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Morgan’s fly experiment

PrtPrtVg*Vg* (red eyes, normal wings)
X prprvgvg (purple eyes, vestigial wings)

2
Prtprvg*vg (F1) x prprvgvg
\2
1339 Prtprvg*vg
151 Prtprvgvg
151 prprVgtvg
1195 prprvgvg

A heterozygous individual has two different homologous chromosomes:
Prtvg* p‘r v?
=
DNA replication results in two sister chromatids per chromosome:
Prtvg* pr vg
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Homologous chromosomes pair at meiosis and can exchange chromatid
strand pieces during crossing-over:

Pr+vg*
Prvg 1st meiotic division !
I Prtvg
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pr vg*
pr vg - 1 ——

pr vg
Following a cross-over between two genes, the resulting gametes are an equal
mixture of parental and recombinant types:
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Crossing Over and Recombination

» Crossovers at meiosis are the CAUSE

» Recombinations observed between loci on
the same chromosome are the RESULT

» Crossing-over and recombination are not
related one to one.

Genetic Recombination

* Recombination frequency = % of recombinant
gametes produced by double heterozygotes:
r=151+154)/(1339 + 151 + 154 + 1195) =
0.107

* Genes that are closer together on a
chromosome tend to have lower recombination
frequency, but there is not a direct relationship
between PHYSICAL and GENETIC distances

* Why not?

Genetic recombination

* What is the maximum possible value for
recombination frequency?

* What is the recombination frequency
between genes on different
chromosomes?

* What proportion of recombinant gametes
occur as the product of two crossovers
between the same genes in the same
meiosis? (more on this later...)




Linkage Mapping

1. Detect linkage (for pairs) — identify
linkage groups

2. Estimate recombination frequency (for
pairs)

3. Order loci within linkage groups

4. Re-estimate pairwise linkage distances
using “multi-point” (multi-gene)
techniques

Linkage Mapping Example

(Hedges et al., 1990)

Soybean
Peking X BARCH1
(Rj1Rj1 FF Idh1Aldh1A) \ (rj1rjl ff Idh1BIdh1B)
F1 (Rj1rj1 Ff Idh1Aldh1B)
e
250 F2 scored for three phenotypes:
Rj1, F — dominant, Idhl - codominant

Detecting Linkage

» How to distinguish linkage from sampling error
due to random chance?

 Chi-square test (x2) tests if observed deviations
from expected segregation for unlinked genes
would occur by chance less than 5% of time if
genes are not linked.

* Null hypothesis: genes are not linked. We
determine expected segregation ratios based
on null hypothesis. We reject null hypothesis if
observed ratios would occur less than 5% of the
time if genes were unlinked.

Detecting Linkage Example

Observed phenotypic segregation in an F2
population developed from the soybean cross
Peking (FFRj1Rj1) x BARC-1 (ffrjlrjl1).

Phenotypic class Number Observed
F Rj1_ 144
F_rjlrj1l 44
ffRj1- 39
ffrjlrjl 23
Total 250

First check that each locus
segregates Mendelianly

Chi-square test for single-gene segregation of Rj1
phenotype

Phenotypic Number  Number

class_ observed expected (E-O)4/E
Rj1_ 183 187.5 0.108
rjirl 67 62.5 0.324
Total 250 250.0 0.432

Degrees of freedom? Critical value of test at 5% probability level is 3.84.

We do NOT reject null hypothesis, assume that phenotype segregates as single gene.

Test for linkage between F and Rj1

Chi-square test for linkage of F and Rj1 genes.

Phenotypic Number Number

class observed expected (E-OYE
F_Rj1_ 144 140.625 0.081
F_rjlrjl 44 46.875 1.458
fRj1_ 39 46.875 1.323
ffrjlrjl 23 15.625 3.481
Total 250 250.0 6.343

How many degrees of freedom?

Note that this test will be affected by any segregation distortion at the two genes
AND by linkage.

Get the statistic for testing only linkage by subtracting the two single gene
segregation chi-square values:

6.343 - 0.432 - 0.005 = 5.906

Get the df by total df minus two df for the single gene tests = 1 df.

We reject the null hypothesis and conclude genes are linked.




Estimating recombination
frequency

» This is easy in backcross populations —
you can count the number of recombinant
gametes directly based on the BC1
phenotypes.

* This is not trivial in F2s or in many other
generations, even if you have codominant
genes.

Relationship between F2 phenotype
and gamete frequencies

Phenotypic class = Made from gametes:

ffrjlrj1 frjd + f-rjl
F_rjirjl F-rj1 + f-rjl or F-rj1 + F-rj1
1 recombinant, 2 recombinant gametes

1 parental gamete

Since we are not sure how many recombinant
gametes composed each class, we cannot simply
count recombinant gametes based on F2
phenotypes

We start with a probability model
for proportion of recomb. gametes

F1 genotype: F — Rj1/f — rj1 (coupling phase)

If there is a recombination event between genes (this
occurs with probability r), then recombinant gametes are
produced with equal probability:

F—rj1 (1/2)r

f—Rj1 (1/2)r

If there is no recombination between genes (this occurs
with probability 1 —r), then parental gametes are
produced with equal probability:

F-Rj1(1/2)(1-r)

f—rj1 (1/2)(1=7r)

F2 genotype probabilities

Male gametes

Female F-RiL (%)(1- 1) | F-ri1 ()r f-RL (4)r f-rj1 (%)(1- 1)
gametes

F-Rj1 (#)(1-1) |FFRiIRjL A |FFRjrjil A |FRjIRjl A |FRjlrjl A

(Ua)(a-1)2 | (UA)r(L-r) (Uayr(1-r) (w4)(1- )2

F-rjl ()r FFRirjil A |FFrilrjl B |FMRjirjl1 A |Ffijirjl B
(U4)r(1-r) (U4)r2 (14)r2 (U4)r(1-1)

f-Rj1 (¥)r FR{IRjL A [FRjlril A [fRjIRjl C [fRjirjl  C
(14)r(1-1) (Uayr2 (U4 (A)r(1-1)

il ()(1-1) |FRjlrjl A [Ffjil B [fRjlrjl = C [ffjijt = D
(4)(1- 2 (Uayr(1-r) (Uayr(1-r) (A4)(1- )2

F2 Phenotype Probabilities

Phenotypic Class _Genotype: Probability
A (F_Ri1) FFRILR}1, FIR{1R]1, FFRILL, FIR{11 3/4 - (1/2)r + (1/4)r2
B (F_rjlrj1) FFijlil, Fijirl (112)r - (1/4)2

C (ffRj1) FRIAR]L, fR{LA1 (112)r - (1/4)2

D (ffrjrj1) ffrjdrid (1/4)(1 -y

Total 1

Note that this is all a function of r.

This table gives us the probability that one F2 progeny
belongs to each of the four phenotypic classes.

What if we observe two F2 progeny? What is the joint
probability that both are phenotypic class A?

Joint probability for observing a
whole group of F2s:

n! ror2yarr _r? r_r2\c ror
L=m(%—i+7) G- G- G-5+7)"

Where:

L means “likelihood”

n is total number of progeny observed

a, b, c, d are number of progeny observed in classes A, B, C, and D
a+b+c+d=n

(this is just a specific case of the general multinomial probability)




L= o

Method of Maximum Likelihood

» Given the likelihood function:

n!

2 2 2 2
T G G- s )

The maximum likelihood estimate of r is that value of r that maximizes the
likelihood of the observed data. Notice that a, b, ¢, and d above are all
observed data, and r is the only unknown in the equation.

We could just plug in many different values for r and choose the one that gives
maximum L (a numerical solution).

Or we could rely on a trick from calculus: the derivative of a function is equal to
its slope at a specific position on the curve. Where the derivative (slope) is
zero, the function must be at a maximum or minimum point.

Likelihood

Derivative = 0 at peak

r Max. likelihood value of r

Solving for the maximum likelihood
estimate

» General idea: the likelihood function is a curve
relating the likelihood of observed data to the
recombination frequency.

The derivative of the likelihood function is its
slope.

The value of r at which the slope is zero must be
a maximum or minimum likelihood point (in fact,
it will be maximum if 0 <r <0.5)

» So, take the derivative of the likelihood function

¥Vith respect to r and set it equal to zero, solve
orr.

Solving for max. likelihood estimate
of r:

» Additional tricks used to make math
simpler:

* Replace (1 - r)? with P and solve for max.
likelihood estimate of P.

» Take derivative of natural log of likelihood
function (calculus tells us that max. point
of a function will also be the same as the
max. point of the natural log of that
function)

n! 2 2\p 2 2\d
L:m(%_%*‘%)a(%_%) G-9'G-5+%)
n!
In(L) = In(o o) +aln} 2+ P)+bInd(L-P) +cln (- P)+dInP
5In(L): a c d

0

+ b + + =
P 2+P 1-P 1-P 1-P
a(l-P)P-(2+P)P(b+c)+(2+P)1-P)d =0
a(P-P*)-(2P+P?*)(b+c)+(2-P-P*)d =0
2d +(a-2b-2c—d)P—(a+b+c+d)P? =0

Now, we fill in the numbers for a, b, ¢, and d from Hedges et al. (1990):
46 + P(-45) + P2(-250) = 0

This has the form of a quadratic equation, ax2 + bx + ¢ = 0, which has roots:

X:7b+\/b2—4ac

2a

Using the quadratic equation, we solve for P = -0.52, 0.348.

P = (1- )2, so (1- r) = square root of P, which means that only 0.348
is a real solution for P.

(1-r)=0.590

r=0.410




What if you can’t solve the
equation?

Actually, this is common. So, we resort to a
numerical solution by plugging in values for r
between 0 and 0.5 and choosing the value of r
that makes derivative of log of likelihood closest
to zero.

Why bother with this derivative business?

Often you cannot numerically solve original
equation because powers are too huge

You can also get variance of estimate using the
2nd derivative of the log likelihood function (see
Mather, 1951).




