaugethroughout
the calculations. This is possible provided that we de ne the gauge parameter &
with somecarefully chosendeformation dependen shifts. We will 'nd that reality
uniguely axxes this construction. Next, in section 4.2, we introduce the spinor
super eld Wg by making the natural modi cation to the standard de nition.

Then, in section 5, we examinethe gaugetransformation on a chiral super eld.
Again, we will nd it necessaryto shift the chiral super eld by a deformation de-
pendent term in order to presene the usual gaugetheory. These shifts, similar to
those found in [8] and [15], are derived in detail.

Finally, in section 6, we construct the Lagrangian of the gaugedWess-Zumino
model. This construction closely resenbles that of Wessand Baggerin [14] except
that products have been replaced by star products. Also, the componert eld
expansionsof the super elds have someC-dependert shifts asderivedin the previous
sections. Overall, the gaugesymmetry of the Lagrangianis establishedby argumerts
analogousto the standard argumerts. We conclude the paper by computing the
Lagrangian written explicitly in terms of the componert “elds. Our result is similar
to [15], howewer, there are someunexpected terms.Y

2 Noncomm utativ e Mink owski Superspace

2.1 Deformed Coordinate Algebra

We begin by consideringN = 1 rigid Minkowski superspacewhere a typical point
is (x™; u® 1®). In the commutativ e case,we have:

[x™;x"]= 0 x™: u® =0
fU%ng=0 [Xm,ﬂli@] = 3)
fii%hg=0 fi%fpg=0

The coordinatesx™ areidenti'ed with spacetimecoordinates, whereasthe p® and {12
are grassmanvariables. We then construct noncommnutativ e Mink owski superspace
by replacing coordinate functions (x™, p®, &) with operators (&™, {(®, {i®). In

particular, we require that the deformed coordinates satisfy

%0 g=c® [*™; (%] = iC® W fi-
iz fig= o A =it (4)
(i fg=0 [&™;2"] = (C® ﬁ®ﬁ CTHP ) Y3

YThis paper cortains somesecondorder results for the star exponertial. However, we do not complete
the dewelopmen of the theory to secondorder in this paper. We do nd some partial results at the
secondorder of the deformation parameter and they agreewith the N = % in the limit ¢2-= 0. The

JHEP version contains only the “rst order results given here.
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This algebra was de ned by Carlson and Nazaryan so that the deformed chiral
coordinates ™ = RM + i fland ™ = R | i {i satisfy

fi%fig=c® =0
fi2fg=¢2 Pmiy=o0 5)
1% fig= o

Theserelations will allow usto dewelop chiral and antichiral super elds in much the
sameway asin the commutativ e theory. In addition, we have:

9" (°] = 2c® -

g = aAcT i ,

™9 = 34(5@_1'1\®ﬁ_i 2C® CO- Y- (6)
9™ 9" = 4c® (3 2c® EO- ym

P77 = 2C° COHgHA

This choice of deformed coordinate is motivated by our desireto follow the same
construction of chiral super elds asin the commutativ e theory.

2.2 Star Pro duct

The star product on Mink owski superspaceis de ned by
fag=f(1+ 9)g (7

where S is formed using the superchargesQe and Q@,

_A !
S = |2C®Q®Q %%é

Al
+ic®c’ Q@Q Q+Q % f Hb@é 9,0

+1C® c13®_(®®Q®é Q i Q®Q®Q &- -):

We follow the corventions of Wessand Baggerin [14]. In the chiral coordinates
y™ = x™+ip¥A" i, the superchargeshave the familar forms. Note that the derivatives
of u® and p® are taken at xed y™.

Q® = Q® J
8
Qo= i @@J + A g ©
Whereas,when the derivativesare taken at xed antichiral coordinates y™ = x™

in¥" {1, we have
Qe = —®Jyl 2|/€'.|}1 @

é@- i @rly ®)



We will not make explicit jy or jy elsewhere,sincethey are to be understood im-
plicitly . Many other formulae can be found in [11]. Some properties of this star
product on functions f, g, and h are

fag=goef (f + ggeh=1f oh+ gah

fag6 gof f a(geh) 6 (f ag)ah: (10)

The noncomnutativit y and nonassaiativit y will require someattention in general.
However, to the rst order in the deformation parameter, we note that

fa(gah) = (f @g)ah (11)

the star product is assaiative. A proof is given in the appendix.

2.3 N = 0 Supersymmetry

The formulae below are stated for the operators acting on functions of the deformed
Mink owki superspace.In particular, they should be understood asstatemerts about
how the operators act on star products of functions. We de ne the star brackets as

fA;Bge = AcB+BoA and [A;B],= AeBj BrA: (12)

Then calculate

fU® g = pPap +p op®=Cc® 13
(e fg, = feafe frof= e )

It is important to note that products of both p® and ({2 are deformed. This has
the consequencef breaking all of the supersymmetry. Starting with the canonical
forms of the supercharges,we obtain

fQe QG =i 46@’—3@_%
fQui Q0o = i 4C” W Gl (14)
Qe Qate = 2%

Comparing this to [8], we note that when ¢®-= 0, then Qg is an unbroken symme-
try, hencethe label N = % supersymmetry. The author proposesthat we call the
theory constuctedby Carlsonand Nazaryan N = 0 supersymmetry to be consisten.
Now, although the superchargesare broken, we still have

fD@;Q 0= fDgQ 0= fDeQ-0ga= fDeQ-ga=0

(15)
fD@;D-ga= fD@;Dega = O

These relations are crucial. We can still dene the chiral (©) and antichiral (&)

super elds by the constraints If)@ 8© = 0 and De @® = 0 on noncomnutativ e

Mink owski superspace. Thus, most of the usual techinques in Wessand Bagger

[14] still apply for our discussion. The primary di®erenceis that products will be

replacedwith star products.



3 Vector Super elds

Our goal is to construct a nonabelian gauge on deformed Mink owski superspace.
Thus, we consider a vector super eld V which carries somematrix represertation

of the gauge group and is subject to the usual constraint: V = V. In the stan-
dard super Yang-Mills theory, it is conveniernt to use a reduced set of componert

“elds called the WessZumino gauge. We will show in section 4.1 that the Wess
Zumino gaugecan be generalizedto the current discussionprovided we make some
C dependen shifts. For now, we let V take the canonical parametrization of the

Wess-Zuminogauge

V=i b+ g i, + RO i iGhv™) (16)

where the above is in chiral coordinates y™.

3.1 Star exponential of vector super eld

We de ne the star exponertial of the vector super eld in the natural way:
v 1 1
e’ =1+V+ éVmV+ ngav+::: @7

Our notation for the usual exponertial will be exp(V) and powers are to be under-
stood as ordinary powers - for exampleVV2 = VV. In this paper, star products will
be explicitly indicated.

The vector super eld is even, thus no new signs arise from pushing the Qg or
Cb®_ past V in the star product. Thus,to rst order in the deformation parameter,

VaVv = V(1+S)V
= V7 5% (QaVIQ V)i HET(OaVY(OV)
1
+ =

£CY C'¥(QeQ:V)(QuQV) + fETE 00 V)(,0.V)
+%C®_é@_— (GeQeV)(A-Q-V) i (Qe@aV)(Q-A-V)

We will now calculate theseterms in chiral coordinates starting with

' . . 1 . :
QeV @ i WA v + I i i+ SpERD i i@nv™)
i ¢
= i Vil + 2ipefl + (i §, o+ He(D i i@V™) (18)

Continuing, we nd that

' L _ . ¢
Q QeV @ i YBVm + 2igef, + (i i, @+ He(D i i@ V™)

i 22-gf | 2oMi(D i i@V™): (19)



Next we calculate QgV .

. ' . . 1 . :
QeV = (i @+ 2u%e@) i WA fvm + KL i TR + SUIpR(D | i@hV™)
i ¢
= u®vm + i 2ifip+ 200VEH"G K, ;
U iTe+ fe(D i i@v™) + 29 VYA @ va (20)

The next calculation is a bit longer.
QQ-V = (i @+ 2iu®@1)(f5:V) (21)

i 22+ 2-(D i@ VT)

+2 (e i V)@ + 2801 B @, ©

Now, for the mixed supercharges, using the results above, we nd that

QeQeV @(QeV) (22)
| Aogym + 2o, w1 Fo, o) q
tho 20p(D i i@V™) + 2ii7" HE-@vn + 200G,

Similarly, we nd that

QeQeV

(i @+ 2iu®¥e@)(QeV) (23)
YeVm i 2i(le, @i flo, @)
+20efie(D i i@V™) i 2 AHLYE-@iva

l”l —
| 200 @h () + Bl 20 @, @+ IMPYEL@ (D i i@V™)

1

The next task is to calculate the products of the terms above. In the product
below, we have omitted from the beginning those terms with fifi becausethere is a
fLin eac term.

1

1 £ . of _ ) a
5 ~C® ' Ygl®vin + 2ine(f) | YA-AV, + 2ip-() (24)

2
1 o .am T
= ZCT 2SR vmvafii+ 5C° 1 [vm;}@][hih

C® QeVQ-V

1 [~ -
= 5C™VmVn i 5C® phivmi ] B

where we have usedthe identity C™ = 3C® 223132, following the corvertions
of [8]. Continuing to compute the products, since every term has a [ this time, we



can ignore the pu terms from the outset.

%é@_ﬁ@v o-v

1.e-E . of _ a8
§é®_i W%8eVm i 2iflel, | M ¥A-vni 2ifiy,  (25)

1.g, | pa
| 7G5 AVl %é@f%[vm?=®]w
H

1 | aer
ECx:mn Vi Vn + éd:@—ﬂk_[vm;, ®] HH

where we identied €™ = j 3C2=® 3 98 following [11]. Next, consider the
secondorder in deformation parameter terms:

LCTCTHQUQVIQ:QY) = 1CY C g2l + HD i i@

_ Lo
= i gICI% R

wherewe usejCj2 = 4C® C"*2g.2,~ . Similarly, we nd that the next term is easily
calculated dueto a sizeablecancellation sincewe may omit a p term from the start.

SETE (050 V)(9,0.V)

R T

1.,
i 81¢J LHH

where we usejCj? = 46€-C#2g2_,. The remaining term to considerin V aV is
7C% C®(QeQeV)(Q-Q V) i (QeQaV)(Q-Q-V)]. We calculate

M 1
4C® Ce (@@Q%V)(Q—_Q-V) i (QeQeV)(QQ-V) =

= 1C¥CT Yhufvmidi(hn i 19
i 2941 Vi @vic(H ¥4 % P+ 2% 94 9K fD)g
+ 2 fum K@ - 1 @9
2B _fym; @) g
YA fvm; @D i i@hv™)g (26)
Mol IR BF L ; @V
4|]J@p° %",_%I:flo—f , ® @GhVng
Aipeffy 9171} 0; @, 9
fipepl Y, @ @, -0
i Aitefo’ Y51 ¥4 pf (D | i@an);%Vng
A P 7 7% Y5 A5, @VI @ Vi

+ -

+ 4+ 4+ -

We can seefrom the expressionabove the full secondorder calculations will be
lengthy. Additionally , we would have to deal with the nonassaiativit y of the star
product. At presen, the author has only calculated portions of the theory to the
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secondorder, mostly for the purposeof comparing the present work with [8]. We
leave the complete developmert of the secondorder deformed gaugetheory to a
later paper.

3.1.1 Expanding VeV aV

We shall now nd the correctionto V aV aV to the st orderin C® . First, recall
st that in the commutativ e theory, V2 is zeroin the Wess-Zuminogauge. Thus
any nontrivial term in V &V aV must arise from the deformation.

Vao(VaV) =

= V(VaV)| 3CT (QeV)Q-(V aV)i LETH{@eV)O-(vav) @)

We can replaceV oV with V2 aswe are looking for the rst orderin C® terms.
Va(VeV) =

V(VaV)i 1c® (QeV)Q-(V?) i CTH(QeV)Q-(V?) (28)
V(V aV)

The two terms vanish becauseQeV and Q®V have a [ﬁ and pin ead term respec-
tively while Q-(V2) and &- -(V2) are proportional to (i and pyt respectively. To the
‘rst order, we have

VoV nV)
= WAV il i A+ S i i@nv™) “v avy:
Now, if we examinethe rst order terms in V &V, we notice that ead term either

has pu or ;1411; thus, the product with V which is proportional to pu and flvanishes.
Therefore, to the rst order in the deformation parameter,

Va(VaVv) =0 (30)

It is not hard to seethat this extendsto higher star products. Thus, (V)1 = 0 for
n, 3to the rst order in the deformation parameter. That is, to the rst order
in C, we havee” = 1+ V + %V aV. This is nice but it will clearly be spoiled if
we include the secondorder terms. For example, if one examinesthe mixed second
order term (26), the st few lines have only por fi. Hence,in the product with V
they will not vanish like the "rst order case,thus generating a nontrivial term in
V = (V aV). We will not complete the developmert of ¥ to the secondorder in
this paper. Next, we shall show that in the limit of C€-= 0, we recover the terms
found by Seiberg in [8].

Collecting the results of this section, we nd that the star exponertial of V in
the canonical Wess-Zuminogaugeis

e/ =1+V+ VoV
= 1 u%"ﬁtvm+ P | Iﬁﬁm®,®+ THupg(D | i@v™)

i 1C"‘”vmvn + C® [ ®. vm]

(29)

i 1ém”vmvn 'é® Y[Vm;, ©] (31)
11
i GJ J LU

+ other 2" order terms containing ¢®-



3.2 N =0versesN = % star exponentials

To comparewith the N = % construction, we make the following dictionary:

m7] !

Vm 7’ Al

1 1

el e (32)

L7l e+ 226C %.f1LAg

(Dj i@Vv™) 7] Dj i@A":
We use Greek indices for Euclidean spacetime and Latin indices for Mink owski
spacetime. In [8], only products of p were deformed. It is clear that we can recover

this deformation by setting ¢2-to zero wherewer it occurs. Using the dictionary
and setting €¢®-= 0, we have

e =1+V+IvaVv B
= 1§ A PA + ippl | B e+ $25°C "%.fI5ANQ) (33)
WD | I@AT) | 3CT AsAdf
i 5CT ¥pelAs i Al £iCi% T A
This is precisely the exponertial that Seiberg found on noncommutativ e Euclidean
superspacein [8].

4 Gauge theory on N = 0 Mink owski super-
space

In this section, we generalizesuper Yang-Mills theory to deformedMink owski super-
space. Most of the usual constructions hold and the approac is similar to Sieberg's

= 5 super Yang Mills theory in [8]. We simply replaceproducts in [14] with star
products. The main subtlety is nding the correct parametrization of the vector
super eld.

4.1 Gauge Transformations

Our goal is to nd a way to embed the usual C-independert gauge transforma-
tions into super eld equations on noncommnutative Mink owski superspace. Since
our spinors are built on Mink owski space,we are forced to relate p and fi by con-
jugation. This meansthat we cannot directly follow the construction of [8]. In
[8], we can seethat (U®) 6 ﬁ@, V 6V and (o + 3) 6 o + &. Theserelations are
sensiblefor Seiberg, who wrote them over noncomnutativ e Euclidean superspace.
On Mink owski space,these inequalities must becomeequalities. We will 'nd that
thesereality conditions and the requiremert that we recover N = % theory in the

¢®@-= 0 limit almost uniquely xes this construction.
Nonabelian gauge transformations on the vector super eld are embedded into
the following super eld equation on noncomnutativ e Mink owski superspace.

e 71 &%= e ®ag’ ng® (34)
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This is the natural modi cation of [14]. In nitesimally , we have
+V = j idoe’ + ie¥ oo (35)

The componert elds of the vector super eld should transform in the adjoint rep-
resenation of the gaugegroup asin the standard gaugetheory. That is, under an
in nitesimal gaugetransformation, we should have

Wy = | 2@ A+ i[A V]
t 0= i[A;, o] (36)
iD = i[A;D]:

Our goalnow isto nd a suitable parametrization of the gaugeparameter @ and the
vector super eld V sud that (36) are embeddedinto (35). It is not surprising that
the canonicalWess-Zuminogauge(31) doesnot work in the N = 0 case,sinceit was
also necessaryfor [8] to shift the , componert in the N = % case.The reality of V
requiresthat we cannot shift only , ; we must alsoshift . To be precise,, 7! , + A
and,1 7! 1 + B. We now determine what choice of A and B will presene the reality
of V while concurrertly embedding (36). To the rst orderin C, we nd under the
above rede nitions that (31) becomes,

e = 1i WA Wm i 2C™ ViVl 2C™ vmvn i+ 3(D i i@n V™)t
+ BCG i, e TA + (20 C Wl ) (37)
+ Uml'@(i i}@i iB ﬁz@zé:—?/gi[vm;,(@]):

Additionally , we make a C-dependert shift of the gauge parameter @ similar to
that of [8]. For the momert, let us make a reasonablygeneralansatz for the gauge
parameter in terms of a variable p.

op = | A+ ipp @A+ SC™fve; @hAg) (p+ DWPGA (38)
dp= i A+iQ2i PAL@A; SPIC™f@A Vg (P+ LUUILGA

where everything is a function of y in the above. Notice that modulo the higher p
componerts in @, this reducesto the choice of gaugeparameter in [8] when p = 0.
We now determine which choice of p will embed (36) in (35). We calculate that the
Ai® term in the RHS of (35) is

. . — i . ; .- C
A, 6l + AT 320C ) AL valli 2i(pI2@A+ 2 P@A'D
(39)
Similarly, the ppf® term in the RHS of (35) is

[Alel+ [AB]+ 12, C 90 TAL ®vmll + 21(p, ®@A+ 21 P@A,®) -

The p® componert of the LHS of (35) is )
i i, 00 A+ §26°C T G vp]: (41)
Similarly, the pui® componert of the LHS of (35) is
i it @i i£B | }lz@ié?’-?ygii[, ® Vinl: (42)

11



It is not dizcult to show (applying (36)) that
i£[, ® vl + (AL vl = i 2[, © @Al
it vl + [AL S vl = 2[0S @A
itf S vmg + [Af; & vmg] = 22 @iAg (43)
i£(Vm, ©) + [Avm, ®] = 2i@A, ®
i£(; %Vm) + [A;] SVim] = 2] 2@ A:
Next, equate (41) and (39). Then require that + ® = i[A;, ®] sothat (43) holds.
Someterms canceland we nd that

i itA | [AJA]= L2gC W@i(p’f 1), @A+ (1 D)@rA,l®¢i (44)

Likewise,equate (42) and (40). Then require that + ® = i[A;’ ®] sothat (43) holds.
Someterms canceland we nd that

~o i Ve Ve ¢
| itB | [AB]= L2 C "W} (pi 1),°@A+ (i P@A®:  (45)
When p= 0, we nd that (44) becomes
i itA§ [AA]= 52eC WS @A (46)
Hence,in view of (43), We can seewhy [8] shifted the , @ componert of the vector
multiplet by A = %12 - %“® ®vmg. If we tried to use this choice of gauge
parameter we would destroy the reality of V because(45) would lead us to choose
= #2-C & (i , ®m + 3vm, ®). The correct choiceis p= 1. With this choice
of gauge parameter we nd the following conditions for A and B from (44) and
(45): B
i iA§ [AA]= 2gC "W, C@A
i i£B j [AB]— sz _3/%]@1A®
These conditions are satis ed by
A = 12® C %ﬂ@j‘ ®Vm

_lz_ _g;/%]vm

It is easyto seethat A = B and B = A, which is necessanyjin order to presene V =

V. This is the only parametrization of the vector super eld and gauge parameter
for noncomnutativ e Mink owski superspaceif we wish to stay in a generalizedWess
Zumino gauge. In principle, we could usethe other lower p componerts of the vector
super eld to do more complicated shifts. Fortunately, we will not needto do that.

De ne the vector super eld to be

(47)

(48)

V(y) = i WA v + uufl i iTo+ b2-C Y Vi, © 9)
G @i b2 %n®,1®Vm)+ Subf(D l@an)
It should be evidert from the calculations in this sectionthat this parametrization

of V embeds(36) in (35) while maintaining the reality of V. This, of course,requires
that we de ne the gaugeparametersas functions of y to be

a(y) = i A+ i p@ A+ SpC™ vy @Agi 2ppphGA

a(y) = i A+ i L@ A| zhﬁcm”f@A Vndi 2Ui@A: (50)
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For the remainderof this paper, wewill assumethat the vector super eld is parametrized
asin (49) and that the gaugeparameter is parametrized as in (50). Explicitly in
this parameterization to the rst order in C, (31) becomes:

=1j W vmi 1€ vmvnuu+ iCmananﬁlﬁ"' (D i i@ V™)t
+ (G i, @ "f L %V Q) (51)

z
+ UIJI}l@(I i,l@l i‘® @ _—3/%"*_f,®iVmg)3

4.2 Spinor super elds

Again, we will construct theseasin the commutativ e theory exceptthat everywhere
that we had a product in the commutativ e theory, we place a star product here.
De ne

We= i iDguD®ue VaDgue: (52)
Conveniertly, in chiral coordinates y™ = x™ + iu34"fi, seweral of the star products
in the above are ordinary products. Thus,

We =i iDgD®% vV aD®ne": (53)
Likewisede ne
Wg= i iD®uDgue V nDgre’: (54)
Similarly, in antichiral coordinates y™ = x™ j iu¥%"f1, the above simpli‘es to
Wge= | 1D®Deel V uDgue’: (55)

We must determine the componert “eld content of We and We. Referring to
(51) and keepingonly up to the rst order in C, we obtain
We = We(C = 0)
+|JIJ(1(15m”men,>®g+ C™fVn;Dm, @i 4[Vm1,®]g) (56)
+ C 2_®U 5 1

where following Wessand Bagger's cornvertions in [14], the eld strength and co-
variant derivative of the gauginoare

Fon = @GVni @Vm + iz[Vm;Vn]

57
D, 0= @r, 0+ sl ol 7

Additionally , the spinor super eld of ordinary superspaceis
Wo(C = 0)= i i, o+ HeD i ¥8" Fmn + WD) = (58)

Notice that when we set €€~ = 0, we recover the result of Seiberg [8] for We.
Likewise,we nd that

Wge = We(C = 0)

+f:lﬁ( Cmanmn-, g+ Cmannva ®| 4[Vm1,®]g) (59)
+Ct 4%_,,
where ~ B -
We(C=0)=i o+ floD i %" T-Fmn + fp34"2 Dy, (60)

Again, we reproduce the result of [8] upon setting ¢2-= 0.
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4.2.1 Gauge transformation of spinor super elds

The spinor super eld transforms asin the comnmutativ etheory. From the nonabelian
gaugetransformation (34), it follows that

We 7! Wg = & 12 aWgud®: (61)

This can be showvn by modifying the calculation usedin the commutativ e theory.
We simply changeproducts to star products and utilize the algebragivenin (15).

5 Chiral and antic hiral super elds

Chiral (©) and antichiral(®) superelds are de ned as usual.
Der©=0 Dee®=0 (62)

The stars deform any multiplications that result. Howewer, as Dg = @ in the
chiral coordinatesy’ = x* + iu¥"f1and Dg = @ in the antichiral coordinatesy* =
x'oipAn ;11 we nd that the star products are ordinary products. Consequetly,
we nd the well-known solutions

Olyi) = Aly) + o 20A(Y) + WF (y) )
O = AW) +  2PAM) + WF (9):

These solutions follow from the chain rule asin the standard commutativ e theory.

This construction neednot be modi ed on noncommnutativ e Mink owski superspace
becausethe anticommutation relations givenin (15) are une®ectedby the deforma-
tion.

5.1 Parametrizing the Chiral super eld

The matter elds in the Wess-Zuminomodel should transform in the fundamertal
and antifundamental represerations of the gaugegroup. This is naturally embed-
ded into the following super eld equation written on noncommnutativ e Mink owski
superspace,(as T. Araki, K. Ito and A. Ohtsuka did for Euclidean casein [15]),

©71 = e "ne &7 &= bud?: (64)
In nitesimally , we have
+#©=jinn® +©=ibok: (65)
At the level of componert elds, (65) should embed
A(y) = IAA(Y)  HA(Y) = i IAAY)

A(y) = iAA(y)  #A®Y) = i 1AAY) (66)
tF(y) = iAF(y) P (¥) = i iFA@):
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It wasnecessanyor [15] to shift the F -term in ® to maintain the usual C-independert
gaugetransformations on the componert elds. Similarly, we must modify both ©
and ® from the cannonical form givenin (63).

o) = A+ p?ilj,&+ |i1|1,l(|: + ’_) 67)
&)= A+ " 20A+ puk + )

where the shifts ©~ and ~ must be chosenasto embed (66) in (65). Now & and &
were given in (50), however, it will be conveniert to view & as a function of ¥ for
this section.

a(y) = | A+ WA @A+ SwC™ vy @AY 2upp@A

8(y) =i Aj pAP@AT SHC™f@Avagi 2uIIGA (68)
The pu coexcient in (65) yields
tF + ¥ = AF + A" | 2C™M @ AQA + 1C™fvn; @ AdA: (69)
Likewise, the {ift coecient in (65) yields
tF++ = iFA] i Aj 2C™@A@A+ LIC™MAT@ A v (70)

If we require that (66) holds, then we then nd that the following condition on
from (70) is
+ i IAT =i 2aC™M@A@ A+ JC™MAF @A Vmy: (71)
Similarly, we nd that the following condition on~ from (69) is
i A = 2C™M@AGA + 1C™fv,; @ AQA: (72)
Following [15], we notice that
HiC™ @ (Avn) | 1C™Avmva] + iiC™ (@ AVL) i 1C™Avmva]A=

= 2|cm“(@A)(@A)+ lcmAf @ Avng: (73)
Additionally , we note that
Hi iIC™M @ VoA + 1™ vnvaAli A iIC™ @ (VnA) + 2EM v VaA] =
= 2|ém”(@A)(@A)+ 1EMfv,; @ AgA: (74)
Then, obsene that (74) and (72) indicate that
T = iC™M@ (VhA) + 2™ vnvnA: (75)
Then, obsene that (73) and (71) indicate that
T=iC™@(Avn) i 1C™AVmVa: (76)
Thus, we de ne the chiral and antichiral super elds with respect to (50) as
©=A+ 2uA+ uu(F i 1€M@, (VaA) + 2EMvnv,A) 7

&= A+ 2|JA+ A + iC™ @, (Avy) iCm”Avmvn):

It should be clear from this section that this is the correct parametrization of the
anti(c hiral) super elds. This de nition embeds (66) in (65). This parametrization
givesthe componert elds the standard C-independert gaugetransformations.
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6 Gauged Wess-Zumino Mo del

We construct the gaugeinvariant Lagrangian of the Wess-Zuminomodel on non-
commutativ e Mink owski superspace:
MR 1

L= g PHrWow + dzutrW aW + dzudzﬂﬁc}nev 0 ©:; (78)
Gaugeinvariance of L follows directly from the cyclicity of the trace and equations
(34), (61) , and (64). Also, note that this Lagrangian is real as the star product
hasthe property f ag= gaf. To rst orderin the deformation parameter, we can
calculate

trW aWjy, = trW aW(C = 0)ji iIC™trFmn,, +iC™tr F mn

trW aWjg, = tt W aW(C = 0)jgg i iC™trFmn,, +iC™tr F m (79)
where
W aW(C = Oy = i 2D, i GF™ P + D2+ gFMF 2y g

W aW(C = 0)jgs = i 2, %" D, i 3F™Fmn + D2 FF™MFk2

Tothe Tst order, theseterms match thosefound by [8] if we setthe €™ = 0. Next,
considerthe coupling of the vector and chiral multiplets. After some calculation,
we nd
boe' aQj = FF+ iV (@ADA® + 1A®va®
+1A(D i i@nvm)pA| v va+ (BA)A
i 1(@A)VTA + i ZAA i Al
+iC™ @ (Avn)F i |Cmn(@A)vn
i iICME@ (VhA) + iC™MEv, @A
i lC”‘”AvmvnF + 1EM EvnvnA (81)
i ' 2C® yp Af 2 vy gA-
g 2C8- A_f, :VmOA
i ic®:(@1/&)}@/&—
i 2CTYLA C@A:

We identify the terms without deformation parameters as the usual terms in the
WessZumino model; that is, up to a total derivative we have

®oe’ oe(C = 0)j,pm= FFi iAWDLA| (DpA)DMA)

+1ADA+ (A A | AA) (82)
2
where A and A are in the fundamertal represenation of the gaugegroup
DmA= @A+ SvnA DmA = @A+ SvnA: (83)

In (81), we recover most of the terms found by [15] plus their conjugates. Howewer,
in comparisonto the N = % theory, terms that are linear in , and 1 are notably
modi ed. The new shifts in the gauge parameters (50) lead to the modi cation of
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the , and © componerts of the vector supereld V which in turn give rise to the
following terms in the LagrangianL:

i |§c® YBAT T @ Vi gA- p22c® (@A), %A

(84)
é®—sn,ﬂ,Af VmOA —é®—A_ °@A:
Using covariant derivatives,theseterms become
L i2Ce YEAL 2 vin]A- | Poce Y2 (Dm A)1®A
e % o (85)
+i-2COYPA CvnlA | 2ETIPA©
The term j —C® VP (DmA) . ®A- wasalsofound in [15]. However, the commutator

terms result from the ‘choice of gaugeparameter we madein (50). We might naively
have expected only the terms without the commutators. Let us summarize:

L = Wtr i 4, %" Dm, i F™Fmn + 202"
+FF | |A3/£“DmA. D ADmA+ l/3;DA¢+ Ps(AA T AA)
+—2tr i 2AC™Fnn,, +2AEMYE
cm”AanF. 'ém”#FWA
i |§c® VAL 2 vin]A- | p220® Y(Dm A)1®A
+|—é®—ﬁ\[ VmlA 2(5®-l\7

(86)

7/  Summary

We have developed a nonabelian gaugetheory over deformedMink owski superspace.
In this deformation, all of the fermionic dimensionsare deformedand as a result, all
of the supersymmetry is broken. To be consistert with the N = % terminology, we
say that this deformedsuperspacehas N = 0 supersymmetry. Many of the results
directly mirror the results of N = % from [8] or [15]. This is due to the fact that
the deformation we considerin this paper reducesto the deformation of N = 1=2
supersymmetry upon setting €= 0. It is not surprising that we recover the same
gaugetheoretic results as [8] in the limit €€~ = 0. The exception to this rule is
the choice of gaugeparameter introduced by Seiberg in [8]. We found that it was
not possibleto usethe sameconstruction becauseit violated the hermiticity of the
vector super eld. We xed this by introducing a new gaugeparameter which sened
to maintain both hermiticity and the C-independert gaugetransformations on the
componert elds.

Next, we introduced the chiral super eld ©. Again, we found it necessaryto
modify the cannonicalcomponert "eld expansionin order to maintain the standard
gaugetransformations on the componert elds. The modi cation is similar in spirit
to that of [15]. Essetnially, what we found isthe N = % theory and conjugate copy
whereall of the usualN = % terms are accompaniedby their conjugatesdue to the
hermiticit y properties of the star product usedin this construction.

Finally, we constructed the Lagrangian which coupled the gauge and matter
“elds. The gaugeinvariance of L follows for reasonssimilar to the commutativ e
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theory. We simply modi ed the standard argumerts for the gaugedWess-Zumino
model by replacing products with star products. The primary obstacleto this con-
struction was the task of nding the correct parameterization for the super elds.
The Lagrangian is similar to that found by [15], however, there are sewral new
terms. Most new terms comedirectly from the added deformation f ﬁ@; ﬁf—gn = ¢8-
(which should have beenexpected from the outset). However, the reparameteriza-
tion of the gaugeparameter also led us to someterms which were not immediately
obvious from the N = 3 theory.

There is much work left to do. First, we should complete the program begun
in this work to the secondorder in the deformation parameter. Nonassiativit y
will have to be addressed.It is likely that, the constructions of this paper will need
modi cation at the secondorder. Secondly there are numerouspapersinvestigating
N = 1=2 supersymmetry [15]-[43 and it would be interestingto nd complemenary
results for the N = 0 casewhere possible. We could try to nd the dual results
for, instantons as in [16]-[21], or renormalization asin [22]-[29 , or the possibility
of residual supersymmetry as in [30], or the Seiberg Witten map asin [31]. We
do not attempt to give a complete accourt of the N = 1=2 dewelopmerns, we just
wish to point out the variety of novel directions future researt might take. Finally,
it would be interesting to derive the N = 0 deformation from a string theoretical
argumert.

8 App endix

De ne the parity of F to be2F. If F is even, then 2F = 1. If F is odd, then 2F = j 1.
We can expressthe star product to the rst order as:

FeG=FGi 3C® 27 (QeF)(Q-G)i 3C%2F(QeF)(Q-G):
Let usthen prove that the rst order star product is assaiative. Consider:

(FaG)oH = (FGi 1C¥2F(QeF)(Q-G)i 3C2=2F(QeF)(Q-G)) aH
FGH i 1C® 2F(QeF)(Q-G)H i 3C¥=2F(QeF)(Q-G)H

i 3C® 2FC(QeFG)(Q-H) i 1C¥=2FC(OeFG)(O-H)
FGH | 1C® 2F(QeF)(Q-G)H j 1CT=F(QeF)(O-G)H

i 1C® 2FC[(QeF)G + 2F F (QeG)]Q-H

i 3C22FC[(QeF)G + 7 F (QeG)IQ-H
FGH i 3C® 2F(QeF)(Q-G)H i 3CZ2F (QeF )(Q-G)H

i 1C® [2F28(QeF)G(Q-H) + 26F (QeG)(Q-H)]

i 3C2{2F26(QeF)G(Q-H) + 26F (QeG)(Q-H)I:
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Notice that we have used2FC® = 2F2G gnd 2F2F = 1 to complete the calculation
above. Likewiseconsider:

Fo(GoH) =Fa(GH | 3C®26(QeG)(Q-H)i 3C22%(QeG)(Q-H))
FGH i 1C®2CF(QeG)(QH)i 3C¥=2CF(QeG)(Q-H)
i 3C®2F(QeF)(Q-GH) i 1CE®=2F(QeF)(O-GH)
FGH i 3C% 2°F(QeG)(Q-H)i 3C¥2CF(QaG)(Q-H)
i 2C® 2F(QeF)[(Q-G)H + 26G(Q-H)]
i 3C22F(QeF)[(Q-G)H + 26G(Q-H)]
FGH i 3C® 2°F(QaG)(QH)i 3C%2CF(QeG)(Q-H)
i 1C% [2F (QeF )(Q-G)H + 2F26(QeF)G(Q-H)]
i 3C212F (QeF )(Q-G)H + 2F26(QeF)G(Q-H)I:

Therefore, F a(GeH) = (F aG)aH to the rst orderin the deformation parameter.
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