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Abstract

Invention of new goods leads to interesting business cycle behavior. The economy’s dynamic
response to invention is congstent with severa business cycle facts that the standard red business cycle
modd has difficulty explaining.



I Introduction

The usud approach to technical progressisto treet it as an improvement in the efficiency of
producing the fina goods and services that dready exist. Thus, technica progress appears either asan
increase in the scale coefficient of the production function for fina goods (i.e., “tota factor
productivity”) or as an increase in the variety or qudity of intermediate goods used to produce the find
goods. The red business cycle and endogenous growth literatures provide respective examples of
these two treatments. In this paper, | examine another possibility, namdly, treating technica progress as
the invention of final goods that previoudy did not exist. Much invention seemsto be of this nature;
televison, fast food, and factory robots are but afew examples that spring to mind.

Invention of a new good aters the economy’ s seady state and so cdlsforth atrangtiond effort
to move the economy to its new steady State. That trangtion isacyclicd response, and it exhibits
severd business cycle characterigtics that hitherto have been difficult to explain. For example, output's
response typicaly is hump-shaped, adjustment in consumer and producer durables leads the cycle, and
employment is much more highly corrdated with output than productivity is. Also, even though
invention is a change in the production function, the effect it has on the economy depends on the
characterigtics of the demand for the new good. Consequently, the shock will appear to the
econometrician as a demand shock. The theory thus can explain Blanchard and Quah's (1989) finding
that demand shocks lead to atrangtory change in output that is hump-shaped. The subsequent andlysis
isdone in aframework that excludes economic growth, but a smple example in an gopendix avallable
from the author shows that the same conclusions can arise in the presence of endogenous growth as

widl.



I1. Some Factsin Need of Explanation

Two basic facts of business cycles, dmost definitions of cycles, are perastence and
comovement. First, aggregate deviations from “trend” persst for severd periods. Thereis, of course,
the problem of exactly how one measurestrend. As Nelson and Plosser (1982) first showed, the
method chosen has mgjor implications for the magnitude, timing, and even existence of measured
business cycles. Theissuesinvolved are well-known and beyond the scope of the present discussion.
Sufficeit to say here that most andyses of the time-series data suggest considerable persstence in
deviations from trend, however estimated. Second, various sectors of the economy move together in
busness cycles. If they did not, there would be no (or at least not many) observable business cycles
because most sectors of the economy are too small a part of the whole to be respongble on their own
for the observed magnitude of aggregate fluctuations. So any theory of business cycles must explain
persistence and comovement.

The most recent mgor body of thought to attempt an explanation has been red business cycle
(RBC) theory. Despite its congderable gppea, RBC theory to date has been not offered afully
convincing sory. Most RBC modd s obtain persistence only by putting it into the exogenous shocks
driving the economy. The modd itself thus does not deliver the persstence; the shocks do. Second,
most RBC models have been single-sector models and so cannot even address the issue of
comovement. Those modds that include many countries or many locations typicaly display what
Baxter (1996) cdls the “comovement problem”: the models generate comovement of |abor and
investment across locations that is negative unless the shocks are extremely highly correlated across

locations, meaning that once again the shocks rather than the model deliver the desired behavior.



In addition, there are other business cycle facts that sandard RBC modd s have difficulty
explaining. Stadler (1994) reviews many of them; those relevant to the theory presented below are the
following:*

(2) Employment (in terms of hours worked) is dmost as variable as output and strongly

procydlica, whereas real wages are no more than wealkly procycdlical .2

(2) The corrdation between productivity and employment is negative in most countries, and that

between productivity and output is moderate in size.

(3) Output’ s response to atrangtory innovation is hump-shaped with a strong trend-reverting

component; output growth therefore displays positive autocorrelation at short horizons and

week (negative) corrdation at longer horizons.

(4) One quarter to one hdf of the variaion in Solow residuds is attributable to variationsin

aggregate demand.®
Baxter (1996) mentions two more business cycle facts concerning durable goods:

(5) Purchases of consumer durables and investment (i.e., producer durables) are more volatile

than tota outpuit.

(6) Purchases of consumer durables and investment lead the cycle.

!Stadler aso presents some facts about open economies and nomina quantities, but the theory
below is confined to real closed economies and so cannot address those facts. Extensions of the theory
developed herein to include trade and money would be interesting.

*Thereis one rea business cycle model that can explain thisfact. Hansen (1985) supposes
indivisble labor, leading to dl variability in hours coming from changes in the number of workers. His
smulations give large fluctuaions in hours worked and smdl fluctuations in productivity.

3Trandtory shocks therefore are not necessarily nominal in origin; see Isder and Vahid (2001).
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RBC modds do predict that investment in producer durablesis more volatile than output, but they
typicdly do not predict that investment will lead the cycle. Virtudly al RBC models, like most macro
modesin generd, ignore consumer goods atogether and so offer no explanation for their behavior.
Baxter's modd is a notable exception, but it has only partia success in explaining the path of consumer
durables and no more success than other RBC modd s in explaining facts (1) through (4).

Fuctuations in standard RBC models are driven by productivity shocks. These by definition
are supply-side phenomena, so they have nothing to say about that part of the Solow residua arising
from the demand sde of the economy or the effects it will have on economic behavior. Micro sudies
find low wage e adticities of labor supply, S0 most productivity shocks should be absorbed in wages. As
aresult, sandard RBC models greetly underpredict variability of hours worked. RBC modds predict a
positive correlation between productivity and hours and a very high correation between productivity
and output. As aready mentioned, most RBC models can account for aggregate autocorrelaion
patterns only by imposing them on the time propagation structure of the productivity shocks. Findly,
most RBC modd s discuss only the path of total output and do not distinguish among components such
as consumer nondurables, consumer durables, and investment.*

The theory presented below is anew type of RBC modd. In contrast to the standard mode,

the theory developed here is driven by the interaction of supply-gde invention with the demand side of

“Baxter’s (1996) model is an exception. It has two sectors, one producing nondurables and the
other producing both productive capital and consumer durables. Shocks are the standard changesin
each sector’ stotal factor productivity. In the modd, the two sectors show positive comovement, and
durables and investment lead the cycle. However, like most other RBC modelsthat rely on shocks to
total factor productivity, Baxter’s modd cannot generate observed serid corrdation patterns internaly.
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the economy. The underlying shocks are inventions in the kinds of goods that can be produced. Such
shocks are changes in the production process, o the theory isamember of the RBC family. Unlike the
gandard RBC model, however, invention shocks do not raise current output directly. Changesin the
economy arise only to the extent that the newly invented goods are demanded. High demand leadsto a
large response; low demand leads to a small response. The theory thus concerns precisely that part of
the Solow residud about which standard RBC model isslent. The economy’ s dynamic response to an
invention has most of the characterigtics that Stadler and Baxter discuss and that standard RBC models
cannot explain. Employment is highly variable, employment dways can and often must be negatively
corrdated with productivity, employment and output both aways can and often must respond in a
hump-shaped manner. Severd variables act asleading indicators. Length of the workweek, new
orders for consumer goods, plant and equipment orders, building permits, and durable order backlogs
al ether are now or have been components of the Index of Leading Indicators; their predictive vaueis
explained by the theory developed below. The theory thus addresses e ements of the economy’s

behavior that the slandard RBC model leaves unexplained and so complements that model nicely.

[11. Invention of Durable Goods. Simple Cases

We begin the andysis with two smple cases: (1) an economy, initidly producing only a non-
durable good using only labor as a productive input, invents a consumer durable, and (2) an economy in
the sameinitid gate invents productive capita instead of aconsumer durable. These smple modds

give the basc intuition of the more advanced models to follow.



1. Invention of a Consumer Durable.

The representative household obtains utility from consumption of nondurables ¢, the service
flow d from durables, and leisure h:

u(e,d,h)

(@) .
u, > 0, u, < 0 fori=o0,dh

We assume for smplicity thet d is proportiond to the stock D of durables with a congtant of
proportionality of one, dlowing usto replace d in the utility function with D:

2 u(,dh) = ulie,D,h)

Initidly, there are no durables to consume, so we alow utility to be positive when D is zero.
) u(.0,h) > 0

We dso assusme the following conditions on margind utilities®

4 Enu,=A<ow=%kny = imu
po 2 =0 ° ko *

Findly, we suppose that utility is separable in nondurables, durables, and leisure
) Uy = 0 forir
The main reason for this assumption is andlytical Smplicity. One can derive results for with non-

separable utility, but it is necessary to go case by case, taking one cross-derivative a atime and first

5The restriction that U, is Srictly finite even when D is zero is for andytical convenience, as
discussed below. Nothing of importance is affected by thisredtriction. Moreover, it dso seems
reasonable to suppose that the margina utility of, say, food (c) and deep (h) could become infinite as
thelir quantities go to zero whereas the margind utility of household durables (D) - including even
clothing in at least in some dimates - would not be infinitely vauable on the margin even when totaly
absent. People die without food or deep but do not necessarily die without consumer durables.
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consdering what heppensif that derivative is postive and then what happensif it is negative. However,
it isnot clear what the Sgns of the cross-derivatives should be. Although it is easy to think of examples
where goods are complements or subgtitutes, it is not obvious whether the total of all nondurable
consumption is acomplement or a subgtitute for the tota of al durables consumption or for leisure. For
example, labor-saving goods, such as washing machines, presumably are more vauable when leisure is
low, meaning that U, is negative for such goods; sporting goods, in contrast, presumably are more
vauable when one has leisure time in which to enjoy them, meaning that Uy, is positive for those goods.
It isunclear what Sgn U, should have for aggregate durables consumption. In fact, non-separability
between leisure and consumption may be useful in explaining one aspect of the data, as mentioned later,
but virtudly dl the andysis that follows maintains totd separability of utility.

We suppose for now that output y is produced using only labor as an input; productive capital
does not exist. Thisredriction keeps the dimensionality of the problem tractable. The durable good D
isadate variable; introducing productive capita would then add a second state variable and make the
problem very difficult to andyze. We discuss amodel with productive capitd and labor in section 111.2
and limited versons of models with both consumer and producer durables after that. The production
function is the usua concave reletion:
(6) y=f£a-ky  f >0, f7<0
where h isthe fraction of time spent on leisure.

The household seeks to maximize lifetime utility subject to its budget congraint:



max fu(c,D,h)e” Pdt
e,Dk

(7)
subject to
dD/dt = f(1-h) - ¢ - &D
plusinitia and termind conditions, where p isthe rate of time preference and & isthe depreciation rate

for durables.

1.1. Prelnvention Optimality.

Before invention of the nondurable, there is no dynamic aspect to the household problem, which

reduces to a smple period-by-period maximization of utility:

(8) maru (c,0,h)
ek

subject to the budget congtraint

©) ¢ = f(1-h)

One readily obtains the Euler equation

(20 u,(c.0,h) _ % ©
u, €.0.B) ()

because v, =1,, =, =0

= f'(1-h)
which isaone-to-one relation between ¢ and h. We can use the budget congtraint (9) to write

u, [f (1-1)]

11
(11) i

= f'(1-h)

Thevaueof h chosen to satisfy (11) [equivaently, (10)]; ¢ is then determined uniquely from the

production function. Optimal ¢ and h both are congtant at the values ¢® and h®, where the superscript B



denotes vaues before invention.

1.2. Post-Invention Optimdlity.

Once the durable good has been invented, the household solves problem (7) with D no longer
condrained to zero. This problem istruly dynamic. Its Hamiltonian is
(12 H = u(c,D,h) + L[f(1-h)-c-3&D]
where A isthe codtate variable. The necessary conditions include the dynamic equations
(13) dD/dt = 0HOA = f(1-h)-c-3D
(14) dL/dt = -QHIBD+pL = -up+(@+p)L
the first-order conditions

(15) O0Hdc = u,~AL =0
(16) OHIOh = u,~Lf = 0

and the usud endpoint (initid and transversdlity) conditions

(17) De=0) = D, gven
(18) A D e = 0

The endpoint conditions do not figure in the discusson that follows and so will not be mentioned again
inthe sequel. The two firg-order conditions (15) and (16) together give the Euler equation

(19) a lu = f

which again is a one-to-one relation between ¢ and h. Notethat it dso is exactly the same condition as

(10), afact we use in deriving the economy’ s adjustment path. Equation (19) cannot be written in the



form of (11) because the smple budget congtraint (9) no longer gpplies, so solving for optima ¢ and h

ismore complicated. Totd differentiation of (15) and (16) yieldsimplicit functionsfor c and h in terms

of A
(20) ¢ = c(A). ¢/ <0
21) h=h(, h/<D

The dynamic equations (13) and (14) then can be written
dD/dt = f[1-h(L)]-e(L)-&D

dLidt = -upD)+S+p)A

Setting these two equations equd to zero yields the expressions for the equilibrium loci for D and A;

totd differentiation then yields the following expressons for the dopes of those loci:

dr __ -8
22) dD apuro  o'+f'p!
>0
ﬂl _ ¥pp
(23) dD ayiar0 d+p
<0

The dD/dt=0 locus dopes upward, and the dA/dt=0 locus dopes downward. We thus obtain the
phase diagram and its associated dynamics shown in Figure 1. The economy has a seady date at the
saddle point (D**, A**) and gpproachesit aong one of the dynamic adjustment paths. In this notation,
the superscript A denotes vaues after invention, and the asterisk denotes a steady-State value. In the
case a hand, the approach will be dong the left-hand path, starting at the point (0, A,"), because at the
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ingtant after invention of the durable good, the value of D is zero.®

We now can work out the economy’ s response to the invention of the durable good.

(2) Invention leads to immediate decreases in both leisure h and consumption ¢ of the
nondurable. Thisresult is quickly shown by contradiction. Denote the vaues of ¢ and h &fter invention
by ¢ and h*. Thevaues c® and h® before invention are constant and so have no time subscript. Let
the moment of invention be denoted t = 0. Suppose that ¢, = ¢ Then condition (19), being one-to-
one between ¢ and h, guarantees that h, = h®, too. Before invention, however, the amount of output
f(h®) equals c®, so that no output isleft over for building the durable good D. Thus at time zero, no
durable would be accumulated. After time zero, the phase diagram shows that A fals dong the
dynamic adjusment path, which in turn implies that both ¢ and h rise, by (20) and (21). This solution,
however, isimpossible because ¢ sarts equd to output and then perpetudly rises while output
perpetudly fdls, violating the transversdity condition. Also, no durable good D ever gets made. Thus
we cannot have ¢ = cB. A fortiori, we cannot have ¢;* > ¢, dther. The only remaining possibility is

¢ < cB, which implies by (19) that hy® < h®. Thusc and h both fall a theingant of invention. The

®Thisis the point where the restrictions in (4) enter the analysis. Because W, isfinite even when
D =0, the dA/dt=0 locus intersects the verticd axis at afinite value of A. The dynamic adjustment path
liesbelow that locus, so it aso intersects the verticd axis at afinite A. Had we dlowed the usua Inada
condition that u, is goproachesinfinity as D gpproaches zero, we then would have to ded with the
problem of how to alocate output between durable and non-durable consumption - ¢ and D,
respectivey. An infinite vaue of u, when D is zero would imply that al output would be diverted to D,
at least for aningtant. But then, at that same instant, no output would be alocated to ¢, which then
would make its margind vaue infinite, suggesting that some output should be dlocated to ¢, thus
violating the implication that al output should go to D. In terms of the phase diagram, both the dA/dt=0
locus and the dynamic adjustment path would go asymptoticaly toward the verticd axis, implying no
finite garting vaue for A and thus a arting value of zero for non-durables c. Assuming that , is
grictly finite avoids these problems.
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reduction in h raises output y, with the difference between ¢ and y devoted to building durables D.

(2) Subsequently, the economy follows the dynamic adjustment path down from the point (O,
AJ") toward the steady state. Along this path, D risesand A fals. The latter property meansthat ¢ and
h both rise, by (20) and (21).

(3) Inthe new steady state, both ¢ and h are lower than before invention of the durable, and y
ishigher. To seethese reaults, note that in the steady state dD/dt=0, so that investment in D isthe
replacement amount 8D** . Again, there are three possibilities for ¢** - greater than, equal to, or less
than cB. If ™ = cB, then again by (19) ** = h®, Wethusaso have y** = yB. Consequently, y**-c**
=y® - cB =0, leaving no output for the replacement investment required to maintain D**. Thus c**
cannot equa cB. A fortiori, ¢™ cannot exceed c®. So ™ < ¢B, which then impliesby (19) that i <
hB. Thislast condition dso impliesthat steady state output y™* = f(1-h**) exceedsiits pre-invention
level yB = f(1-h®). Thelower vauesof ¢ and h dong the entire optima path imply aloss of utility
compared to the pre-invention steady state. Obvioudy, that loss must be at least compensated by the
lifetime consumption of the new durable good; otherwise, the durable good would not be demanded
even after itsinvention.

We can summarize the economy’ s optimal response to the invention of the durable good as
follows

(A) consumption of the non-durable good ¢ immediately jumps down and then gradudly rises,

sopping a alevd bdow its pre-invention leve;

(B) leisure h behaves the same way, immediately jumping down and then gradudly risng to

dop a aleve beow its pre-invention leve, implying that labor immediately jumps up and then
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gradudly falsto aleve aboveits pre-invention leve;

(C) the durable good stock D gradudly rises from zero to its teady state vaue D**;

(D) output y = f(1-h) jumps up, then gradudly fdls, sopping a a vaue above its pre-invention

vaue, reflecting the behavior of labor supply;

(E) productivity (either average or marginal product) is negatively related to output because the

production function is unchanged, margind product of labor is diminishing, and labor supply has

risen (to produce the durable good);

(F) even though non-durable consumption expenditure falls in response the the shock, tota

consumption expenditure, equa to non-durable consumption plus purchases of durables, is

aways higher than before the shock because total consumption equas output.

This response has most of the characteristics mentioned earlier that Stadler and Baxter discuss.
Employment has gpproximately the same variahility as output and is strongly procydlicd; it and output
display a Blanchard-Quah (1989) hump-shaped response with strong mean-reverson (see summary
points B and D).” Consequently employment and output growth show positive autocorrelation over
short horizons and wesk autocorrelation over longer horizons (thet is, if output growth is high [low] now
it probably was high [low] last period, whereas it probably was not high [low] severd periods ago).

Productivity is negatively corrdated with employment (summary point E). Durables purchases are

"The employment response is more abrupt than in redlity, having a discontinuous jump up in
labor supply rather than the gradual increase seen inthe data. A gradua increase can be obtained
graightforwardly though tedioudy by including adjustment costs, which otherwise leave the solution's
characterigtics unchanged, exactly asin the case of investment adjustment costs andyzed by Abd and
Blanchard (1983).
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more variable than total output becauise the pre-invention amount of durables purchasesis smdl (zeroin
this moddl), which makes the variaion in durables purchases large in percentage terms. Also, invention
shocks work through the economy’s demand sde. The increase in output is directly related to the Sze
of the new demand for it. For example, if there were no demand, there would be no increase in output
a dl. Thiscentral planner's verson of the modd does not have prices, but in the competitive
equilibrium verson of the solution, firms increase in demand for labor reflects the increase in the price
of output, which in turn is driven by the households demand for the new good. Total output thereforeis
positively correlated with the price level. The shock to the economy therefore would be perceived by
the econometrician as originating on the demand Sde, consistent with many observations and estimation
results showing demand-side shocks to be a significant driving force for aggregate fluctuations.

There are three limitations of the moddl. Firg, it has only one sector, so it cannot address
comovement in any meaningful way. We will consder some two-sector models later. Second, it does
not predict that investment leads the cycle. Totd output and investment in durables move together,
risng and faling smultaneoudy. Third, demand for nondurables is countercyclica in the modd but
procyclicd inthe data. We address these deficiencies in versons of the modd discussed below.

An interesting aspect of the modd economy’ s behavior isthat inventions that gppear Smilar
from the production side, in the sense that Smilar goods are invented and/or require Smilar resources to
produce one unit of the new good, can produce very different output responses. The exact character
of the dynamic adjustment path depends on subtle aspects of the consumer’s utility function. For
example, if the margind utility for the new good islow immediatdy after invention but declines very
dowly asthe new good is accumulated (i.e, utility’s second derivative is of samal magnitude), then the
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response of the economy will be smdl initidly but will last along time (A, and A** will not be much
abovethe pre-invention level AB, D** will belarge, and the transition path from Dy = 0 to D** will
take along timeto traverse). In contrat, if margind utility for the new good is high but declines very
rapidly, the response of the economy will be large initidly but will die away quickly (A" and A2* will
be well above the pre-invention level A%, D** will be smdll, and the trandition path from Dy* = 0 to D**
will take little time to traverse). Obvioudy, other combinations are possible with corresponding
differences in the associated dynamic adjustment paths. The co-movement and serid correlation
properties of the economy’ s response to various inventions of durable goods thus should be
quaitatively smilar, but the magnitudes and durations can be quite different. The cydlic responses thus
ae“dl dike’ inthar overdl patterns but different in magnitude and duration, just like red-world
aggregate fluctuations.

Findly, note that the shock here is permanent in some ways, the durable good, once invented,
does not subsequently disappear. This shock therefore differs from the purely transtory shock
discussed by Blanchard and Quah (1989) in their andysis of the hump-shaped behavior of output. The
results obtained here are therefore not directly comparable to Blanchard and Quah's empirica findings.
The comparison may be vaid nonethdess. Blanchard and Quah's analys's excludes by congtruction the
type of shock considered here. Any observed behavior due to such shocks then must be interpreted as
arisng from whatever shocks are included in the andysis; in particular, one would expect the trangtory
effects of omitted invention shocks to be attributed to the included trangtory shocks. A full resolution
of thisissue requires extending Blanchard and Quah's analyssto include invention shocks. Some

difficulties that may arise in attempting such an extenson are discussed later.
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2. Invention of a Producer Durable (Physica Capitd).

We now examine the complementary modd in which the invention is a producer rather than
consumer durable. Consumer durables are now assumed not to exist. Thiskind of mode has many of
the same characteristics as the previous modd, in which the invention was a consumer durable, but
there dso are some important differences.

Household utility now depends only on consumption ¢ of non-durables and on leisure h:

u(c,h)
Production is concave in labor and capitd:

y =f&,1-h)
(24) f1> 0.y, <0

S3>0, £, <0

To avoid uninteresting complications, we adso assume that (i) production is separable
Ji12 =0
(i) the margind product of capitd isfiniteevenwhen K =0

]imf2=7;<oo
B0

and (iii) there are no costs to adjusting K. Non-separability between capital and labor would enrich the
dynamics but not dter the main pointsto be made. Similarly, adjustment costs would not dter the
generd shape of the adjustment path and so would leave the main results unaffected. As before, the
assumption of afinite margina product of capital when there is no capita is only a mathematical

convenience.
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The household seeks to maximize lifetime utility subject to the law of motion for K:

J)e” Pdt
::{u(c Ye

(25
subjest to

dRIdt = K. 1-h) - ¢ - 3

2.1. Pre-lnvention Optimdity.

Before the invention of productive capitd, there is no dynamic aspect to the household
problem. We have the same smple period-by-period maximization of utility asin section 111.1.1 with

the same solution. As before, one obtains the Euler equation

1, )

26
(26) "0

= 5 (1-h)

which isthe same as (10) and which again can be written as (11). From it, one determines h, whichin
turn determines ¢ from the production function (recall thet capitd isfixed at zero).

2.2. Podt-Invention Optimality.

After invention of productive capita, the household solves problem (25) with K no longer
condrained to zero. The Hamiltonian for this problem is
(27) H=ul.h) + AfE.1-B)-c-3]

The dynamic equations and first-order conditions are

(28) dK/dt = 0HIOL = f(K,1-h)-c-dK
(29) dLidt = -0HRK+pL = -L[fj-(3+p)]
(30) OH/dc = u,~L =0
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(31) OH/Oh = u,-Af5 = 0

Thisisjust the sandard Cass modd of generad equilibrium. Its solution is well-known, so we
can state the results we need with only a quick explanation.?. Because the cross-partial derivatives of
both the utility and production functions are zero, the firgt-order conditions (30) and (31) are
independent of each other and dso of the capital stock K. From them we eadily obtain by total
differentiation the relations

e(A), ¢e’/<0

0
n

h=hA), h'<0

Subdtituting these into the dynamic equations (28) and (29), setting those equa to zero, and totally
differentiating gives the dopes of the equilibrium loci for K and A. The equilibrium locusfor K has a

dope of

a, A

(32) dK iria»o ""’fzhl

> <
0 2 fy3d

which implies that the dK/dt=0 locus is convex with aminimum at K***, where K*** isthe vaue of K

for which the numerator of (32) equds zero (i.e,, the Golden Rule leve of capitd). The equilibrium

8The modd is usudly called the “ Cass growth mode” because it first was used to characterize
the dynamic adjustment path of a growing economy with endogenous saving. Growth is exogenous to
the modd, however, so it offers no explanation for the presence of growth or determination of the
growth rate. The modd’s solution is nevertheless a complete characterization of the economy’s generd
equilibrium behavior (under the usua assumptions equating the representative agent’ s problem to the
competitive equilibrium problem). The mode therefore is well-suited to the issues a hand.
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locusfor A isverticd a K** (the Modified Golden Rulelevel of K). The phase diagramisshownin
Figure 2. Note that conditions (30) and (31) give the Euler condition

u, ()
u;.(h)

(33) = f5,(1-h)

which, aswith (19), cannot be written in the form of (11).

The properties of the optima solution are now easy to obtain. The arguments are essentialy
the same as those used in the case of invention of a consumer durable, so the details are omitted here.
The important results are the following:

(2) Invention leads to immediate decreases in both leisure h and consumption ¢ of the
nondurable. Thereductionin h raises output y. The resulting difference between ¢ and y is devoted to
building productive cepitd K.

(2) Subsequently, the economy follows the dynamic adjustment path down from the point (O,
Ad") toward the steady state, implying increasesin both ¢ and h. The behavior of output is unclear.
Thedecreasein h reducesy, but the increase in the capital stock K raisesit, leaving ambiguous the
direction of changein y dong the dynamic adjustment path.

(3) In contrast to the previous modd of inventing D, in the new steady state both ¢ and h are
higher than before invention of the durable. Asin the previous modd, y is higher. To seethis, just note
that the initial response of both ¢ and h isto fdl, lowering utility. Unlike aconsumer durable, physicd
capita does not produce utility directly, so its accumulation in itsef adds nothing to the household's
lifetime utility. In order to compensate for theinitid lossin utility, then, ¢ and h eventudly must exceed

their pre-invention levels. Because the approach to the steady state is monotonic, once ¢ and h exceed
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their pre-invention levels, they stay aboveit. Therefore, the steady state values ™ and ™ must
exceed their pre-invention levels ¢® and hB. In the new steady state, ¢ exceeds its pre-invention leve,
and in addition there is replacement investment to maintain the capital stock at its teady date level KA*.
Thus we must have y™* > &,

The economy’ s regponse is mogtly the same asin the case of invention of a consumer durable;
there are two interesting differences. Firt, output's path may be hump-shaped but is not necessarily
s0. Output does jump up in response to the invention, but after that its direction is uncertain because of
the opposing effects of declining labor supply and arisng stock of productive cgpitd. The time path of
output may have quite a different shape from that resulting from invention of a consumer durable, but it
aso may look much the same. There thus may not be a single characteristic path of output’ s response
to “invention” in generd.

Second, this ambiguity in the shape of output’ s time path alows the possibility that investment
leads the cycle. One possible path isfor output to jump initidly, continue growing for awhile as
physica capitd is accumulated, and then drop down to afind steady State levd aslabor supply fals.
Such apath is not a necessary outcome, but apparently is possible if the margind productivities of labor
and capitd and the margind utilities of leisure and goods have the right relaions to each other dong the
economy’ s adjustment path. Output then has a hump shape with the peak occurring some time after
the moment of invention. In contrast, physical capitd accumulation decelerates dong the entire
adjusment path and thusis highest immediatdy after the moment of invention. Investment thus peeks

before output and so leads the cycle.
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V. Two Kinds of Durable Goodsin Simultaneous Existence

We want to examine an economy that invents one kind of durable good when the other dready
exigs Thismoreredigtic caseisfar more difficult to andyze than the models of the previous section.
The two kinds of durables and their corresponding codtate variables leave us with a four-dimensiona
sysem. A phase diagram usudly cannot be drawn, and andysis of the dynamic path usudly is
impossible. The problem a hand suffers from these difficulties, and an andyticad solution to the most
generd formulation of the mode is unobtainaole. A few remarks on the nature of these difficulties
follow at the end of this section. We nevertheless can get some ingght into the two-variable problem
by using a device first suggested by Mankiw (1987), which is to suppose that each kind of durables
good, K and D, can be ingtantly trandformed into the other. We then define totd wedth W as the sum
of K and D. Thisdevice reduces the dimensondity of the problem from four to two because now Wis
the only state (non-jumping) variable, so it and its corresponding costate variable congtitute the Sate
space.

Totd wedlth of the representative household is
(34) W = K+D
and its evolution is governed by the equation
(35) dwidt = f(K,1-h)-c-8W
where the production function is the same as (24) and we assume that productive capital and consumer
durables have the same depreciation rate 6. The household utility function is

u = u(,D,h)

which isthe same as (2). We thus have the production function of the modd in section 111.2 and the
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utility function of the modd in section 111.1.

1. Invention of D When K Already Exigts.

As before, we have to compare pre-invention and pogt-invention optimality.

1.1. Pre-lnvention Optimdity.

With D congtrained to zero, the household problem is

maz-u(c,o,h)e""dt
LA
subjeot to
dwWidt = dKidt = fK,1-h) - ¢ - &K
Thisis exactly the same problem asin section 111.2.2, so we need not dwell on the andytics. The phase
diagram is again given by Figure 2, and there is a teady State at (WP*, AB*) = (KB*, AB*). The dope
of the dwW/dt=0 locus is given by theright sde of (32).

1.2. Pogt-Invention Optimdlity.

After theinvention of D, the household problem becomes more complex:

max [u(c,D.h)e” Pdt
&Dhy

subjeat to
dwidt = fW-D,1-h) - ¢ - 8W
Recdl that W isthe only state variable. K and D are now control variables, but of course only oneis

independent, by (34). We express everything in terms of the control variable D by replacing K with W

- D. The Hamiltonian for this problemis
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(36) H = u(e,D,h) + L[f(W-D,1-hk)-c - 3W]

The dynamic equations and first-order conditions are

(37) dWidt = 0HIOL = f(W-D,1-h)-c-3D
(38) dL/dt = -0HIOW+pL = -A[f;-31p)]
(39 OH/9c = u,-A =0

(40) dHAD = up-Lf; = 0

(41) OHIOk = w,~Lf, = 0

At the moment of invention, the household ingtantly transforms some of the exigting capitd K into
consumer durables, so that K falsand D riseswith total wedth W unchanged. That muchis
graightforward. Determining the steedy state and the approach to it requires more work.

As before, the firg-order conditions are independent of each other, implying the following
relations between the three control variables ¢, h, and D on the one hand and the state and costate

variables W and A on the other hand:

e(A), e’/<0

)
1]

h

hd), h'<0

D =D(W.A) D;>0, D,<0
We assumethat dl goods are normd, implyingthat 0< 1 - D,, < 1. Theserdationsyield the phase
diagram, shown in Figure 3, which shows both the pre-invention and post-invention equilibrium loci and
aso the dynamic adjustment path to the new steady state. The derivation of Figure 3 is much the same
isin the preceding section, so details are relegated to an appendix available from the author. We
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discuss here only the implications for the economy’ s response to the invention of the consumer durable.
The economy gtarts a the steady state point S°. At the moment of invention, two things
happen ingtantly. First, some productive capital K is transformed into the consumer durable D, leaving
total wedth W unchanged. Second, the economy jumps up to point A, where the value of the costate
varidbleis A* > AB, implying that both nondurable consumption ¢ and leisure h fdl. Asin the Smpler
mode of section 111.1 in which physica capital was absent, non-durable consumption expenditure
initidly falsin response to the invention of the consumer durable, but tota consumption expenditure
initidly rises. Astime passes, the economy moves down dong the dynamic adjustment path toward the
new steady state S*, a which both ¢ and h are above their pre-invention vaues. During this transition,
W continuoudly rises and A continuoudy falls, implying that the stock of durables D continuesto rise.
Thefdl in A impliestha both ¢ and h continuoudy rise. This behavior impliesin particular that the path
of labor is hump shaped, firdt rigng a the moment of invention and then faling as the economy makes
the trangtion to the new steady state. The behavior of both productive capitd K and output y have
some ambiguitiesin their trangtion paths. We know that K ingantly drops a the moment of invention,
and we aso know that its steady state value is unchanged from its pre-invention level. Consequently,
eventudly K must rise. However, there seems to be no way to rule out the possibility that K continues
to fal dong the early part of the trangtion path. The behavior of output reflectsin part the behavior of
K but dso reflects the behavior of leisure. At the moment of invention, leisure ingantly fals, but so
does productive capitd K. These changes have opposite effects on output. The initia change in output
is ambiguous, and we do not know if its vaue y,* immediatdly after invention is above or below its pre-

inverttion leve yB. We know that the level of output y** in the post-invention steady state is higher than
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y&, but we do not know the relaion between y** and y,”. The path of output may have a hump shape,
but it need not. Because of thisleaway in the path of output, it so is possible for totd investment to
lead the cycle. Thusinvention of a consumer durable in the presence of productive capital can lead to a
tota response of the economy that is more congstent with the business cycle facts than in the smple
case where productive capital is absent.

2. Invention of K When D Already EXists.

We turn now to the case of invention of productive capita when the household durable dready
exigs. The andyssisamilar to what has gone before, so we can abbeviate the discusson.

Beforeinvention, K is congtrained to zero and the household' s problem is the same problem as
insection 111.1.2. The phase diagram is again given by Figure 1, and there is a teady state at (WP,
AB*) = (DB, AB*). After invention of K, the household problem becomes the same as that of section
IV.1.2. The difference between the problem here and that of section 1V.1.2 isthe Sarting point. Here,
intid D ispogtiveand initid K is zero; in section 1V.1.2, we had the reverse. The phase diagram is
shown in Figure 4. The pogt-invention equilibrium loci for W and A respectively lie everywhere below
and above the corresponding pre-invention loci. The post-invention steady state occurs at a higher
vadueof Wand alower vaue of A than its pre-invention counterpart. Mathematical detaillsarein an
gppendix available from the author.

The main implications are that the pogt-invention steady state values of nondurables
consumption ¢, leisure h**, and durables D** al exceed their pre-invention values ¢, h®*, and
DB . Also, because A fdlsadong the optima path, we know that ¢, h, and D continudly rise after the

moment of invention. What is not cdlear iswhat happensto A, ¢, h, and D a the moment of invention.
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At that moment, some existing consumer durables D are ingtantly transformed into productive capita K,
which raises output. However, A could jump up or down a that sameingtant. The dynamic adjustment
path in Figure 4 has been drawn with an upward jump (downward jump in ¢ and h), but a downward
jump (upward jump in ¢ and h) to point B dso ispossble. It dsoisnot clear what path output follows.
Thefind vaue y™* exceeds y** because ¢, D, and K dl are higher after invention than before.
However, the relation between y** and the value y* of output immediatdy after invention is undlear.
The upward jump in K raises output, but it is possible that labor smultaneoudy jumps down, which
would lower output. Furthermore, astime passes, K continues to grow and labor definitely falls,
continuing to leave the path of output ambiguous. Once again, a hump shaped path of output is possible

though not necessary.

3. Non-Transformable Consumer and Producer Durables.

For most types of capital, direct transformation between uses as consumer or producer
durablesis not feasble. A moreredistic modd then would not permit such behavior. Unfortunately, as
mentioned earlier, such amodd isfour-dimensond and andyticdly intractable. Sometimes, models
with two gate variables can be solved. Treadway (1971) proves a theoem that in models of
interrelated factor demands for capitd inputs, the model’ s tructure restricts the quartic characteristic
equation in such away thet the four roots dl are symmetric about asngle vaue. This symmetry forces
the characteristic equation’s cubic and linear terms (i.e., those in odd powers) to drop out, leaving only

the fourth-order, second-order, and constant terms.  Such an equation can betrividly re-written asa
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quadratic in the square of the original variable® The roots then are easy to find. Rossana (1984) uses
this theorem to derive asolution in an inventory model. Treadway’ s theorem does not gpply to the
models used here, however. In Treadway's model, the production function is the only function of the
variables of interest, whereas here there dso is a utility function. The presence of the two functions
destroys the super-symmetry of the characterigtic roots and leaves the quartic equation unmanagesble.
One minor result is obtainable from the generd modd of two state varigbles. A bit of ambiguity
is removed from the path of output in the case of invention of the durable good when productive capita
dready exists. When the two kinds of goods are instantaneoudy convertible into each other, the
representative household immediately responds to the invention by converting some K into D while
samultaneoudy increasing labor supply, leaving the change in output ambiguous. In the absence of
ingtantaneous convertibility, there is no ambiguity. Labor still increases, but there is no immediate
changein K, so output unambiguoudy risesimmediady after invention of D. More than that apparently
cannot be said without andyzing the dynamics of the system, which the high dimensiondity of the

system does not alow.

V. Invention of Nondurable Goods

So far, we have condgdered only invention of goods that have an dement of durability - either

That is, an equation of the form
x4+Ax2+B = 0
can be written as the quadratic
z2+Az+B = 0
wherez = X2,
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physical capita or consumer durables. We have seen that invention of such goods can lead to complex
business cycle behavior. We now turn our attention to the invention of a non-durable good. Whether
such an invention has business cycle effects depends on the production function for the newly invented
good.

1.A One-Sector Modedl.

We suppose that there are two non-durable goods, ¢; and ¢,. The utility function is essentidly
the same as (1) except that the durable good is replaced by the second non-durable:
u(e;,¢5.h)
Initidly, ¢, does not exist, so we dlow tility to be positive when ¢, is zero.
u(cy,0,h) > 0
We adso suppose the following conditions:

by, =A<ow=Itmy = bnw
0 2 ecd 1 0 *

Findly, we once again suppose that utility is separable in nondurables, durables, and leisure, that
production is concave in labor and capitd, and that production is separable in capital and labor.

Before the invention ¢,, the household’ s problem is exactly the same asin section 111.2.2 and 0
needs no further discussion here. The necessary conditions are given by (28) - (31) plus the endpoint
conditions. The phase diagram isthe same asthat in Figure 2, and the Seady stateis a (K%, A%*).

After invention of c,, the problem remains the same except that ¢, no longer is congtrained to
zero. The necessary conditions are nearly the same as (28) - (31). The differences are that (28)

becomes
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dK/dt = f(K,1-h)-¢,-¢,- 3K
and athird firgt-order condition (for ¢,) is added:

OH/dcy = u, -\ = 0

The dynamic equation for A is unchanged, so the steedy state value of K dso is unchanged. The only
change in the phase diagram is that the equilibrium locus for K shiftsup. We thus have the Stuation
depicted in Figure 5, which shows the pre-invention and pogt-invention equilibrium loci.

The economy’ s response has no interesting dynamics. It Smply jumps immediady from S° to
S*. Leisure decreasss, tota output rises, consumption of the original nondurable ¢, drops, and
consumption of the new non-durable ¢, rises (from zero). These are once and for dl changes, and the
invention of the non-durable causes no business cycle behavior.

2. A Two-Sector Moddl.

Invention of anon-durable good can cause business cycle behavior if the new non-durableis
produced in a different sector than the first non-durable. For expository ease, we will assume very
smple production functions. Output is of two types. Thefirst type, y;, is produced in the first sector,

which requires only labor as an input:
»n =JS(1-h)

Thiskind of output can be used ether as physica capita K or the first non-durable c;:
y =c +§
1 17

The second type of output, Y., is produced in the second sector, which requires only physica capita as
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an input:°
» = g&)
Thistype of output can be used only asthe second non-durable c,:
Yy =6
The utility function is the same as before.

Initidly, the economy does not know how to make ¢,, so dl of output y; isdevotedto c,. We
thus have the same optimization problem asin section 111.1.1. Invention of ¢, isdiscovery of the
process for making it. Perhaps the economy initialy does not know how to make capita out of output
y, but does understand how to produce c,, or perhaps the economy initialy knows how to make capita
but knows of no use for it until it discovers the process for making ¢,. The results are the same. Upon

inventing c,, the economy’ s problem becomes

max -u(cl.cz.h)e' PEdr
epfpkty
subjeat to
dK/dt = f(1-h) - ¢, - 8K
¢ = g®

The Hamiltonian can be written as

H = u(c,.g®) .0 +LLf(1-h)-¢c, - 8K]

The dynamic equations and first-order conditions are

19The assumptions that capita is not used in first sector and labor is not used in the second
sector can be relaxed without changing the results.
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dRidt = AHIO) = f(1-h)-c, - 3K
d\idt = -OHIBK +ph = -u,g’ +(B+p)A
OH/dc, = u;-L = 0
3HIOh = uy-Af' = 0

These are the same as (13) - (16) except for the g’ in the dynamic equation for A, which dters only the
meagnitude (but not the sign) of the dope of the equilibrium locusfor A. Consequently, the solution to
this problem is essentidly the same as that obtained for the model discussed in section 111.1.2 and has
the same characterigtics - a hump shaped response in labor and so forth. In effect, the invention of a
second durable that requires the building of anew kind physica capitd for its production is essentiadly
the same as invention of a consumer durable. The physica capitd acts like astock of consumer
durables, and the consumption of the new nondurable ¢, acts like the service flow obtained from a
consumer durable. The one mgor difference between thismodel and that of section 111.1.2 is that now
the demand for non-durable goods is procyclica rather than countercyclical. Upon invention of c,, the
demand for ¢, falsbut is more than compensated by the demand for c,, leaving the totd demand for
durables higher than before invention.

The main concluson from this analysisis that invention of a non-durable can cause interesting
business cycle behavior if it changes the steady state stock of some kind of capital. Doing that
introduces an e ement of durability into the problem. That dement of durability is precisdy what was
missing in the example discussed in the previous section, in which the production of the new nondurable

did not change the steady State stock of capitd. That iswhy no business cycle behavior resulted from
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the invention of the nondurable in that case, in contrast to what happensin the case discussed in the

present section.

V1. Empirical Relevance

It may seem that the foregoing theory cannot be important for explaining aggregate fluctuations
because production of any one new good istoo small to have noticeable effects on the behavior of total
output. Undoubtedly, thisview is correct for most goods; it seems unlikely that development of the felt-
tip pen caused a noticeable fluctuation in aggregate output. There are, however, goods whose invention
has had huge impacts on aggregate output. The latest example gpparently is the persona compuiter.
The last decade has seen a remarkable boom in US economic performance. An especidly notable
aspect of this boom isthat it seems to have been driven in good part by investment in computer-related
goods, which are both producer and consumer durables. From 1992 to 1996, for example, red
business investment in computers congtituted over 13 percent of dl business investment and dmost 18
percent of business investment in equipment (Haimowitz, 1998). Apparently, Smilar behavior occurred
with the invention of chegp ways to generate and tranamit dectricity a century ago. An especidly
interesting example isthe invention of inexpendve ar conditioning. Before ar conditioning, the
southeastern part of the United States experienced net emigration; after air conditioning, the South
experienced net immigration. These flows of people created an enormous demand for new houses,
stores, factories, and offices and thus led to a huge building boom. The new structures had to be
furnished and equipped, S0 there dso was a boom in production of durable goods associated with new

congruction but not actudly a part of the congtruction industry.
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What is s0 interesting about the air conditioning example isthat it clearly shows the linkages that
can accompany invention of anew product. Invention of air conditioning did not lead Smply to
purchases of air conditioners; it led also to purchases of whole new residential and commercia
Sructures and of furniture and equipment. It seems possible that smilar linkages accompanying other
kinds of inventions could amplify the effect of the invention on output. They dso could affect the timing
of cycles. A given invention may not have much impact a the time it comes out, but a complementary
invention that appears subsequently may enhance the attractiveness of the first invention and lead to a
surge in demand for both. Furthermore, an invention that enhances the vaue of an exigsting type of
durable may not be suitable for retrofitting but instead may require purchase of whole new modd. Air
conditioning for automobiles and color cagpabilitiesin tdlevisons are two examples. Thus the impact of
an invention may appear asincrease in output of a seemingly unrelated product.

All of this argues that the impact of particular inventions may well be more important than the
inventions themsdves and dso may be linked to other economic activity in such away asto makethe
timing of effects on aggregate output gppear very complex.

| have not conducted any forma empirica test of the theory presented here, nor have
conducted a calibration exercise. Thefirgt isaresearch project in its own right and well beyond the
scope of the present discussion. The second is problematic. A calibration exercise requires, by
definition, that one impose on the model a number of parameter values and then see if the mode can
generate corrdation patterns that mimic those of the red economy. Such a procedure seems
impossible here. Using it would require that one impose parameter values for invention. Invention is

not something readily observed or measured, so there seemsto be no guiddine for deciding what the
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imposed parameter vaues should be. For example, in the two-sector modd in which anon-durable is
invented, what parameter vaues does one put on the production function for the new good? Where

are they obtained? | do not see how to proceed in such a case.

VII1. Conclusion

We have examined severd modds in which invention of agood that previoudy did not exist
causes business cycle behavior. In particular, the kinds of invention studied here dmost aways
produce a hump shaped response in work effort, and they aways can and sometimes must produce a
hump shaped responsein output. Even though the invention is permanent and there is no sevid
corrdation in the invention shocks themselves, business cycle fluctuations occur. The crucid
requirement is that the invention changes the steady state stock of capitd. Invention of goodsthat are
durable - either consumer or producer durables - has this effect directly because the goods themselves
are part of the capita stock. Invention of a nondurable good aso can cause abusiness cycle response
if the invention involves starting a new production process that requires physica capitd to makethe
newly invented good.

The shocks consdered here are not productivity shocksin the usua sense. The kinds of
productivity shocks studied in the red business cycle literature directly raise the productivity of existing
factors of production and would be seen by the econometrician as a supply shock. In contragt, the
invention of anew good permits production that was not possible before, but it does not directly change
the productivity of factors of production that already exist. The magnitude of the economy’s response

depends on how much demand there is for the new good. If thereis no demand, there dsoisno
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response. Thusthe invention of a new good would be seen by the econometrician as a demand shock.
The theory developed here thus is able to explain some of the business cycle regularities noted in the
empirica literature, such as Blanchard and Quah (1989), that are not consstent with productivity
shocks in the standard red business cycle modd.

The theory presented here complements the standard real business cycle modd, which
examines the effects of productivity shocks of the usud type. Each taken separately has something
interesting to say about short-term fluctuations. An obvious next step is to combine the two approaches
into one model and then estimate to see how well the combined model can explain observed short-term

behavior of the aggregate economy.
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Appendix A: Analysis of Phase Diagrams
IV.1.2: Phase diagram
Substituting the foregoing expressions into the dynamic equations (37) and (38), setting those
equa to zero, and taking totd derivatives gives the dopes of the equilibrium loci. The expression for

dope of the dW/dt=0 locusis

. _ (-Dpfi-8

AW AWids0 c’+_;‘2h’+_)’1D2

(42)

Asbeforethe invention of D, this expression is convex with aminimum a the vaue K*** that makes
the numerator zero, which in turn requires that
£ = (A-Dp 'S
> 8

which means the post-invention vaue K*** must be lower than the pre-invention value KB** . The
implication of this for the pogt-invention minimizing vaue W** of Wisunclear. The lower KA**
reduces W™ * , but there also now is a positive vaue D*** of consumer durables, which raises W *
The net effect on W** seems ambiguous. This aspect of the new optimal solution is unimportant for
our purposes, so we smply assume that the value of W** is unchanged from the vaue that prevails
before the invention of the consumer durable,

The pogt-invention equilibrium locus for W lies everywhere above the pre-invention locus. To
seethis, amply note thet, after invention, D is aways postive. Consequently, for any given vaue of W,
there isless productive capita K than beforeinvention. If A were the same, we would aso have the

samevaduesof ¢ and h. Keeping these latter variables unchanged but reducing K guarantees that
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output fals below consumption of nondurables, implying that dW/dt<0. To restore equilibrium, we must
raise A, which reduces ¢ and h.

The dope of the pogt-invention equilibrium locus for A is given by

4\ 1-Dy
43) dW ayide-0 D,

<0
50 thislocus now is downward-doping. It dso lies everywhere to the right of the pre-invention locus.
Invention of the consumer durable has no effect on the steady state value K* of productive capitd,
which is the vaue that makes equation (38) zero. That equation isthe same for both the pre-invention
[see equation (29)] and pogt-invention problems, so the pre-invention and pogt-invention values of K*
adso arethe same. However, the post-invention value D** is positive (for any vaue of 1), whereasthe
pre-invention vaue D®* is congtrained to zero. Thus the post-invention value of W must exceed the
pre-invention value for every A in order to alow holding of postive D and ill have the right amount of
K left over to satisfy (38).

Findly, the pogt-invention value A** must be higher than the pre-invention value AB*. This
conclusion follows from the post-invention values W™ and K** being respectively higher than and the
same as the pre-invention values WB* and KB*. The higher value of W* requires grester replacement
investment for its maintenance. For the given vaue of K*, the only way to obtain the extra replacement
investment isto raise A*, which smultaneoudy reduces consumption of non-durables c* and leisure h*.
IV.2: Analysis and Phase diagram

Before invention, K is congtrained to zero, and the household problem is
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max fu(c,D,h)e” Pdt
e Dy

subject to
dDidt = f(1-h) - ¢ - &D

After invention, the household problem is

max [u(c,D.h)e” ™dt
&Dhy

subjeat to

dwidt = fW-D,1-h) - ¢ - 8W
The necessary conditions are given by equations (37) - (40) plus the rdevant endpoint conditions. To
determine the phase diagram, compare the expressons for the equilibrium loci and for their dopes
before and after invention. These are derived above and repeated here for convenience. Before
invention, we have
(13) dWidt = f[1-h(A)]-c(A)-3W
where W = D. Setting thisto zero and totdly differentiating gives the dope of the equilibrium locus for
W.

a -
dW awideo  ¢/+f/p!

(22)

After invention, we have
37 dWidt = f[W-D(W,A),1-h(A)]-c-8W

and the corresponding equilibrium locus has a dope of
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i\ _ (-D)f-8

(42) —
AW awids0 ,:’-|-_f2h’-|-_f1D2

At W =0, the two equations (13) and (37) arethe same. Consequently, they equd zero at the same
vaueadf A, which iswhy they have the same intersection on the vertica axis. Now let Wincrease. For
any W> 0, (42) is everywhere less positive than (22) (and initidly is even negative) because of the
extratermsin the numerator and denominator of (42), so the post-invention dW/dt=0 locus rises less
rapidly than the pre-invention locus and therefore must lie everywhere below it.

Before invention, the A dynamics are
(14) dridt = ~upDy+@+p)A
wheress after invention they are
(38) diidt = -A[fi-(8+p)]
Using the first-order condition (40), we can rewrite this last expression as

dLidt = -upD)+S+p)A

which isidentica to (14). Sofor any given pair (D, A), the two expressions have the same vaue.
Before invention, D and W are identicdl, but after invention they are not. In particular, after invention
any givenvaueof D is associated with a postive vaue of K and thuswith alarger vdue of W than
before invention. Thus the post-invention dA/dt=0 locus lies everywhere to the right of the pre-
invention locus. (The dopes of both loci are dways zero, by (23) and (43).)

Findly, the post-invention steady state value A** of the costate variable must be below the pre-

invention steady state value A*B. This conclusion arises from the necessary conditions for the two
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models. The first-order conditionsfor ¢ and h are identical (compare equations (15) and (16) with

(39) and (41)):

, = Ay

Before invention, the dynamic equeation for A is (14), which implies
(44) up = S+pHA
in the steady state because dA/dt=0 in the steedy state. After invention, we have the first-order
condition (40) for D. However, dA/dt=0 in steedy State, implying from equation (38) that the margina
product of capitd f, equas 6+p. Subdtituting 6+p for f; into (40) gives

up = @+p)A
which isidenticd to (44). Thusthe margind utilities for al three goods have exactly the same
mathematical expressons and depend solely on A. After the moment of invention, the dynamic laws of
the phase plane guarantee that A fals continuoudy. Hence, if A*# were greater than or equal to A*B,
then A would exceed A*® dong the entire adjustment path. From the margind utility relations just
derived, thiswould imply that ¢, h, and D would be below their pre-invention levels a dl times. Thisin
turn implies that lifetime utility is lower after invention, which would contradict the optimdity of adopting
the productive capita after it wasinvented. Conseguently, we must have A*# < A*B, which then
impliestha ¢*A > ¢*B, h*A > h*B and D** > D*B, Also, because A falsdong the optima path, we

know that ¢, h, and D continudly rise after the moment of invention.
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V.1: Phasediagram

To seethis, note that the utility function isunchanged. Therefore, a any vaue of A, the valuesof ¢,
and h would be the same after invention of ¢, asbefore. At any given vaues of K and h, the vaue of
output would be the same &fter invention as before. However, some of that output now is diverted to
C,, and combinations of K and A that satisfied the equilibrium condition for K before invention would
not satisfy it now. For any given K, alower leve of leisure and/or consumption would be required,

implying thet A must be higher.
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Appendix B: Another Two-Sector Mode

Invention of anon-durable good can cause business cycle behavior if the new non-durableis
produced in a different sector than the first non-durable and if physical capita is afactor of production.
To keep things smple, we will assume very smple production functions. Output is of two types, each
produced in its own sector. The output y, of the first sector can be used either as capitd K or asthe
first nondurable consumer good c;; the output y, of the second sector can be used only as the second
nondurable good ¢,. However, we now suppose that physica capita aready exists and is afactor of
production in both sectors, not just the second sector. The production functions are

» =S&-Ky,1-h)
Iy = g (K':z>

where K isthe total capital stock and K, isthe part of K used in the second sector. For smplicity, we
again suppose that |abor is not afactor of production in the second sector.

Initidly, the economy does not know how to makey,; that is, it does not know the production

process g. The optimization problemis
max fu(c,,0,h)e” Pdt
ek 0
subjeot to
dK/dt = fK,1-h) - ¢; - &
Thisisthe same problem asin section 111.2.2. The phase diagram thusis given by Figure 2, and there is
adeady state at (K*, A*).

After invention of the process for making c,, the problem becomes
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max fu(c,.c,.h)e” Pdt
enenh g

subjent to
dK/dt = fE-K, 1-h) - ¢, - 8K
¢y = gl&y)
The Hamiltonian is

H = u(e;,g&,) ) tA[f (K -K,,1-h) - ¢, - &K]

The dynamic equations and first-order conditions are

dK/dt = 0HIOL = f(K-K,,1-h)-c, -3
d\/dt = -3HBE +pL = -AL[f; +(3+p)]
a.H/acl = ﬂl'A. = D
OHdc, = u,g’'-Af; = 0

aHI = ug-Lfy = 0

These conditions are dmost the same as (37) - (41) that pertain to the modd in which adurableis

invented when productive capitd dready exists. The only differenceisthat u, hereismultiplied by g,

whereas u, sandsaonein (40). The presenceof g' has no substantive effect on the dynamic

properties of the model, and the phase diagram is given by Figure 3. The response of the economy is

quditatively the same asin section IV.1. Again, invention cause business cycle behavior. Thereasonis

the same as in the previous section: in this example, invention of the second nondurable good changes

the steady State stock of capital.
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Appendix C: Invention in aMode of Endogenous Growth

So far, we have examined only models with no growth, but introducing exogenous growth
would not change any of the results obtained. 1t is not immediately obvious how invention affects an
economy that grows endogenoudy. Trandtion dynamics in endogenous growth modeds usudly are so
difficult that attention is confined to andyzing baanced growth paths. The focus of our interest in this
paper, however, is business cycles, and those are trangtiona events, by definition. To obtain results,
we mugt redtrict attention to a sufficiently smple endogenous growth mode in which analyss of
trangtion dynamicsisfeasble.

We examine an economy with one nondurable good and one kind of productive capital.
Initidly, the economy does not know how to make productive capitd, and the invention conssts of
learning to do s0. Thus the modd is sSmilar in spirit to that studied in section [11.2. The mgor
differenceis that the production function now alows endogenous growth:

y = Sf(K,1-h)

= AK+B(1-h)"

(45)

which generdizes the AK production function to alow extra output from labor. With this production
function, y can be postive evenif K is zero, o unlike the basic Solow-Swan or Cass-Ramsey mode,
K=0 does not necessarily condtitute a steady state. Notice aso that (45) is closdly rated to the best-
known example of a Jones-Manudli production function:
(46) y = AR + BRPLI-P
If welet B=01in (46) and o=1 in (45), the two functions are the same.

Utility is assumed to be the Smplest logarithmic form:
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u(,h) = lnc + hnh

1. Pre-lnvention Optimdlity.

Before invention, the economy has the same characteristics asin section 111.1.1. Thereisno
dynamic dement to the maximization problem. Because we now have specific production and utility

functions, we can solve for the optima values of ¢ and h, which are

2. Pogt-Invention Optimdity.

After invention of cgpitd, the optimization problem becomes dynamic. The Hamiltonian is
H = nc tlh +A[AK+B(1-h)® -c - 8K]

The dynamic equations and first-order conditions are

(47) dR/dt = dHIDL = AR +B(1-h)* -¢-3K
(48) d\idt = -OHIDK +ph = -AL[A-3-p]
(49) dHde = ¢~1-L =0

(50) OHIoh = h~!-LaB(1-my*"!

Taking the totd differentia of (49), rearranging terms, and using (48) gives

del__d1
dt ¢ dt L
=A-8-p

- & =cA), ¢’<0

Cc2



For positive growth to occur, we must have A>6+p, so we assume hereafter that this parameter
restriction is satisfied. Note that in particular this restriction implies that the growth rate for A dwaysis

negdiveif A ispodtive. Performing smilar operations on (50) leadsto

dhl _  -aB(1-K (d)\.l)
ah h[uB(l—h)‘-r—l_“ dt A
A
A 1
= 7=
dt A

~ h=hQ), h'<0

where the coefficient Z on the right Sde, given by

7 = - wB(1-h)*
sl
h[uB(l h* + T

is aways non-positive and goesto zero ash and A jointly goto 1 and O, respectively. Baanced
growth requires that all growth rates be constant, so h must go asymptoticaly to 1 for the economy to
approach its baanced growth path. Thisresult isintuitively reasonable. The production function is
additively separablein K and h, so accumulation of K involves only awedth effect that reduces labor
and raiseslesure.

With these resultsin hand, we now can derive the economy’ s response to invention of K.

Rewrite (47) as agrowth rate;

481 _ , BI-hMF-c) _,
dt X K
(51)

_ 4o BIROSE Oy
K K
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On the balanced growth path, h is congtant with avaue of 1 (see immediately above), so that (51)
amplifiesto
(52)

Also, the growth rate of K is congtant on the balanced growth path, so that taking the time derivative of

(52) and then converting to growth rates gives

which impliesthat the growth rates of ¢ and K are equa on the balanced growth path. Before
invention, K is zero and not growing; consumption ¢ equals output B(1-h)“. At the moment of
invention, A jumps up, which reduces both ¢ and h and makes B(1-h)*-c postive. Production of K
thus becomes positive. At theingant of invention, K ill iszero, o its growth rate isinfinite. Astime
passes, A fdls raisng both ¢c and h. The growth rate of K fals continually as time passes because

(2) K in the denominator of the term [B(1-h)“-c]/K on the right Side of (51) grows, making this

term smadler, and

(2) h inthe numerator of the same term becomes large, again making thisterm smaler.
We thus have a hump shaped response of labor, which jumps up at the moment of invention and then
goes asymptoticaly to zero. Output aso jumps up a the moment of invention, but as usua with
invention of productive capita, its behavior after thet is difficult to determine. On the one hand, output
tendsto fal ash rises and labor fdls; on the other hand, output tendsto riseasK rises. Inthelong run,
theincreasein K dominates, and output grows without bound. But the short run path could involve
fluctuations around this trend behavior.
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The main concluson isthat invention of physicd capita can cause business cycle behavior inan

endogenous growth mode!.
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