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Summary

Let B, = (1/N)T2/? X, X*Tx/? where X,, is n x N with ii.d. complex standardized
entries having finite fourth moment, and Té/ ? is a Hermitian square root of the nonnegative
definite Hermitian matrix 7T;,. It is known that, as n — oo, if n/N converges to a positive
number, and the empirical distribution of the eigenvalues of T,, converges to a proper
probability distribution, then the empirical distribution of the eigenvalues of B,, converges
a.s. to a nonrandom limit. In this paper we prove that, under certain conditions on the
eigenvalues of T},, for any closed interval outside the support of the limit, with probability
1 there will be no eigenvalues in this interval for all n sufficiently large.
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1. Introduction

Forn=1,2,... let X = X,, = (X;;), T =1T,, and T%/Z, denote, respectively, an n x N
matrix consisting of i.i.d. standardized complex entries (EX;; = 0, E|X11|? =1),ann xn
nonnegative definite matrix, and any square root of T'. For any square matrix A having real
eigenvalues, let F4 denote the empirical distribution function (e.d.f.) of its eigenvalues.
The matrix B,, = (1/N )Tﬁ/ 2X X*Tx'* can be viewed as the sample covariance matrix of
a broad class of random vectors, a2 X 1 (X denoting the j** column of X). Previous
work on understanding the behavior of the eigenvalues of B,, when n and N are large
but have the same order of magnitude has been on F'Z» and on the extreme eigenvalues
when T' = I, the identity matrix. Assuming N = N(n) with n/N — ¢ > 0 as n — o

and FT 2) H, a proper p.d.f. it is known that almost surely FP» converges weakly to
a nonrandom p.d.f. F' (see Silverstein (1995)). Proving this result, along with describing
F (which can be explicitly expressed in only a few cases), is best achieved with the aid of

the Stieltjes transform, defined for any p.d.f. G by

mg(Z)E/)\isz()\) zeCt={2€C:Imz>0}.

Because of the inversion formula
1 b
G([a,b]) = = lim [ Immg(§+in)dE

™ n—0

(a,b continuity points of G), weak convergence of p.d.f.’s can be proven by showing con-
vergence of Stieltjes transforms.
For each z € C*, m = mp(z) is a solution to the equation

1
e / t(1 —c—czm) — de(t)’

which is unique in the set {m € C: —(1—¢)/z+cm € C*}. Let B,, = (1/N)X*TX. Since
the spectra of B,, and B,, differ by |n — N| zero eigenvalues, it follows that

FB. = (1- 1)1 " B

from which we get

1—n/N
mpe, (2) = (A= n/N) :/ i %mFBn () zeCt,

and with F denoting the limit of F£» we have
F = (1 — C)I[O,oo) + cF,
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and

(1-¢

mp(z) = — +emp(z) z€CT.

It follows that

mp = —z_l/#dH(t),

1+tmE

for each z € CT, m = mp(z), is the unique solution in C* to the equation

m:—(z—c/’;dft(tm))l, (1.1)

and mp(z) has an inverse, explicitly given by

z(m) = 1 + c/ tldft(tm). (1.2)

Much of the analytic behavior of F' can be inferred from these equations (see Silverstein

and Choi (1995)). Indeed, continuous dependence of F on ¢ and H is readily apparent from

(1.2), and the inversion formula, and it can be shown that F Don as ¢ — 0. Moreover, it
is shown in Silverstein and Choi (1995) that, away from zero, F' has a continuous density.
As an example Figure 1 (a) is the graph of the density when ¢ = .1 and H places mass .2,
4, and .4 at, respectively, 1, 3, and 10.

The focus of this paper is on intervals of R lying outside the support of F. The
inverse (1.2) can be used to identify these intervals, mainly because, on any such interval,
mp exists and is increasing. Consequently its inverse will also exist and will be increasing
on the range of this interval. Silverstein and Choi (1995) confirms each m in this range is
such that —1/m lies outside the support of H. Therefore, plotting (1.2) on R and observing
the range of values where it is increasing will yield the complement of the support of I, and,
together with ¢ (to determine whether there is any mass at zero), the complement of the
support of F. Figure 1 (b) provides an illustration. It is the graph of (1.2) corresponding
to the density in (a).
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F1G 1. (a) Graph of the limiting density when ¢ = .1 and H places mass .2, .4, and .4 at,
respectively, 1, 3, and 10. (b) The graph of x = —m ™' +c [ t(1+tm)~'dH(t) corresponding
to (a). The bold lines on the vertical axis indicate the support of the density, the set in Rt

(b)

remaining after removing intervals where the graph is increasing. Using the fact that the
density at x € RT is equal to (cm)™! times the imaginary part of mp(z) (see Silverstein
and Choi (1995)), the graph in (a) was created by applying Newton’s method to (1.2) for

values of z = x in the support.

For large n one would intuitively expect no eigenvalues to appear on a closed interval
outside the support of F. This of course cannot be inferred from the limiting result on
FBrn_ The two important cases when 7' = I have been settled. Here the support of F
lies on [(1 — 1/c)?, (1 + \/¢)?], with the addition of zero when ¢ > 1. When the entries
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of X come from the upper left portion of a doubly infinite array of independent random
variables having finite fourth moment, Yin, Bai, and Krishnaiah (1988), and Bai and Yin
(1993) show, respectively, the largest eigenvalue of B, converges a.s. to (1 + /c)?, and
the min(n, N)*™ largest (which is the smallest eigenvalue when ¢ < 1) converges a.s. to
(1 — y/c)? (we remark here that in Bai, Silverstein, and Yin (1988), it is proven that
E|X11|* < oo is necessary for the former to hold).

Extensive computer simulations, performed in order to show the importance of the
spectral limiting results to the detection problem in array signal processing (Silverstein and
Combettes (1992)), resulted in no eigenvalues appearing where there is no mass in the limit.
Under reasonably mild conditions, this paper will provide a proof of this phenomenon,
again in the form of a limit theorem as n — oc.

It will be necessary to impose stronger conditions on the eigenvalues of T}, than simply
weak convergence of FT» to H. For this, if we let F'“* denote F and ¢, = n/N, then
FenHn s the “limiting” nonrandom d.f. associated with the “limiting” ratio ¢, and d.f.
H,,. As will be seen, the conditions on H,, are reflected in FHn.

Theorem 1.1. Assume
(a) Xij, 1,5 = 1,2, ... are i.i.d. random variables in C with EX;; = 0, E[X11]* = 1, and
E|X11]* < oo.

(b) N = N(n) with ¢,, =n/N — ¢ >0 as n — oc.

(c) For each n T = T}, is n x n Hermitian nonnegative definite satisfying H,, = F» g H,

a p.d.f.

(d) |||, the spectral norm of T;, is bounded in n.

(e) B, = (l/N)Té/QXnX;‘;Tﬁ/Q, Tp/? any Hermitian square root of T, B, =
(1/N)X}T, X, where X = X,, = (X;;),i=1,2,... ,n,j5=1,2,...,N.

(f) Interval [a,b] with a > 0 lies outside the support of F& and FerH» for all large n

Then P( no eigenvalue of B,, appears in [a, b] for all large n ) = 1.

Using the results on the extreme eigenvalues of (1/N)XX* we see that the interval

can also be unbounded. In particular we have

Corollary. If ||T},|| converges to the largest number in the support of H, then ||B,| con-
verges a.s. to the largest number in the support of F. If the smallest eigenvalue of T,
converges to the smallest number in the support of H, then ¢ < 1 (¢ > 1) implies the

smallest eigenvalue of B,, (B,,) converges to the smallest number in the support of F' (F).

Theorem 1.1 is proven by showing the convergence of Stieltjes transforms at an ap-
propriate rate, uniform with respect to the real part of z over certain intervals, while the
imaginary part of z converges to zero. Besides relying on standard results on matrices,
the proof requires well-known bounds on moments of martingale difference sequences, as
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well as an extension of Rosenthal’s inequality to random quadratic forms. The proof of
the latter will be given in the appendix. Statements of most of the mathematical tools
needed will be given in the next section. Section 3 establishes a rate of convergence of
FE.. needed in proving the convergence of the Stieltjes transforms. The latter will be
broken down into two parts (section 4 and 5), while section 6 completes the proof.

It is mentioned here that Theorem 1.1 is actually only part of the important phe-
nomena observed in simulations. It can be shown that on any interval Jy with endpoints
outside the support of H, there corresponds for c sufficiently small, an interval Jg . with
endpoints being boundary points of the support of F' satistying F'(Jp.) = H(Jg). This
should be viewed in the finite but large dimensional case as the eigenvalues of B,, being a
“smoothed” deformation of the eigenvalues of T;,, continuous in the ratio of dimension to
sample size. Simulations reveal that the number of eigenvalues of B,, appearing in Jg, .,
is exactly the same as the number of eigenvalues of 7;, in Jg,. The formulation of the
conjecture naturally arising from this is simply

n(Fn(Jpe) — F M (Jp)) — 0 a.s.

Its truth is currently being investigated.

2. Mathematical tools

We list in this section results needed to prove Theorem 1.1. Throughout the rest
of the paper constants appearing in inequalities are represented by K and occasionally
subscripted with variables they depend on. They are nonrandom and may take on different
values from one appearance to the next.

Referenced results below concerning moments of sums of complex random variables
were originally proven for real variables. Extension to the complex case is straightforward.
Lemma 2.1 (Burkholder (1973)). Let {Xj} be a complex martingale difference sequence
with respect to the increasing o-field {F%}. Then for p > 2

P p/2
E‘ZXk <K, (E (Z E(IXkP]Fk_ﬁ) +EZ|Xk\p) .
Lemma 2.2 (Burkholder (1973)). With {X}} as above, we have, for p > 1

e[S Xk’p < KE (S |Xk|2>p/2.

Lemma 2.3 (Rosenthal (1970)) If {X}} are independent non-negative, then for p > 1

E(Yx) <k, ((EX) + Y ExE).
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Lemma 2.4 (Dilworth (1993)). With {F} as above, {X;}r>1 a sequence of integrable
random variables, and 1 < ¢ < p < oo we have

E(gj !E(Xk|fk>|q)p/q < (g)/g(i \kaf)p/q-

k=1

The following lemma is found in most probability textbooks.
Lemma 2.5. (Kolmogorov’s inequality for submartingales). If X1, ..., X,, is a submartin-

gale, then for any a > 0

1
P X > < =
(ingaé k_a)_a

E(IXml)-

The next one has a straightforward proof.
Lemma 2.6. If for all ¢ > 0, P(|X| > t)t?P < K for some positive p, then for any positive
q<p
E|X|? < Ka/p (L) )
p—q

Lemma 2.7 (proof in appendix). For X = (Xi,...,X,)T iid. standardized (complex)
entries, C' n X n matrix (complex) we have for any p > 2

p/2
E|IX*CX —trC|P < Kp<(E|X1|4trCC*> + E|X1|2ptr(CC’*)p/2).

Lemma 2.8 (Corollary 7.3.8 of Horn and Johnson (1985)). For r x s matrices A and B
with respective singular values 04 > 09 > -+ > 04, 71 > T2 > -+ > 74, where ¢ = min(r, )
we have

lox — | < ||B—A| forallk=1,2,...,q.

Lemma 2.9 ((3.3.41) of Horn and Johnson (1991)). For n x n Hermitian A = (a;;) with

eigenvalues A1, ..., \,,, and convex f we have

> flai) <D F).
i=1 i=1
Lemma 2.10 (Lemma 2.6 of Silverstein and Bai (1995)). Let z € CT with v = Im 2, A and

B n x n with B Hermitian, and » € C™. Then

r*(B —2I)7Y*A(B — zI)"r < | Al
1+r*(B—zI)"1r - v

Itr (B — 27— (B4 rr* — ZI)*l)A‘ =




Lemma 2.11 (Lemma 2.3 of Silverstein (1995)). For z = x +iv € C* let my(2), ma(2)
be Stieltjes transforms of any two p.d.f.’s, A and B n x n with A Hermitian non-negative
definite, and » € C™. Then

a) 1(ma(2)A+ 1)~ | < max(4]|A]|/v,2)
b) |tr B((ma(2)A+I) ™" —(ma(2) A+I) )| < [ma(2)—ma(2)|n]| B || All (max(4]| A /v, 2))*

c) |r*B(my(2)A+1)"'r —r*B(ma(2)A + I)_lr]
< ma(z) — ma(2)| 7|2 Bl | All (max(4]| Al /v, 2))?

(||| denoting Euclidean norm on r).

Lemma 2.12 (Lemma 2.4 of Silverstein and Bai (1995)). For n x n Hermitian A and B
A B 1
|F* — F7| < —rank(A — B),
n

| - || here denoting sup norm on functions.

Basic properties on matrices will be used throughout the paper, the two most common
being: tr AB < ||A||tr B for Hermitian nonnegative definite A and B, and for A n x n and
r € C", for which both A and A + rr* are invertible

1

*A_l.
(1 +7°*A—1r)r

r*(A+rr*)7 =
At one point in Section 3 the two-dimensional Stieltjes transform is needed. Its defini-
tion and relevant properties are given here. For a p.d.f. F(z,y) defined on R? it is defined

as
1

m(21722):/(x_21)(y_22)dF(m,y)

for all z; = 1 + vy, 29 = T2 + iv9 v1 # 0, v2 # 0. Due to the inversion formula

1 .. _ _ o
F([a,b] X [¢,d]) = 3 lv%l e m(z1,22) — m(Z1, 22) — m(z1, Z2) + m(z1, Z2)dz1des
a,b] x[c,

v1 = vy = v, whenever F(9([a,b] x [c,d])) = 0, weak convergence of p.d.f.’s on R? is assured
once convergence of their Stieltjes transforms is verified on a countable collection of points

(21, z2) dense in some open set in C2.



3. A rate on F&.

We begin by simplifying our assumptions.

Because of assumption (d) in Theorem 1.1 we can assume ||T,| < 1.

For C > 0 let Vi; = Xiljx,<c) — EXiiljx,<c;, ¥ = (Vij) and B, =
(l/N)TﬁmYnY;Tﬁ/Q. Denote the eigenvalues of B,, and B, by Ax and Ak (in decreas-
ing order). Since these are the squares of the k" largest singular values of (1/v/N)T, L/ ’X,,
and (1/v'N )Tﬁ/ ’Y,, (respectively), we find using Lemma 2.8

max |\, = 4% < (1/VN)|| X, = Yo .
Since X;; — Yi; = Xyl x,,1>c) — EXijl[x,,|>c), from Yin, Bai, and Krishnaiah (1988) we
have with probability one

lim sup max X% = X/| < (1 4+ VOEY?| X1 Pljjx, 50

n—oo =

Because of assumption (a) we can make the above bound arbitrarily small by choosing C
sufficiently large. Thus, in proving Theorem 1.1 it is enough to consider the case where
the underlying variables are uniformly bounded.

In this case it is proven in Yin, Bai, and Krishnaiah (1988) that there exists a sequence
{k,} satisfying k,,/logn — oo such that for any n > (1 + /c)?

E[|(1/N) X0 X5 || * < "
for all n sufficiently large. It follows then that A\, .y, the largest eigenvalue of B,,, satisfies.
P(Amax > K) = o(N79), (3.1)

for any K > (1 + /c)? and any positive /.
Also, since tr (CC*)P/2 < (tr CC*)P/2, we get from Lemma 2.7 when X is bounded

EIX*CX., —trC|P < K,(tr CC*)P/? (3.2)
where K, also depends on the distribution of X.;. From (3.2) we easily get
E|[X*CX [P < K,((trCC*)P/? 4 |tr C|P). (3.3)

Throughout the paper, variable z = = + iv will be the argument of any Stieltjes
transform. Let m, = mpgs, and m,, = mpe,. For j =1,2,... N, let ¢; = (1/y/n)X.

(X.; denoting the j*® column of X), r; = (1/\/N)T7%/2X.j, and B(j) = B(i) = Bp — ;77
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In Silverstein (1995) the formula

1 & 1

Jj=1

is derived. It is easy to verify
Imr3((1/2)B) — I~ lr; >0.

Therefore, for each j

! <! (3.4)
2(1+ 73 (Bgy — 20)~try)| ~ v
It is also shown in Silverstein (1995) that
ltr (—zm,, (2)T — 2I) 7 — mp(2) = w(2) = S ﬁ: -1 d; (3.5)
n e " " N = z(1+7r3(Byy— 21)~1r)) /
where

d; = q;T;/Q(B(j) — 21" Ym,, (2)T, + ) T %q; — Ltr(m, ()T, + 1) ' To(By, — 21) 7.

1/17

The next task is to prove for v = v, > N~ and for any subsets S, C [0, 00)

containing at most n elements the almost sure convergence of

w2

TES, Ug

to zero. Let my;(z) = —@ + cnm s, (2). From Lemma 2.10 we have

1
— . < —. .
max|m,, (2) = m;)(2)] < 17 (3.6)
Moreover, it is easy to verify that m(j)(z) is the Stieltjes transform of a p.d.f., so that
im gy (2)] <ot
Write for each j < N d; = d} + d? + dg? + d;* where

dj = ;T *(Bigy—21) " (m, () Tut 1) 7 T 2 g = T (Bjy—21) gy (2) T 4-1) M T 2

di = T,/ (Bj) — 21) ™ (mgy) ()T + 1) 1T, 2q5 — e () ()T + 1) T (B — 21) ™!
d? = Ltr (m) (2) T + 1) T (Bgyy — 2I) ™" = Ltr (myyy (2)Tn + 1) ' T (B, — 21) 7
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and
dj = Etr (mgy(2) T + 1) To(Bp — 2I) ™" = 2tr (m,, (2)T + 1) ' T0(Bn — 21) 7!
In view of (3.4), it is sufficient to show the a.s. convergence of

max |d;| (3.7)
j<N,z€S, v0 ’
to zero for ¢ = 1,2, 3, 4.

Using ||(A — 2I)71|| < 1/v for any Hermitian matrix A we get from Lemma 2.11 c)
and (3.6)
IX 51171
n  Novt

Using (3.2) it follows that for any € > 0, p > 2, and all n sufficiently large

1X 5112 16
- -1 N0 €/2

1
b <16

dl
P( max —6| > > SnP(maX
J<N,z€Sn v J<N
nN .
p(Nvlo)p6 o,
0 (3.7) &% 0 when i = 1 and for any v, € (N~Y/19 1].
Using Lemma 2.10 and Lemma 2.11 a) we find

4

nod’

so that (3.7) =% 0 for i = 3 and for any v, = N~ with ¢ € [0,1/8).
We get from Lemma 2.11 b) and (3.6)

—6|d3| <

v 0dj| < 16N o

so that (3.7) ©% 0 for i = 4, and for any & € [0,1/10).
Using (3.2) we find for any p > 2

E]v_Gd?\p

1 _ _ o
ngv6pnp(trT,{/2(B(j)—zI) Yy (2)To+1) T T (W5 (2) T+ 1)~ (B —21) T,/ 2)P/

1
= Kp———(tr (m;y ()T + 1) "' T (@) (2) T + 1)~ (B(y) — 21) "' To(Bgyy — 21)~)P/?

U6pnp

1

< (using Lemma 2.11 a)) K, P 6rmp g2 )2

(tr (B(jy — )" Tn(Byyy — 2I)~1)P/?

10



1 B o 1
(trTo(Bgy — 21) " (B —2) )PP < K, )P (n/v*)P/?

=K
" (o)
1
= Kpi(nl/%g)p.
We have then for any ¢ > 0 and p > 2
1 nN
642 <K,——— .
g j<N.weS, vl > €) < Ky P (nl/2y8)P
2% 0 for any nonnegative § < 1/17 since we have shown

Thus, max,es, [wn(2)[v™°
for any positive ¢, we have for all p sufficiently large and for all € > 0

P(max |wy,(2)[v, " > €) < Kye Pn~".

xE€Sn
Moreover, for the sequence {1, } with j,, = N'/%8 we have for any v,, = N~° with § < 1/17
—5 —p, 4
>e€) < Kpe Pn™". (3.8)

P(n max fwn (2)[v,

We now rewrite w,, totally in terms of m,. With H,, = FT, and using the identity

—n<z) - P
we have w,, =
(I—cn)) _m, _c_n/ dH,(t) L (1—cp)
Sz \ m, ) 1+tm, m,

1 ( cn/ dH,,(t)
7_m _—————
1+tm, " z

mn( 1 /thn(t))
—ZzZ——=+cCy | ——— |-
m 1+tm,

Let
1 /thn(t)
w=—2z2——+¢y | ————.
m, L +tm,

Cn z

0

Then w = wyze, /m,,.
Returning now to Fvf» and F& let mO = mpe, ., and m® = mpe,n. Then m

solves (1.1), its inverse is given by (1.2),
1
(3.9)

0 _

m,, = tdH,(t)’

—Z+tCn f 1+tm0

and the inverse of m?, denoted 29, is given by

1 tdH, (1)
0 _ - . A\ 3.10
Z, (m) n +c / T+ im (3.10)
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From (3.10) and the inversion formula for Stieltjes transforms it is obvious that F¢n-n D,
FeH as n — oo. Therefore, from assumption (f) an € > 0 exists for which [a — 2¢, b + 2¢]
also satisfies (f). This interval will stay uniformly bounded away from the boundary of
the support of F¢Hn for all large n, so that for these n both SUD e [a—2¢,b+2¢] %mg (z) is
bounded and —1/mY (x) for z € [a — 2¢,b + 2¢] stays uniformly away from the support of
H,,. Therefore for all n sufficiently large

sup <%m2(w)>/( £ dHn (1) < K. (3.11)

r€[a—2¢,b+2¢] 1+ tm%(x))z N

Let o/ = a—e, b’ = b+e. On either (—oo,a’] or [/, c0), each collection of functions in A,
{A—2)"t:2€la,b]}, {A—2)"2: 2 € [a,b]}, form a uniformly bounded, equicontinuous
family. It is straightforward, then, to show

lim sup |m(z) —m’(z)| =0, (3.12)

N0 r€la,b] o

and
d d

—mi(z) — —-m(z)

~ 0 3.13
o (3.13)

lim sup
N0 x¢la,b]

(see, for example, p. 17, problem 8 of Billingsley (1968)). Since for all x € [a,b], A € [d/, V'],

and positive v
1 1

v
‘)\—(m+iv)_)\—x e

§2

we have for any sequence of positive v,, converging to 0

lim sup |m(z +iv,) —ml(x)| = 0. (3.14)

n
N0 rela,b]

Similarly
I n d
lim sup (& + i) — —m(z)| =0. (3.15)
n—=0 zela,b) Un dx

Expressions (3.11), (3.12), (3.14), and (3.15) will be needed in the latter part of Section

Let m9 = Imm?2. We have then from (3.9)

0 t> dH,, (t)
Up, + MyCn f [T+tm0 ‘2

0
my =

(3.16)
‘—Z + Cn f tlciiimg)
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For any real x, by Lemma 2.11 a),

0 n n
n = 1 00 nl PR

< cn||T(I+Tm2)_1|| < ey, /vp.

It follows that
t2 dH,, (t) 1/2

0
MaCn f [T+tm0 |2

0 t2dH, (t
U +micy [ |1+tnfjo(|3

<1-—Kuv2, (3.17)

for some positive constant K.
Let m,, = m; + imy, where m; = Rem,,, my, = Imm,,. We have m,, satisfying

1
mn == 9 (3'18)
e T
and )
U 4+ mocy [ flffj;;(’fg +Imw
2 tdH, (t 2 (3.19)
’_Z+Cnf 1+tm( : w‘
From (3.9) and (3.18) we get
t2 dH,, (t)
0 (m,, —mj )cn J (T+tm, ) (1+tm0)
m'n, - mn -
(<= ben 00 o) (=2t f 200
L,y w. (3.20)

From Cauchy-Schwarz, (3.16), (3.17) and (3.19) we get, when [Imw/v,| < 1

t* dH, (t)
f (I4+tm,, ) (14+tm0)

(<= ben 0 0 (2t o J 4200

Cn

1/2 1/2
f t2 dH,, (t) f t2 dH,, (t)
[1+tm, |? [1+tm |2
=™ dH, (1) 2 n dH, () |
tdH,, (t tdH, (t
—z4cy [ o —w‘ —z4cy [ Trim?
1/2 2 1/2
t2 dH,, (t) t2 dH,, (t)
_ Msn | Tim, min | T
- t2 dH, (1) 0 t2 dH, (t)
Un + MaCn f 1+tm, |2 +Imw Un + MyCr f [1+tm |2
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t2 dH,, (t) 1/2

0
mycn [ [T+tm0 |2

0 t2dH, (t
on + mfen [ fripmd

IA

<1-— Kuv2. (3.21)
We claim that on the set {Apnax < K1}, where K1 > (1 + 4/c)?, for all n sufficiently

large, |m,,| > 3, v, whenever |z| < p,v,!. Indeed, when z < —v,, or & > Apax + vy,

K1+an7§1 > 1

m,| > |Rem, | > — Z -
iy | 2 | Rty (K14 pnvn )2 + 02~ 2u05 "

for n large. When —v,, < £ < Apax + Un

Un

(Kl + vn)Q +

im,,| > [Imm,,| > 5 > iy, Un
v?"b

for n large. Thus the claim is proven.
Therefore, when |z| < p,v; L, on the set {|w,| < vi} N {A\nax < K1} we have for n

n

large |z| < 2u,v, ! and
()] < Jenzton fmy] < Kpor2fwa] < vn.
Therefore, by (3.20) and (3.21), we have
m,, —mp| < K~ oy 2 m, m |
= K02 enzmpwn| < K'vp i wnl.
It is easy to verify that for n large, when either |x| > vt |w,| > v}, or Apax > K
im,, —my | < 3y vn + 20, T, 0] + D> Ka)-
Therefore, for n large, we have

1 0 -5
max vy, [y, (2) — mp| < Ky max [wn o,

—|—3u;1 + 2?);2 max (I[Iwn|>vﬁ] + [[/\max>K1]) .

TES,

Therefore, from (3.1) and (3.8) we find for any positive € and ¢

P(v;! max Im,,(2) —m2| > ¢) < Kye Pn~* (3.22)

for all p sufficiently large, whenever § < 1/17.

14



We now assume the n elements of S, to be equally spaced between —y/n and /n.

Since for |x1 — x5| < 2n—1/2,

[, (21 + vn) — m, (22 +iv,)| < 20720,

]mg(:vl +ivy,) — m%(xz +ivy,)| < 2n_1/2v;2,

and when |z| > \/n, for n large
[, (2 +ivg)| < 20712 0 )

|m2(m +ivy,)| < on~1/2

we conclude from (3.22) and (3.1), that for any positive € and ¢

P(v,! sug im,, (z + iv,) — m0 (x +ivy,)| > €) < Kpe Pt (3.23)
ze
for all sufficiently large p, whenever § < 1/17.

Let Eq(-) denote expectation and Eg(-) denote conditional expectation with respect
to the o-field generated by rq,--- ,r,. Let £, £ > 0 be arbitrary. Choose £ > ¢, let p be
suitably large so that (3.23) holds with ¢ replaced by £, and r = ¢p/(£¢') is greater than 1.
Since Ej(v;, ! sup,cg [m,, (@ + iv,) — m9(z + iv,)[¢), k = 0,..., N forms a martingale, it
follows from Jensen’s inequality, Lemmas 2.5, 2.6 and (3.23) that for any positive €

P(max Eg (v, / sup |m,, (z + iv,) — m2 (z + wn)|£l) > €)

k<N z€R
—r —rl . 0 . re —r /L g —L
<€ "E(v,"" sup|m,(z +iv,) —m, (z +iv,)|" ) < e "Kp 7"
r€eR L=

whenever 6 < 1/17. In particular, we have for 6 < 1/17

lim max Ei(supyep |my, (z + ivy) — m) (x + ivn)|?)

max 5 =0 with probability 1. (3.24).
n—oo k< (%

Let Ay < Ao+ < Ay be the eigenvalues of B, and write
m; =md* +m" j=1,2

where




1 T — A

out J
mi“* (z + iv) _N Z (CL‘—)\]‘)2+U2‘
€la’

Define the sequence {G,,}5°_; of functions on R? by

GZ?:ll(N(j)—l—l)—i—k(xl’ 5(,‘2) = EkFEn (1’1)F§” (x2),

for k=0,1,...,N(n). Clearly each G,, is a probability distribution function on R?, and
when m = Z?:_ll (N (j)+1)+k, the two-dimensional Stieltjes transform, mg,?)(xl +ivy, xo+
ivg) of Gy, is Exm,, (21 + iv1)m,, (x2 + ive). Obviously, when § = 0, (3.24) implies that,
with probability one sup,, .,cr |m7(7§) (m1 + iv1, 22 + iv) —mO (21 + iv1)mL (22 +ive)| — 0
as m — oo for countably many (v1,v2) forming a dense subset of an open set in the first
quadrant (bounded uniformly away from the two axes). We conclude that with probability
one, G, (1, x2) converges weakly to F& (x1)FeH ().

Since the integrands of

dEkF—n (:L‘l)F—n (562) dEkan (Jfl)
2 2 and 2 2
[a’,b']e X [a,’b'] ((.’E - fI)l) + v )((.T — .'1/'2) + v ) [a/,b]e (ZC - .’131) + v

on their respective domains are uniformly bounded and equicontinuous for x € [a,b], it
follows as in (3.13) that

mi(z + iv) d o a.s.
max sup Ek = — —m (z)| —0, 3.25
el v &™) (32
for any v = v,, — 0.
Therefore, from (3.24) and (3.25) we have
max sup v, “Ep (m3"*(z + z'vn))2 £2%0. (3.26)

k<N zela,b]

From (3.26) we can infer a bound on the number of eigenvalues in [a,b]. Notice
NFZB.(A) is the number of eigenvalues of B,, in the set A. Let e, denote the left side of
(3.26). For any x € [a,b]

L 1
en > —— max Ey Z L
N2 ;<N A €[a,b]N [E—vn ,7+0n] (z — Aj)2 + 02

NZ2E; (Fﬁn{[a, b N[z — vp,x + vn]})2
= N AviN? ’

16



find Ej, (FE:{[a,b]})” < (b — a)?v2

and since the number of intervals of length 2v,, needed to cover [a,b] is [(b — a)/2v, ], we
v; en. Therefore

2 —
inga]z]( Ek (FE"{[aa b]}) = Oa.s.(vi) = Oa.s.(N 2/17),

which implies

max By (P2 {[0,]}) = 0. (1) = 000 (N1,

The above arguments apply to [a’,d'] as well, so we also have

2 _
max By (F2{[a/,6]})" = 0a.s.(v]) = 0a.s. (N72/1T)

(3.27)
and

max Ex(FEn{[a’,b']}) = 0a.s.(Un) = 0q.s.(N"L/17). (3.28)

4. Convergence of m,, — Em,,

We now restrict § = 1/68, that is, v = v,, = N~1/68,
Our goal is to show that

sup Nvy,|m, —Em,| — 0

a.s. asn— oo
x€la,b]

(4.1)

*

VR
1

= +tr (D71). Let us also denote

Write D = B,, — 21, Dj = D — ryr

My

and Dj; = D — (ryr} + rirz) J # j. Then

aj =r3D;%r; — N~'tr (D;?T,), a; = N~'tr(D;?T,),
1 1
ﬁj = T a—1 by, = 1 1\
L+riD; r; 1+ N-1Etr (T,,D7 ")
v =7;D;'ry = NT'E(tr (D;'Ty,)), A5 =rjDj'r; — N~ 'tr (D 'T,).

We first derive bounds on moments of v; and 4;. Using (3.2) we find for all p > 2

E[4;? < K,N PE(trT,,/*D; ' T,,D; ' T)/2)P/? < K,N P20, 7.

(4.2)
Using Lemmas 2.2 and 2.10 we have for p > 2

N
. . 1 _ |7
Elv; —41" = Elm =" = E‘N JZQ EjtrT,Dy " — Ej_1tr T, D"

17



_ 'NZE tr T, ( — Dy;') —Ejatr T, (DTt — D)

N -1 -1

1 riD T, Dyr

- E‘_Z(Ej—Ej—l) e
Nj:2 L+riDyjr,

< K,N~P/2y P,

* y—1 —1
erlj TnDlj T;
e —1
1 +er1j T

2)1)/2

(Ej—Ej-1)

< (3

Jj=2

Therefore
Ely;[P < K,N~P/2y 7. (4.3)

We next prove that b, is bounded for all n. We have b,, and 3; both bounded in
absolute value by |z|/v, (see (3.4)). From the equation relating m,, to the (3;’s (above
(3.4)) we have Ef; = —zEm,,. Using (3.24) we get

sup |E(m, (2)) — my (2)] = o(vn).
z€[a,b]

Since m” is bounded for all n, z € [a,b] and v we have SUP,e(q.0] [ESL] < K.
Since b,, = (1 + (1byy1 we get

sup |bn| = sup |EB1 + EBibam| < K + K)/ 20 3N"1/2 < K.
z€[a,b] z€[a,b]

Since |my, (21 + 1vy,) — mp(z2 +1iv,)| < |21 — 22|v,, 2, We see that (4.1) will follow from

max Nv,|m, — Em,| — 0 a.s.
T€ES,

where S,, now contains n? elements, equally spaced in [a, b].
We write

N
1
Em,, — n:——E:E-t D' —E._trD!
m m 0 iy j—1Tr

j=1
N * —2
n J:1 Ej- 1+ r;-‘Dj_lrj
N * y—2
= l E — E] 1) JDJ - 1
n 1+ N-1Etr T, D;
1 i(E D2 (NT'Etr T,D; ' — 73D ry)
+= —Ej
ne ! (1+ N—'EtrT,,D; ')

18



1 i(E c )r;‘Dj_er(NlEtrTnDj_l — 3D r;)?
n 7Y 1 NTEW T, D )21+ 1Dy )

j=1

N 2 N
= gn > Eja Bl > Ejaid
pt i

N
Z (Ej — Ej—1)(ejvj — g‘_2rjﬁj732)

3|3w

EWl—WQ—Wg.

Let F),; be the spectral distribution of the matrix » 3, ; 7xrj. From Lemma 2.12 and

(3.27) we get
max E;(Fnj([a’,b])? = o(N~¥17T) = 0(v%) a.s. (4.4)

J

Define
By = 1[E,  Foy (0 ) <02 | [Ey 1 (B (42 <u8]

Then B; = I[E Fo ([ ) <v2 ] A[E, (Fj ([0 b7]))2 <08 ] a.s. and we have

) -

(U -

Therefore we have for any € > 0,

P(max |INv, W1| > ¢, i.o.)

)U(@ -0)io)

N
max |v E E;(«; > £,1.0.
<:r€S " (%) )

‘7:

where ¢ = inf,, ne/(Nb,) > 0 since b, is bounded. Note that for each x € R {E;(a;)B;}

>§} ﬁ[B

j=1

forms a martingale difference sequence.
By Lemma 2.1 and (3.2), we have for each x € [a,b] and p > 2

png< (ZE] 1|vnE; oz])l5’|)p +ZE|vn %B|)

N
E Un Z Ej (Oéj)Bj
j=1

19



N p/2
<K, (E (Z E; 102N 2Bt (T;/QD;QTnbng/?)) + NoPE|oy \P)

Jj=1

N p/2
<K, (vgN‘pE (Z B,E; qtr (DJ.—QE;Q)) + NvEN~PE(tr (Tg/2D;2TnE;2Tg/2))P/2>
=1

N p/2
<K, (UZN_pE<Z B;E;_1tr (DJ—25J—2)) _{_,U;le—p/Q)‘

Jj=1

Let \x; denote the k'™ smallest eigenvalue of Y, 2; TkTy- We have

N 2
Z Bj Ej_ltr DJ_QEJ_

j=1
al 1 1
:ZBjEj—l[ Z 2 1 02) 5 T Z 2 1 2)2
= sz (Prg =22t wn)® o e (kg — 2)% 4 og)
N
< (ne* 4 Bju, *Ej_inFy;([d,V])) < KN
j=1
Therefore
N
P(;ré%f Un Zl E,(c;)B;| > §) < nQpriN_p/(jS
j:

which is summable when p > 204. Therefore, max,cs, |[W1| = o(1/Nv,) a.s.

Proving
max |(Wa| = o(1/Nv,) a.s. (4.5)

is handled the same way. We get using Lemma 2.1, (3.2), and the fact that |a;| < v,

\_/

p/
<K( <ZE3 1|vnEj(a;9;)B; |> +ZE|% (a;7;)B;”

N
Elvn Z E;j(a;9;)B;
7j=1

N p/2
<K, (vgN_pE (Z B,E;_1(|a;|*tr Dj—lﬁj_l)) + NPy P(tr Dj—lﬁj‘l)p/g)

j=1

N p/2
< K, (vﬁN‘pE (Z BiE;_1(Jaj|*tr Dj_lﬁj_l)) + U;QPNl—P/2) '
j=1

20



This time

N
Z Bj Ej_1(|aj|2tr Dj_lﬁ
j=1

an

1 1
N~
B nz ((Agj — )% +v7)? zk: (Akj — 2)? + 07

Z N72nE;_1(ne* + v, *nFp;([a,b]))(ne 2 + v, *nF,;([a,b])) < KN?,

so that (4.5) also holds.
Using Lemmas 2.2, 2.10, (3.2), and (4.3) we get

p

E (Ej — Ej—1)(ayyy =13 D;%riBi77)| < Kpoh NP2 (Elaam|? + v PE |y [*F)

Un

“-

I
_

J
< K WP NP/2(NP(E(tr Dy 2Dy )P)Y2N /2% 4 37 NP)
< K uP NP/2(N“PNP/2y 2P N7P/2=P 4 =3P N~P) = 2, N P/2¢ %P,

Thus we get max,cs, |Ws| = o(1/Nv,) a.s. and, consequently, (4.1).
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5. Convergence of expected value

Our next goal is to show that, for v = N—1/68,

sup |Em,, —m!|= O(1/N). (5.1)
z€la,b]

We begin by deriving an identity similar to (3.5). Write B,, — 2I — (—zEm,,(2)T}, — 21)

= Zjvzl iy — (—2Em,, (2))T,. Taking first inverses and then expected value we get

(—2Em, T, — 2zI)"' —E(B,, —2I)*
N
= (—#Em, T, —2D)"'E [Z riry — (—2Em,, (2))Tn(Bn — zI)—l]

j=1
al 1
= 71 Z EB; [(Emn(z)Tn—f—I)_lrjr;‘(B(j)—ZI)_l—N(Emn(z)Tn—i—I)_lTnE(Bn—zI)_l}
j=1

1
=2 'NEB, [(Emn(z)Tn + D)7 lrrf Dyt - N(Emn(z)Tn + I)_lTnED_l] .

Taking the trace on both sides and dividing by —N/z, we get

dH, (t)
cn/m + zc,E(my(2))

1
= EfB {rfDl_l(EmnTn + D)7y — ~Etr (Em,, T}, + I)‘lTnD‘l] : (5.2)

We first show

sup N~ '|Etr (Em, T, + 1)~ 'T,,D~' — Etr (Em,, T, + 1)~ 'T,,D;'| = O(N1).  (5.3)
z€[a,b]

From (4.4) we get

sup E(trDl_lﬁl_l)2 < E(ne 2 + v, *nF,1([d',V])* < KN? (5.4)
z€la,b]
and

sup Etr DI_QEIQ < E(ne* + v, *nF,i([d,V]) < KN. (5.5)

z€[a,b]

Also, because of (3.24) and the fact that —1/m0(2) stays uniformly away from the eigen-

values of T,, for all x € [a, b], we must have

sup [|(Em, ()T, + 1) 7| < K (5.6)
z€[a,b]
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Therefore, from (3.3), (4.3), (5.4)—(5.6), and the fact that sup ¢/, 4 |0n| is bounded, we get

left side of (5.3) = N~' sup |EBiriDy (Em, Tn + 1) "T Dy r1|

z€[a,b]

< N~Y sup (|b]|- |Er; DT HEmM, T, + 1)~ 1T, DTy |
z€[a,b]

+E|Bibpyiri DY HEm, Ty + 1) T, DT M)

< KN7' sup (N7YEtr TY/2D; Y (Em,, T, + 1) 1T, D7 T2
z€[a,b]

+ v, (Ely ) 2(Blri Dy (Em,, T, + 1)1, D7 ' 7))
< KN7! sup (N'EtrD{'D; + v 'N-Y2y ' N~Y(Etr D7 2D, + E(tr Dy 1Dy )2)Y/2)
z€[a,b]
< KN %

Thus (5.3) holds.
From (3.2), (5.4), and (5.6) we get

sup Elri DT Em, T, +I)"'ri — N~ "tr D7 Y(Em,, T;, + 1) 7' T, |2
z€la,b]

< KN~2 sup EtrD7'D; < KN~ (5.7)
z€la,b]

Next we show

sup N7 2Eltr (Em,, T, + )" 'T,Dy" — Etr (Em,,T,, + ) 'T, D> < KN~'.  (5.8)
z€[a,b]

Let

1 1
S 1+mDtry " 14+ NolEw (T, D)

61j 5 and Y15 = T;ijlTj—N_lE(tr (ijlTn))

As in the previous section, both £, and by, are bounded in absolute value by |z|/v,, and
715 satisfies the same bound as in (4.3). Moreover, if we let X ;) denote X without its first

column, then one can easily derive
N
1 1y N -1 _ 1 1 y* -1 _ 1
Vot (we X0 T Xy — (#5529 D 7 = gt (5 X0 T Xy — 2071 = =555 ) B,
j=2

and conclude that sup,¢, 5 |[Ef1;] and consequently sup,¢(, ) [b1n| are bounded.
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It is also clear that the bounds in (4.4), (5.4), and (5.5) hold when two columns of X
are removed. Moreover, with F),15 denoting the e.d.f of Zj;él,Q ;T

*

; we get

sup E(tr Dl_glﬁl_;)4 < E(ngf2 + v;QnFnlg([a', b’]))4
z€la,b]

< KN*(e® + v, PE(Fri2([d',b']))?) < KN*

and

sup E(tr D2D15)? < E(ne ™ + v nFaa([d’, b])? < KN2.
z€[a,b]

With these facts and (3.3) and (5.6) we have

N
left side of (5.8) = sup N~ 2% E|(E; —E,_1)tr(Em, T, + I)~'T,,D; }|?
J J n 1

z€[a,b] j=2
N
< 2N~2 Sl[lpb] Z E\ﬁur;ijl(EmnTn + [)_1TnD1_j17“j|2
rE|a, j=2

= 2N_1 Sl[J_p ] E|(bln — ﬁlgbln")/lg)T;Dl_Ql(EmnTn + I)_lTnDl_21T2|2
z€la,b

< KN~Y( sup E|r;Dy, (Em, T, + 1) T Dyt ro|?
z€a,b]

+v,, 2(E|m2|*Elry D5 (Em, Ty, + )2, Digtra[*)1/2)

< KN73 sup ](E(tr DDL)
x€la,b

+E(tr D, Dy )? + vy, 2N~ Yo, 2(Etr (D12 Dy, ) + E(tr Dy Dy )H)Y?)
< KN 3(N?+ Nu )< KN7L.

Thus we get (5.8)
Notice we get the same result if (Em,, T}, + I)~! is removed from all the expressions,

that is, we have just shown

sup Ely1 — 412 < KN7L
z€[a,b]

Moreover, from (3.2) and (5.4), when p = 2

sup E[412 < sup KN 2EtrD7'D; < KN~
z€la,b] z€[a,b]
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Therefore
sup ElyP < KN™L (5.9)
z€la,b]

From (4.3), (5.2), (5.3), (5.7)—(5.9) we get

cn/Ln(t) + zc,E(my(2))

Sub 1+ tEm,

z€[a,b]

< KN '+ sup
z€[a,b]

1
Ef, {r}‘Dfl(EmnTn + )7y — 7 Etr (Em, T + I)lTnDl_l]

1
= KN"'+ sup |b,)*|E(71—F177) {r;‘Dl—l(EmnTnH)—lrl—NEtr(EmnTnH)—lTnD;l]
z€[a,b]

<K(N7'+ up ](E|71|2 + vy 2y [N TY2)
r€la,b

SKNT'4+ (N 40, 2N 20, YN < KN

As in Section 3 we let

w, = / A )

z ) 1+tEm,(2)
and
1 N / tdH, (t)
Wy = —2 — cn | —————.
Em,, 1+ tEm,
Then

sup |wp| < KN,
z€[a,b]

Wwn = wpzcn/Em,,, and equation (3.20) together with the steps leading to (3.21) hold with

m,, replaced with its expected value. From (3.10) it is clear that m? must be uniformly

bounded away from 0 for all x € [a,b] and all n. From (3.24) we see that Em, must also
satisfy this same property. Therefore

sup |w,| < KN7L,
z€la,b]

Using (3.11), (3.12), (3.14), and (3.15) it follows that sup,¢(, 4 |m%| is bounded in n

and ,
0 t= dH, (t)
mycn | [1+tmf [
sup =
0 t2dH, (t
z€la,b] Up + MyCy f |1+t7,70(|g
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is bounded away from 1 for all n. Therefore, we get for all n sufficiently large

sup |Em,, —mp| < Kepzmdw, < KN,
z€la,b]

which is (5.1).

6. Completing the proof

From the last two sections we get

e, m,, (2) — my (2)| = o(1/Nvy)  a.s. (6.1)

when v, = N~1/%_ It is clear from the arguments used in Sections 3-5 that (6.1) is true

when the imaginary part of z is replaced by a constant multiple of v,. In fact we have

max sup |m, (@ +iVkv,) — m (z + ivVkvn)| = o(1/Nvy,) = 0(057)  a.s.
ke{1,2...,34} zc[a,b]

We take the imaginary part and get

max sup
ke{1,2...,34} zc[a,b]

/ d(FEn(N) — Fertn (V)
(x — N2+ ko2

Upon taking differences we find

/ v d(FEn (X) — Fertn (V)
((z = X)2 + ko) (2 — A)? + kol

max sup
k1#k2 zela,b)

max sup =o(v,’) a.s.

kq,ko,k3
distinct z€ [a7b]

/ (v2)? A(FE(A) = Fo e (X))
(@ = N2+ k102)((z — M2 + k202) (& — N2 + ksv2)

su (71721)33 d(FE" ()\) - FC"’H"()\)) — o) a.s
e, | GG e E | = o)
Thus
N A(FE.(3) — Feotin () o
R | GG | =D e
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We split up the integral and get

sup / Ty (P20 (A) = Fo P ()
velotll) (@ = A2 +02)((x = A2 +202) - (& = 1) + 3403)
v767“8 =0 a.s
i Aje[;,b’] ((x=X)2+02)((x—Xj)2+202) - ((z — A\j)? + 3402) =o0(1) a.s. (6.2)

Now if, for each term in a subsequence satisfying (6.2), there is at least one eigenvalue
contained in [a,b], then the sum in (6.2), with x evaluated at these eigenvalues, will be
uniformly bounded away from 0. Thus, at these same x values, the integral in (6.2) must
also stay uniformly bounded away from 0. But the integral converges to zero a.s. since the
integrand is bounded and with probability one, both FZ. and F¢H» converge weakly to
the same limit having no mass on {a’,b'}. Thus, with probability one, no eigenvalues of
B,, will appear in [a,b] for all n sufficiently large. This completes the proof of Theorem
1.1.

APPENDIX

We give here a proof Lemma 2.7. We first prove
Lemma A.1 For X = (X1,...,X,)7? iid. standardized (complex) entries, B n x n Her-

mitian non-negative definite matrix we have for any p > 1

EIX*BX|P < K, ((trB)p + E|X1|2pter). (A1)

)

). (A.2)

Proof. Notice the result is trivially true for p = 1. For p > 1 we have

> Xi) X;Bi, > X;Y XiBi,
i=2 j=2

J<i 1<J

n

> I1Xi* By

i=1

:Kp(E

Using Lemmas 2.3 and 2.9

p p
E|X*BX[ < K, (E +E +E

n

Z | X:*B;i

=1

P
+2E

n P
> Xi) X;Bi,

i=2 j<i

n

Z | X:*Bi

=1

E ’ < Kp((trB)p + z": E|X1|2P(Bii)p)

=1

<K, ((tr B)P + E| X, |*Ptr Bp).

27



For 1 < p < 2 we have using Lemma 2.2

2\ p/2 2\ p/2
XY X;Bi, <KE< XY X;Bi, ) < K, ( ‘X > X;Bij )
J<i = Jj<i j<i
p/2
=Ky (Z |Bij|2> < K, (tr B>)P/2 < K, (tr B)P.
j<i

Therefore (A.1) is true for p € [1,2]. We proceed by induction on k, where p € [2F, 2+ +1],
Assume (A.1) is true for p € [2871 2¥], and suppose p € [2F, 28T1]. Since the first term in
(A.2) is bounded by the right side of (A.1), we need only consider the second term. Let
Fi=0(X1,...,X;). We have by Lemma 2.1

)

XY X;Bi, <K <E(i > X;Bi;

j<i i=21j<i

> X;Bi;

j<i

2\ p/2 n
) +EXPYE

=2

Using Lemma 2.4 (with ¢ = 2) we have

n 2\ p/2 n 2\ p/2
E(Z > X;Bij ) =E< fi—l) )
i=2

i=2'j<i
2\ p/2 p/2
) < K,E (X*BQX)

E (Zn: X,Bi;
j=1

> X;Bi,

j=1

(S

=2

< (by the inductive hyp.) K, <(tr B%HP/2 L E| X, |2/ Dty BQ(P/2))

<K, ((tr B)P + E| X, |*Ptr Bp)

(using 1 < E|X,[* < (E[X,[**)1/? < E[X,]? for s > 2).
Using Lemma 2.1 we have

n p n p/2
EIX1P Y EY X;Bi;| < KpE|X1|pZ<(Z |Bij12> +E[X P |Bz~j|p)
7<t

=2 i<t =2 j<i
n 2 n

< K E|X,[P(1 + E| X, |P) (Z |B”r?) < K E[X0[P(1+E1X0]?) Y (B2)i0)P/?
= 1< =1

< (by Lemma 2.9) < K, E|X;|P(1 + E| X, [P)tr B? < K,E|X,|*"tr BP.

Therefore (A.1) is true for p € [2%,28T1] and the proof of the lemma is complete.
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We can now prove Lemma 2.7 We have
E|IX*CX —trC|P

ng<E

n

> (X -1) Cis

=1

P P
+E +E

XR:YZZchlj p).
1=2

J<i

Z Xj ZYZCU
j=2

1<J
Using Lemma 2.1

n

> (Xl = 1) Cis

i=1

E

p n p/2 n
< Kp((z E(1X:[? - 1)° |0“-|2> +Y E|[x 2 -1) |c“|p)
=1

=1

p/2 n
< Kp((E|X1|4trCC*> +EX P |C“~|p).

=1

(using (E || X:1* — 1‘p)1/p < (E|X1|2p)1/p+1 <2 (E|X1|2p)1/p). From Lemma 2.9 we have

Xn: |Cial” < i(OC*ﬁf < fj Ai(CC)P/2,
i=1 i=1

i=1
Therefore

n

> (Xl =1) Cis

=1

p p/2
E < Kp((E|X1|4trCC*) + E| X [*Ptr (CO*)p/Q).

Using Lemma 2.1

272 ZXJC”
=2

j<i

E

2\ p/2 n
) +EX PY E

i=2  j<i

2\ p/2
7:7;—1) )

2\ p/2
) < K,E(X*C*CX)P/?

g )

=2

> XiCij

j<i

> X;Cij

Using Lemma 2.4 (with ¢ = 2),
n 2\ p/2 n
E(Z > X;Cij ) = E(Z
i=2

i=2!j<i
n

j=1

E(i chij

j=1

n

< KPE(Z

=2

< (by lemma A.1) Kp((trC*C)p/2 + E| X1 |*Ptr (C’*C’)p/2>
=K, ((trOC*)p/2 + E| X1 |*Ptr (C’C’*)p/Q).
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Using Lemma 2.1 we have

n p n p/2
ELXuP Y ED X0 < KpE|X1|pZ<(Z |cz~j|2> +EX [P |cz~j|p)

i=2 lj<i i=2 N Nj<i j<i

n

n p/2
< K E[X1|P(1 + E| X, ) Z(Z |0u|2) < KLE[X0[P(1+E|X?) Y ((CO%)ii)P?

i=2 Nj<i i=1

< (by Lemma 2.9) K,E| X |P(1 + E| X, [P)tr (CC*)P/? < K,E| X, |*tr (CC*)P/2.

n o __ p
Therefore, E| Y X; > X;C;;| is bounded by the right side of inequality in Lemma 2.7.
i=2  j<i
n - p
Similarly, E| >~ X; > X,C;;| is also bounded by the right side of the inequality, and the
j=2 i<y

proof of the lemma is complete.
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